Math 2255, Spring 2017, Midterm 1, Feb 15 Name:

1. [10] Solve the differential equation ¢’ +y = e~%, y(0) = 0.

Answer: The integrating factor satisfies %/ = 1. By inspection, we

choose pu(t) = €.

(e'y) =€y +y) =cle”" =1.
Integrate from 0 to ¢,
ely(t) — y(0) =t
and hence using y(0) = 0, we have

y(t) = te "



. [15] Consider the autonomous equation

Y - 1)~ 2,50 = w0

where yo is a non-negative constant. Sketch the graph of f(y) versus
y, determine the critical (equilibrium) points, and classify each one as
asymptotically stable or unstable.

Answer: Graph of f(y) versus y:

-

So the equilibria (and their stability) are : » {\; A VJ< 0
e y=0; unstable B
e y=1; stable w A ) l $ i (A L-\Lu)
e y=2; unstable )



3. [20] Consider the differential equation y + (2x — y)y’ = 0.

(a) (10 points) Show that the following equation is not exact, but
becomes exact when multiplied by an integrating factor in the
form of u(y), a function of y only.

(b) (10 points) Find the equation for its integral curves. You may
leave the answer in implicit form.

Answer: M (z,y) =y, N(z,y) = (22 — y).
M,—-N,=1-2#0 = not exact.

Multiply the DE by the integrating factor u(y), a function of y only:
yu(y) + u(y)(2z — y)y' = 0. So

M(z,y) =ypuly) N(z,y) = pu(y)(2z —y)

and My, — N, = yp'(y) + p(y) — 2u(y) = yp'(y) — p(y). Hence we need
to choose p(y) so that

| d 1
Fol = —(lnp) =-.
ooy dy y
By inspection, we can choose u(y) = y. Hence the DE is exact after
multiplying by y
v+ ey — )y = 0. (1)

Sine the DE (1) is exact, he integral curves are given by ¢(z,y) = C,
where ¢, = y? and Oy = 22y — y?. From the latter we have

3
y
o(z,y) = 2y* — T ) = o= y? + 1 ().

Since ¢, = y?, we see that h/(x) = 0 and we may choose h(x) = 0.
Hence ¢(z,y) = 2y* + ﬁ, and the integral curves are given by

3
xy2—%:C.



4. [15] Solve the given initial value problem, and describe its behavior for
increasing t.

y' — 6y +9y =0, y(0)=0, y'(0)=2.
Answer: Solving the characteristic equation
2 —6r4+9=(r—-32=0 = 71 =1ry=23.
We have yi(t) = 3. In general, let y(t) = v(t)e3, then

Y — 6y + 9y = (v"e¥ + 60/ + Juet) — 6(v' e + 3ved) + Jue

= 3" + 60"+ 9v — 60" — 18v + 9v] = 30"

Hence v" = 0 and we deduce that v(t) = c1t + ¢z and y(t) = 3 (cit +
c2). It remains to solve for ¢; and co.

y(0)=0 = c3=0 and y(t)=cite™.
Hence y/(t) = c1(1 — 3t)e3 and
y'(O) =2 = c =2

Hence y(t) = 2te3'. y(t) — oo as t increases.



5. [10] Consider the first order difference equation y,4+1 = f(yn), where
f(s) =1—2s. Find y1,¥2, ..., ys in terms of yo and also y,, in terms of

Yo-

Answer:

y1=1-—2yo

yo=1—2(1—2y) =1—2+4 2%y,
ys=1—2(1 —2+42%) =1 -2+ 2% — 23y,
ys=1-2(1-2+22—2%y) =1-2+22 234 2%,

ys =1 —2(1—2+4+22 - 23 4 2%) =1 —2+22 - 23 4 24 _ 25y,

Hence, the general formula for y,, reads

yn=1-2+22 =2 4. 4 (=2)" + (=2)"yo

= o
= 12C2 4 oy



