PROPAGATION PHENOMENA FOR A NONLOCAL
REACTION-DIFFUSION MODEL WITH BOUNDED
PHENOTYPIC TRAITS
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ABSTRACT. In this paper we study the stability of cylinder front waves and
propagation of solution for a nonlocal Fisher type model describing the segrega-
tion of a population with nonlocal competition among bounded and continuous
phenotypic traits. By applying spectral analysis and separation of variables we
first prove the spectral and local exponential stability of cylinder waves with
noncritical speeds in some exponentially weighted spaces. By applying detailed
analysis with spectral expansion and special sub-supper solution construction,
we further prove the uniform boundedness of solution and global asymptotic
stability of waves for more general nonnegative initial value, and prove that
the spreading speed and asymptotic behavior of solution are determined by
the decay rate of initial value, which also extends some classical results on
the stability of planar waves for Fisher-KPP equation to the nonlocal Fisher
model in multi-dimensional cylinder case.
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1. INTRODUCTION AND STATEMENT OF MAIN RESULTS

To investigate the intra-specific competition among multiple phenotypes within
a single population, the following non-local reaction-diffusion model was proposed
in [17],
Owu(t, x,y) — dLpu(t, z,y) — dyDyult, z,y)
= [1 - ag(y - 0) - / K(Z,y7y/)u(t7l’,y/)dy/]u(t,l’,y), (t,l’,y) € R+ X R x Qa
Q
ou

5 =
w(0,z,y) = uo(z,y), (x,y) € Rx N

(1.1)
0, (t,z,y) € Rt xR x 99Q,

Here u(t, z, y) represents the density of a population that is structured by a continu-
ous spatial variable € R and continuous bounded phenotypical traits ¥ € Q2 C R™,
with Q the set of all possible traits. The traits could be, for instance, rate of food in-
take or age at maturity. The terms d,Au and dy/A,u measure the spatial diffusion
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and mutations respectively. The nonlocal term [, K (x,y,y')u(t, z,y')dy’ indicates
that the intra-specific competition occurs among all the individuals at each location
x. The birth rate of populations is given by the fitness function 1 — ag(y — ) where
g is positive except ¢g(0) = 0, this assumption takes into account the impact of
natural selection on population survival. Here « is a parameter that quantifies the
intensity of selection towards the optimal value . More detailed information about
the biological background of the nonlocal model (1.1) can be referred to [16, 23, 26].

Over the past decade, the propagation phenomena arising from the model (1.1)
have attracted tremendous attention among mathematicians. For unbounded do-
mains, wave propagation in the form of planar waves and cylinder waves are ob-
served. A travelling front solution (or a cylinder front solution) of equation (1.1) is
a solution u(t, z,y) in form of ¢(z — ct, y) which connects zero to a non-trivial state
with a constant speed ¢ € R and ¢(z,y) is monotone in z for each y € Q. For the
nonlocal model (1.1) with the simplified kernel K (z,y,y') = K(y') and § = 0 in
the whole space (z,y) € R x R™ or with bounded trait y € Q, by applying spectral
expansion (or separation of variables method), H. Berestycki et al. [4] obtained the
existence and uniqueness of cylinder front solutions ¢.(z — ct,y) of (1.1) for ¢ > ¢*,
and ¢.(z — ct,y) must be in the form of V.(x — ¢t)po(y). Under some additional
assumptions on K (y) for y € R™, in [4] it is also proved that the minimal speed c*
is the spreading speed of the solution with compact supported initial value.

For the nonlocal model (1.1) in whole space (z,y) € R x R™ with more general
kernel K (z,y,y’) and (x) = bz, M. Alfaro et al. [1] proved the existence of cylinder
waves ¢.(x — ct,y) by employing Harnack’s inequality and topological fixed-point
argument. Subsequently, accelerating invasions have been analysed in [24] if the
initial value displays a heavy tail in the direction y — bz = 0. M. Alfaro and G.
Peltier [3] proved the existence of steady-state solutions and pulsating fronts for
the case when 6 is periodic in z. For the model (1.1) in moving environment with
0 =0b-(x— cnt), M. Alfaro et al. [2] investigated the existence of waves and
the spreading speed of solution. For the nonlocal model (1.1) in bounded Q with
constant kernel K = 1, by applying Hamilton-Jacobi approach, E. Bouin and S.
Mirrahimi [9] investigated the asymptotic spreading speeds of the solution and the
asymptotic behavior of u(t,z,y) or [, u(t,z,y)dy.

When the spatial diffusion rate of a population varies (see [27][31]) and is mea-
sured by the trait variable y such as the leg length of cane toads, O. Bénichou et
al. [6] proposed the following biological diffusion model

owu(t, z,y) — yDyu(t,z,y) — dOyu(t,z,y) = r[l — / uw(t,z,y )y u(t, z, y),
Q

(1.2)
where 2 is a bounded or unbounded set in [0, +00), d and r are positive constants.
There are some deep and interesting theoretical works on the wave propagation
and spreading speed of solution for the model (1.2) when the traits are bound-
ed. The investigation on the spreading speed of the solutions to model (1.2) with
bounded (2 started with a Hamilton-Jacobi framework that was formally developed
in [7] and rigorously carried out in [32]. By applying the Leray-Schauder degree
argument similar to [1], the existence of traveling waves with a minimal speed to
model (1.2) with bounded € was obtained in [8]. Subsequently, E. Bouin et al. [11]
proved that the spreading speed of solution with compact supported initial value
is the minimal wave speed with the Bramson’s logarithmic delay.
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For the model (1.2) with unbounded set Q@ = (0, 00), N. Berestycki et al. [5] ap-
plied probabilistic techniques and E. Bouin et al. [10] used PDE method to prove
that the spreading speed of the solution with compact supported initial value is un-
bounded, and the associated population front travels superlinearly in time (in order
of 3/ 2), see also [15] for more detailed estimates on the accelerated propagation.

Another related nonlocal Fisher model is in the form of w; = uz, + (1 — fR o(x—
y)u(t,y)dy)u, where z is a spatial variable, and the nonlocal competition character-
ize the long range intra-specific competition. Some recent work on the existence of
traveling waves and the spreading speed of solution for this type of nonlocal Fisher
equations can be refered to [12, 19, 21, 25] and the references therein.

It is worth mentioning that different from the investigation of classical reaction-
diffusion models, the comparison principle can’t be applied directly to the aforemen-
tioned models with nonlinear coupled nonlocal reaction terms, thus the sub/super
solution method or some techniques such as sliding method or monotone iteration
schemes can’t be applied directly to the nonlinear model, which leads to additional
difficulties in establishing sharp estimates on the bound of solution in time and in
determining the asymptotic behavior of solution in time with more general initial
value, and as far as we know even for the simplest nonlocal model (1.1) with bound-
ed € there are no theoretical results on the stability of waves or the asymptotic
behavior of solution with more general initial value except the case when the initial
value has compact support.

This paper focuses on the non-local reaction-diffusion model (1.1) in the cylinder
domain R x Q, where Q is bounded and K(z,y,y") = K(y'). Without loss of
generality, we choose d, = d, = 1 (after re-scaling of z and y) and we recast (1.1)
as follows

= [1 —gly) — f K(y u(t,x,y’)dy’] u(t,z,y), (t,z,y) ERT xR xQ,

2“;—0 (t,z,y) € RT x R x 99Q,
(O x7y) = U/O(x7y)a (.’E,y) cR x Q.
(1.3)

Next, we discuss the assumptions on K and g. The function g(y) is bounded and
measurable (and can be sign-changing). Furthermore, let {)\j}jiog denote all the
eigenvalues of the operator —A, + g(y) under homogeneous Neumann boundary
condition on 92, with A\g < A1 < Ay < ---. It is well known that the fist eigenvalue /\0
is simple and corresponds to a positive eigenfunction 1o (y), and denote {1, (y)} 1 1=
be the sequence of the eigenfunctions which forms an orthonormal basis of L?(€),

ie. [o¢7(y)dy =1, and [, ¢i(y)¢;(y)dy = 0 for i,j > 0 and i # j.
In this paper the assumptions of K and g can be summarized as follows

(H1): g€ Lo(2), X <1l, KeLy(), K(y)>0, and K(y)#0.

It is easy to check that for any ¢ > 24/1 — Ag the expression V.(x — ct)io(y) is a
traveling front solution of (1.3), where V.(z — ct) is the planar front solution of
following Fisher-KPP equation satisfying

V() + VIO + ((1 ~20) =) [ oty )vcos) 0, ceR,
Ve(=00) = po, Ve(+00) =0,

with g = (1= Xo) (fyy K (y)00(y)dy) " > 0.

(1.4)
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By applying the argument based on separation of variables and detailed as-
ymptotic estimates, it is also proved in [4] that, under the assumption of (H1), the
problem (1.3) has a positive and bounded cylinder front solution ¢.(z,y) (z = x—ct)
with ¢. decreasing in z if and only if ¢ > 24/1 — A9, and the cylinder front ¢.(z,y)
is unique (neglecting the shift in z) and thus ¢.(z — ct,y) = V.(x — ct)o(y).

In this paper, we study the local and global asymptotic stability of the cylinder
waves V(x — ct)(y) to model (1.3) in various settings.

For the remainder of this paper, we further assume pyo = 1 without loss of
generality, i.e. fQ Yo(y)K(y)dy = 1 — Ao. This is possible by replacing wu(t, z,y)
by Lu(t,z,y) (and accordingly for the cylinder wave) for the original model (1.3).

Ho

Then the re-scaled V(&) satisfies

{ V() + VI + (1= Xo)(1 = Va(€)Ve(§) =0, EE€R,

Ve(—00) =1, Ve(+00) = 0. (1.5)

By applying detailed spectral analysis and the classical stability theories of traveling
waves based on analytic semigroup theories, in the following section we shall prove
that all the cylinder waves V.(z — ct)¢o(y) with noncritical speeds are spectrally
stable and nonlinearly exponentially stable in some appropriate spaces. Our results
on nonlinear exponential stability of cylinder waves are stated as follows.

Theorem 1. Under the assumption of (H1), for each ¢ > ¢* = 24/1—Xg and
a > 0 satisfying

—c— /2 —4(1 -\ — 2 —4(1 -\
c c ( 0) N +4/c ( 0)’
2 2
the cylinder traveling front V.(x — ct)vo(y) of (1.3) is locally exponentially stable
in the following exponentially weighted space

Xo = {u(z,y) : wa(z)ulz,y) € X, ||ullx, = |waulx}, X =Cumit(R x Q),

where wq(z) = 1+ . In other words, if the initial perturbation |uo(x,y) —
Ve(@)o(y)|lx, is sufficiently small, then there exist positive constants M and o,
such that the equation (1.3) admits a unique global solution u(t,z+ ct,y) satisfying

lut, z + et y) = Ve(2)1o (1)) x, < Me™7", ¥t > 0.

In this paper we also investigate the uniform boundedness and the long-time
behavior of the solution for the nonlocal parabolic equation (1.3) with more general
nonnegative initial value, where the nonnegative initial value need not to be a small
perturbation of a cylinder wave. In Section 3, under the assumption of (H1), by

0<

(o]
applying spectral expansion u(t,z,y) = > v;(t,2)¥;(y), we investigate the related
j=0
Cauchy problem of the coupled system of v;(¢,x), and by detailed spectral analysis
and applying comparison principle to some auxiliary linear evolutional models, we
can prove that the boundedness and long time behavior of the solution u(t, z,y)
to nonlinear model (1.3) are determined by that of vo(t,z) = [, u(t, z,y)vo(y)dy,
then by investigating the Cauchy problem of vy(t,x) in one dimensional space, it
can be proved that ||vo(t,-)|lL..(r) and [|u(t,-)||L. rxq) are uniformly bounded in
time for any nonnegative initial value, which can be stated as follows.

Theorem 2. There exist positive constants 6o, My and M, such that for any given
nonzero and nonnegative bounded initial value ug(z,y) € Loo(R x ), there exist
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positive global solution u(t,x,y) of (1.3), which is also uniformly bounded in time
and satisfies

||U(t,$7y) - 'UO(t,-’I;)'(/JO(y)HLOC(Rxﬂ) < Me_éot(lluOHLoc(RXQ) + 1)7 vt > 071‘ € Ra

(1.6)
and
0< Uo(t,I) < MO(||u0||LOO(]RXQ) + 1), Vvt > 0,z € R, (17)
where vy (t, x) satisfies the following initial value problem
{ D00 — Zvo = (1= Ao)[(1 — v — bo(t, z)]vg, t>0, z €R, (18)
’UO(Oax) = <U()(IE7 ')7¢0(')>7 S R7

with by(t,z) = (1771)\0) Jo K () (ult,z,y) — vo(t,z)tbo(y)) dy decaying exponentially
m time:
sup b (t,2)| < Me™ (ol sy + 1), Ve >0, (1.9)
TE
In Section 4, we further investigate the global asymptotic stability of cylinder
waves and the asymptotic behavior of the solution u(t,x,y) in the x direction as
t — oo, for more general nonnegative initial value which decay exponentially at
only one end or with compact support. By virtue of Theorem 2, we focus on
investigating the long time behavior of vy(t,z) = (u(t,x,-),ve(:)) as t — +oo,
where vg(t, ) satisfies a nonlinear equation in one dimensional space, a projected
PDE equation of u(t, z, -) after spectral expansion, which can be treated as a Fisher-
KPP equation in one dimensional space vy — vz = (1 — Ag)v(1 — bo(t, ) — v), with
a nonlocal heterogeneous perturbation term

1
b= T L K = voto(w) dy

such that |bg(t,z)| < Me %" for any t > 0, x € R.

For the Cauchy problem of the classical Fisher-KPP model u, = A, yu+u(l—u)
in higher dimensional cylinder space or in one dimensional space, there are many
literatures ( see [13, 20, 22, 29, 30, 33] for some classical results) which reveal that
the spreading speed and the long time behavior of the solution is determined by the
asymptotic behavior of the initial value at two ends, especially the decaying rate of
the initial value ug(z,y) at x = +0o determines the spreading speed of the solution
in positive x direction. Recently for some Fisher type equation with some special
types of heterogeneous resource term depending only on ¢ or x (periodic in ¢ or z)
or © — ct, there are many interesting works on some new types wave phenomena
induced by heterogeneity and long time behavior of the solution. However for the
Fisher-KPP equation with more general heterogenous resource term b(¢, z) or with
nonlocal competition term, as far as we know, there are fewer works on the stability
of waves or long time behavior of the solution with general initial value, and it is
not clear whether the spreading speed of the solution can still be determined by
the decay rate of the initial value.

Now we state our main results on the asymptotic behavior of solution as follows.

Theorem 3. (Global asymptotic stability of cylinder waves with more general initial
value ) Under the assumption of (H1) and let [, K (y)vo(y) dy =1 — Xo. For any
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nonnegative initial value ug(x,y) € Lo (R X Q) satisfying

lim_inf | wolar,y)oly)dy > 0 and lim e [ uo(a,y)vin(y)dy = r >0,
Q Q

r—r—00 r—r 00
(1.10)
with 0 < 0 < /1 — Ag, (1.3) has a unique global solution u(t,x,y), which satisfies

Jm [u(t, 2+ ct,y) = Ve (2 = 5 n7) Yo(y) |l mxa) = 0, (1.11)

where ¢ = 0—&—7@ € (2¢/1 — Ay, 0), and V.(z) is the unique planar wave solution
of (1.5) satisfying liIf e?*V.(z) = 1.
T—r+00

Theorem 4. (Global exponential stability of cylinder waves in exponentially weight-
ed space) Under the assumption of Theorem 3, if the initial value ug(z,y) satisfies,
for some a>c with0 <a—o0 <1,

/ uo(, y)tbo(y)dy ~ re~7% + O0(e™), & — 400, 7 >0, 0< 0 <+/1- A,
Q

then there exist positive constants M, 6, and zo > 0 such that the problem (1.3)
admits a unique global solution u(t,z + ct,y) satisfying

u(t, z + ct,y) — Ve(z — L Inr)o(y))| x. < Me™%t vt > 0.

Theorem 5. Under the assumption of (H1). If the initial value uo(z,y) is non-
negative and has compact support in the cylinder, then there exists two functions
E_(t) and £1(t) such that the solution u(t,x,y) of (1.3) satisfies

tlfﬂloo Jult, 2, y) = Ve (z — &4+ (0)¥0(Y) lLo r+ x0) = 0, L1
i [fu(t,z,y) — Ver (—2 — € (£))20() L. 2 xa) = 0, (1.12)

t——+oo

with ¢* = 2v/1 — \g. In addition, there exists a positive constant C such that

|€£(t) — 24/1 — Aot + glnﬂ <C, for t>> 1.

This paper is organised as follows. In section 2, by apply spectral analysis we
prove the spectral and local exponential stability of the cylinder waves with noncrit-
ical speeds to model (1.3) in some weighted spaces. In section 3, by combining the
spectral expansion method and detailed asymptotic analysis with the sub-supper
solution method, we prove the uniform boundedness of the solution to model (1.3)
in time for any nonnegative initial value. In Section 4, we investigate the long
time behavior of the solution with more general initial value decaying with some
exponential rates at one end or with compact support, and prove Theorems 3-5.

2. LOCAL EXPONENTIAL STABILITY OF CYLINDER WAVES IN SOME WEIGHTED
SPACES

In this section, we investigate the spectral and local exponential stability of cylin-
der wave solution ¢.(x — ct,y) with ¢ > ¢* for the model (1.3) in some appropriate
spaces, where the cylinder wave solution ¢.(&,y) satisfies the following boundary
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value problem

0= cbul63) + Deydel&,y) — 9(u)0e(Ery) + [1— [ Kwodlesan] onten)

Ope _
81/ - Oa (572/) eR x 897

lim ¢c(§v ) =0, E?jnf(bc(ga ) > 0.

£—+oo

(2.1)
Let Ag be the principal eigenvalue of —A, + ¢g(y) in © under homogeneous Neu-
mann boundary condition on 9. It is proved in [4] that if Ao < 1 then for any
¢ > 24/1— Xg, (2.1) has a unique positive bounded solution with separate variable
expression ¢.(&,y) = Ve(§)1o(y), where under the assumption [¢, 1o(y)K (y)dy =

1 — Ao (after the re-scaling of ¢.(&,y)), V() satisfies
{ V(&) + V&) + (1= Xo)(1 = Ve())Ve(€) =0, £€R,

Ve(—00) =1, Ve(400) = 0. (2.2)

It is well known that for ¢ > 24/1 — )g, the planar wave solution V(&) of (2.2)
decays exponentially at both ends uniformly in y € 2 and satisfies
ifezc, Vo(§)—1~ e“+57 as & — —oo,
if ¢>c*, V(§) ~e 7 ¢, as € — +oo, (2.3)
ife=c", V() ~ fe*‘#g, as £ = 400,
where

— 2+ 41—\ + 2 —4(1 -\
= c+ /2 +4( o)>07 ot © c ( 0)>0.

2 2
In moving coordinate (&, y,t) (with & = « — ct) the initial boundary value problem
(1.3) can be rewritten as follows

atu = Aﬁ,yu =+ Cafu - g(y)u + [1 - fQ K(y/)u(t7§7y,)dy/] u, t> 07 (55 y) €Rx Qa
5 =0, t>0, (E.y)€ds, (2.4)
u(07€ay):u0(§ay)7 (f,y) €.

To prove the local asymptotic stability of the cylinder waves in some appropriate
space, we first investigate the following linearized evolutional equation of (2.4)
around the cylinder wave ¢.(§,y)

O = D¢ yv + cOev — g(y)v + (1 - /QK(y’)Géc(f,y’)dy’) v — ¢ /Q Ky )o(t, & y')dy'

A
= L.v.

(2.5)

It is easy to check that the operator L. generates an analytic semigroup in the
Banach space Ly(X), ¥ = R x Q2 with the domain D(L.) = H2(3), and respectively
in the Banach space Cyupnif(X), with domain D(L.) = X? given by

_ — ou
X? =S u€ Conit(D)[()([) Wid(£)), Azyu € Cumit(T), and 5, =0ond%

g>1
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By applying the analytic semigroup theories and stability theories of traveling
waves, to prove the local exponential stability/instability of cylinder waves in s-
pace X = Cuuir(X) or HE(X), it suffices to investigate the spectral distribution of
the linear operator £. in X or H¥(X).

For convenience of our investigation on the nonlinear local stability of the waves,
in the following of this paper we choose the working space of £, as X = Cynit(2),
with domain D(L.) = X?.

Let o(L.) be the spectral set of L. in X, 0,,(L.) the set consisting of the isolated
eigenvalues of £, with finite algebraic multiplicity and oess(Le) = 0(L:)\on(Le) the
essential spectral set of L.

2.1. Location of o..s(L.). By applying the essential spectral theories to the el-
liptic operator £, in Cyupuie(X) (see [28]) and HX(X) (see [34]), it is known that the
boundaries of the essential spectra of L. are determined by the location of the
spectra of the limiting operators £LF of £, as & — +o0, with £F defined by

LIuE Ag yu+ cdeu — g(y)u +u, u6X2
LouE Neyu+ cdeu— g(y)u —vo(y) [o K £y)dy + Aou, u€ X?,

where (Ao, 10 (y)) is defined in Section 1 and fQ Y )o(y)dy =1 — Ao.

Without loss of generality, we investigate the essentlal spectral set of L. in
X N Ly(X), after applying Fourier transform to £ and LI with respect to &,
in the folloxy\ing we §£st investigate the location of eigenvalues of the corresponding

(2.6)

operators £z and £ on bounded region ) with parameter 7, i.e. the following
eigenvalue problems

A= (o) = Lo v(y) 27)
£ Ay(y) — g(y)v(y) + (=72 +ict + Xo)v(y) — (Jo K y)dy' o (y),
and
M(r)u(y) = LEo(y) 2 Ayo(y) — g@)o(y) + (=72 +ier + Do(y),  (28)

with eigenfunction v(y) € X2 NHZ(X).
For any given parameter 7 € R, let A (7) be an eigenvalue of (2.7) with an
eigenfunction v(y), note that we can represent the nonzero function v(y) as

y) = Z ck¥r(y), with constant ¢k, # 0, for some ko > 0. (2.9)

Substituting (2.9) into (2.7), we have

o0
Z crPr(y Z k(D W)Wk(y) + (=7 +icT + Xo) D cxthi(y)
k=0
- Zcm/)o(y)/ K(y")r(y')dy'
k=0 @
(2.10)
For the case when there exists kg > 1 such that ¢, # 0 in (2.9), multiplying (2.10)

by ¥, (y) and integrating on €, it yields
A(T) = =g, — 72 +icT + Ao, for some ko > 1. (2.11)
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For the remaining case when the eigenfunction v(y) = 1o (y), multiplying (2.10) by
Yo(y) and integrating on 2, we have

A (1) = =72 +ier — 14 Ao. (2.12)
(2.11) and (2.12) imply that there exists 9 > min{l — A\g,A\1 — Ao} > 0 such
that for any given 7 € R all the eigenvalues of (2.7) denoted by A~ (7) satisfy
A7 (1) < =dp < 0. Thus

o(L7) C {ReX < —8y < O} (2.13)

It is easy to see that A*(7) is an eigenvalue of the eigenvalue problem (2.8) with
parameter 7, if and only if

—72 ficr +1— AT (1) = g, for some k > 0,
thus
sup{Re\T(7),7 € R} =1 — )¢ > 0, (2.14)

if we choose 7 = 0 and eigenvalue AT (0) = 1 — Ao with eigenfunction v (y).
The fact o(LF) N{Re A > 0} # 0 further means

Tess (L) [J{Re A > 0} # 0,

which is also true when the working space of £, is Cypnif(X) or Lo(X), thus for any
¢ > ¢ = 2y/1— Ao the cylinder waves ¢.(x — ct,y) are spectrally unstable and
nonlinearly unstable in Cuir(X) and in H¥(X).

In the following we try to prove that the cylinder waves V.(x — ct)io(y) with
noncritical speed ¢ > 24/1 — Ay are spectrally stable and nonlinearly exponentially
stable in some exponentially weighted spaces of X with an exponential weight near
¢ = +o0. Let wy(€) =1+ e, define the exponentially weighted space X, by

Xo =A{u(&,y)  wa(§)u(§,y) € X, lulx, = llwaulx}, (2.15)

and we can define the related exponentially weighted space of X? similarly and
denoted by X?2.

Define the operator L. : X2 — X, as the restriction of £. on X2, and defined
Lea: X? = X as L, ,0(&,y) = wa(&)Le(wy  (E)v(€,y) for v(€,y) € X2, obviously

Uess(iqa) = Uess(ﬁc,a)a O’n(éc,a) =0On <£c,a>7

and [|(A = Le,a) " Hlx—x = (M = Lea) ™ xa—x,- .
For a > 0 it is easy to check that the limiting operator of L., as £ = —oo is
still £Z, while the limiting operator of £, as & — +oo denoted by Eza has the

following expression

L::av = N¢yv + 2ave + a*v + cvg + cav — g(y)v +v, v E X2

To obtain the location of gess(Le,q), it remains to investigate the location of o(L7,),

by applying Fourier transform to L:Za with respect to &, we investigate the following
eigenvalue problem with parameter 7 € R

A (T)v(y) = ZC":\QU £ Ayv(y)—g(y)v(y)+(—72+icr+2ia7'—|—a2—ca+1)v(y), (2.16)

with zero Neumann boundary condition on 0f2.
Obviously for any given 7 € R, AT(7) is an eigenvalue of (2.16) if and only if

MT(1) = =72 +icr + 2iaT + a® —ca+ 1 — ), for some k > 0. (2.17)
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For any given ¢ > 2y/1 — Xg, if we choose a > 0 satisfying

C_m< etV —4(1 - Ao) (2.18)

2 “ 2 :

then by (2.17) it follows that there exists a positive constant d depending only on
a and c¢ such that for any given 7 € R it holds that

Re A" (1) < =6, <0,
which with the location of o(£_) in (2.13) guarantees that
sup{Re 0ess(Lea)} <=0 <0, d={04,A1 — Ao, 1 — Ao} > 0.

Thus we have the following spectral estimates.

Lemma 2.1. For any given ¢ > ¢* and a > 0 satisfying (2.18), let L., be the
restriction of L. on the weighted space X, with weight function defined by w,(x) =
14 e, there exists small enough 6 > 0 such that

sup{Re 0ess(Lea)} < =0 <O0. (2.19)

2.2. Location of isolated eigenvalues of L.,. By Lemma 2.1, to prove the
spectral stability and the nonlinear exponential stability of cylinder wave V.(z —
ct)bo(y) with ¢ > ¢* in the weighted space X, it remains to prove the non-existence
of unstable eigenvalues of L. ,. For this purpose, in this subsection we investigate
the location of eigenvalues of L., in the range Q5 = {A € C: Re A > —4/2} with
small enough § > 0 satisfying (2.19).

Consider the eigenvalue problem

Au(é,y) = ['c,au(ga Y)

= Deyu+ cdeu — g(y)u+ (1 = Ve(§) (1 — Ao)) u — ¢o(y)Ve(§) /Q K(y")u(&,y")dy

(2.20)
with the eigenvalue A satisfying Re A > —§/2 and having an eigenfunction u(&,y) €
X2,

We express the eigenfunction u(€,y) of L., in X2 by spectral expansion

u(€y) =Y vi(©)i(y) (2.:21)
i=0

with 1;(y) defined as in Section 1.

Substituting (2.21) into (2.20), it is easy to check that if A is an eigenvalue of
(2.20) with Re A > —d./2, then there exists some k& > 0 such that v(§) # 0 in
(2.21) and (A, vg(§)) must be an eigenpair of the following eigenvalue problem

V(&) + evi(©) + [L= A = (1= A0)Ve(§)]or(§) = Mk (&), if vy, # 0, for some IE > 1);
2.22
or
v (€) + cvp(§) + [1 = Ao = 2(1 = Ao)Ve(§)]vo(€) = Avo(§), (2.23)
if vo(&)1o(y) is an eigenfunction of (2.20).

Theorem 2.1. For any given ¢ > 2y/1 — A\ and a satisfying (2.18), let § > 0 be
small enough chosen as in Lemma 2.1.

(i) If X is an eigenvalue of L., with ReX > —§/2, then A\ must be real and the
eigenfunction must be in the form of vo(§)wo(y).
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(i1) There exists small enough ., > 0 such that there is no eigenvalue of L. , with
ReX > —0c,q-

Proof. Let A be an isolated eigenvalue of L., with Re A > —4/2 with ¢ > 0 small
enough chosen as in Lemma 2.1 and the eigenfunction u(€,y) € X2 expressed by
(2.21).

We first assume that there exists k& > 1 such that vg(§) # 0 in (2.21), i.e.
(A, vg(€)) is an eigenpair of (2.22) with v;,(€)(1 + e%) € Cyunit(R). Using the fact
that

— /2 x4 -1 2+4 ak
Re <C \/C + ()\+)\k )) < < Re <C+\/C + 2(A+Ak )>’ VRQAE_(S/Z,

2
then by applying the classical asymptotic analysis to (2.22) it holds that

vg(€) ~ exp { -V +;l(>\+ Ae = 1) } , as & — 4oo, if ReA > —d/2. (2.24)

Let (&) = e2fv,(€) € H2(R), by (2.22) and (2.24), it is easy to check that
U1(€) € H3(R) and satisfies the differential equation

O + =T +1= M= (1= 2)ValO5(€) = A5u(€), forsome k> 1, (2.25)

which means that A must be a real eigenvalue of the differential operator Ly =
g—; + by(€) with an eigenfunction vy (€) = e2%v;(¢) € H?(R) and note that
2
bio(€) 2 —Cz—kl—)\k—(l—)\o)Vc(g) <Ao—-M<-0<0, VE>1,Ye>2v1— .
(2.26)
(2.26) further implies that

2
o (8852 + bk(§)) C (—o0,—4], Vk > 1,
which contradicts with the assumptions ReX > —46/2 and vi(§) # 0 for some
k > 1, this proves that if A is an eigenvalue of L., with ReA > —§/2, then the
eigenfunction in X2 must be in the form of vg(£)¢o(y) and (X, vp(€)) is an eigenpair
of (2.23).

By applying nearly the same argument as above, it can be proved that the
eigenvalue A must be real and X is an eigenvalue of Ly with an eigenfunction vy €
H?(R) and Lo defined by

Lo=—=——+1—=X—2(1— X)) V.(§).

Using the fact that

2

2
_CZ F1- N —2(1— Mo)Ve(6) < —CZ +1—Xo=—0.<0, forec>2y/1— Ao,

which means that o(Lg) C (—o0, —d.], this completes the proof of Theorem 2.1 and
Theorem 1 O

Remark 2.1. Note that the estimates (2.13) and (2.17) are still valid for the critical
speed case ¢ = ¢* = 2¢/1 — \g, thus if we choose a = /1 — Ag, then oess(Leqa) C
{ReX < 0} U {0}, and it can be further proved that o(L.~4) \ {0} C {ReX < 0}
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and zero is not an eigenvalue of L+ 4, but 0 € gess(Lex o), the above stated spectral
results of L.« , are nearly the same as that for the planar wave front with the critical
speed for Fisher equation u; = gz, = (1 — Ao)u(1 —u). By applying Green function
method with detailed point-wise semigroup estimate, it was proved in [18] that for
the Fisher equation us = gz, + (1 — Ao)u(l — u) if the small initial perturbation
of Vee(x) in X, (a = /1 — Xg) decays faster than =279 at & = +oo, then the
solution tends to the planar wave Vg« (z — ¢*t) in X, and the perturbation of the
wave decays algebraically in time. However in the multi-dimensional cylinder case
even for the classical nonlinear parabolic equation it is still an open theoretical
problem that whether the above mentioned weak spectral stability of the cylinder
wave with critical speed can still guarantee some types of asymptotically stability
of the wave.

3. UNIFORM BOUNDEDNESS OF SOLUTIONS WITH MORE GENERAL INITIAL VALUE

In this section under the assumption of (H1), we investigate the initial boundary
value problem

ut(tyxuy) A yu(t x y) +g( ) (t x7y)

[1— m(t, )] (txy) (t,r,y) e RT xR x Q,
= Jo K@ )u(t,z,y")dy, (t,r) e Rt xR, (3.1)
i“—o (t,z,y) € RT x R x 99,
(0 z,y) = uo(z,y), y) € R x Q.

(z,
with more general nonnegative initial value ug(z,y).

Lemma 3.1. For any nonzero and nonnegative initial value uy € Loo(R x §2),
problem (3.1) admits a unique global positive classical solution u(t,z,y) € C(R* x
R x Q), which satisfies

0 <u(t,r,y) <e |\710||L0o (RxQ)» V(z,y) € (R xQ),t>0. (3.2)

Proof. By applying comparison principle to (3.1) in the linear form, obviously
u(t,z,y) > 0 for any ¢t > 0 and (z,y) € R x Q. It is easy to see that e|[ug||r_ (rx0)
is a super-solution of the following linear initial boundary value problem

{wt —Npyw+gly)w=w, (t,z,y) € RT xR x Q, (33)
w(t, z,y) = uo(x,y), (z,y) € R xQ,
and u(t, z,y) is a sub-solution of (3.3), then by comparison principle we have
u(t,z,y) < etHUOHLOO(]RXQ), vt > 0,V(z,y) € R x Q.
(]
By Lemma 3.1, denote m(¢ fQ u(t, z,y’)dy and v, (x,t) = (u(t, =, y),¥;(y)) =

fQ u\zr, y7 (y)dya then u(t,x, y) = E Uj (tal‘)%’ (y) and Uj (t,l‘) (] = 0) is the u-
§j=0
nique global solution of the following nonlinear initial value problem

2
{ v = Zovj+ (A — 1+m(t, )y =0, (t,z) € RY xR, (3.4)

Uj((),x) = fQ Uo(%y)%(y)d% z eR.



PROPAGATION FOR A NONLOCAL MODEL 13

Lemma 3.2. Let (A\;,v;(y)), (7 =0,1,-) be the eigenpair stated as in Section 1,
there exists J > 1 such that \; > 2 for all j > J + 1, and denote ut(t,z,y) =

o0

> vz, t)Y;(y). Then for any given nonnegative bounded initial value uo(z,y),
j=J+1
it holds that

SU£||UL(1%$,ZU)HL2(Q) < e !|uo Lo () La()s VE > 0. (3.5)
e
Proof. Using the fact that A; > 2 for any j > J + 1 and m(¢,z) > 0 for z € R, it

is easy to check that e™*||v;(0,z)|. (&) and —e*||v;(0,2)||L. (r) are supper and
sub-solutions of (3.4) respectively for any j > J + 1, thus

SEE lvj(t,z)| < e_t||vj(0,;v)||Loc(R), Vt>0,V5>J+1,

and
“+o0 “+o0
sup ||[ut (t, 2, )Ly =sup Y vt x)] <e ™ > (v (0,2)] L w)
eeR 2€R 5> T j>J+1

< e MuollLo R)xLa(e), VE=0,Vj > J+1.
([
J
Next, we consider the finite sum u(t, z,y) — ut(t,2,y) = Y vj(z,t)Y;(y), we
7=0
.

only need to deal with the functions v;(t,z) for j = 0,1,- -
H%HLOO(Q), then

Denote by ¢; =

0.9 < [ w0l < [ wleo)bolu)dy = cu.0). (36)
By (3.6) and the fact A\; — Ao > dp > 0 for j > 1, applying sub-supper solution
method to the linear problem (3.4), it can be proved that
v (t, x)| < cje” M2y (¢ 2) < cjem%tug(t,z), Ve €R, t>0, j>1. (3.7)
Define

mo(t,2) = vo(t, ) / K (y)o(y)dy = (1 - Ao)uo(t, 2),
2 (3.8)
g (1, ) = vy(t, ) / Ky ()dy, j=1,2---J,

then
Im;(t, )| < /Q K (y)|w;(y)|dy - [v;(t,2)] < (1= Xo)cZe™ N2y (¢, 2).  (3.9)

By Lemma 3.2 and (3.7)-(3.9), now we are ready to complete the proof of Theorem
2.
Proof of Theorem 2: Define

mta) = [ K@t

Q

then by Lemma 3.2 and (3.7), we have
m (8, @) <KLy llu™ (2, )l

<
—t (3.10)
< e K|y 1uol Lo () x Lo (92)-
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Denote bg(t,z) = ﬁ(m(t,x) —mg(t,z)), then the equation of vy(t,z) in the
system of (3.4) can be written as

0 0?

" " gzt =
(3.9) and (3.17) imply that

|bo (¢, x)] Zv]tz /K Yi(y

1—X0)(1 = bo(t,z) —vo)vg, t > 0,2 € R. (3.11)

J
1
J
K
< 3 e a0y 1, )|+ I ot 0y
: (1= 2o) ’
j=1
In particular, there exists a positive constant Cy independent of ug such that
[bo(t, )| < Coe™" (Jvo(t, )| + [luo(2, )l Loi)) V¢ >0,z €R, (3.13)

with 50 = min{l,)\l — /\0} > 0.
Next, we claim that

lvo(t,)lL..y < C  uniformly in ¢ > 0. (3.14)

By Lemma 3.1 the assertion holds for finite t. For ¢ large enough, we set T >> 1

such that 1

Coe=%T < 3 (3.15)
then (3.11) and (3.12) yield that
10} 0?
Y0 T a0 = (1= X0)(1 = bo(t, =) — vo)vo

1
<(1=2Xp) {1 — v + 5 (vo(t, @) + [Juo(, )Ly )) | vo(t, @), VE=>T.

(3.16)
It follows from the maximum principle that

oo (t, )L @) < max{[lvo(0, L), 2+ lluo(s )lLe@xra ) VEZT. (3.17)
This proves (3.14). Lemma 3.2 and (3.7) also imply that

J
||u(t7 €, ) _ UO(t7 CC)wo(')HLz(Q) < Z C?e_éot‘vo(t7 $)| + e_tHuO(x? ')HL2(Q) < Ce_éotv
j=1
(3.18)
which with (3.14) further implies
igg lu(t, )L ®xLa @) < Mo. (3.19)

By virtue of (3.19), the nonlinear equation (3.1) can be written in a form of linear
heterogeneous parabolic equation w; = Ay u —u + f(t,z,y) with f(t,z,y) =
u(2 — m(t,z)) satisfying || f(Z, 2, y)l|Lo (0,400) xLoo ®) xLo(2) < M1, and note that
o(Lo) € {Re A < —1} with Lo = Ay, — I, and

||eL0t||Lp(]R><Q)—>WI}(]R><Q) S Cpt_1/2€_1/2t, Vt > 0, 1 < P < +OO, (320)
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then by the decay estimate (3.20) and applying a recursive argument to (3.1) it
is easy to show that there exist positive constants 6 and Cy such that for any
up € Loo(R x Q) the unique classical solution of u of (3.1) also satisfies

||u(t7xvy)||c’9(R><§) S OQ(HUOHLOO(RXQ) + MO)) A% Z 1. (321)

Estimate (3.21) can be similarly proved by applying interior Wpl;g estimates and
bootstrap argument. By interpolation, (3.18) can be improved to

sup  |u(t, z,y) — vo(t, 2)vo(y)| < C'e %t for t > 1, (3.22)
(z,y)ERXQ

for some C’, ¢} > 0. This proves Theorem 2.

4. ASYMPTOTIC BEHAVIOR OF SOLUTION WITH MORE GENERAL INITIAL VALUE

By virtue of the uniform boundedness of the solution and the estimates (1.6)-(1.7)
proved in Theorem 2, to investigate the spreading speed and asymptotic behavior of
the solution (¢, x,y) in higher dimensional cylinder to the problem (3.1) with more
general initial value, it suffices to investigate the long time behavior of vg(t,z) =
(u(t,z,-),o(-)) as t — 400, where vg(t,x) satisfies the nonlinear equation (3.11)
in one dimensional space, i.e. vy — Uy = (1 — Ao)v(1 — bo(t, z) — v), with bo(t,z) =
ﬁ Jo K (y)(u(t, z,y) — vo(t, 2)vo(y))dy. Due to the exponential decay in time of
the coupled term b(t,z) obtained in (3.13), the equation (3.11) of vg(¢,z) can be
treated as a Fisher-KPP equation with a heterogenous term b(¢, x).

In this section we shall focus on the investigation of the long time behavior of the
solution of Fisher-KPP equation (3.11) with more general heterogenous decaying
resource term by(t, ), using the decaying estimate (3.13) of by(t,z) in time, we
shall prove that for more general initial value the spreading speed of the solution to
problem (3.1) or problem (3.11) is still determined by the decay rate of the initial
value and the solution may still tend to the wave with some noncritical speed or
the critical speed in some appropriate sense.

4.1. Global asymptotic stability of waves with noncritical speeds. In this
subsection we investigate the Cauchy problem of (3.11), i.e.

v(0,z) = vj(x), x eR. (1)

{vt Vg = (1= Xo)o(1 —bo(t,z) —v), z€R, t>0,

For any given ¢ > 24/1 — Xg, let V.(z—ct) be the traveling front solution connect-

ing 1 and 0 of (the limiting problem of) (4.1) with by(t,z) =0 (as t — +00), and

without loss of generality, we choose V.(z) be the unique wave solution satisfying
the following boundary value problem

VI+VI+ (1= X)Ve(1-V,)=0, z€R,

VC(_OO) =1, VC(J’_OO> =0, (4.2)
lim "%V, (z) = 1, o= cve—2lzA) \/62*24(1*/\0).
z—r+00

Observe that o — ¢ = 0 + 1222 is a bijection from (0,v/T — Ag) to (2¢/T — Ag, 00).

(e
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For any given ¢ > 2y/1 — Ag and r > 0, let ¢.(z — ct;r) be the unique planar
wave solution connecting r and 0 to the following boundary value problem:

!+ (1= Xo)e(l — %) =0, z€R,

7/16(7%,7') =T, ¢c(+0077”) =0, (43)
c—r/c2—a(1—
hfll eozwc(z) — 1, o= %(1)\0).
z—+o00

Obviously ¥.(z;1) = V.(2) and ¢.(z;7) = rV.(z — 2,) and re?* = 1.
In this subsection we always assume that the initial value v§(x) is nonnegative,
bounded and stays away from zero at z = —oo0, i.e.

0<g,< lrlgl_u(g vo(x) < limsup vy (x) < g, for z < 0; (4.4)

r—r—00

and assume that the nonnegative bounded initial value v(x) decays exponentially
at © = +oo with the same decay rate of a wave for (4.2) or (4.3) with a noncritical
speed, which means for some ¢ > 2y/1 — A\g
: v5 (2) :
lim ————*— =1, asz — +0oo, for some zy € R, (4.5)
z—+oo Vo.(x + x9)

or equivalently and without loss of generality, we assume the initial value of v{(x)
satisfies the decay estimate

lim vj(x)e’® =1, forsome 0 <o < 1y/1— Ag. (4.6)

T—too
For the heterogeneous term by (¢, ), we assume that

|bo(t, )| < Coe 2 (v(t, ) +e @D A1) for some Cy, 8,0 > 0. (4.7
Note that the decay estimate (3.13) implies (4.7).
Lemma 4.1. Let v(t,z) be a solution to (4.1) with initial value satisfying (4.6) for

some o € (0,4/1— Xg). Assume in addition that by(t,x) satisfies (4.7) for some

positive Cy and 6 > 0. Then the following statements hold true.

1—Xg

(a) For each t > 0, we have lim e°%v(t,z) = e°“t, where c = o +
T——+00 g

(b) There exist positive constants t1 and r1 such that
v(t,x) > (e @D AL), t>t), xR
(c) For each € > 0, there exists ta > 0 such that

|b0(t,17)| < %’U(tax)a t> tZa z €R.
€

Proof. To prove (a), we first observe that v; — v, < kv, where Kk = (1 — Ao)(1 +
6]/ 2.+ x®)). Hence, the comparison principle yields, for each ¢ > 0,

0 <w(s,z) < sup(e"yva‘(y))e*”’*((’%“)S < Ce™%, (s,z) €[0,t] xR. (4.8)
yeR

Next, observe that by Duhamel’s principle:

o(t,z) = 2 (p, w0l () + E(t, z), (4.9)
where pi(z) = p(t,x) = \/ﬁe*ﬁ/(ﬁ) and

t
E(t,z) = / e1=20)(t=9) /p(t —s,x — ') (=bo(s,2") —v(s,2"))v(s,x') dz’ds.
0 R
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Thanks to (4.7) and (4.8), it follows that for each fixed ¢ > 0,
t
|E(t,z)| < Ct/ e1720)(t=9) / p(t— s,z —2') (e )2 da'ds < Cle™ 27", t>0,
0 R
so that le e?®|E(t,x)| = 0 for any ¢t > 0. Therefore, using (4.6) and (4.9) again,

we have

lim e’u(t,x) = lim e (p, x vf)(z) = €7, Vit > 0. (4.10)

T—r 00 Tr— 00 ’
To see the last equality, we note that v(x) = e 7*(1 4 g(x)) with g(4+00) = 0, so
that

ox (1—Xo)t * 1 ox+(1—Xo)t —M —ox’ ’ ’
e’%e O (py xvy)(z) = —e 0 /e i e (14 g(2)dx
R

VArt
1 _ (z—a’—201)®

_ (1—xo)t EETT AN 4 (o) d
(§] (§] X X
vl (o)

(1At / pe(x — ' — 20t)(1 + g(a')) da’
R
_ ot / pe(@)(1 + gl — & — 20t)) dZ, Vt > 0.
R

Then one can take x — +o00 in the above by the dominant convergence theorem to
obtain the last equality in (4.10). This completes the proof of (a).
For (b), note that v(¢, x) satisfies

U —Vge > (1=X0)v(1—[b|—v) > (1—Xo)v[1—Che % (v+ (e 7@ AT —0]. (4.11)
By choosing t; > 1 large enough, we see that v(¢, x) is a supersolution of
Wy — Wz = (1 = Ao)w[l — SU(x —ct; 1) = (1+ S)w], t>t, veR, (4.12)
where we used
(e7?" A1) < By(x;1)  for some B > 1. (4.13)

Next, observe that w(t, x) = r¢(xz—ct; 1) is a subsolution of (4.12) for any r € (0,1).
Finally, we can choose r = r(¢) small enough so that

v(ty,x) > rp(x —cto;1), x €R.

(This is thanks to (a) and lim e7*t(z — ct1;1) = e7“*1.) We can then conclude by
Tr—r 00
the comparison principle that

ot ) > rp(z — ety 1) > %(e_“(’”—d) Al), t>t, 2R (4.14)
This proves (b). Assertion (c) follows from (4.7) and (b). O

Theorem 4.1. Let v(t,x) be a solution to (4.1) with initial value v§(x) satisfying

(4.4) and (4.6) for some o € (0,v/1 — Xg). Suppose, in addition, that (4.7) holds,
then

lim |sup |v(t, 2z + ct) — Vo(2)]| = 0. (4.15)

t—o00 2€R
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Proof. Fix € > 0, then by Lemma 4.1 (a) and (c), there exists t. > 1, such that

(1—o)v (1 - Y ) < v —Vpe < (1= o)V <1 -

— &

, t>t., x€R, (4.16
1+€> =t ( )

and
lim e v(t,x) = e, Vt>0. (4.17)

Tr—r 400

By comparison principle, we have
07 (tx) <wlt,x) <ot (ta), t>te, TER,

where 9% (¢, ) are, respectively, the solutions of the Cauchy problem of the following
classical Fisher equation

f)t—@mz(l—)\o)(l—&), t>t., zeR,
(te, ) = v(te, ), z eR.
Notice that by (4.17) and (4.18), the initial value 0(t., z) satisfies

. oz~ _
zl}rilme O(te, z + cte) = 1,

then by [33, Theorem 9.3] it is follows that the solution 9% (¢, z) converges to the
planar wave solution ¢ (z — ct; 1 & ¢) of (4.18) uniformly in the moving coordinate
z =x — ct as t — +00; precisely speaking, we have

lim sup [6% (¢, 2+ ct) — (21 +¢€)| =0,

t—=+00 zcR
where 1 (z;r) is given in (4.3). Thus
P(z;1—¢€) < ltimjnfv(t, z+ct) <limsupo(t,z +ct) < P(z;1 —¢),Vz € R. (4.19)
—+00

t——+o0

(4.18)

The proof is completed by letting £ \, 0 in (4.19). |
Obviously Theorem 3 follows from Theorem 2 and Theorem 4.1.

Remark 4.1. If the decay assumption (4.6) on the initial value is weakened to

vo(z) = e~ (otez 0y 40,
we conjecture that
lim {sup lo(t,x) — ¢ (x —ct +&(t))]| =0, (4.20)
t—o00 z€R

where £(t) is in general a bounded function.

Proof of Theorem 4: Under the assumption that the initial value wuo(x,y)
satisfies the assumption (1.10) and

/ wo(x, y)vo(y)dy ~ re™ 7% + O(e™**), asx — 400, (4.21)
Q

for some r > 0, 0 € (0,v/1—X) and a > o, which means ug(z,y) — Ve(z —
Linr)yo(y) € Xq, for ¢ = o+ % > 2¢/1—Xg and a > o. By virtue of the
local exponential stability of the wave V.(x + x0)1o(y) in some weighted space X,
( see Theorem 1), it suffices to consider the case r = 1 in (4.21) and prove that
lu(t, z + ct,y) — Ve(2)9o(y)||x, — 0 as t = +o0 if a — o is small enough.

By Theorem 3, it is known that under the assumption (1.10),

lu(t, z + ct,y) — Ve(2)Yo(y) |l x0) — 0 ast — +oo.
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Denote v(t, z) = (u(t, z,-),%o(:)), and let 0(¢, z) = v(t, 2z + ct), then in the moving
coordinate z = x — ct, 9(t,z) satisfies the following heterogeneous Fisher type
equation:
Vg = Uy + €0, + (1 — Xo)0(1 = bo(t, 2z + ct) — D),

then 0(t, z) = (¢, z) — Ve(z), satisfies the nonlinear equation

By = Dos + 0, + (1 — Ao)0 + F(t, 2,9),
with the initial value 09(z) = [, uo(2,¥)1o(y) — Ve(2) € Loo(R), and o9(z) =
O(e™**) for z >> 1 and a > o, where

F(t,z,0) = —bo(t, z + ct) (0 + Vo(2)) — 93(t, 2) — 2V (2)0.
Under the assumption (1.10), by (4.7) and Theorem 3 we know that
|F(t, 2,0)| < Cre™27* An(t), z € R, t >0,

where 7(t) — 07 as t — +o0.
Note that
o(t, z) = ell7r0)t / p(t, z + ct — 2)io(2)d2' + E(t, 2, ),
R

22
where p(t,z) = ﬁe_ﬂ and

¢
F(t,z) = / e(1720)(t=9) /p(t — 8,2+ ct — 2 VF(s,2',0(s,2") d2/ ds.
0 R

” /o2 — —
Choosing a € (o,04), with oy = H_szm > /1 —Xg > o, by detailed
computation it can be verified that

el1=2o)t / p(t, 2+ ct — z’)e—az’dz' = e datgaz,
R

with =6, =a? +ca+1— X <0, if a € (0,0, ), and it can be proved that
|F(t,2)| < Ce™% t>0,2>0,

thus for any given 0y € Loo(R) satisfying 0g(z) = O(e™**) for z >> 1 with a €

(0,04) and a < 20, we have

. N 6, N
ZEIEOO e 0(t, 2)| < Coe™ %" [[e*00(2)||Low (m), t > 0,

which with Theorem 3 further implies that
u(t, z + ct,y) — Ve(2)do(y)llx, — 0 ast — 4oo,

then for large enough ¢ we can apply Theorem 1 to yield the exponential decay in
time of ||u(t, z + ct,y) — Ve(2)vo(y) | x, , which completes the proof of Theorem 4.

4.2. Spreading speed of the solution with the Bramson logarithmic delay
when the initial value has compact support. In this subsection we investigate
the spreading speed and asymptotic behavior of the solution of (1.3) with nonneg-
ative compact supported initial value, in [4] it has been proved that the spreading
speed of the solution must be the minimal speed 2v/1 — Ay, in this paper we try
to prove that the propagation of the solution for (1.3) with bounded € still has
Bramson’s type of delay estimate, which also extends some classical results for the
scalar Fisher-KPP equation to the nonlocal model (1.3). By Theorem 2 and esti-
mate (3.13), to prove Theorem 5 it suffices to investigate the asymptotic behavior



20 QING LI, XINFU CHEN, KING-YEUNG LAM, YAPING WU

of solution v(t,z) to the heterogenous Fisher type equation (4.1) with compact
supported initial value. After re-scaling of the coordinates: x +— /1 — Mgx and
t — (1= Xo)t, it is easy to see that in the new coordinates v(t, z) satisfies the equa-
tion (4.1) with A\g = 0, thus in the following of this subsection we just investigate
the Cauchy problem of (4.1) with Ay =0, i.e.

(4.22)

vy — VUge = 0(1 —bo(t,x) —v), >0, z€R,
U(va) :UE;(.I')’ x €R7

where by(t, ) satisfies (3.13), which with Theorem 2 implies that for any given
nonnegative bounded initial value ug(z,y) there exist positive constants Cy and g,
such that

[bo(t, )L ) < Coe™ %, >0,
thus

b(t) = sup o )] € La((0,0)). (4.23)

Denote by (t) = b(t), ba(t) = —b(t), and v;(t,x) = elo bidsy (¢ 2) (i = 1,2), it is
easy to see that v; (¢, x) satisfies

gvfa—zv >vi(l—wv), t>0,ze€R

8751 O2 1= U1 1) ) )
and

0 0?

Evg—@’UQSUQ(l—UQ), t>0,xER,

Let ®(z — 2t) be the traveling wave solution with the minimal speed of Fisher
equation u; = Uz, + u(l — u) satisfying
D"(2) +29'(2) + D(2)(1 — ®(2)) =0, z€R,
O(—oc0) =1, &(400) =0, (4.24)
®(0) = 3.
Let o(t, z) be the unique solution of
B — B = (1 —9), t>0, z€R,
(0, z) = vj(x), r eR,

Then by comparison principle it yields that
e o b dsgi(p o) < w(t,z) < o PO ds(g, ). (4.25)
Theorem 5 is a consequence of Theorem 2 and the following theorem.

Theorem 4.2. Let by(t, ) satisfy (3.13) and let v be a solution of (4.22). There
exists a constant C' > 0 and two functions £4+(0,00) — R such that |£(t)| < C for
allt >0, and

lim sup |v(z+ 2t — 3logt, t) — ®(z + §+(t))‘ =0, (4.26)
t 400 LR+
and
t_l}+moo ZSEI%RQ v(z — (2t — 5 logt),t) — ®(—z + & (t))‘ 0. (4.27)
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Proof. By Theorem 1.1 of [20] and (4.25), we have

lim inf min o(t,z) | > e 1Pl lim inf min 01 (t, ) | >0,
t=+oo O§z§2t7% logt—C t—=+o0 O§x§2t7% logt—C
and

i 181
limsup,_, , o maxa:ZQt_%logHC v(hx)) <elPllur for C >> 1,

limsup;_,, o, ( ma 3 172(75,30)) — 0, for C >>1.

X
mZZt—g log t+C

Furthermore, by Propositions 2.3 and 3.1 of [20], there exist positive constants k
and p such that

ze * <wo(t,2t — 3logt+2) < p(z+1)e? t>1,0<2< V. (4.28)
We can then repeat the proof of [20, Theorem 1.2] to prove (4.26). (4.27) can be
proved by the same argument. O

Remark 4.2. If the nonnegative initial value vg(x) satisfies the assumption
0 < g, <liminfvg(z) < limsupv(z) <o, for z < 0; (4.29)
- r——00 T——00
and
vy(z) =0, for z>>1,

then estimate (4.26) is still valid and it can be proved that the solution v(t, z) of
(4.22) tends to Ve« (z — ¢*t) in the following weak way

lim sup [o(t, ) — Ve (& — c*t — n(£))] =0, (4:30)

t—o0 z€R
with n(t) = —2Int + O(1) for all ¢ > 0, which with Theorem 2 also means that
the solution u(t,z,y) of the nonlocal equation (1.3) tends to the cylinder wave
Ves (x — ct)1ho(y) in the similar weak sense.

Remark 4.3. If the initial value vj(x) satisfies (4.29) and decays with the same
exponential rate as that of V.« (x) at x = 400, i.e.

2x

vy(x) ~ze™ " ~ Vs (), © — F00, ¢ =2,

due to the exponential decay bo(t,z) in time and the initial assumption, by con-
structing appropriate sub and supper solution to heterogeneous Fisher type equa-
tion vy = vze + v(1 — bo(t, z) — v), it is naturally expected that the shift 7(t) in
(4.30) can be uniformly bounded for all ¢ > 0, and we conjecture that the shift n(¢)
has a limit as t — 400 if v§(x) = Vex (x), for x >> 1.

If v§(z) decays faster than Vo« (z) at © = +o00, such as

vy (x) = O(e™7), & — +o0, (4.31)

by virtue of (4.25) and Theorems 5 and 4.2, by applying comparison argument it
can be proved that the spreading speed of the solution is still the critical speed.
We conjecture that the estimate (4.30) is still valid with n(t) satisfying @ — 0 as
t — +oo.

It is well known that for classical Fisher equation in one dimensional space, in
[13, 22] the authors give more detailed description on the asymptotic behavior of
solution and the spreading of the level set of solution, which are classified by the

decay rate of the initial value v§(z) near z = +oo. However due to the fact that

as C — +o0o,
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the comparison principle can’t be applied directly to the nonlocal model (1.3) or
to the nonlinear heterogenous equation (4.22), some powerful techniques applied in
[13, 22], which are based on the comparison principle for nonlinear homogeneous
parabolic equation, can’t be applied directly to the nonlocal model (1.3) or to
equation (4.22) with a heterogeneous term. For the typical case when the initial
value is compact supported ( or a heaviside function), it is unknown that whether
the bounded shifts £4(¢) in Theorem 4.2 have limits, which may be not true for the
nonlocal model (1.3) and the above mentioned conjectures are also open problems.
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