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1 Introduction

During the past thirty years, delay induced instability has been investigated extensively
for homogeneous reaction-diffusion equations with delay effect, and the spatial homo-
geneous and nonhomogeneous periodic solutions can occur through Hopf bifurcation.
For models with the homogeneous Neumann boundary conditions, researchers were
mainly concerned with the Hopf bifurcation near the constant positive equilibrium,
see [9, 13, 15, 18, 19, 22, 26, 28, 31, 32] and the references therein. For models with
the homogeneous Dirichlet boundary conditions, the positive equilibrium is always s-
patially nonhomogeneous. Busenberg and Huang [2] first studied the Hopf bifurcation
near such spatially nonhomogeneous positive equilibrium, and they found that, for the

following prototypical single population model,

Ou(x,t)
=dAu(x,t) + Mu(z,t) (1 —u(x,t — 7)), z€Q, t>0,
= (2,0) + Xl 1) (1~ ul, 7)) -
u(z,t) =0, r e i, t>0,

time delay 7 can make the unique spatially nonhomogeneous positive steady state
unstable and induce Hopf bifurcation. Then, many authors investigated the Hopf
bifurcation of models with the homogeneous Dirichlet boundary conditions, see [27,
33, 34, 36, 37]. Moreover, we refer to [8, 10, 20, 21] and the references therein for the
Hopf bifurcation of models with the nonlocal delay effect and the homogenous Dirichlet
boundary conditions.

In model (1.1), all the parameters are constant. However, due to the heterogeneity
of the environment, the population may have a tendency to move up or down along

the gradient of the habitats [1]. Therefore, it is more realistic to have the following

model,
Ou(z, ) =V [dVu — auVm| + u(z,t) [m(z) —u(z,t —7r)], z€Q, t >0,
ot (1.2)
u(z,t) =0, x €N, t>0,

where u(x,t) represents the population density at location z and time ¢, d > 0 is

the diffusion coefficient, time delay r > 0 represents the maturation time, and €2



is a bounded domain in R” (1 < n < 3) with a smooth boundary 0€2. Moreover,
the intrinsic growth rate m(x) is spatially dependent and may change sign, which
means that, the intrinsic growth rate of the population is positive on favorable habitats
and negative on unfavorable ones, and a measures the tendency of the population to
move up or down along the gradient of m(x). For r = 0, Cantrell and Cosner [3, 4]
investigated the effects of spatial heterogeneity on the dynamics of model (1.2) for the
case of a = 0, and Belgacem and Cosner [1] considered the case of a # 0. We also refer
to [5, 11, 12, 25, 29, 30] and the references therein for the effects of spatial heterogeneity
on single population and two competing populations models.

In this paper, we mainly investigate whether time delay r can induce Hopf bifur-
cation for reaction-diffusion-advection model (1.2). As in [1], letting v = e(=*/Dm(@)y
t = t/d, dropping the tilde sign, and denoting A = 1/d, a = a/d, T = dr, system (1.2)

can be transformed as follows:

% = ¢ om@y . [e2™@ Ty 4 Av [m(z) — ™ @y (1t — 7], z€Q, t>0,
v(x,t) =0, r €00, t>0.

(1.3)
Throughout the paper, unless otherwise specified, m(z) satisfies the following assump-

tion
(A1) m(z) € C*(), and max, g m(z) > 0.
The following eigenvalue problem

—eT Mm@V . [eom@Vy] = —Av — aVm - Vo = Am(z)v, x € Q, 1.4

v(z) =0, x € 09,
is crucial to derive our main results. It follows from [1, 6, 30] that, under assumption
(A1), (1.4) has a unique principal eigenvalue A, > 0 admitting a strictly positive
eigenfunction ¢ € C3°(Q) for some § € (0,1). Then, we can obtain the similar results
as the case of spatial homogeneity [2, 33]: for A € (A, A*], where 0 < \* — A\, < 1,

there exists a sequence of values {7,(\)}>2,, such that, when 7 = 7,(\), Eq. (1.3)



occurs Hopf bifurcation at the unique spatially nonhomogeneous positive steady state.
Note that A = 1/d, where d is the diffusion coefficient of model (1.2). Then, we see
that there exists d. < 1/, such that for d € [d,,1/\,), there exists a sequence of
values {r,(d)}2,, such that Eq. (1.2) occurs Hopf bifurcation when delay r = r,(d).
The rest of the paper is organized as follows. In Section 2, we study the stability
and Hopf bifurcation of the spatially nonhomogeneous positive steady state for Eq.
(1.3). In Section 3, we derive an explicit formula, which can be used to determine the
direction of the Hopf bifurcation and the stability of the bifurcating periodic orbits. In
Section 4, we give some remarks on the model with zero-flux boundary condition, and
some numerical simulations are illustrated to support the obtained theoretical results.
As in [8, 10], throughout the paper, we also denote the spaces X = H?(Q) N Hg (),
Y = L*Q), C = C([-7,0],Y), and C = C([-1,0],Y). Moreover, we denote the
complexification of a linear space Z to be Z¢ := Z @ iZ = {x1 + ix3| x1,29 € Z}, the
domain of a linear operator L by Z(L), the kernel of L by .4#'(L), and the range of L by
Z(L). For Hilbert space Y¢, we use the standard inner product (u,v) = /Qﬂ(a:)v(x)dx

2 Stability and Hopf bifurcation

In this section, we first consider the existence of positive steady states of Eq. (1.3),
which satisfy:

AV [eam(:r)v,u] + Aeam("r)v [m(x> _ eam(z)v} =0, €, (2 1)

v(x) =0, x € 092

Actually, it follows from [1, 30] that, for 7 = 0, model (1.3) has a unique positive steady
state which is global attractive among non-trivial nonnegative solutions if A > \,, and

the trivial steady state is global attractive if A < \,. Denote

L=V - [e“@V] + X m(z), (2.2)



where A\, > 0 is the unique principal eigenvalue of problem (1.4) admitting a strictly

positive eigenfunction ¢. Note that
X=AH4L)oX,, Y=AN(L)dY],

where

W (L) =span{¢}, X1 — {y € X /¢ 2)dz = 0}
Yi=% (L) {yGY /gb dx—O}
Then we can give a profile of the unique positive steady state near \,.

Theorem 2.1. There exist \* > A, and a continuously differential mapping X\
(&x, Br) from [N, X*] to X1 X RY such that, for X € (A, \*], the unique positive steady
state of Eq. (1.3) has the following form

/ m(x)e*™ ™ ¢? (z)dx

Moreover, for A = A,

P : (2.5)
/ e2am T ¢3( ) T
Q
and &, € Xy is the unique solution of the following equation
LE+ 6 (m(a:)eam(:v) _ )\*ﬂ)\*e2am($)¢) =0, (2.6)

where L is defined as in Eq. (2.2).
Proof. Noticing that

/m )ev™@) 2 (2)da = / om(@) |7 () |*dx > 0, (2.7)
we see that (), is well defined and positive. It follows that

o (m(m)eam(m) - A*5A*62am(m)¢) e Z(L) =Y,



and hence &,, is well defined. Substituting u = S(A—A,) [¢ + (A — A.)¢] into Eq. (2.1),
we see that (8, §) satisfies

m(&, B, A) = LE +m(x)e®™ ™ [¢+ (A — A)E] — ABe*™ [+ (A — \,)¢]> = 0.

Noticing that € is a bounded domain in R"(1 < n < 3) with a smooth boundary

082, we see that X; is compactly imbedded into C7(€2) for some v € (0, 1), and hence
m(&, 3, ) is a function from X; x R? to Y. It follows from Eqgs. (2.5) and (2.6) that

m(é-)\wﬁ)\*y A*) = 07 and
De.sym(En., Ban, M), €] = Ly — Aee®™@ g2,

where D¢ gym(&x,, Ba,, Ac)[, €] is the Fréchet derivative of m with respect to (&, 3) at
(€., Ba., As). Ome can easily check that D¢ gm(y,, B, M) is a bijection from X; x R
to Y. Then, it follows from the implicit function theorem that there exist A* > A, and

a continuously differentiable mapping A — (&, 51) € X1 x R such that
m(&x, Ba, A) =0, A€ [A, N

Therefore, Sy(A — X))@ + (A — A€, is a positive solution of Eq. (2.1). O

Linearizing system (1.3) at uy, we have

(
% — e—am(w)v . [eam(m)vv] A [m($) _ 6czrrL(gc)u>\] v
— e Puyu (et - 7), e, t>0, (2.8)
v(z,t) =0, xr e d, t>0.

\
It follows from [35] that the solution semigroup of Eq. (2.8) has the infinitesimal
generator A, (\) satisfying

A, NT =T, (2.9)

where

P2(A;(N) ={T € CcnNCL: U(0) € X¢, ¥(0) = e @@V . [e2™@TW(0)]

A () — @3] T(0) — APy U(—7)),
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and Ct = CY([—7,0],Ye). Moreover, u € C is an eigenvalue of A,(\), if and only if
there exists ¢ (# 0) € X¢ such that A(A, pu, 7)1 = 0, where

A p, )Y
—e oM@y . [e@ 7] + A [m(x) — eam(x)uﬂ Y — A @y peH — pap.

(2.10)

We will show that the eigenvalues of A,.(A) could pass through the imaginary axis
when time delay 7 increases. Actually, one can easily check that A,(\) has a purely

imaginary eigenvalue p = iv (v > 0) for some 7 > 0, if and only if
e~ oM@V . [e2™@ ] 4 A [m(z) — eam(”’)u,\} Y — XD yype™ —jvh =0 (2.11)

is solvable for some value of v > 0, § € [0,27), and ¥(# 0) € X¢. First, we give the

following estimates for solutions of (2.11).

Lemma 2.2. If (vy,0),1)) solves Eq. (2.11) with vy > 0, 05 € [0,27), and ¥5(#£0) €
Xc, then
V,\/eam(z)|@/},\|2dm: /\sin9>\/e2o‘m(z)u,\|¢,\|2dx, (2.12)
Q Q

and 3 V’\)\ is bounded for X € (A, \*].

Proof. Substituting (vy,0,%,) into Eq. (2.11), multiplying (2.11) by e®™®)4),, and

integrating the result over 2, we have
<@/),\, AV [eam(“})Vl/)AD + )\/ [m(m)eam(m) — e%‘m(“)u,\] |@/},\|2dx
)
— )\/ 2om@q, |ohy [P dze — il/,\/ @™ @) |y |2de = 0.
Q Q

Noticing that
(YA, V- [e*™OVh,]) = — / 2™ @) |7y [2dx < 0,
Q
we see that Eq. (2.12) holds. Therefore,

vy Asind, Jo 2@ uy [y [ da

_ < amaxq m(z) . )

Ux

It follows from the continuity of A — (||€x]leo, 5r) that 3 is bounded for \ €

*

(A, A9, 0



The following result is similar to Lemma 2.3 of [2] and we omit the proof here.

Lemma 2.3. If z € X¢ and (¢,z) = 0, then |(Lz,z)| > Xo||2||3., where Xy is the

second eigenvalue of operator —L.
Now, for A € (A, A*], letting
v=ro+ A=Az, z¢€(Xy)e, >0,

115, = Il + (A = A)?1=15, = ¢l

and substituting (2.4), (2.13) and v = (A — A\)h into Eq. (2.11), we see that (v,0,)
solves Eq. (2.11), where v > 0, 6 € [0,27) and ¥ € Xc([|¢[]5. = [|#])3,). if and only if

(2.13)

the following system:

4

gi(z,7,h,0,)) == Lz — ABxe?™@ [¢ + (A — X\)E] [ro + (A — A,)z] e
+ro + (A = A)z] {m(z)e®™® — ABye?™®) [ + (X — \,)E,\] — the™ @} =0

g2(z,m, A) = (r? = D[, + (A = A)?[12l3, =0

\

(2.14)
is solvable for some value of z € (Xj)c, h > 0, r > 0, and § € [0,27). Define
G: (X))ec xR = Yo xR by G = (g1,92), and we find that G(z,7,h,0,\) = 0 is
uniquely solvable for A = A,.

Lemma 2.4. The following equation

G(z,7m, h,0,\) =0

(2.15)
€ (Xi)c, h>0r>0, 0¢€|0,2m)
has a unique solution (zy,,7rx,, ha,, 0y, ). Here
o, m(z)ev™® p2dx
=1. 0y, =u/2. hy, = 2% 2.16
r)\* ) )\* 7T/ Y )\* fQ eam(z)¢2(x)dx < )

and zx, € (X1)c s the unique solution of
Lz = —i\ B, €2 ™ @2 4 ihy 2™ g — ¢ (m(x)eo‘m(x) — )\*B,\*ezo‘m(’:)qﬁ) . (2.17)

where L is defined as in Eq. (2.2).



Proof. From Eq. (2.14), we see that gs(z, 7, A,) = 0 if and only if r = r,, = 1. Note

that
g1 ("7’7 W ha 67 )‘*) =Lz — )\*5)\* 62am(x)¢267i0 ( )
2.18
—ihe™™ D¢+ ¢ (m(z)e™™ — X, By, e*" )
Then
91(27 W h7 ‘97 )\*) =0
2 € (Xi)e, h>07 >0, 0€[0,2n)
is solvable if and only if
MO, [ e @ @3drsing = h [, e“™ @ p2dz
fQ fQ (2.19)

ABo. [o €2 ™ @ ¢3da cosf = 0
is solvable for a pair (0, h) with h > 0 and 6 € [0,2x). This, combined with Eq. (2.5),

leads to
/\*B)\* fQ e?am(w)(bSdI B fQ m(x)eam(x)¢2dx

0=0, =n/2, h=h) = = 2.20

A 7T/ ) As fQ eam(x)¢2dl' fQ eam(z) ¢2dI ( )
Consequently, g;(z,7x,, by, , 0., A«) = 0 has a unique solution z,,, which satisfies Eq.
(2.17). m

Then we solve G = 0 for A € (A, \*].

Theorem 2.5. There exist \* > \. and a continuously differentiable mapping A\ —
(zx, Tx, hx, 0)) from [A*,S\*] to (X1)c x R? such that G(zx, 7,7y, 05, A) = 0. Moreover,
for X € [\, ],
G(z,r,h,0,)) =0
(2.21)
z € (Xi)g, hy, 7>0, 0 €10,2m)
has a unique solution (zx,7x, hy, 0)).
Proof. Let T = (T}, Ts) : (X1)c x R® — Y x R be the Fréchet derivative of G with
respect to (z,r, h,0) at (zx,, 7., ha,, Or,, Ax). Then,
Ti(x, K, €,9) =Lx — iee®™@ ¢ 4 O\, By, 2@ 2
R [m(x)e®™® — X, By, e — ihy, e ™) 40X, By, 2]

To(r) =26|9]f5.-



One can easily check that T is a bijection from (X;)c x R? to Y¢ x R. This, com-
bined with the implicit function theorem, implies that there exist M > ), and a
continuously differentiable mapping A — (zy, 7y, hy, 0)) from [\, :\*] to X¢ x R? such
that G(zx,7x, ha,0x,A) = 0. To prove the uniqueness, we only need to verify that if
z € (X)), ™, kr >0, 0* € [0,27), and G(2*, 7}, h*, 02, \) = 0, then

(22,10, 0Y) = (2, ma0, b, Oh,) = (ZA*7 L, hy,, g)

as A — A, in the norm of X¢ x R3. It follows from Lemma 2.2 and Eq. (2.14) that
{n*}, {r*} and {#*} are bounded for A € [\, \*]. Note that {3} and {£,} are bounded
for A € [A., \*]. As in Theorem 2.4 of [2], we can obtain that there exist My, My > 0
such that

Mol M3 < Lz, )| < Maldlhve = lyve + Ma(X = A 1225,

where )\, is defined as in Lemma 2.3. Therefore, if \, is sufficiently small, {2*} is
bounded in Y¢ for A € [A,, 5\*] Since the operator L=! is bounded, we see that {2} is
also bounded in (X;)¢, which implies that {(z*, 7%, h*,0*) : X € (\,, A*]} is precompact

in Yo x R®. Then, there exists a subsequence {(z*", 7" h*",62")} such that
(Y RN MY = (2 M R 0M) in Ye x R?OAT =\, as n — oo.

Taking the limit of the equation L~tg;(z",rA" A" 0" \") = 0 as n — oo, we see

that G(z™, M, M, 0% )\,) = 0. It follows from Lemma 2.4 that
(2, WM 0M) = (2a,, 7, s, 00,
This completes the proof. n
From Theorem 2.5, we derive the following result.

Theorem 2.6. For each A € ()., 5\*], the following equation

AN iv, 7)Y =0

v>0,7>0, ¥(#0) e Xc

10



has a solution (v, 7,%), if and only if

0+ 2
v=uvyx= (A= A)hy, = ci)y, T:THIM, n=20,1,2,---, (2.22)

U
where Py = rad + (A — i) za, ¢ is a nonzero constant, and zx, 7y, hy, 0y are defined as

in Theorem 2.5.

In the following, we will always assume A € (/\*,:\*] for simplicity, where 0 <
M — A, < 1. Actually, the value of A* may be chosen smaller than the one in Theorem
2.5, since further perturbation arguments are used. Now, we give some estimates to

prove the simplicity of ivy.
Lemma 2.7. Assume that \ € ()\*,5\*]. Then, forn=0,1,2,---,

Sp(A) == /Qeo‘m(w)@/}idx — ATpe” /Q e2om @y ah2da # 0, (2.23)
where 1y is defined as in Theorem 2.6.

Proof. 1t follows from Theorems 2.5 and 2.6 that 8, — 7/2, 7,(A—\.) — (g+2n7r)/h,\*,
¥y — ¢ in Xc as A = A,. This, combined with Eq. (2.20), yields

lim S,(\)
A=A
By
:/ eam(x)¢2dx + Zﬁ)‘_* (E + er) / eQO‘m(z)ng?’da: (2.24)

= [1 + Z(g + 27171’)} / e™@ p2dy £ 0.
Q
This completes the proof. O

Then, by virtue of Lemma 2.7, we obtain that iv is simple as follows.

Theorem 2.8. Assume that A € (A, 5\*] Then 1 = ivy is a simple eigenvalue of A,

form=0,1,2,---, where ivy and 7, are defined as in Theorem 2.6.

Proof. Tt follows from Theorem 2.6 that 4 [A, (\) — ivy] = Span[e?%),], where 6 €
[—7n, 0] and 1)y is defined as in Theorem 2.6. If ¢; € A [A,, (\) — ivy]?, then

(A, (\) —iva]¢r € A [A,, (N) —ivy] = Span[e™>P1)y].

11



Therefore, there exists a constant a such that
[Ar, (X) — )1 = ae™%y,

which yields

(bll (9) = iy)\(bl(e) + ae’iu)ﬂwz\a NS [_Tna 0]7
$1(0) = e~ @Y . [e2™D T g, (0)] (2.25)
+ A [m(m) — eam(m)u,\} ¢1(0) — /\eam(x)u,\gbl(—Tn).

From the first equation of Eq. (2.25), we see that

$1(0) = $1(0)e™? + afe™ 4,

' (2.26)
$1(0) = ivx@1(0) + arpy.
Eq. (2.25) and Eq. (2.26) imply that
e“m(x)A()\, iV, Tn)$1(0)
=V - [eo‘m(w)qul(O)] — il/,\eam(m)zbl(())
(2.27)

T+ [m(x)eam(z) . e2am(:c)u)\} ¢1 (0) . /\62am(m)u>\¢1 (0)6—2'0)\

=qe®™®) (w,\ — )\Tnu,\wwam(w)e’i“) .

Since A(N,ivy, 7,)¢¥s = 0, we have A(\, —ivy, 7)Y, = 0. This, combined with Eq.
(2.27), yields

0 :< O‘m(ﬂ”)A(/\ —ivx, Tu )y, $1(0 @/}/\, w)A(/\ iy, Tn)$1(0 )>

( / @ y3de — Ar,e / / upypre” ™ d )

which implies that a = 0 from Lemma 2.7. Therefore,
N[AL N —iny) = HN[A,(N) —iv], j=2,3,---, n=0,1,2,---,
and \ = iv) is a simple eigenvalue of A, forn=0,1,2,.--. O

Note that p = iv, is a simple eigenvalue of A, . It follows from the implicit function

theorem that there are a neighborhood O,, x D,, x H, C R x C x X¢ of (7,,ivy, 1))

12



and a continuously differential function (u(7),v(7)) : O, — D,, x H, such that for
each 7 € O, the only eigenvalue of A.(\) in D,, is u(7), and

MDA, p(r), 7)) = V- [ OV — e p(r)y(7)

(2.28)
A [m(x)eam(x) _ €2am(x)u)\] W(r) — AeQam(I)uA¢(7)6_#(T)T —o.

Moreover, pu(1,) = ivy, and ¥(1,) = ). Then we have the following transversality

condition.

Theorem 2.9. Assume that A\ € (A, \*]. Then

dRe[p(7n)]

>0 =0,1,2,---.
dT ) n )y Sy

Proof. Differentiating Eq.(2.28) with respect to 7 at 7 = 7, yields

dp(7n)
dr

+ eam(w)A()\, Wy, Tn)

[_eam(x)d}/\ + )\Tne2o¢m(x)u/\,¢)\e—i0)\}

dib(r) (2.29)

+ 2'1/,\/\620””(9"’)u)\z/),\e_wA =0.
Note that

<E/\, M@ A(N, vy, Tn)¢£i:n)> = <eam(w)A(/\, —iUx, Tn) s, %> =0. (2.30)

Then, multiplying Eq. (2.29) by ¢, and integrating the result over €2, we have

z'y)\)\ew*/emm(w)u,\@/ﬂdm
dﬂ(ﬂ@) _ Q g

dr fQ em@)pide — A1~ fQ e2om(@)y p2de

1 : —1 am(x am(x 2.31
:W (ZI/A)\B ek/Qe ()Qﬂ?\das/geQ @uypida (2.31)

2
—in AT, {/ emm(x)u,\wid:c] >
Q

It follows from Eq. (2.20) and the expression of uy, 0, vy and 1, that

1 dRefu(n)] 3 / 2
) _ x am(z) 42 7 0.
o A= A)E dr T SO0 W& ) 7

]

From Theorems 2.6, 2.8 and 2.9, we have the result on the distribution of eigenvalues

of A;(N).

13



Theorem 2.10. For A € (\,, \*], the infinitesimal generator A, (\) has ezactly 2(n-+1)

eigenvalues with positive real parts when T € (Tp, Tpya), n=10,1,2,--- .

Then we obtain the stability and associated Hopf bifurcations of the positive steady
state solution u,. We remark that the local Hopf bifurcation theorem for partial

functional differential equations was proved in [35] (see Theorem 4.5 on page 208).

Theorem 2.11. For A € (\,, ], the positive steady state uy of Eq. (1.3) is locally
asymptotically stable when T € [0,79), and unstable when T € (19,00). Moreover, when
T =", (n=0,1,2,---), system (1.3) occurs Hopf bifurcation at the positive steady

state uy.

3 The direction of the Hopf bifurcation

In this section, we combine the methods in [14, 16, 17, 24] to analyze the direction of
the Hopf bifurcation of Eq. (1.3). Letting U(t) = u(-,t) —uy, t = 7, 7 = 7, + 7, and
dropping the tilde sign, system (1.3) can be transformed as follows:
du(t)
dt
where U; € C = C([—1,0],Y), and

= 7, MDY . [e2m@TU ()] 4 7 Lo(Uy) + J(Uy, ), (3.1)

Lo(Up) = X [m(z) — eo‘m(z)u,\} U(t) — Xe®™ @y, U (t — 1),
J(U, ) = ymne "V - [ OVU ()] + 1 Lo(Ur) = (7 + 7a) Ae™™ DU (U (¢ — 1).

Then Eq. (3.1) occurs Hopf bifurcation near the zero equilibrium when v = 0. Let A,

be the infinitesimal generator of the linearized equation

dU (t
(fl—i) = 7,6 2m@Y . [2 @ U (1)] + 7, Lo (Uy). (3.2)

It follows from [35] that
~/4‘rn‘P :\ija
D(A,,) :{\1/ € CeNCL: U(0) € X, U(0) = 7e @@V . [@m@ 7§ (0)]

+ A7, [m(z) — eo‘m(’:)m] v(0) — )\Tneam(x)uA\D(—l)},

14



where C¢ = C*([—1,0],Yc), and Eq. (3.1) can be written in the following abstract form

dU,
d_tt - ATnUt + XOJ(Uta 7)7 (33)
where
0, 6 e[-1,0),
Xo(0) =

1, 0 =0.
It follows from Theorem 2.10 that A, has only one pair of purely imaginary eigenvalues
+iv)T,, which are simple, and the corresponding eigenfunction with respect to ivy\7,
(respectively, —ivaT,) is ¥re™ ™ (respectively, ¥ye™ ™) for § € [—1,0], where 1, is
defined as in Theorem 2.6.

Following [16, 34], we introduce the formal duality ((-,-)) in C by

i <xiz(s +1), u,\eam(x)\lf(s)> ds,  (3.4)

1

“%WDINWMW®M—AM/

for U € Ce and ¥ € C4 := C([0,1], Y¢), where

(u,v) :/Qeam(””)ﬂ(x)v(x)dx.

Since m(z) is bounded and e®™(*) ig positive, we see that Yg is also a Hilbert space

with this product, and
eaming m(z) <U, U> < <’U, U>1 < O axQ m(z) <’U7 ’U>.

As in [23], we can compute the formal adjoint operator A% of A, with respect to the

formal duality.

Lemma 3.1. The formal adjoint operator A; of A, is defined by

Az B(s) = —(s),

and the domain

DA ) = {\11 € CLN(CL): T(0) € Xe, —W(0) = e @V . [@™ @ (0)]

+ A7, [m(z) — eam(’”)u,\} T(0) — Arneam(x)u)\\ll(l)},

where (C&)' = C([0,1], Yc). Moreover, A% and A, satisfy

(AL 0, W) = (U, A, 1)) for U e D(A,,) and ¥ € D(AL). (3.5)
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Proof. For ¥ € 2(A,,) and ¥ € Z( A~ ),

’ <\Tl(s+1) uxe®™ @ (s )> ds

1

(8,4, 1) =(3(0), (4, D), -7, [

— (¥(0), e - vq/(())]> — AT K\if(s + 1,0 (s)) | :

+<@(o>,m [m(z) — ™ @, T(0) — Are®™ @ T(— 1)>
.y <%H> () ds

= {(4;,9)(0), %(0)), —Afn/_1< B(s+ 1), une U (s) ) ds

1

1

:<<Aj—n\ijv \I}>>
]

Similarly, it follows from Theorem 2.10 that the operator A7 has only one pair of
purely imaginary eigenvalues +ivy7,, which are simple, and the associated eigenfunc-
tion with respect to —ivy7, (respectively, ivy7,) is ©,e™ ™ (respectively, 1ye™"A™%)
for s € [0,1], where 1, is defined as in Theorem 2.6. From [35], we see that the
center subspace of Eq. (3.1) is P = span{p(0),p(0)}, where p(0) = 1 e®*™? is the
eigenfunction of A, with respect to ivy7,. The formal adjoint subspace of P is
P* = span{q(s),q(s)}, where q(s) = ¢,e™ ™ is the eigenfunction of A* with respect
to —ivyT,. Let @, = (p(0),p(0)), Vp = %(}\)(q(s),@(s))fp, where S, ()\) is defined
in Lemma 2.7, and one can easily check that ((¥,, ®,)) = I, where I is the identity

matrix in R?*2. Moreover, C¢ can be decomposed as Cc = P @ Q, where
Q={¥ eCc: ((V,T) =0 forall U € P},

Since the formulas of Hopf bifurcation are all relative to v = 0 only, we set v =0

in Eq. (3.1). Let
2 52

© b wn(0):F + woa(6) 5 + -+ (3.6)

w(z,?) = U}20(¢9)3

be the center manifold with the range in @), and then the flow of Eq. (3.1) on the

center manifold can be written as:
Uy =@, - (2(t),2(1)" + w(z(t),z(1)),
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1
=({q(s), A, Up)) + ((q(s), XoJ (U, 0)))
. 1 _
=inxa(t) + gy (0), 7 (B0, Z0)7 + w(:(0),7(1), 0)),
=ivyTn2(t) + g(2,Z)
Then,
_ 1 _ _
9(2,2) =5 o (a(0), J (®,(2(1),2(1))" +w(=(t), (1)), 0)),
2 32 222 (38)
=920 + g2z + ooy + 9215~ +o
and an easy calculation implies that
20T, Sam(z), 3
- _ WATn am(x d
AT, . .
_ _ n WATn —iU\Tn 2am(x) 2
g == |gstem e [ i, o,
20T, —2
_ N iUxTn 2am(x)
i == e [ s, (3.9)
2\T, 2am(z), 2 )\Tn/Q @)1 12
— amlx _1 d o amilx _1 d
g2 S0 /Qe Ywii(—1)dz SN o A *wao(—1)dz
AT,

| AT _,
. ewxrn/eZam(x)|¢)\‘2w20(0)dx . T e11/,\Tn/62am(l“)w§w11(0)dl’.
Sn(A) Q Q@

To compute go1, we need to compute wqg(#) and w1 () in the following. As in [8, 24],

we see that wqo(0) and wyq(0) satisfy

(2iv\T, — A, )wag = Hoy,

(3.10)
—A, wy = Hy.
Here, for —1 < 60 < 0,
Hyo(0) = —(g20p(0) + G02D(0)), (3.11)
H11(0) = —(g11p(0) + 91:P(0)), (3.12)
and, for 6 =0,
Hy(0) = = (920p(0) + oD (0)) — 2Amye” e ™y, (3.13)
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H11(0) = — (9up(0) + 911B(0)) — A7y, (€77 4 €27 ) e gy |2, (3.14)

It follows from Egs. (3.10)-(3.12) that wqg(#) and w1(f) can be solved as follows:

7 g )
wao(6) = fo p(0) + ?j%w) + Bl (3.15)
and
7 g
win () = — T2 p0) + Tp0) + F. (3.16)

U\Tn U\Tn

From Eq. (3.10) with 6 = 0, the definition of A, and we see that E satisfies

(QiV/\Tn — ATn)E62il/,\Tn9 _ —2)\Tn€_iy>‘7n€am(x)¢§’
6=0

or equivalently,

AN, 2ivy, 1) E = 2Xe™ A eom(@)y2, (3.17)
Note that 2ivy is not the eigenvalue of A, (\) for A € (A, \*], and hence
E =2 e ™™ A(N, 2ivy, 7,) (eam(w)wi) )
Similarly, from Egs. (3.10), (3.14), and (3.16), we have
F=X(e™™+4e"™™) AN 0,7,) " (e |ya]) . (3.18)
In the following, we obtain the similar result as in [8] for the expression of E and F'.
Lemma 3.2. Assume that E and F satisfy (3.17) and (3.18), respectively. Then

1 Tix

E = )\_)\*(CAU/\‘H?A), F= )\_)\*7

(3.19)
where uy is defined as in (2.4), nx and 70y satisfy

(ux, M) =0, Jim 7allve = 0, Jim 7allye =0,

21

and the constant ¢y satisfies )\llg\l()\ — Ay = m
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Proof. We just prove the estimate for E, and that for F' can be derived similarly.

Denote the operator
Ly:=V-: [eam(m)V} + Xe™@[m(z) — 2™ @y, (3.20)

and consequently Lyu, = 0. Substituting F, defined as in Eq. (3.19), into Eq. (3.17),
one can easily have

—2iv\Tn ,2am(x)

Lyny — Xe e un(exty + ny) — 2003 (cyuy + 1)) (3.21)
=2(\ — A\, ) e~ At gZom(@)y),2.

Multiplying Eq. (3.21) by u,, and integrating the result over {2, we have

9\ ()\e21"’””/ezam(m)uidijZiu,\/eam(m)uid:&)
Q Q

= — \e 2T / ezam(z)uimdas — 2i1/,\/ @y mada (3.22)
Q Q

—2XeTIT (X = )\,) / e?om@ 2 d.
Q

Multiplying Eq. (3.21) by 7,, and integrating the result over €2, we obtain

(M, Lama) — )\C,\/

ezam(x)ﬁ/\u?\dxe’z“’”” - 2iu,\c,\/ eo‘m(x)uAﬁAdx
Q Q

:/\/eQam(m)uA|n,\|2dxe_2i”V” +2iu,\/eam(m)|77,\|2dx (3.23)
Q Q
+2X e (X = \,) / e?om@g )2 dz.

Q

It follows from the expression of vy, uy, ¥ and 7, that

U= ¢, un/(A—A) = B¢ in C(Q),

i (3.24)
/(A=) = hy,, T — 5 + 2nT.

From Egs. (3.22) and (3.24), we see that there exist constants A > A, and Mo, M; > 0
such that for, any A € (\,, 5\),

(A= Adea] < Mo||nallve + M. (3.25)

This, combined with Egs. (3.23) and (3.24), implies that there exist constants My, Mj >
0 such that for any A € (A, \),

MoV Il < (A= A)Maflmalls, + Ma(A = A Il
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where \o(A) is the second eigenvalue of — L. Since limy ), Ao(A) = Ay > 0, where Ay,
defined as in Lemma 2.3, is the second eigenvalue of —L, we have lim,_,, ||[7x]]y. = 0.

This, together with (3.22), implies

: 2
A A =Ma= Ty
O
Therefore, by similar arguments to [8], one can easily check

/\111&1 ()\ — )\*)gll = 0,
o (3.26)
lim Re[(/\ — )\*)2g21} < 0.

A=A

It is well-known that the real part of the following quantity determines the direction

and stability of bifurcating periodic orbits (see [24, 35]):

‘ 2
/) g g
C1(0) = R (911920 - 2|911|2 - —l (;32| ) + —;1.

It follows from Eq. (3.26) that limy_,y, Re[(A — A\.)?C1(0)] < 0. Hence we have the

following result.

Theorem 3.3. For A € (A, \*], where \* — A\, < 1, let 7,,(\) be the Hopf bifurcation
points of Eq. (1.3) obtained in Theorem 2.6. Then for each n € NU {0}, the direction
of the Hopf bifurcation at T = 7, is forward and the bifurcating periodic solution from

T = Ty s orbitally asymptotically stable.

4 No-flux boundary condition and simulation

In this section, we discussion model (1.2) with no-flux boundary condition, that is,

dulz,t) =V - [dVu — auVm| + u(z,t) [m(z) —u(z,t —7r)], z€Q, t >0,
ot (4.1)
do,u — aud,m =0 xred, t>0,
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where n is the outward unit normal vector on 0%, and 0,u = Vu - n. As in Eq. (1.2),

we also derive an equivalent model of Eq. (4.1) as follows:

% = ¢ om@y . [e2™@ Ty 4 Av [m(z) — ™ @y (1t — 7], z€Q, t>0,
Opv =0, r € 0N, t>0.

(4.2)

Here m(z) satisfies the following assumption:
(Az) m(z) € C*(Q), max,.qgm(z) > 0, and [, m(z)e*™@dz < 0; or
(As) m(z) € C*(Q), and [, m(z)e™™ ) dz > 0.

Then the following discussion is divided into two cases.

4.1 Casel

In this case, m(x) satisfies assumption (Ay). The method used for this case is similar to
that for Dirichlet problem (1.3). In fact, it follows from [1] that the following problem
—e~ @)Y . [eom@Vy] = —Av — aVm - Vv = dm(z)v, z € Q,
(4.3)
anv = 07 x € 89,
has a unique positive principal eigenvalue \,, and model (4.2) admits a unique positive
steady state uy for A > A, if m(x) satisfies assumption (Az). Moreover, we comment
that the relation between A, and o was also investigated in [12]: if [, m(z)dz > 0,
then A, (a) = 0 for all & > 0; and if m(x) change sign and [, m(x)dz < 0, then there
is a unique a,, > 0 such that () > 0 for 0 < @ < a,, and A\ () = 0 for a > a.
Then, by similar arguments to Sections 2 and 3, we have the following results on

model (4.2).

Theorem 4.1. Assume that m(z) satisfies assumption (Ag). Then, for A € (A, \*],
where \* — A\, < 1, there exists a sequence {7, }52, such that the positive steady state uy
of Eq. (4.2) is locally asymptotically stable when T € [0, 1), unstable when T € (79, 00),

and system (4.2) occurs Hopf bifurcation at the positive steady state uy when T = T,,
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(n=20,1,2,--+). Moreover, the direction of the Hopf bifurcation at T = 7, is forward

and the bifurcating periodic solution from ™ = 71y is orbitally asymptotically stable.

4.2 Case I1

Note that assumption (Ay) is equivalent to m(z) changing sign, [, m(z)de < 0and o <
a,. Thus A, (a) > 0 under assumption (Ay). It will be of interest to study the dynamics
of system (4.2) for a > a,, i.e. to understand the joint effect of strong advection and
time delay. Therefore, in this subsection, we consider the case that m(z) satisfies
assumption (As). It follows from [7, 12] that, under assumption (Aj), the unique
positive principal eigenvalue A, («) of problem (4.3) is zero, and the corresponding
eigenfunction ¢ is constant. Moreover, for any A > 0, system (1.3) has a unique

positive steady state uy, which is globally asymptotically stable, and u, satisfies

. L fgm )eem@dy Iy
}\li% uy(x) =m = T eQam Crr Q) (4.4)

for some 6 € (0,1). Let up(z) = m, and then A — u, is continuous from [0, 00) to
C'*9(Q). For simplicity, we choose ¢ = m, and then L, X; and Y; (defined in Egs.
(2.2) and (2.3)) have the following forms:

L=V [em®v

X = {yEX / }7

le,%’(L):{er:/Qy(x)dx:O}.

In order to analyze eigenvalue problem (2.11), we first give the following estimates

for solutions of (2.11).

Lemma 4.2. Assume that A\ € (0, \*]. If (vy, 0\, ¥) solves Eq. (2.11) with vy > 0,
0\ € [0,27), and ¥\(# 0) € Xc¢, then vy/A is bounded for A € (0, \*].

Proof. 1t follows from Eq. (2.12) that

sin 6, fQ e2em@)y, [y |?dx
fQ eam(a:) |¢)\‘2d£€ —

amaxg m(m)”u)\HOO

VA//\:
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Then, from the continuity of A — ||uy||«, We see that vy/A is bounded for A € (0, \*].
[

We remark that Lemma 2.3 still holds for the case that L = V - [e*™®V]. Now,
for A € (0, \*], letting

v=rm+Az, z€ (X)), r=>0,
(4.5)

1011, = r*m|Q] + X[|2]|5, = m?|Q,
and substituting (4.5) and v = Ah into Eq. (2.11), we see that (v,0,1) solves Eq.
(2.11), where v > 0, # € [0,27) and ¥ € Xc(|[¢|3, = [|¢l]3.), if and only if the

following system:

/

Gi(z, 7, h,0,)) =V - [eam(m)vz] + eom(@) [m<x> _ eam(a:)u)\} (rm + A\z)
—e2em@)y, (rm + Az)e™ — ihe®™®) (1 4+ \2) = 0 (4.6)

G2(z,m,A) = (r? = 1)m?|Q] + N[|z[[5, = 0

Define G : (X1)e X R* = Yz x R by G = (g1, g2), and we see that G(z,7,h,0,)) = 0 is

also uniquely solvable for A = 0.

Lemma 4.3. The following equation

G(z,7,h,0,0) =0

(4.7)
z€(Xy)g, h>0r>0, 6€]|0,2m)
has a unique solution (29,79, ho,6o). Here
am(:p)d
o = 17 00 - 7T/27 hO = me(x)e : (48>

fQ eam(z) ?
and zy € (X1)c is the unique solution of

i v [6am(x)vz] :eam(m) [m(x) . eam(a:)m} 7 — €2am(m)m2€—i90 . ihoeam(w)m‘ (49)
Proof. From Eq. (4.6), we see that go(2,7,0) = 0 if and only if r = ry = 1. Note that

G1(2,70,h,0,0) =V - [e*" OV 2] + ™) [m(z) — e m] m
| | (4.10)

_62am(x)m26—i9 . iheam(m)m =0
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Then
gl(Z,’f’Q, ha 9, 0) =0

z€ (Xy)c, h>0r>0, 0€]|0,2n)

is solvable if and only if

m? [, e20m(@) o sin @ = him Ja () .

(4.11)
m? [, e**™@)dz cosf = 0
is solvable for a pair (0, h) with A > 0 and 6 € [0,27). Noticing that
am(x)
_— Jom(z)e dac7
fQ e2am(z)
we have "
amlxT d
6 =0, =71/2, h=hy= Jo m(@emdn. (4.12)

fQ eam(z) dop
Consequently, §i(z, o, ho,09,0) = 0 has a unique solution zq, which satisfies Eq. (4.9).
m

Then, we also have the following result on the solvability of G = 0 for \ € (0, A*].

Theorem 4.4. There exist \* > 0 and a continuously differentiable mapping X
(zx, 7, B, 0) from [0,5\*] to (X1)c x R3 such that é(zA,m,r,\,Q,\,)\) = 0. Moreover,
for X € [0, \],

G(z,7m,h,0,\) =0
(4.13)
z € (Xy)e, h, 7>0, 0 €10,27)

has a unique solution (zx,7x, hy,0)).

Proof. Let T = (Ty,Ty) : (X1)c X R? = Y¢ x R be the Fréchet derivative of G with
respect to (z,r, h,0) at (29, 7o, ho,0p,0). An easy calculation yields
Ti(x, Ky €,9) =V - [V 2] + ke™™®) [m(z) — e*™@m) m — ke @) m2e
—ikhoe®™ P — jee®™ @ 4 Y2 @iy,

TQ(H) :2/ﬁ}m2 ’Q’
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Then, we check that T is a bijection from (X1)c x R3 to Y¢ x R, and we only need
to verify that T is an injective mapping. If Tg(ﬁ) = 0, then k = 0, and substituting
k= 0 into Ty(x, k,€,9) = 0, we obtain 9 = ¢ = 0. Therefore, T is an an injection.
It follows from the implicit function theorem that there exist > A« and a contin-
uously differentiable mapping A — (zx, 7, hy, 6)) from [\, 5\*] to Xc x R? such that

G(zx, 7, ha,0x, A) = 0. By the arguments similar to Lemma 2.5, the uniqueness can

be proved, and here we omit the proof. O

Summarizing the above result, we have the following result.
Theorem 4.5. For each A € (0, /N\*], the following equation
AN iv, 7)) =0
v>0,7>0, ¢¥(#0) € Xc

has a solution (v,7,%), if and only if

O + 2
I/:I/)\:)\h,\,wzcw)\,T:Tn:#, n=0,1,2--, (4.14)
A

where Yy = rym + Az, ¢ s a nonzero constant, and zx, Ty, hy, 0\ are defined as in

Theorem 4.4.

The simplicity of 7 and the transversality condition can also be derived as in
Lemma 2.7, Theorems 2.8 and 2.9, and we also omit the proof here. Therefore, for case

II, we also derive the existence of Hopf bifurcation.

Theorem 4.6. Assume that m(z) satisfies assumption (Ag). Then, for A € (0, \*],
where 0 < \* < 1, there ezists a sequence {1,}°°, such that the positive steady state uy
of Eq. (4.2) is locally asymptotically stable when T € [0, 1), unstable when T € (79, 00),
and system (4.2) occurs Hopf bifurcation at the positive steady state uy when T = T,

(n=0,1,2,---).

At the end of this section, some numerical simulations are given to support our the-
oretical results. We will show that large delay 7 can make the spatial nonhomogeneous
positive steady state unstable and induce Hopf bifurcation for models (1.3) and (4.2),
see Fig. 1 and Fig. 2, respectively.
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Figure 1: Eq. (1.3) occurs Hopf bifurcation with the homogeneous Dirichlet boundary
condition. Here we choose m(z) = —2sin2z, Q = (0,7), A = 1 and a = 1. (Left):
7 = 0.8; (Right): 7 = 1.5.

Figure 2: Eq. (4.2) occurs Hopf bifurcation with the homogeneous Neumann boundary
condition. Here we choose m(x) = —sin2z, Q = (0,7), A = 4 and a = —1. (Left):

T = 0.5; (Right): 7 = 1.
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