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1. Algebraic extensions of fields

1.1. Fields, prime subfield, characteristic

1.1.1. A field is a commutative division ring, that is, a commutative unital ring in which all nonzero elements
are units.

1.1.2. Examples of fields.

(i) Q, R, and C.

(ii) Fp = Z, = Z/(p), where p is a prime integer.

(iii) For any integral domain we have its field of fractions.

(iv) Here are special cases of (iii): for any field F' we have the field F'(x) of rational functions in one variable,
and for every n, the field F'(z1,...,x,) of rational functions in n variables.

(v) Let R be a commutative ring and M be a maximal ideal in R; then R/M is a field.

(vi) A special case of (v): Let F be a field and let f € F[z] be an irreducible polynomial. Then Fx]/(f) is
a field.

1.1.3. Fields have no nontrivial ideals. Hence, factorization is not defined on fields, “quotient fields” do not
exist. Any (nonzero) homomorphism of fields is a monomorphism.

1.1.4. Let F be a field, and let P be the cyclic additive subgroup of F' generated by 1. There are two cases:
Case 1. P is finite. Then P = Z, for some prime p € N, and P is a field isomorphic to Fp; it is called the
prime subfield of F'. In this case we say that F' has characteristic p, write char F' = p, and say that F' has
finite characteristic.

Case 2. P is infinite, = Z. Then P is contained in (and generates) a subfield of F' isomorphic to Q, which is,
again, called the prime subfield of F. We say that F' has characteristic 0 in this case and write char F' = 0.

In both cases, of a finite and of zero characteristic, the prime subfield is the minimal subfield of F',
contained in all other subfields of F.

1.2. Extensions and subextensions
K
1.2.1. If K is a field and F is a subfield of K, we say that K is an extension of F, and write K/F or | .
F

(More exactly, an extension is a pair (K, F') of fields with F C K.)

1.2.2. If F is a subfield of L and L is a subfield of K, then we say that L/F is a subextension of the extension
1.2.3. The intersection of any family of subfields of a field K is a subfield of K; if all these fields are extensions
of a subfield F' of K, then their intersection is an extension of F.

1.2.4. If K/F is an extension and S is a subset of K, F[S] denotes the F-algebra generated by S,
F[S] = {f(ozl,...,an):nZO, feF[x,....,xs], a1,...,0n ES}.

If S is finite, S = {a,...,an}, we write Flaq, ..., ay] for F[S].
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1.2.5. Let K/F be an extension and let S be a subset of K. Then F(S) is the minimal extension of F
that contains S; it is called the extension of F generated by S. (F(S) is the intersection of all extensions
of F that contain S.) F(S) contains the ring F[S] and is (isomorphic to) the field of fractions of F[S]:
F(S)={a/B:a,B€F[S], B+#0}.

If K = F(S) for a finite set S, we say that the extension K/F' is finitely generated. If S is a finite set,
S =A{o,...,a,}, then we write F(aq,...,a,) for F(S).
1.2.6. A sequence K, /K,_1/---/K;1/F of successive extensions is called a tower of extensions. Abusing
language, we also say in this situation that K, is a tower of extensions.
1.2.7. If L; and Lo are subfields of a field K, then the field Ly (Ls) = L2(L;) (the minimal extension of both
Ly and Ly) is called the composite of Ly and Lo and is denoted by LjLo.
1.2.8. We have the following diamond diagram of extensions:

LiLy
/ N\
Ly Ly
\ /
LiNLs.

Notice that this is the minimal such diagram, in the sense that if

is another diagram of extensions with the same L1 and Lo, then K is an extension of L1 Ly and L is a subfield
of L1 N L25

1.3. Finite extensions
1.3.1. If K/F is an extension, then K is an F-vector space (and an F-algebra). The dimension dimp K of
K is called the degree of this extension, or the degree of K over F, and is denoted by [K : F].

If [K : F] < oo, K/F is said to be a finite extension, and is said to be an infinite extension otherwise.
K
In diagrams of extensions, the degree n = [K : F| appears this way: »|

1.3.2. An extension of degree 2 is said to be quadratic, of degree 3 cubz’c,' of degree 4 quartic, of degree 5
quintic, etc.

1.3.3. Theorem. Let K/L/F be a tower of extensions. If B is a basis of L over F' and C is a basis of K
over L, then CB = {76 :yeC, e B} is a basis of K over F.

Proof. Every a € K is representable as a finite sum a = Zwec a7y with ay € L for all . (It is assumed that
all but finitely many a, are equal to 0.) For each v € C, o is representable as a finite sum o, = ZﬁeB a~.853
with a, g € F for all 8. So, a = )" yec ag7P. So, the set OB spans K as an F-vector space.

BEB

Let’s now assume that a (finite) linear combination ) yec ag 78 = 0 where a., g € F for all v and 5.
BeB

then > ccoyy = 3 ccdopep 8,y7B = 0, where for each v, ay = Y 5.pas,f € L. This implies that
a., = 0 for every . But then, for every 7, ag. = 0 for every 5. Hence, the set C'B is linearly independent

over F'. g

1.3.4. Corollary. If K/L and L/F are finite extensions, then K/F is also finite, with [K : F] = [K : L]
-[L: F].



1.3.5. Corollary. If L/F is a subextension of a finite extension K/F, then both K/L and L/F are finite,
with [K : L] |[K : F] and [L : F] |[K : F].

1.4. Simple extensions
1.4.1. An extension K/F is said to be simple if it is generated by a single element: K = F(a) for some
ac K.

1.4.2. Let K/F be an extension and let @ € K. We then have an F-algebras homomorphism ¢: F[z] — K
sending = to a and every f € F[z] to f(«). The subring o(F[z]) = {f(a), f € F[z]} of K is denoted by
F[a], and we have F|a] = F[z]/ ker ¢.

1.4.3. Let K/F be a simple extension, K = F(«), and let ¢: F[z] — K be the homomorphism that maps
2 to a. There can be two cases:

Case 1: kerp # 0.
Then ker ¢ is a maximal ideal in F[x], generated by an irreducible polynomial p, F[a] is a field, so K = F[a].
Thus, K = {f(a), feKlz], degf <mn— 1} where n = deg p, with the basis {1,q,...,a" '} over F, and
[K : F]=n.

In this case:
(i) We say that the element « is algebraic over F.

(ii) We call the irreducible polynomial p the minimal polynomial of o and denote it by mq, p or just ms.
The minimal polynomial m,, r of « is defined uniquely up to multiplication by scalars; it is usually assumed
that it is monic. We have mq(a) = 0, and f(a) = 0 for f € K[z] iff mq | f. mq is the only irreducible
polynomial such that mq(a) = 0.

(iii) We call the degree of m,, (which is also the degree [K : F]) the degree of a over F' and denote it by
degr a.

Case 2: kerp = 0. In this case K contains the copy F[a] = ¢(F|[z]) of the ring F[z], and is its field of
fractions, so that F(a) = F(x), the field of rational functions over F. We then have [K : F| = cc.

In this case, we say that « is transcendental over F'.
1.4.4. If K/F is a finite extension then for every a € K, degp « HK : F).

1.4.5. Let K/F be a finite extension and let « € K. Here are some methods of finding the minimal
polynomial m, r of an element « algebraic over F:

(i) Find a “small” nonzero polynomial f satisfying f(«) = 0 and prove that it is irreducible.

(ii) Write the powers of « in coordinates with respect to a basis of K over F', and find the minimal linear
dependence relation between them.

(iii) The action of @ on K by multiplication, u + au, is a linear transformation of the finite dimensional
F-vector space K; let’s denote it by 7. Let K = W1 & - - - @ Wy be the decomposition of K into a direct sum

of cyclic T-invariant subspaces, and let p1,...,pq be the invariant factors of T. The actions of T on W; are
all isomorphic, so all invariant factors are equal, p; = ... = p4, and the minimal polynomial of T' (and so, of
@) is py.

(iv) It follows from (iii) that the characteristic polynomial ¢z of T is m&. so, mr is the irreducible polynomial
for which ¢z = mZ.

(iv) See also subsection 6.1.1 below.

1.5. Towers of simple extensions

1.5.1. Any finitely generated extension K/F is a tower of simple extensions: if K = F(a1,...,qa;) then
we have the tower K = K,,/K,_1/---/K1/Ky = F, where for each i, K; = F(a1,...,q®;), and so, K; =
Ki_l(ozi).

1.5.2. If L/ F is a subextension of an extension K/F and « € K is algebraic over F, then « is algebraic over
L as well, and mq, 1. |ma7F7 so degy a = degmg, ;. < degme, r = degp a.
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1.5.3. It follows from Theorem 1.3.3 by induction on n that

Theorem. If K = F(ay,...,a,) and aq,. .., ayp are algebraic over F, then K = Flay, ..., ay,] and

i=1 =1

Proof. We have
K =F(ag)(a2) ... (an) = Flaq][ag] ... [an] = Flag, ..., aq).

The second part immediately follows from Corollary 1.3.4 and 1.5.2.

1.6. The composite of two finite extensions

1.6.1. If K/F is a finite extension, then it is generated by finitely many algebraic elements, and is a tower
of finite simple extensions.

1.6.2. Theorem. If L1/F and Lo/ F are two finite subextensions of an extension K/F, then their composite
LiLsy is also a finite extension of F, with [L1Ly : F] < [Ly : F]-[Ls : F]. If, as F-vector spaces, L,
is spanned by a set {ai,...,an} and Lo by a set {B1,...,Bm}, then L1Ly is spanned over F by the set
{ozzﬂj, i=1,...,n, j:l,...,m}.

Proof. We have LiLy = F(al, ey Oy B, ,Bm) = F[al, ey Oy B, ,Bm], which is the F-algebra
generated by L; and Ls. The elements of this algebra are linear combinations, with coefficients from F,
of products a8 with a € Ly and 8 € Ly, and for such a product, if a = 371" aja; and B = 377, b;3;
with a;,b; € F', we have aff = Zij a;bjo;f;. Hence, every element of LiLs is a linear combination of the
elements «;3; with coefficients from F. g

1.6.3. Let Li/F and Ly/F be two finite subextensions of an extension K/F, with [L; : F] = n and
[Ls : F] = m. Then in the diamond diagram

Li1L,
Ly Lo
LiNLs.

we have nm’ = n'm, n’ <n, and m’ < m. If n and m are coprime, then n’ = n and m’ = m.

1.6.4. It follows that for two finite subextensions L;/F and Lo/F of an extension K/F the F-algebras
homomorphism L; @ Ly — LyLs is surjective. In the case [L1Ly : F] = [Ly : F]-[Ly : F], this
is an isomorphism, and if {aq,...,a,} is a basis of L; over F and {f1,...,0m} is a basis of Lg, then
{aiﬁj, i=1,...,n, j= 1,...,m} is a basis of L Ls.

1.7. Quadratic and biquadratic extensions
1.7.1. An extension K/F with [K : F] = 2 is said to be quadratic.

1.7.2. Let F be a field with char F # 2, and let K/F be a quadratic extension. Then K = F(v/d) for some
d € F. (Under vd we understand any element & of any extension of F such that 2 = d.) Indeed, let o
be any element of K \ F'; then degr a = 2, so a is a root of a quadratic polynomial p = 2 + az + b with
a,be F,a? +aa+b=0. Then (o + a/2)? = d, where d = a®/4 — b. (d is the discriminant of p(!).) So,
Vd=a+a/2€ K, and K = F(v/d). The set {1,1/d} is a basis of K over F.

1.7.3. Let F be a field with char F # 2, and let K/F be quadratic, K = F(v/d). An element a € K satisfies
o? € Fiff a € Forac FVd (that is, a = bV/d for some b € F). Indeed, every o € K has form a 4 bv/d
with a,b € F, then o = a2 + b%d + 2abV/d, and we have o2 € F iff ab = 0, so either d = a, or d = bV/d.

1.7.4. An extension K/F with [K : F] =4 is said to be quartic.
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1.7.5. A quartic extension K/F is called biquadratic if it is representable as a composite of two quadratic
extensions, K = LiLy with [L; : F] = [Ly : F] = 2. Assume that char F' # 2, then L; = F(y/d;) and
Ly = F(y/dy) for some dy,dy € F, and K = F(\/dy,\/d) for some dy,dy € F, with \/dy,/dz ¢ F; for K/F
to be quartic it is also necessary and sufficient that L; # Lo, that is, v/da # cv/d; with ¢ € F, which is
equivalent to v/dids &€ F.

The set {1 Vdi,Vds, \/dldg} is a basis of K over F'.

1.7.6. Let char F # 2 and K/F be biquadratic, K = F(v/dy,/dz). By 1.7.3, for a € K we have a® € F(\/dy)

iff @ € F(\/dy) or a € F(\/dy)Vda, and o? € F(\/do) iff a € F(y/d2) or a € F(\/da)v/dy. Tt follows that
a? e Fiffa € F,or a € F\/dy, or a € F\/dy, or a € Fy/dyd>. (These are one-dimensional intersections
of the two-dimensional subspace F(v/dy) or F(y/di)y/dy with the two-dimensional subspace F(y/dz) or
F(\/dy)+/d;.) Since every nontrivial proper subextension of a biquadratic extension must be quadratic, here
is the complete diagram of all subextensions of K/F":

K< F(Vdy,Vdy)
5| \
F(Vdy) F(\/@) F(Vdydy)
s

1.7.7. Let now char F' # 2 and K/F be a tower of two quadratic extensions, K = F(«) where o = Va + Vb
for some a,b € F such that Vb & F and o & F(Vb).

Claim. K/F is biquadratic iff a*> —b = c? for some c € F.

Proof. Let K/F be biquadratic, K = F(v/dy,v/d3). Since (vb)? € F and vb ¢ F, we have vb € F\/dy,

F\/dy or F\/didy. W.lo.g. assume that vb € F\/d;. Then o® = a + Vb € F(y/d;) and a & F(\/d;), so
a € F(Vd)Vda, a = x+/dy +y\/didy for sme z,y € F. Then a + Vb = o = 22dy + y2dids + 2xydar/dy, s0
a = 22dy + y?dids and Vb = 2zyda/dy, thus

a® —b = (2%dy + yPdrdy)” — 42> d3dy = (2dy — yPdrds)’.

Conversely, assume that a®> —b = c? for c € F. Put dy = %(a +c¢) and dg = %(a —¢); then a = dy + da,
c=d; —ds, b=a? — ¢ = 4d,ds, and we have

0 =a+Vb=di +dy+ 2/dydy = (\/d1 + V/d2)",

and o = +(v/d; + \/@) Hence, o € F(v/di,+/dz), and so K C F(y/dy,\/dz); since [K : F] = 4 and
[F(Vdi,V/d3) : F] <4, we obtain that K = F(v/d,\/d2). m

1.8. Algebraic extensions

1.8.1. An extension K/ F is said to be algebraic if every o € K is algebraic over F, and is called transcendental
otherwise.



1.8.2. Theorem. Any finite extension is algebraic. An algebraic extension is finite iff it is finitely generated.
Moreover, an extension is finite if it is generated by finitely many algebraic elements.

Proof. If K/F is a finite extension, then every element of K has a finite degree over F', and so, is algebraic
over F. Also, K has a finite basis, is generated by the elements of this basis, so is finitely generated.

Conversely, if K/F is a finitely generated algebraic extension, or is only generated by finitely many
algebraic elements: K = F(ai,...,a) where ay,...,qp are algebraic over F, then K is the composite
K = F(o1)--- F(ag) of finite extensions, and so, is finite. g

1.8.3. We know that towers and composites of finite extensions are finite. Since algebraic extensions are
unions of finite extensions, it follows that towers and composites of algebraic extensions are algebraic:

Theorem. If K/L and L/F are algebraic extensions, then K/F is algebraic. If L1/F and Lo/F are two
algebraic subextensions of an extension of F, then (L1Ls)/F is algebraic. Moreover, if an extension K/F is
generated by algebraic elements, then it is algebraic.

Proof. Let K/L and L/F be algebraic extensions, and let a € K; then « is algebraic over L and we need
to show that « is algebraic over F. Let mq = 2" + Bp_12" "' + .-+ + B1z + By € L[z] be the minimal
polynomial of & over L; then it is also the minimal polynomial of « over the field L' = F(fo, ..., Bn-1). L'/F
is a finitely generated algebraic extension, so it is finite; « is algebraic over L', so the extension L'(«)/L’ is
also finite; thus, L'(«)/F is finite, and « is algebraic over F.

Assume that K/F is generated by a set S of elements algebraic over F', and let @« € K. Then « is a
rational function, with coefficients from F', of finitely many elements 31, ..., 8 of S. Thus, « € F(f4,. .., Bk),
which is a finite extension of F; so, « is algebraic over F'.

Now let L;/F and Ly/F be two algebraic subextensions of an extension K/F. Then the composite
extension (L1Ls)/F is generated by elements of L; and Lo, which are algebraic over F, so (L1L9)F is
algebraic. g

1.8.4. Let K/F be an extension. Then the set F = {a € K : o is algebraic over F} is a subfield of K:
indeed, for any a1, as € E, a1 = as, ayas, a1 /as are contained in the algebraic extension F'(a1, asg), and so,
are algebraic over F' and are contained in E. Since E contains all elements of K algebraic over F', E/F is the
maximal algebraic subextension of K/F. Any element o € K \ E is transcendental over E, since otherwise
it is algebraic over F'. Thus, any extension K/F decomposes into a tower K/E/F where E/F is algebraic
and K/F is transcendental with no algebraic elements.

1.8.5. Real numbers, algebraic over Q, are called algebraic numbers. Algebraic numbers form a subfield A
of R. The field A is countable (it consists of roots of polynomials with rational coefficients, the set of such
polynomials is countable, and each polynomial has only finitely many roots), so “almost all” real numbers
are transcendental.

2. Adjoining roots and splitting fields

2.1. Adjoining roots of polynomials and conjugate elements

2.1.1. If K/F is an extension, f € F[z] is a polynomial, and « € K is such that f(«a) =0, we say that « is

a root of f. An element o € K is a root of some nonzero f € F[x] iff « is algebraic over F' and the minimal

polynomial my p of o over F divides f. In any extension of F', a nonzero polynomial f € F[z] cannot have

more than deg f roots.

2.1.2. If ¢: Ay — A, is a mapping and B C A; N A, we say that ¢ fizes B if p(a) = a for every a € B.
If Ki/F and K3/ F are two extensions of a field ', a homomorphism K,/F — K, /F, or a homomor-

phism K7 — K5 over F', is a homomorphism ¢: K1 — K> that fixes F:

K, -5 K,.
F

A homomorphism of extensions is either an isomorphism, or a proper embedding.
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2.1.3. Theorem. Let K1/F and Ky/F be two extensions of a field F, let f € Flz] be irreducible, and
let oy € K7 and ag € Ky be roots of f. Then both F(ay) and F(ag) are isomorphic to Flx]/(p) under
isomorphisms that fir F' and map aq and ag to z, so F(a1)/F = F(ag)/F under an isomorphism that maps
aq to ag:

F(Oél) ~ F(OZQ), a1 <> Q9.
~N S
F
Conversely, if p: K1 /F — Ko/ F is a homomorphism of extensions of a field F and oy € K is algebraic over
F, then as = ¢(a1) € Ky is also algebraic over F' and has the same minimal polynomial, Mo, p = Ma, F.

Proof. This is very easy: Both F(a;) and F(ag) are isomorphic to Flz]/(p), where isomorphisms
vi: Fz]/(p) — F(oy) are defined by fmodp — f(a;), i = 1,2. In particular, ¢; fix F' and map z modp
to «;.

F(aq) &L Flz]/(p) RN F(ag), a1+ zmodp < as.

So, ooy ! is an isomorphism F(a;) — F(as) that fixes F and maps a; to as. g

2.1.4. If K = F(«) where « is a root of an irreducible polynomial f € F[x], we say that K is obtained from
F by adjoining a root of f. Such a field K is unique up to isomorphism.

2.1.5. Now let F' be a field and f € F[z] be an irreducible polynomial. Is there always a field, an extension of
F, where f has aroot? (We know that this is so for polynomials over Q or R, any such polynomial has a root
in C.) Well, if we don’t have such an extension, we can always construct it artificially. Put K = Flz]/(f);
since p is irreducible and F[z] is a PID, the ideal (f) is prime and maximal, and K is a field. Let a € K be
the class of x modulo f in K, then p(a) = f(z)mod f =0, so « is a root of f in K. Since f is irreducible,
f is the minimal polynomial of o over F'. We therefore have the following result:

Theorem. For any irreducible polynomial f over a field F there exists a simple extension K = F(«) of F
such that f(a) =0 and f is the minimal polynomial of «.

2.1.6. Any (not necessarily irreducible) nonconstant polynomial f € F[z] also has a root in some extension
of F: indeed, it suffices to adjoin a root a of one of the irreducible factors of f, then f(a) = 0.

2.1.7. Tt follows that two nonconstant polynomials f1, fo € F[z] are coprime iff they have a common root in
no extension of F'. Indeed, if f; and fo have a common root «, then they both are divisible by the minimal
polynomial mq, r of a over F. Conversely, if f; and fo; are not coprime, they have a common irreducible
divisor g € F[z], and a root of g (which exists in some extension of F') is a common root of f; and f.

2.1.8. Let K/F be an extension. Two algebraic over F' elements aq, s € K are said to be conjugate over
F if they are roots of the same irreducible polynomial p € Flx], that is, if my, g = Ma, F.

Since mq, r has at most degmq, r = degp o roots in K, an algebraic over F' element o € K has at most
degr o conjugates in K, counting itself.

2.1.9. If L/F is a subextension of an extension K/F, then for any element o € K algebraic over F' we have
Ma,L | mq,r. Hence, the set of conjugates of o over L is a subset of the set of conjugates of o over F'.

2.2. The splitting field of a polynomial

2.2.1. If p: Iy — F5 is a homomorphism of fields, then ¢ naturally extends, by putting ¢(z) = z, to a
homomorphism F;[z] — Fy[z] of the rings of polynomials over F; and Fy. We will use this constantly.

2.2.2. We will need the following theorem, which is an obvious generalization of the theorem saying that
conjugate elements generate isomorphic extensions.



Theorem. Let ¢: Fy — Fy be an isomorphism of two fields, let fi be an irreducible polynomial over
Fi, let fo = o(f1), let aq be a root of f1 and as be a root of fo. Then ¢ extends to an isomorphism
Fi(a1) — Fy(ag) that maps oy to as:
QDIFl(Oll) - FQ(OQ), a1 <> (9.
I |

Y28 F1 = F2
Conversely, if p: K1 — Ks is a homomorphism of fields, Fy is a subfield of K1, Fy = p(F1), and a; € K,
is algebraic over Fy, then as = ¢(aq) € Fy is algebraic over Fy and mey, m, = (May 1, )-

Indeed, if F} and F3 are isomorphic, we may simply identify them, thus identify f; and fo and get an
isomorphism F (c1) — Fa(ag) of extensions.
2.2.3. Let K be a field, and let f € K[z] be a nonconstant. We say that f completely splits in K if
flz) =a(z—ai) - (x—ay,) for some a,aq,...,a, € K. (Informally, “all roots of f are in K”; more exactly,
no additional roots of f appear in any extension of K.)
2.2.4. Let F be a field and let f € F[z] be a nonconstant polynomial. An extension K/F is said to be a
splitting field of f if this is the minimal extension where f splits completely; that is, f splits completely
in K and K is generated by the roots of f: K = F(ay,...,qa,) such that f(z) = a(z — a1) -~ (x — ay).
(Informally, K is obtained from F' by adjoining all roots of f.)
2.2.5. (i) The splittig field of the polynomial f(z) = z* — 522 + 6 = (2% — 2)(2? — 3) € Q[z] is Q(v2,V3).
(ii) The splittig field of the polynomial f(z) = 23 — 2 € Q[z] is Q(\g/iwxa/i w? \3/5) = Q(\B/i, w), where
w= 7_“’2‘/?3 = /1.
2.2.6. Theorem. For any field F and any nonconstant polynomial f € Flx|, a splitting field of f exists
and is unique up to an isomorphism over F. The degree of this field over F does not exceed (deg f)!.

Proof of the existing part. The splitting field is obtained by just adjoining the roots of f one-by-one.
More formally, we use induction on n = deg f. Let L be the extension of F' obtained by adjoining a root
aof f, L = F(a). Over L, f factorizes, f(x) = (& — a)g(x), with ¢ € L[z]. By induction, there is a
splitting field of ¢: a field K = L(ag,...,a,—1) such that g(z) = a(x — a1) -+ (x — ap—1). But then
fl@)=a(lz—a)(r—a1) - (xr—ap—1), so f completely splits in K, and K = F(a, a1,...,a,-1), so K is the
splitting field of f. Moreover, we have [L : F] = degp o < n (since mq, r ’ f), and by induction hypothesis,
[K:L<(n—1),so[K:F]<nl. g

2.2.7. To prove the uniqueness part of Theorem 2.2.6 by induction, it should be generalized:

Theorem. Let p: 1 — Fy be an isomorphism of two fields, let f1 € Fi[x] and fo = ¢(f1), and let K1 and
Ky be a splitting fields of f1 and fs respectively. Then ¢ extends to an isomorphism K; — Ks:
®: Kl = KQ
| |
(p:Fl = F2
which maps the set of roots of f1 in K1 onto the set of roots of fao in Ks.

Proof. Let p; be an irreducible factor of f; and let po = ¢(p1), then py is an irreducible factor of fo. Let
be a root of p; in K7 and as be a root of ps in K, and let Ly = Fi(aq), Ly = Fa(az) by Theorem 2.2.2, ¢
extends to an isomorphism L; — Lo with ¢(a1) = az. We now have fi(z) = (x — a1)g1(z) with g1 € Lq[z]
and fo(z) = (z — az)ga(x) with go € Loz]; since gi(z) = fi(x)/(z — a;), i = 1,2, and = — a1 — & — aa,
we have p(g1) = g2. Now, K; is the splitting field of g; and K5 is the splitting field of go; by induction on
deg f1 = deg f2, ¢ extends to an isomoprhism K; — K5 which maps the set of roots of g; obto the set of
roots of go. m

2.2.8. Let a be an algebraic element over a field F'. Then the splitting field K of the minimal polynomial
of @ “contains all conjugates of o, in the sense that if F' is any extension of K, all conjugates of a in E are
contained in K.

2.2.9. Given a family F of polynomials over a field F, a splitting field of F is a minimal extension of F'
where all polynomials from F completely split. If F is finite, F = {f1,..., fx}, then the splitting field of F
is the splitting field of the single polynomial f; - - - fr. We will prove that the splitting field exists in the case
F is infinite below, after we construct the algebraic closure of F.
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2.3. The algebraic closure of a field

2.3.1. A field K is said to be algebraically closed if every nonconstant polynomial from KJz] has a root
in K. In this case for any f € K[z] we have f(z) = (z — aq)fi(x) = (z — 1) (z — @) fo(x) = -+ =
a(x —aq) -+ (a — ay,), that is, every polynomial from KJ[z] completely splits in K.

2.3.2. It is the fundamental theorem of algebra that C is algebraically closed.

2.3.3. If K is algebraically closed, then there are no algebraic elements over K, and K has no nontrivial
algebraic extensions: indeed, if « is algebraic over K, then mgy x € K[z] splits in K, so it is linear, and
ac K.

2.3.4. Let F be a field; an algebraic extension K/F is called an algebraic closure of F if every polynomial

from F[z] completely splits in K. An algebraic closure of F is often denoted by F'.

2.3.5. Clearly, if K/F is an extension and K is algebraically closed, then the maximal subextension of K
that is algebraic over F' is an algebraic closure of F'. The converse is also true:

Theorem. For every field F, the algebraic closure of F is algebraically closed.

Proof. Let F be an algebraic closure of F', and let f € F[z]. Let a be a root of f (in some extension of F');
then « is algebraic over F, which is algebraic over F', so « is algebraic over F'. But m,, r completely splits
inF,soacF. g

2.3.6. An algebraic closure F' of F is just the splitting field of the set F' [x] of all polynomials over F'. Indeed,
every polynomial from F[z] splits in F. On the other hand, every element of F' is algebraic over F', so is a
root of some polynomial from F[z]; hence, F is generated by the roots of polynomials from F|x].

Theorem. For every field F, the algebraic closure of F exists, and is unique up to isomorphism over F'.

Proof of existence. To adjoin all roots of all polynomials we, of course, need Zorn’s lemma: Consider the
set of all algebraic extensions of F. The union of any chain of algebraic extensions of F' is algebraic as well,
thus Zorn’s lemma applies and provides us with a maximal algebraic extension K of F'. Every polynomial
from F[z] (as well as from K[x]) splits in K since otherwise we would have a nontrivial algebraic extension
of K, which would be an algebraic extension of F' strictly larger than K.

Actually, this proof contains a mistake: “the set of all algebraic extensions of F” does not actually exist.
To correct it, take a “big” set X containing F', — of cardinality strictly larger than the cardinality of the set
of all roots of all polynomials from F[z], — and only consider the extensions of F' that are subsets of X. The
large cardinality of X guarantees that any algebraic extension L/F does not exhaust X, and so, if L' is a
larger extension, a copy of L’ can be constructed from elements of X. g

You can find a different, nice proof of this theorem in the textbook.

2.3.7. The uniqueness of the algebraic closure follows from the following proposition:

Proposition. If K/F is an extension and K is algebraically closed, then for any algebraic extensions L/ F
there exists an embedding L/F — K/F. More generally: if K is algebraically closed, p: F — K is an
embedding, and an extension L/F is algebraic, then ¢ extends to an embedding L — K.

Proof. Let’s start with the case L/F is finite. Take any o € L\ F. The polynomial ¢(mq, r) splits in K;
let 8 € K be aroot of mq p. ¢ the extends to an isomorphism F(a) — ¢(F)(5) by ¢(a) = 3, and gives
an embedding F(«) — K. By induction on [L : F], ¢ further extends to an embedding L — K.

Now consider the general case. Take the family of all embeddings ¢: N — K where N is a field
with FF C N C L such that @ZJ| » = @. Zorn’s lemma applies to this family and gives a maximal element
M — K. If M # L, take any o € L\ M, and then 7 can be extended to an embedding M(a) — K,
which contradicts its maximality. Hence, M = L. g

2.3.8. As a corollary, we obtain that every algebraic extension of F can be found in F.

Theorem. Every algebraic extension of a field F' is isomorphic to a subextension of the algebraic closure F
of F.
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2.3.9. Proof of uniqueness of the algebraic closure. Let K; and K5 be two algeraic closures of F'. By
Theorem 2.3.8, there is an embedding ¢: K1 /F — K /F. Now, K> is an alebraic extension of ¢(K7), which
is isomorphic to Ky and is therefore algebraically closed; hence, Ko = (K1), thus ¢ is an isomorphism. g

2.3.10. We now have:

Theorem. For any field F' and any family F C Flx] of polynomials a splitting field of F exists and is
unique up to isomorphism.

Proof. Let K be the subfield of F generated by all the roots of all the polynomials from F; then K is the
splitting field of F. It is clearly the only splitting field of F contained in F'. Now, any other splitting field
of F has a copy in F', which must be K. So, all splitting fields of F are isomorphic (as extensions of F'). g

2.3.11. (i) The algebraic closure of R is C.

(ii) The algebraic closure of Q is not C (since C is not algebraic over Q), it is the field of all complex algebraic
numbers.

2.4. Separable and inseparable polynomials and extensions
2.4.1. Let F be a field. A nonconstant polynomial f € F[x] is said to be separable if it has no multiple roots
in its splitting field (and so, in any extension of F'), and inseparable otherwise.

A polynomial f of degree n > 1 is separable iff f has n distinct roots in its splitting field.
2.4.2. As we know, a root a of a polynomial f is a multiple root of f iff it is a root of the derivative f’ of
f as well. Thus, a polynomial f is separable iff it has no common roots with its derivative f’, that is, iff f
and f’ are coprime.
2.4.3. Let f be an irreducible polynomial over a field F. Then f and f’ must be coprime, unless f’ = 0.
This is impossible if char F = 0; thus, if char F' = 0, every irreducible polynomial over K is separable.
But if char F = p # 0, this is possible: an irreducible polynomial f is inseparable iff it has form f(z) =
anZ™ + ap_1 2" VP 4. 4 ayaP + ag, that is, if f(x) = g(2P) for some g € F[z].
2.4.4. An element « algebraic over a field F is said to be separable over F' if the minimal polynomial of «
is separable. « is separable iff it has exactly degp o conjugates over F' (counting itself) in certain extension
of K (in the splitting field of its minimal polynomial).
2.4.5. An extension K/F is said to be separable if every o € K is separable over F'.
2.4.6. Non-separable extensions are said to be inseparable. An example of a inseparable extension is
F,(t)/Fp,(t?): the polynomial 2P — t? € F,(¢?)[z] is irreducible and is the minimal polynomial of ¢ € F,(¢),
but is inseparable — it has a single root ¢ of multiplicity p.
2.4.7. Theorem. If K/F is a separable extension, then for any subextension L/F of K/F, both L/F and
K/L are separable.

(The converse of this theorem is also true, but we cannot prove it yet.)

Proof. Any o« € L is also in K, and so is separable over F.
For any o € K, we have mq,r, | M, F, and since m,, r is separable, m, 1, is separable too, so « is seprable
over L. g

2.4.8. A field F is said to be perfect if every algebraic extension of F' is separable.

2.4.9. Theorem. Any field of characteristic zero is perfect. A field F' of characteristic p is perfect iff for
every a € F, ¥/a € F as well (that is, there exists b € F such that bP = a).

Proof. In characteristic zero, every irreducible polynomial is separable.

Let char F = p. Assume that for every a € F, ¢/a € F. Let f € F[z] be an irreducible inseparable
polynomial, f(z) = a,z™ + a,_12" VP 4 ... + a12P 4 ag. For each i, find b; € F such that b? = a;, and
put g(z) = byaz™ + by_12" '+ -+ byx + by. Then f(z) = 2™ + b x=DP 4. L pPrP 4 b = g(2)P,
so f cannot be irreducible.

Converely, assume that there is a € F' such that ¢/a is not in F. Then the polynomial f(z) = 2P —a is
inseparable; let’s show it is irreducible. Adjoin a root « of f, that is, an element « such that a? = a; then
f(z) = 2P —aP = (z — ). If f is reducible, let h € F[z] be an irreducible factor of f. Then h(x) = (v —a)*
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for some 1 < k < p—1. Since a ¢ F, we actually have 2 < k < p — 1; but then A is irreducible, has a
multiple root, and is not of the form h(z) = g(z?) for some g € F[xz], contradiction. g

2.4.10. Let F be a field of characteristic p. The mapping ¢: F — F defined by ¢(a) = a? is an endomor-
phism of F: for any a,b € F, ¢(a+b) = (a+b)P = a? +bP = ¢(a)+¢(b), and ¢(ab) = (ab)? = aPbP = ¢(a)p(b).
¢ is called the Frobenius endomorphism of F.

2.4.11. By Theorem 2.4.9, F is a perfect field iff its Frobenius endomorphism is surjective, that is, is an
automorphism.

2.4.12. If F is a finite field, then its Frobenius endomorphism, being injective (as every (nonzero) field
homomorphism), is also surjective. So, every finite field is perfect.

2.4.13. The field F' = F,(t) of rational functions over the field F, is non-perfect: indeed, the polynomial
f(x) = 2P —t € F[z] is irreducible, but f’ = 0. (f has a single root a = ¢/t of multiplicity p: indeed,
f@)=(z—a))

3. Cyclotomic extensions and finite fields

3.1. Roots of unity and cyclotomic fields
Let F be a field.

3.1.1. For every n € N, the elements a of F' satisfying a™ = 1 are called the nth roots of unity or roots of
unity of degree n in F'; these are the roots of the polynomial ™ — 1. The nth roots of unity which are not
dth roots of unity for d < n are called primitive nth roots of unity. Every root of unity of degree d ‘ n is an
nth root of unity, and every nth root of unity is a primitive dth roots of unity for some d ‘ n.

3.1.2. Lemma. Any finite subgroup of the multiplicative group of a field is cyclic.

Proof. Let G be a finite group of elements of a field F' under multiplication, let |G| = m. Let k be the
senior invariant factor of G, so that a* =1 for all a« € G. This means that the polynomial ¥ — 1 has > m
roots in F', so k > m. Hence, k = m and G has a unique cyclic component, that is, is cyclic. g

Thus, the nth roots of unity form, under multiplication, a cyclic group. Since a"™ = 1 for all elements of
this group, the order of the group divides n.

3.1.3. The splitting field of the polynomial 2™ — 1 € F[z] is called the nth cyclotomic extension of F; the
n-th cyclotomic extension of Q is called the nth cyclotomic field.

3.1.4. Let K be the nth cyclotomic extension of F', and let G, be the group of roots of unity of degree n in
K. If char F = 0 or char F = p with p X n, then the polynomial 2™ — 1 is separable (it has no common roots
with its derivative nz"~1), so |G,,| = n.
If char F = p and n = p"m, (m,p) = 1, then the roots of unity of degree n are the roots of unity of
degree m: a?’™ = 1 implies that (b’"( ™) = (a™)?" = 1 where ¢ is the Frobenius endomorphism, and so
™ = 1. Hence, |G,| =m

3.1.5. From now on, let us assume that either char F' = 0 or char F’ ){ n. Then 2™ — 1 is separable, |G| = n,
and the set of primitive nth roots of unity in K is the set of elements generating G,,. If w is a primitive nth
root of unity, then the nth roots of unity are w*, k =0,1,...,n — 1; thus, we have K = F(w). The primitive
nth roots of unity are the elements w* with k coprime with n; there are exactly ¢(n) of them, where ¢ is
Euler’s totient function.

3.1.6. The nth roots of unity over Q are the complex numbers e2*™/" Lk =0,1,...,n —1. w = e*™/" is a

primitive nth root of unity.

3.1.7. Let P, be the set of primitive nth roots of unity over F' (contained in the cyclotomic extension of
w = {wF 1<k <n-1, (kn) =1}, where w is any primitive nth root of unity. The polynomial

©,(2) = [laep, (v — @) is called the nth cyclotomic polynomial. @, is monic, separable, and has degree

p(n).
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3.1.8. Theorem. For everyn €N, [];,, ®a(z) = 2" — 1.

Proof. We have
2" —1= H (ZE*LU)ZH H (xfa):HCPd(:r).
wiwn=1 d|n a€Py d|n
|
3.1.9. Corollary. For every n € N, the coefficients of ®,, are in the prime subfield. In characteristic zero,
®,, € Z[x] (has integer coefficients).

Proof. If by induction, for all d < n, ®4 have their coefficients in the prime subfield, then so is @, (z) =
(" =1)/1II ajn ®a(z). If, in characteristic zero, the coefficients of ®4 are in Z, then since they are all monic,

d<n
the coefficients of ®,, are in Z by Gauss’s lemma. g

3.1.10. The formula ®,(z) = (2" — 1)/[] ajn Pa(z) allows us to compute the cyclotomic polynomials
d<n
inductively. We have ®1(z) =2 —1, ®o(z) = (22 -1)/(z—1) =2 +1, ®3(x) = (2> - 1)/(x — 1) = 22 + 2 +1,
Oy =2t -1)/(z—1)(z+1)=22+1.
Here are the initial cyclotomic polynomials:

q)l(l‘) =z—1
(I)Q(JZ) =zx+1
Ps(z) =2+ +1
Dy(z) =22 +1 (= Pa(z?))
Ps(z) =2+ 23+ +2+1
Pg(z) =2 —z+1 (= 03(—2x))
Pr(x) =2+ +a+1
Pg(z) =2 +1 (: (1)2(56’4))
Dg(z) =2 +2° +1 (= ®3(z?))
Pip(z) =2 -2’ +2* —z+1 (= &5(—2))
Ppy(z) =2+ - +a+1
Pip(z) =2 -2 +1 (= ®g(2?))
and
Pi5(z)=a® 2"+ a2t +2° —x+1
Pyg(z) =2 —2®+1 (= P6(2°) = P3(—2"))

Bro5(x) = 218 £ 247 4 o0 _ 43 A2 _gpdl T A0 39 4 436 4 35 | 034 4 033 432 4 81 08 26 24
2220 4 AT 016 4 05 L o4y I3y 12 0 8 907 6 5 402 oy
(P15 is the first cyclotomic polynomial that has a coefficient distinct from +1 or 0. (Notice that 105 = 3-5:7.))
3.1.11. The proof of following facts are left as exercises:
(i) For any odd n > 3, ®9,(z) = &, (—x).
r—1

(ii) For any prime p, ®,(z) = 2P ' + 2?72+ ... 4z + 1, and for any r € N, O, (z) = @, (zF" ).
r—1

(iii) More generally, if p is prime and n = mp” with p X m, then @, (x) = @pp (2P 7).
3.1.12. Theorem. For every n € N, ®,, is irreducible in Q[z]. Thus, in characteristic zero, all primitive
nth roots of unity are conjugate over Q.

Proof. By Gauss’s lemma, we only need to show that ®,, is irreducible in Z[z]. Assume that it is reducible,
let ®,, = fg where f,g € Z[x] are nonconstant and monic. Let w be a primitive root of unity of degree n,
then all roots of ®,, have form w* for some k with (k,n) = 1; some of them are roots of f and the other
are roots of g. There must be k and a prime p, both coprime with n, such that o = w” is a root of f and
af = w*? is a root of g. Then « is a common root of f and g(z?), so f(x) and g(aP) are not coprime, and
have a common factor. Let f = fmodp € Fp[z] and § = gmodp € F,[z], then f(z) and §(aP) = g(z)? have
a common factor, so f and § have a common factor, and so ®,, = f g is inseparable, contradiction. g
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3.1.13. So, in characteristic zero, for any n, ®,, is the minimal polynomial of every primitive nth root of
unity. We therefore have:

Corollary. For every n € N, the nth cyclotomic field has degree ¢(n) over Q.

3.2. Finite fields
3.2.1. Any finite field K has p" elements, where p = char K and n = [K : F,].

3.2.2. Let K be a field of order p™. Then the multiplicative group K* of K has p™ — 1 elements, so for any
nonzero « € K we have a?" 1 =1, so for all @ € K we have a?” = . Hence, all p" elements of K are roots
of the polynomial zP" — z, and K is the splitting field of this polynomial.

Conversely, given a prime p and a positive integer n, let K be the splitting field of the polynomial
f(z) = a?" —x € F[x]. Let S be the set of the roots of f in K. Since f’ # 0, f is separable, so |S| = p”.
Next, S is a field: if a,8 € S, that is, o?" = a and BP" = B, then (a 4+ B)P" = o + " = a + B,
(aB)P" = a?"BP" = af, and (a™H)" = a™!, so fla+ B) = f(aB) = f(a~') = 0. Hence, K = S, and
K| = p".

Since the splitting field of any polynomial exists and is unique up to isomorphism, we get:

Theorem. For every prime p and every n € N there exists a unique, up to isomorphism, field of order p";
it is the splitting field of the polynomial f(z) = a?" —x € F,[z], and consists of the roots of this polynomial.
The (unique up to isomorphism) field of cardinality ¢ = p™ is denoted by F,,.

3.2.3. Theorem. For any prime p and every n € N,

(1) the field Fpn is a simple extension of its prime subfield F,;

(ii) there exists an irreducible polynomial of degree n in Fy[z].

Proof. The group F}. of nonzero elements of F,» under multiplication is cyclic; let a be any generator of
this group. Then the powers of a run over the set of all nonzero elements of Fy», so o generates this field,

Fpn = Fp(a). 1t also follows that degp o = [Fpn : Fp] = n, s0 mar, € Fp[z] is an irreducible polynomial of
degree n. g

3.2.4. Lemma. Ifd,n €N and d|n, then (z% —1)|(z" — 1) and for any r € N, (z7 =1 - 1) |(z" 1 —1).

Proof. z" — 1 = (z9)"/? — 1 = (24 — 1)((a?)/4 1 + .- + 27 4+ 1), 50 (27 — 1) |(z™ — 1). It follows that for
any r € N, (rt —1)|(r™ — 1), so now (271 1) (a1 —1). o

3.2.5. Theorem. For any prime p andn € N, the field Fyn contains a single copy of the field Fa for each
d dividing n, and has no other subfields.

It follows that the diagram of subextensions of Fj,» looks exactly like the diagram of subgroups of Z,.

Proof. Let L be a subfield of F,» of degree d over F,. Then d divides n = |F,» : Fp|. Thus, |L| = p? and
L = F,a. Hence, all elements o € L are roots of the polynomial - x; since there are at most p? such

roots in [Fp», there may be at most one such subfield L of Fpn.

On the other hand, for every d ’ n the polynomial 2P" =1 1 divides 2" ~1 — 1, thus all roots of P 1,
which are just all nonzero elements of F,q«, are contained in Fyn. g

3.2.6. The following theorem allows to find inductively the number of irreducible polynomials of degree n
in Fplz].

Theorem. If )(n) is the number of monic irreducible polynomials of degree n in IF,[x], then de dy(d) =

23

p.

Proof. For every d dividing n let P; be the set of monic irreducible polynomials from F,[z] of degree d.
Every element of Fy» is a root of the polynomial f = mqr, from Py for some d | n; on the other hand, for
every d ‘ n, every f € Py is separable and splits completely in Fj. and so in Fy». So, Hd‘n HfEPd flz) =

Haern (x—a)= z?" —z, and Zd\n dip(d) =p". m

14



3.2.7. For any prime p, the fileds Fpn!, n € N, form a nested sequence, F, C Isz! C Fpgz - IE‘p4! c ...
The union of this sequence, IFT, =U, F,n, is an algebraic extension of F, that contains all roots of all
irreducible polynomials from IF,,; hence, it is the algebraic closure of F,,.

4. GGalois extensions and the Galois theorem

4.1. Embeddings of an extension and conjugate subextensions

This section may be cumbersome, but it is a key to the Galois theory.

4.1.1. Let K/F and E/F be two extensions. A (nonzero, of course) homomorphism K/F — E/F (that is,
a homomorphism K — FE which is identical on F') is called an embedding of K/F to E/F, or an embedding
of K into E over F.

4.1.2. An isomorphism K/F — K/F is called an automorphism of K/F, or an automorphism of K over
F. The automorphisms of an extension K/F form a group, denoted by Aut(K/F).

4.1.3. Let ¢ be an embedding of an extension K/F into an extension E/F. Then for any polynomial
f € Flx], o(f) = f (since ¢ preserves the coefficients of f). So, for any root « of f in K, ¢(a) is a root of
fin B: flp(a) = o(f)(e(a) = p(f(a)) = 9(0) = 0.

In particular, if K/F is a subextension of E/F, then any embedding of K/F into E/F maps every
element « € K algebraic over F' to a root of the minimal polynomial of «, that is, to a conjugate to a over
F.

4.1.4. If K/F is an algebraic extension, then any embedding ¢: K/F — K/F is an automorphism of K/F.
Indeed, if K/F is finite, then ¢ must be surjective, so is an automorphism. In the general case, to show that
@ is surjective, let a« € K, and let L be the subfiled of K generated by the conjugates of a in K. Since ¢
permutes the roots of m,, r, we have ¢(L) C L, and since L/F is finite, ¢(L) = L. So, o € ¢(L) C p(K).
4.1.5. Let E/F be an extension, and let « be an element algebraic over F. The set of embeddings F(«)/F —
E/F is in one-to-one correspondence with the set of roots of the minimal polynomial m, r of o in E: each
embedding ¢: F'(a)/F — E/F is defined by ¢(«), which must be a root of my_p. There are at most degp «
embeddings of F(«)/F into E/F; there are exactly degr o embeddings of F(a)/F into E/F iff my p is
separable and completely splits in F.

4.1.6. We will need a generalization of 4.1.5: Let ¢: F; — E be a homomorphism of fields, let F» = ¢(F}),
let @ be an element algebraic over Fi, let f1 = mq, m and let fo = ¢(f1) € Fa[z]. For any homomorphism
¢: I (a) — E extending ¢ (that is, with 1|, = ¢), we have 0 = ¢(f1(@)) = ¢(f1)(¥(a)) = f2(()), so ¢
maps « to a root o’ of fo, and is defined by o’. Thus, the set of homomorphisms ¢: Fy (o) — E extending ¢
is in one-to-one correspondence with the set of roots of f> in E. There are at most deg f> = deg f1 = degp, «
such homomorphisms of Fy to E; there are exacly degp « such homomorphisms iff f5 is separable and
completely splits in E.

Note also that if ¢ is a homomorphism over a subfield F' of F; and Fy (that is, with Plp = Idr) and

f=maq,r, then fy ’ f, and so fo = ©(f1) | o(f) = f. So, if f completely splits in E, then fo has roots in E,
and so, there is an embedding v¢: F1 (@) — E extending .
4.1.7. Theorem. Let E/F be an extension, let K/F be a finite extension, let n = [K : F]. Then there are at
most n embeddings K/F — E/F. There are exactly n embeddings K/F — E/F iff K/F is separable and
for every o € K, my, g completely splits in E. For this, it suffices if there is a set of generators {aq, ..., ag}
of K/F such that for each i, mq, r is separable and completely splits in E.

Proof. Represent K as a tower of simple extensions, K = Ly/Li_1/---/L1/Lo = F, where for each
i, Li = Li_1(;) for some a; € K. Then n = degpa; - deg;, az---degy,  ap. By 4.1.5, there are
< degp oy embeddings Li/F — E/F; by 4.1.6, each such embedding has < degp as extensions to a
homomorphism Ly, — E; etc., with the total number of embeddings K/F — E/F being < degp ay -
degp, ag---deg,,  ar=n.

Assume that K = F(aq,...,ax) where for each i, o; has exactly degp a; conjugates in E, and let
Lo=Fand L; = L;_1(«a;), i = 1,..., k. Then there are exactly degy o; embeddings L1 /F — E/F. Let
¢ be such an embedding. The minimal polynomial mq,. r, is an irreducible divisor of m,, r, and since ¢
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fixes F, p(mq,,1,) is also an irreducible divisor of mq, r, so it is separable and completely splits in £. Thus
by 4.1.6, ¢ has deg; s extensions to a homomorphism Ly — E. And so on, with the total number of
embeddings K/F — E/F being equal to degp a; - degy ao---degy,  ap =n.

If there is an element o € K for which m, r has less than degp o roots in E, then in the argument
above, put a = ;. We will then get that the total number of embeddings K/F — E/F is less than n. g

4.1.8. If K/F is a subextension of E/F and ¢: K/F — E/F is an embedding, then the extension ¢(K)/F
is said to be conjugate to K/F. By Theorem 4.1.7, a subextension of degree n may have at most n conjugates
in an extension E/F.

4.2. Normal extensions

In the textbook the term “normal extension” is not introduced, replaced by “a splitting field”. (Indeed,
we will see that these two classes of extensions coincide.) But the notion of a normal extension is commonly
used, is advantageous, and is closely related to the notion of a normal subgroup, so I prefer to use it.
4.2.1. An algebraic extension K/F is said to be normal if for any o € K “all conjugates of « are in K7,
that is, the minimal polynomial of o over F' completely splits in K. Equivalently, K/F is normal if any
irreducible polynomial from F[z] that has a root in K completely splits in K, that is, K is the splitting field
of the minimal polynomials of all its elements.

K
In diagrams, the normality of an extension is indicated by a double line: |
F

4.2.2. The extensions Q(\/i) /Q and (@(\/57 \/?;) /Q are normal, the extension Q(f’/ﬁ) /Q is not.
4.2.3. Every quadratic extension is clearly normal.
4.2.4. The following theorem is easy:

Theorem. (i) If L/F is a subextension of a normal extension K/F, then K/L is also normal.

(ii) If Ly and Ly are normal subextensions of an extension K/F, then the intersection (L1 N La)/F is also
normal.

(Notice that in (i), the subextension L/F does not have to be normall)

Proof. (i) For any a € K, mq, 1, | Mg, F and mq,  splits completely in K, so mq, 1, also splits completely.

(ii) For every a € Ly N La, mq, p splits completely and all its roots are contained in both Ly and Lo, so in
LiNLs. m

4.2.5. Theorem. If an algebraic extension K/F is normal then for every extension E/K and every embed-
ding ¢: K/F — E/F one has ¢(K) C K (and so, ¢ is an automorphism of K/F ). Conversely, if there is
an extension E/K such that E/F is normal and for every embedding p: K/F — E/F one has p(K) C K,
then K/F is normal.

Proof. Let K/F be normal, E/K be an extension, and ¢: K/F — E/F be an embedding. For any a € K|,
(o) is conjugate to o in F, and thus is contained in K. So, ¢(K) C K.

In the other direction, assume that K/F is not normal, and let o« € K be such that mq r does not
split completely in K. Let K be the algebraic closure of K, and let 8 € K be a root of m,, r which is not
in K. There is an isomorphism ¢: F(a) — F(f) that fixes F' and maps « to 3, and we can extend ¢ to
an embedding K — K. Since p(a) = 8 ¢ K, we have p(K) ¢ K. Now, if E is an extension of K such
that E/F is normal, we may assume that £ C K. Then ¢(FE) = E, so ¢ can be seen as an embedding
K/F — E/F with p(K)Z K. g

4.2.6. Theorem. Assume that an algebraic extension K/F is generated by a set S such that for every
a € S, all conjugates of o over F are in K. (That is, the minimal polynomial of o over F splits in K.)
Then K/F is normal. In particular, the splitting field of any family F C F[z] is a normal extension of F.

Proof. For any extension F/K, any embedding ¢: K/F — E/F maps all elements of S to their conjugates,
which are in K by assumption. Since S generates K, this implies that ¢(K) C K. g

4.2.7. As a corollary, we get:
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Theorem. If Ly and Ly are normal subextensions of an extension K/F, then their composite (L1 Ly)/F is
also normal.

4.2.8. Theorem. For any algebraic extension K/F there exists a normal extension E/F containing K such
that no proper subextension of E/F containing K is normal. If K/F is finite, then E/F is also finite.

This extension E/F is called the normal closure of K/F.

Proof. E is just the splitting field of the set of the minimal polynomials of any set of generators of K over
F. m

4.2.9. The following is an important property of normal extensions:

Theorem. Let K/F be a normal extension and let L/ F be its subextension. Then every embedding L/ F —
K/F extends to an automorphism of K/F.

Proof. Let E be the algebraic closure of K. Any embedding ¢: L/F — K/F, and so L/F — E/F,
extends to an embedding ¢: K/F — E/F. Since K/F is normal, 9(K) =K. g

4.3. Galois extensions and Galois groups

4.3.1. Here is the central definition of the course: A finite normal separable extension is called a Galois
extension.

4.3.2. We have:

Theorem. A finite extension K/F is Galois iff | Awt(K/F)| = [K : F)].

Indeed, elements of Aut(K/F) are just embeddings K/F — K/F, and we have exactly [K : F] such
embeddings iff K/F is separable and normal.

4.3.3. If K/F is a Galois extension, then the group Aut(K/F) is called the Galois group of K/F, and is
denoted by Gal(K/F'). By Theorem 4.3.2, Gal(K/F') is a finite group of order [K : F.

A Galois extension is called cyclic, abelian, nilpotent, or solvable, if its Galois group is cyclic, abelian,
nilpotent, or solvable respectfully.

4.3.4. The action of every element of the Galois group G = Gal(K/F) of a Galois extension K/F is defined
by its action on the generators of K/F, which are mapped to some their conjugates. Thus G can be seen as
a subgroup of the group of permutations of a finite set of generators and their conjugates.

4.3.5. The action of the Galois group G = Gal(K/F) of a Galois extension K/F on any set of elements of
K conjugate over F is transitive: indeed, if o, @’ € K are conjugate over F, then, by 4.2.9, the isomorphism
F(a)/F — F(&/)/F that maps « to o’ extends to an automorphism of K/F, that is, to an element of G.

4.3.6. For an extension to be Galois, it suffices if it is “Galois on generators”:
Theorem. (i) A finite extension K/F is Galois iff it is generated by elements separable over F whose all
conjugates over F are contained in K.
(ii) An extension K/F is Galois iff K is a splitting field of a separable polynomial from F[x].
4.3.7. If K is the splitting field of a separable polynomial f € F[z], then the Galois group Gal(K/F) is also
called the Galois group of f, and is denoted by Gal(f/F) or just Gal(f). Via its action on the roots of f,
the group Gal(f) is (isomorphic to) a subgroup of S, for n = deg f.

If f is irreducible over F', then, by 4.3.5, Gal(f/F’) acts transitively on the set of the roots of f.

4.3.8. From the definition, the criteria above, and properties of normal and separable extensions we have:

Theorem. (i) If L/F is a subextension of a Galois extension K/F, then K/L is also Galois.

(ii) If L1 and Lo are Galois subextensions of an extension K/F, then their intersection (L1 N Lg)/F is also
Galois.

(i) If L1 and Lo are Galois subextensions of an extension K/F, then their composite (L1L2)/F is also
Galois.
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4.3.9. If K/F is a finite separable extension, then its normal closure is a Galois extension: indeed, the
normal closure of K/F is generated by conjugates of separable elements, which all are also separable. Tt is
called the Galois closure of K/F.

The Galois closure of K/F is generated by the conjugates of K over F.

4.4. Composites and towers of separable extensions

Taking the normal closure of a finite separable extension converts it into a Galois extension; we may
now use this to obtain the properties of separable extensions that we were not able to prove before.

4.4.1. Theorem. If an algebraic extension K/F is generated by a set of elements separable over F, then
K/F is separable.

Proof. Let o € K; we need to show that « is separable over F', and for this end we may replace K by
a subfield generated by finitely many of the (separable) generators of K/F, and thus assume that K/F is
finite. Let E/F be the Galois closure of K/F; then E/F is separable, so K/F is separable. g

4.4.2. Corollary. IfLi/F and Ly/F are separable subextensions of an extension K/F, then their composite
(L1Ly)/F is also separable.

4.4.3. Theorem. If K/L and L/F are separable extensions, then K/F is separable.

Proof. Let a € K; we have to prove that « is separable over F', so, we may assume that K = L(a). After
replacing L by the field generated by the coefficients of the polynomial p = mg_ 1, we may assume that L/F
is finite. Let n = [L : F] and m = deg; a = degp. Let E/F be the normal closure of K/F. Then there are n
embeddings ¢: L/F — E/F, and every such embedding can be extended to an embedding K/F — E/F
by mapping « to a root of p(p). Since p is separable, the polynomial p(p) is also separable; thus there
are m extensions of ¢ to an embedding K/F — E/F. So, totally we have nm = [K : F| embeddings
K/F — E/F, which, by Theorem 4.1.7, implies that K/F is separable. g

4.4.4. Let K/F be an algebraic extension, let L/F,L,/F, Ly/F be subextensions of K/F. We have the
following:

finite separable normal Galois
If K is generated by “good” elements then K/F is “good”
If K is generated by finitely many “good” elements then K/F is “good”
If Li/F and Lo /F are “good” then (Ly N Lg)/F is “good”
If Ly /F and Lo/ F are “good” then (LiLs)/F is “good”
If K/F is “good” then L/F is “good”
If K/F is “good” then K/L is “good”
If L/F and K/L are “good” then K/F is “good”

e
A+
L+t
L+ 1+ ++

(Dependently on the column, an element « is assumed to be “good” if, respectively, degpa < oo (« is
algebraic, which is automatic since K/F is algebraic); « is separable; m,, p splits completely in K; and mq,
is separable and splits completely in K. An extension is “good” if it is finite, separable, normal, and Galois
respectively.)

4.5. Examples of Galois groups

4.5.1. The Galois group of the polynomial f(x) = 22 — 2 is isomorphic to Zs: the only nonidentical element
of this group maps v/2 — —v/2. (Clearly, the Galois group of any separable quadratic extension is Zs.)
4.5.2. The Galois group G of the polynomial f(z) = (22 — 2)(2% — 3) over Q is isomorphic to V; = Z32.
Namely, G = {1, 1, @2, @3}, where the action of ¢; on the elements v/2 and V3, generating the splitting
field of f, is given by

V2 V2 L V2 V2 V2 —V2

LERIV- V. S IV Y L S R S

(Clearly, the Galois group of any biquadratic extension in char # 2 is Vj.)
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4.5.3. Let w = €2™/3 and o = ¥/2. The Galois group G of the polynomial f(z) = 2° — 2 over Q has order 6.
It acts as a group of all permutations of the roots a1 = o, as = wev, az = w?a of f, and so, is isomorphic to
S3: G = {1,0,0%,11,72,73} where 0 = (a1, a2, a3), 71 = (a2,a3), T2 = (a1, a3), 73 = (a1,a2). The action
of G on the elements w = e>™/3 and /2, generating the splitting field of f, is given by

L, Wew .w»—>w2 . w > w? . W w?
T1 - y T2 T3

: s s .
Q= wa a—a a—w?a awa

4.5.4. Let w be a primitive nth root of unity over Q; say, w = €2/, The Galois group G of the cyclotomic
extension Q(w)/Q (and of the nth cyclotomic polynomials ®,,) has order ¢(n), where ¢ is Euler’s totient
function. Every element of G is uniquely defined by its action on w, and maps w to w” for some k € Z*, thus
G = {n : k € Z},}, where n,(w) = w*. For any k,l € Z, we have n,(m(w)) = w*, so nem = ni. Hence, G
is isomorphic to Zj,.
4.5.5. Let L be the nth cyclotomic extension of Q, L = Q(w) where w = ¢>™/™. Then the splitting field of
the polynomial f = 2™ — 2 over L is K = L(a) where a = {/2. Let us assume that deg; (o) = n (that is,
that 2™ — 2 is irreducible in L[z]), then the Galois group G = Gal(f) = Gal(K/L) has order n. Since G acts
transitively on the roots of f, there exists ¢ € G such that o(a) = wa. Then for any k, o*(a) = w*a, thus
o has order n. So, G is cyclic, isomorphic to Z,, generated by o.
4.5.6. Let K C C be the splitting field of the polynomial f = 28 — 2 € Q[z], then K = (a,w) where « is the
real /2 and w = e2™/8 = 1—\}; Let G = Gal(f) = Gal(K/Q). Notice that /2 is contained in both Q(a) and
Q(w): V2 =a* and v2 = w+w’. Since w € Q(a) (w is not real), [K : Q(a)] = 2. We have the following
diagram:
K=Q(o,w
2 K Qla, w)
Qla)  Qw)
N /o
Q) N Q(w)
12
Q.
So, [K : Q] = 16.
It is more convenient to use i = w? as a generator instead of w: since w = 1—\;; and v/2 € Q(a), we have
w € Q(a, 1), and so, Q(a,i) = K.

K= Q(a,1)
/G
Q) Q(7)
N\ /s
Q.
Let us find the multiplication in G explicitly. « has 8 conjugates aw®, k = 0,...,7, and i has two
conjugates £, so the total number of choices we have where to send « and i is 16; since |G| = [K : Q] = 16

as well, any choice of the image of a and, independently, of 7 gives rise to an element of G. Define ¢ € G
by p(a) = aw, ¢(i) =i, and 1 € G by ¥(a) = a, ¥(i) = —i. Then p(v/2) = p(a?) = a*w* = —V/2, so
¢(w) = —w = w®. So, under the action of ¢, we have

a— aw i aw® = aw’ = awt = aw® = aw? = aw® 5 a and 11,

which means that the order of ¢ in G is 8. The order of ¢ is clearly equal to 2. Next, V(V2) = P(a?) =
at = /2, s0 (W) = 1—\75’ = w". Hence,

(Wev™ ) (a) = (Yp)(a) = Y(aw) = aw’
and (Y1) (i) = i, so Yyt = ¢*. Hence, G = <<p71/) ’ ¥ =2 =1, Yoy = <p3>. This is the
semidihedral (or the quasidihedral) group SDsg, a semidirect product Zg x Zs. (There are no other relations

in G since |G| = 16.)
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4.5.7. Let F be a field with char F' # 2 and let f € F|x] be an irreducible biquadratic polynomial, f =
z* + az? + b. The roots of f are +a, £ where o = \/% (—a—|— va? — 4b) and 8 = \/%(—a —Va? — 4b),

with a8 = v/b. Since f is irreducible, degp o = degy 3 = 4. Let K be the splitting field of f, K = F(a,B) =
F(a,/b), Since f is irreducible, § = /a2 — 4b ¢ F, and so [F(0) : F] = 2. We therefore have the extensions
diagram

K = F(a, )
Fla)  F(B)
N\ /o
F(9)

[2
F7
where z =1 or 2, so either [K : F]=4or [K : F] =8.
Let G = Gal(f) = Gal(K/F); then G is a subgroup of Sy of order 4 or 8 that acts transitively on the
set R ={a,—a,8,—B}. Any element ¢ € G acts on the square
a— fp
| |
—B— —a
symmetrically with respect to the center of the square: if ¢(\) = 7, where A,y € {£a, 8}, then p(—\) = —y
and ¢(v) = £\. So, ¢ preserves the square, and G is a subgroup of the dihedral group Ds. Since G acts on
R transitively, it is isomorphic to one of the groups Vy, Z4, of Dg.

Assume that |G| = 4; this is the case iff F/(a) = F(8). Since F(«) is a quadratic extension of F(§) and
both a2, % € F(J), we have that 8 € F(§)a, so Vb = aff € F(§)a® = F(§); since also F(§) is a quadratic
extension of F' and 52,\/52 € F, either Vb € F or vb € F§. Let ¢ € G be such that p(a) = 8. We
have two options: ¢(8) = « or ¢(8) = —a; in the first case ¢ is a reflection and G = {1, ¢, ¥, ptb} =V,
where 1 : a ++ —3; in the second case ¢ is a rotation by 7/2 and G = {1, ¢, p?¢®} = Z,. In the first case,
o(Vb) = p(afB) = —Ba = Vb and »(v/b) = v/b, so v/b has no conjugates over F except itself, so Vb € F; in
the second case, p(vb) = —vb, so Vb ¢ F.

We obtain: if vb € F then G = Vy; if Vb/§ € F, then G = Zg; if both v/b,v/b/§ ¢ F, then G = Dg.
4.5.8. Let K be a finite field, K = Fp». The Galois group G = Gal(F,n /F,,) has order [K : F,] = n. The
Frobenius automorphism ¢ of K fixes F,, thus ¢ € G. I claim that the order |¢| of ¢ is n; this implies that
G is cyclic, isomorphic to Z,, generated by ¢. Indeed, the multiplictive group of K has a generator «, so
that the minimal k for which ¥ = 1 is k = p” — 1. Thus the minimal m for which ¢™(a) = " = ais
m=mn, so |p| = n.

4.6. The fundamental Galois theorem
4.6.1. If K/F be a Galois extension, then for any subextension L/F of K/F, the extension K/L is also Galois,
and Gal(K/L) < Gal(K/F). We therefore have a mapping L — Gal(K/L) from the set of subextensions
L/F of K/F to the set of subgroups H of G.
4.6.2. Let K be a field a let H be a group of automorphisms of K. An element « € K is said to be fized by
H if p(a) = a for all ¢ € H; aset S C K is said to be fized by H is all elements of S are fixed by H. By
Fix(H) we denote the set of all elements of K fixed by H; this is a subfield of K, called the subfield of K
fixed by H.

If K/F is an extension and H < Aut(K/F), then Fix(H) is an extension of F. We therefore have a
mapping H — Fix(H) from the set of subgroups H of G to the set of subextensions L/F of K/F.
4.6.3. The fundamental Galois theorem — short version. Let K/F be a Galois extension and let
G = Gal(K/F). Then the mappings L — Gal(K/L) and H — Fix(H) are inverses of each other, and define
a one-to-one correspondence between the set of subextensions L/F of K/F and the set of subgroups H of G.

4.6.4. The proof of the Galois theorem is based on the following proposition:
Proposition. Let K be a field, let G be a finite group of automorphisms of K, and let F = Fix(G). Then
[K: F]=|G|.
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(It follows that the extension K/F is Galois.)
Proof. Let |G| =n and [K : F] =m; let G = {¢1,...,on} and let {aq,...,an} be a basis of K over F.

(1) Assume that n > m. Consider the following system of m linear equations over K in n variables:

ei1(an)zr + -+ pplar)z, =0

o1(am)zr + -+ on(am)z, = 0.

Since n > m, this system has a nontrivial solution: there are (3, ..., 03, € K, not all zero, such that

p1(aq)Bi+ -+ onla1)fn =0

(pl(am)ﬁl +--- 4+ @n(am)ﬁn =0.
For any (ai,...,a,) € F™, adding these equalities with coefficients a; we get
e1(3 aiog) B+ -+ on (X0 aiai) B = 0.

But any element « of K is representable in the form a = EZ’;l a;ay for some aq,...,a, € F; so, we have
p1(@)pr + -+ 4+ pn(@)B, = 0 for all @ € K. (That is, we get that ¢; are linearly dependent over K,
Bipr + -+ + Brwn = 0.) Choose a minimal such zero linear combination, in the sense of the number of
nonzero summands; w.l.o.g. we may assume that this is

pr(a)Br+ -+ or(@)Br =0 (A)

for all & € K, with f1,..., 8, # 0. (Notice that, clearly, r > 2.)
Now find ag € K for which ¢1(ag) # wa(ap). For every a € K we have

p1(a0a)fr + -+ + @r(aoa)Br = p1(ao)pr(a)Bi + -+ + @r(ao)er(a) By = 0. (B)
Subtracting o1 (ag)(B) from (A) we get
(p2(a0) — p1(a0)) p2(a)Br + - + (@r(@0) — p1(a0))@r(@) 5, = 0

for all « € K, which is a nontrivial zero linear combination of ¢; having less than r nonzero summands,
contradiction.

(2) Now assume that m > n. Counsider the following system of n linear equations over K in m variables:

p1(aq)zr + - + o1(am)Tm =0

on(ar)zr + -+ on(m)Tm = 0.

Since m > n, this system has a nontrivial solution: there are 5, ..., 5, € K, not all zero, such that

pr(a1)Br+ -+ p1(am)Bm =0

(Pn(Oél)ﬁl + iy @n(am)ﬁm =0.

This means that for every ¢ € G, ¢(a1)p1 + -+ + ¢(am)Bm = 0. Choose a minimal such zero linear
combination, in the sense of the number of nonzero summands; w.l.o.g. we may assume that this is

e(a1)pr+ -+ ¢(ar)Br =0 (©)
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for all ¢ € G, with f4,..., 8, # 0. (Notice that, clearly, r > 2.)

After dividing (C) by 81 we may assume that 51 =1 € F, so ¢(f1) = 5 for all v € G. Tt cannot be
that all §; are in F', since we have 181 + -+ + .3 = 0 (using ¢ = 1), and «; are linearly independent over
F; w.lo.g. assume that 5y ¢ F. Find ¢ € G such that 1(53) # S2. Applying ¥ to (C), we get

U(p(e1)Br+ -+ plon)Br) = () (Br) + - + ¥(p(ar))¥(Br) = 0.

Since the products ¥y for ¢ € G run over all elements of GG, we have that

p(e1)y(Br) + -+ elar)p(Br) =0 D)
for all ¢ € G. Subtracting (D) from (C) (and recalling that (81) = 1) we get

plaz) (B2 = (B2)) + -+ + ¢lar) (Br —¥(B,)) =0

for all ¢ € G, which is a nontrivial zero linear combination having less than r nonzero summands, contra-
diction. g

4.6.5. Proof of the Galois theorem. Let L/F be a subextension of K/F, let H = Gal(K/L), and let
L = Fix(H). Since H fixes L we have L C L. Let [K : L] = n, then |H| = n, and by Proposition 4.6.4,
[K : L] =n;so, L=L.

Now let H be a subgroup of G, let L = Fix(H), and let H = Gal(K/L). Since H fixes L, we have
H < H. Let |H| = n, then by Proposition 4.6.4, [K : L] = n, and |H| = n since K/L is Galois; so, H = H.

|

4.6.6. The fundamental Galois theorem — full version. Let K/F be a Galois extension and let
G = Gal(K/F). Let L, Ly and Ly be subextensions of K/F and let H, Hy and Hy be the corresponding
subgroups of G (under the bijection L — Gal(K/L)). Then
(i) |[H|=[K:L] and |G: H|=[L: F].
(ii) Ly C Ly iff Hy > Ha, and in this case, [Ly : L1] = |Hy : Ha|. So, the diagram of subextensions of K/L
is isomorphic to the diagram of subgroups of G flipped upside down.
(iii) The subgroup Hy N Hy corresponds to the composite Ly Lo and the subgroup (Hy, Hy) corresponds to the
intersection L1 N Lo.
(iv) Every embedding of L/F into K/F is defined by an element of G; the set of embeddings of L/F into
K/F isin a one-to-one correspondence with the set G/H of left cosets of H in G.
(v) For any ¢ € G, the subgroup of G corresponding to the conjugate o(L) of L is the conjugate oHp~! of
H. The number of conjugates of L/F in K/F equals |G : Ng(H)|, where Ng(H) is the normalizer of H in
G.
(vi) H is a normal subgroup of G iff L/F is a normal extension. In this case, L/F is Galois, the mapping
¢ > |, defines a homomorphism Gal(K/F) — Gal(L/F) and induces an isomorphism G/H = Gal(L/F).
Proof. (i) Since H = Gal(K/L), we have |[H| = [K : L]. Now, |G : H| = |G|/|H| = [K : F]/[K : L] = [L : F].
(ii) If Ly C Lo, then every element of Hy = Gal(K/Ly) fixes Ly, so is contained in H; = Gal(K/Ly).
Conversely, if Hy < H;, then Ly = Fix(H;) C Fix(H3) = Lo. And in this case, [Le : L] = [K : L1]/[K :
Ls) = |Hy|/|H2| = |Hy : Hz|. Hence, the diagram of subextensions of K/L is the same as the diagram of

subgroups of G, only flipped upside down (and even the numbers near the edges of the diagram, that is, the
degrees of subextensions and the indices of subgroups, are the same).

(iii) It follows that for “the minimal diamond” diagram of L; and Ly corresponds to that of H; and Hs:

L1Ly H{NHy
Tbl/ \nz nl/ \n2
L Lo H, H;
ml\ /mz Wn\ /m2
LinNLs <H1, H2>

so that LjLy (the minimal field containing Ly and Ls) correspond to Hy N Hs (the maximal subgroup of
both Hy and Hs, and Ly N Ly (the maximal subfield of both Ly and Ls) correspond to (Hy, Hs) (the minimal
group containing both Hy and Hy).
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(iv) Since K/F is normal, every embedding L/F — K/F extends to an embedding K/F — K/F, that
is, an element of G. Two elements ¢, 1 of G define the same embedding L — K iff =14 is identical on L,
that is, iff ¢~ € Gal(K/L) = H, that is, iff pH = ¢ H.

(v) We have ¢ € Gal(K/p(L)) iff ¥(p(a)) = ¢(a) for every a € L iff p~1pp € Gal(K/L) = H. So,
Gal(K/p(L)) = ¢Hp™ !, a conjugate of H. Thus, the conjugates of L/F are in one-to-one correspondence
with the conjugates of H, which, in their turn, are in one-to-one correspondence with left cosets of N(H) in
G.

(vi) H is a normal subgroup of G iff it has no conjugates in G but itself, iff L/F has no conjugates in K/F
but itself, iff every embedding ¢ of L/F into K/F preserves L, (L) = L, iff L/F is normal, and so Galois.
In this case the mapping ¢ + ¢|, defines a homomorphism 7: G = Gal(K/F) — Gal(L/F). Since every

automorphism of L/F extends to an automorphism K/F, 7 is surjective. The kernel of 7 consists of elements
of G that fix L, that is, ker(n) = Gal(K/L) = H. Hence, Gal(L/F)=G/H. g

4.7. Examples of diagrams of subextensions and the corresponding Galois groups

4.7.1. The diagram of subextensions of the biquadratic extension Q(v/2,v/3)/Q, along with the diagram of
subgroups of its Galois group:

|
||

Z 712N
QVD_ Q(V3) Q) (p2) (o1} )
\2(52/ \‘ﬂ2/< >
4= {P1,¥2).

It follows that Q(ﬂ, \/3) contains no other subfields!

4.7.2. The diagram of subextensions of the splitting field K/Q of the polynomial 23 —2, K = Q(w, ), where
w = e*™/3 and o = /2, with the diagram of subgroups of its Galois group:

Qw,a) 1

PrIA RS N

Qw) _ Qo) 2

wa) (@) (n) (m2) (73)

Q(wa) Q(
XVQ;”// N\ g

a—a 2 a—wa .
where o : (329%) fixes w, 71 : (w,_wz) fixes o, 7o : (3:32(1) fixes way, and 73 : (w_)wz) fixes w?a. Notice that

the subextension Q(w)/Q is normal (as the corresponding subgroup (o)), and the subextensions Q(«)/Q,
Q(wa)/Q, Q(w?a)/Q are all conjugate (as the corresponding subgroups (71), (2), (73)).

4.7.3. For any prime p and n € N, Gal(F,» /F,) = (¢) = Z,,, where ¢ is the Frobenius automorphism. So,
the diagram of subfields of F» is the same as the diagram of subgroups of the cyclic group Z,: for every
d|n, the subfield F,a corresponds to the subgroup (d) of Z,: a € Fa iff p%(a) = a?" = . The subgroup
(d) is isomorphic to Z,, 4, and Gal(F,a/F,) = Zy, /2y, 19 = ZLq.

4.7.4. Let K C C be the splitting field of 2® — 2 € Q[z] and G = Gal(K/Q). As we know from 4.5.6,
K = Q(a,w) = Q(a, i), where o = v/2 and w = li\/g, G is generated by ¢ : a — wa, i+ i, and Y : a — a,
i — —i, and has the presentation G = (¢, ¢ : ® = ¢? =1, Ppyp=! = ©?). (So, G = Zg x1Zy = SDsg.) Let’s
find all normal subgroups of G = {1,,...,0", ¥, @,...,0"1p}. These are, of course, 1 and G itself. Next,
these are () and its cyclic subgroups (p?) and (p?). The identity =19 = 21 implies that the elements
©*1 split into two conguacy classes, {1, p?1, o*e, %} and {1, 3¢, P51, 74} If a normal subgroup N
contains an element from one of these classes, then it contains all other elements of this class, so contains ¢?.
If N also contains an element ¢* with an odd k, or contains an element of the other class, then it contains
¢ and coincides with G. Hence, we may only have, and do have, two more normal subgroups in G: (©?, )
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and (¢?, ). Thus, the complete diagram of normal subgroups of G is

1
2|

)
2|
) ) )
7| X
(%) () (9% 1)

Nl A

G.

By duality, we must have an isomorphic diagram of normal subextensions of K/Q:

K
2|

Ls
2|

Ly
721\
Ly Ly L
ANIVE
Q.
Let’s find the fields L;:
(i) Since ¢ is fixed by ¢, we have L; = Q(i). (We need just one element of degree 2 to generate L;.)
(i) Both ¢? and ¥ fix v/2, so Ly = Q(V/2).
(iii) Both 2 and @ fix iv2, so Lz = Q(iv/2).
(iv) ¢? fixes i and v/2, so Ly = Q(i,v/2). (Indeed, Ly is fixed by ¢? and has degree 4 over Q.)

(v) ¢* fixes i and v/2 (since ¢*(a) = aw? = —a), so Ls = Q(i, v/2).
So, the diagram of all normal subextensions of K/Q is

Let’s find the Galois groups of K over the fields L;. The groups Gal(K/Q(i, v2)) and Gal(K/Q(v/2,1))
are generated by ¢* and (2, and are isomorphic to Z, and to Z, respectively.

The group Gal(K/Q(i)) is generated by ¢ and is isomorphic to Zs.

The group Gal(K/Q(ﬁ)) is <Lp2,1/) ’ ()t =92 =1, Ypp*yp~1 = (4,02)_1> and is isomorphic to Dg.

The group Gal(K/Q(i\/i)) is (o2, ). Let’s put a = ¢? and b = @, then a and b satisfy a* = 1;
b2 = ot = p* = a?, and so b* = 1; bab™! = pYp®¢Yp Lt = 8 = a® = a~!. These relations define the
group Qg = <a,b ’ at=0b*=1, a®> =02 bab~! = a‘1>.

5. Composites and towers of Galois extensions

This is a rather technical section, which results will be helpful below.

5.1. The change of the basic field of a Galois extension

5.1.1. Theorem. Let K/F be a Galois extension and L be any subfield of an extension of K. Then KL/FL
is also Galois, and Gal(KL/FL) is (isomorphic to) a subgroup of Gal(K/F).
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Proof. The generators of K over F' also generate KL over FIL, so KL/FL is finite. These generators are
all separable over F', so over F'L. All conjugates of these elements over F', and so, over F L, are in K, so
KL/FL is normal.

Any element ¢ of Gal(K'L/FL) fixes F' and defines an embedding ¢|,: K/F — KL/F; since K/F is
normal, p(K) = K, so ¢|; € Gal(K/F). We therefore have a homomorphism Gal(KL/FL) — Gal(K/F),
© = Q|- I ¢| Is trivial, then ¢ fixes K, and since ¢ fixes L too, ¢ fixes KL, that is, is identical. Hence,
the homomorphism ¢ — | is injective, and Gal(K'L/FL) is isomorphic to a subgroup of Gal(K/F). n

5.2. The composite of two extensions of which one is Galois

5.2.1. Theorem. Let a Galois extension K/F be a composite K = LiLy of two subextensions Li/F
and Lo/F such that L1 N Ly = F and L1/F is normal. Then Gal(K/F) = Gal(K/L,) x Gal(L1/F),
Gal(K/L9) = Gal(L1/F), and [K : F] = [Ly : F] - [Lo : F).

Proof. Let G = Gal(K/F), and let Hy1, Hy < G be the subgroups corresponding to L; and Lo, Hy =
Gal(K/Ly) and Hy = Gal(K/Ly). Then H; is normal in G, H1Hy = G, and Hi N Hy = 1, s0 G = Hy % Ho,
and Gal(Ll/F) = G/Hl = Hgl

HiNnHy=1 LiLy=K
H1 H2 Ll L2

n\ /m A\ /m

H H,=G LiNnLy=F.

Let n=[Ly : Fland m = [Ly : F]; then n = |G : Hi| = |Hy| = [K : Lo], m = |G : Hy| = |Hy| = [K : L1],
and [K : F]=nm. g

5.2.2. Example. Let K be the splitting field of an irreducible polynomial 2 — a € Q[z] for some n € N.
Then K = Q(w, ) where w is a primitive nth root of unity and o = {/a. So, K is the composite, K = Ly Lo,
of the fields L; = Q(w) and Ly = Q(a). The extension L, /Q is not, generally speaking, normal, and has
degree n. The cyclotomic extension L;/Q is normal, of degree ¢(n), and we have Gal(L;/Q) = Z} and
Gal(K/Ly) = Zy,. It need not be that the intersection Ly N Ly = Q, but if it is (say, if (n,¢(n)) = 1), then
Gal(K/Q) & Z,, 1 Z%.

5.3. The composite of two Galois extensions

5.3.1. Theorem. Let an extension K/F be a composite K = L1Ly of two Galois subextensions Li/F
and Ly/F with Ly N Ly = F. Then K/F is Galois, and we have Gal(K/F) = Gal(K/L;) x Gal(L,/F),
Gal(K/L2) = Gal(L1/F), Gal(K/Ly) = Gal(Ly/F), and [K : F| =Ly : F| - [Ls : F):

H NHy=1 LiL,=K
H1 H2 Ll L2

W\ /m w\ [Jm
H{Hy=G LiNLy=F.

5.3.2. Examples. (i) Let K be the splitting field of the polynomial f(z) = (22 — 2)(z* — 3) € Q[z]. Then
K = LiLy where L1 = Q(v/2) and Ly = Q(v/3) are normal extensions of Q, and L; N Ly = Q. Hence,
Gal(K/F) = Gal(Ll/Q) X Gal(Lg/@) = Zg X Zg.

(ii) Let K be the splitting field of the polynomial f(z) = (2? — 2)(z® — 3) € Q[z]. Then K = L;Ls, where
L1 = Q(v/2) and Ly is the splitting field of 23 — 3, Ly = Q(eQ’”/S, \S/g) = Q(v/=3,V/3). Both Ly and Ly are
normal extensions of Q, and Ly N Ly = Q, so Gal(K/F) = Gal(L1/Q) x Gal(Ly/Q) = Zy x Ss.
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5.3.3. Now let an extension K/F be a composite of two Galois subextensions Ly /F and Lo/ F with LyNLy #
F. Then K/F is Galois; let G = Gal(K/F), Hy = Gal(K/Ly) and Hy = Gal(K/Ly). By Theorem 5.3.1 we
have the diagrams

H NHy=1 LiL,=K
H, H, L, Lo
n\ /m n\ /m
H,H, LiNLy
|4 |
G F

where H1H2 :Hl X HQ, and [K : F] = [Ll : F] . [LQ : F}/[Ll ﬂLQ : F]

Let N7 = Gal(L1/F) and No = Gal(Ly/F). Then N1 = G/Hy, and Hy = (H1Hy)/H> is isomorphic to
a (normal) subgroup of Ny = G/H,, that is, G “is made of” N; and a subgroup of Nj.
5.3.4. Here is a more detailed description of the group G from 5.3.3. We have a natural homomorphism
71:G — N1 X Ny, p — (‘P|L1’50\L2)7 which is injective since LiLo = K. 7 is not, however, surjective: if
Y1 =9, and oo = @|p,. then p1| 1= p2| p,- Let D = Gal((L1 N Lg)/F)7 then D = G/(H 1 H3) =
Nl/((Hng)/H2> = Nz/((Hng)/Hl) is a common factor of N1 and No; let 71: Ny — D and 71: No — D
be the factorization mappings. Then the image of 7 lies in the subgroup

Ny xp Ny = {(¢1,%2) : 11(p1) = Ta(02) }

of N1 x Ns, called the relative direct product of the groups N7 and Ny with respect to their common factor
D. Comparing their cardinalities, we find that G = Ny xp Ns.

5.3.5. Example. Let K be the splitting field of the polynomial f(z) = (2® — 2)(23 — 3) € Q[z]. Then
K = L1 Ly, where Ly and Ly are the splitting fields of 3 — 2 and of 2% — 3 respectively, L; = Q(v/=3, \3/5)
and L; = Q(v/=3,+/3). Both L; and L, are normal extensions of Q, L1 N Ly = Q(v/—=3), so Gal(K/F) =
Gal(Ll/Q) XGal((LmL2)/Q) Gal(Lz/@) = 83 X7 Sg.

5.4. Free composites of Galois extensions

5.4.1. Let us say that a composite K = Lj---L, of algebraic extensions L;/F is free if the natural
epimorphism Ly ®p --- ®p L, — K is an isomorphism. If L;/F are all finite, this is equivalent to
having [K : F| = [[;,[L; : F]. In the case K = L;---L, is a free composite, for each i we have
Lin(Ly-+Li—1Li41---Ly) = F.

5.4.2. Let K/F be a Galois extension whose Galois group G = Gal(K/F) is a direct product, G = Hy x
-+ X Hy, of subgroups Hy, ..., H,. Then each of H; is normal in G. For each i put N; = H; X --- X H;_1 X
H;iq x -+ x Hp; then N; are normal subgroups of G with G/N; = H;, and Ny N---N N, = 1. For each
i=1,...,n, let L; = Fix(V;); then L;/F are Galois extensions with Gal(L;/F) = G/N; = H;. We have
Ly L,=Kand [[]_,[L; : F] =[], |Hi| = |G|, so K is a free composite of L1,..., L.

5.4.3. Conversely, if an extension K/F' is a composite, K = Ly --- L, of Galois subextensions L;/F with
Gal(L;/F) = H;,i=1,...,n, such that for each i, L, N (L1 co oLy qLjyq -+ Ln) = F, then by 5.3.1, K/F is
Galois with Gal(K/F) = Hy x --- x Hy,, and is a free composite of Ly/F,...,L,/F.

5.5. Composites of towers of Galois extensions
5.5.1. Let K/F be a Galois extension, and assume that K is a tower,

K =Ln/Ln1/ - /Li/Lo=F, (5.1)

of Galois extensions, that is, with L;/L;_; being Galois for all i. For each i, let H; = Gal(K/L;); then G
has the subnormal series
l=H,dH, 1 d---4H 1 Hy=G, (5.2)

where for each 4, H;_1/H; = Gal(L;/L;_1).

Conversely, if K/F is a Galois extension whose Galois group G possesses a subnormal series (5.2),
then K/F is representable as a tower of Galois extensions (5.1), where for each i, L; = Fix(H;), and
Gal(Li/Li_l) = Hi—l/H1',~
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5.5.2. Let K = L,/L,—1/---/L1/Lo = F and K' = L, /L', _,/---/L}/L{ = F be two towers of Galois
extensions, contained in a common field. Then the composite K K’ is representable as the tower

KK' = (LnLp,)/(LnLyy, 1)/ -+ /(LnL})/Ln/Ln-1/ -+ /L1/Lo = F.
of Galois extensions, and by Theorem 5.1.1 or by 5.1.1, for each j the group Gal((LnL;)/(LnL;_l)) is
isomorphic to a subgroup of Gal(L;/L}_;). We obtain:

Theorem. The composite of two towers of Galois extensions, with Galois groups Ni,..., N, is a tower of
Galois extensions, whose Galois groups are subgroups of Ni,..., N,.

5.5.3. If K/L and L/F are Galois extensions, the extension K/F may not be Galois. By Theorem 4.4.3,
K/F is separable; let E/F be the Galois closure of K/F, let Gal(E/F) = {¢1,...,¢n}. E is generated by
the conjugates of K, so E is the composite E = K - - - K,, where for each i, K; = ¢;(K). Since the extension
L/F is normal, for each i, p;(L) = L, so K; is an extension of L, and we have the commutative diagram

(We cannot say, however, that K;/L is isomorphic to K/L since p; does not, generally speaking, fix L.)
Since ¢ is an isomorphism, Gal(K;/L) = Gal(K/L).

5.5.4. Example. Let a = v/2, so that o? = /2. Let K = K; = Q(a) and L = Q(a?). The extensions K/L
and L/Q are quadratic and so Galois, but the extension K/Q is not. The conjugates of a over Q are +q,
+ia (where i = /—1), and the Galois closure of K/Q is Q(«,ia) = K1 Ko where Ky = Q(icr). The field
K, is also a quadratic extension of L, the minimal polynomial of its generator i over L is 2% + 2. The

homomorphism ¢ that produces the commutative diagram

is defined by ¢(a) = ia, and maps a? to —a?.

5.5.5. Let K =L, /Ly,—1/---/L1/Lo = F be a tower of Galois extensions. By Theorem 4.4.3, K/F' is sepa-
rable; let F/F be the Galois closure of K/F, and let G = Gal(E/F'). Then E/F is the composite of the exten-
sions p(K)/F, ¢ € G, and for each ¢, this extension is the tower p(K) = ¢(Ly,)/@(Ln-1)/ - /p(L1)/e(Lo) =
F of Galois extensions with Gal(¢(L;)/¢(Li—1)) = Gal(L;/L;—1) for all i. By Theorem 5.5.2, we obtain:

Theorem. If K/F is a tower of Galois extensions, with Galois groups Ny, ..., N,, then the Galois closure
E/F of K/F is also a tower of Galois extensions, whose Galois groups are subgroups of Ni,...,N,. It
follows that Gal(E/F) has a subnormal series with factors being subgroups of Ny, ..., N,.

6. Some applications of the Galois theory

6.1. More methods of finding the minimal polynomial

6.1.1. Let a be a separable algebraic element over a field F. Construct a Galois extension K/F that contains
a and find G = Gal(K/F). Find the orbit Ga = {ay,...,a,} of o under the action of G; then aq,...,ay,
are all the conjugates of a over F, and the minimal polynomial of a is mq, r(z) = [T, (z — a;).

We also have that H¢5Ga1(K/F)(x — (o)) = m(’;F for some k. Comparing the degrees, we see that
degmg rp = [F(a) : F] and deg HLpEGal(K/F)(:E —p(la)=[K:F],sok=[K:F|/[F(a): F]=[K : F(a)].
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Example. Let’s find the minimal polynomial of a = V2 4+ /3 over Q. We have o € K = Q(\/ﬁ, \/g), whose

the Galois group G = Gal(K/Q) = Vj acts by v/2 + £+v/2 and /3 + £+/3. The set of conjugates of « is
the orbit of « under the action of G, which is

{CM1=\/§+\/§, a2=—\/§+\/§, 0432\/>—\/§7 C¥4=—\/>—\/§}-
The minimal polynomial of « is therefore
f(z) = (z—a1)(z—a2)(x—as)(x—au) = (27— (5+2V6)) (22— (5-2V6)) = 2* ~102?+25—24 = 2* — 1022 +1.

And without any computations, since the orbit of o has 4 elements, degg o = 4.

6.1.2. Let « be a separable algebraic element over a field F', let K/F be a Galois extension that contains
a, let L/F be a normal subextension of K/F, and let p = m,, 1, the minimal polynomial of o over L. The
minimal polynomial mq, r of o over F' splits over L to a product or irreducible polynomials, the minimal
polynomials of their roots; for every ¢ € Gal(K/F), ¢(p) is contained and is irreducible in L[z], and its
roots are conjugate of a; thus, these are the other irreducible factors of m, r over L. (In particular, all these
factors have the same degree.) Since L/F is normal, ¢ € Gal(K/F') induce elements of Gal(L/F); so, mq,
is the product of distinct polynomials ¢(p), ¢ € Gal(L/F).

We also have that H@eGal(L/F) o(p) = mf;yF for some k. Comparing the degrees, we see that deg mq, r =
[F(«) : F] and degH@eGal(L/F)go(p) =[L:F]-[L(a): L], s0 k=[L: F|-[L(a) : L|/[F () : F] = [L() :
F(a)].

Example. Again, let F = Q and a = v/2 + /3. Take L = Q(v/2). Then p(x) = mg 1(z) = (x —/2)? -3 =
22 —2y/22 — 1. We have L(a) = Q(a), 80 ma,0 = pp(p) where ¢ : V2 = —/2, 50 mg g = (22 — 2v/22 — 1) -
(2 + 222 — 1) =2 — 222 +1 - 822 = 2* — 1022 + 1.

6.2. The norm of algebraic elements
6.2.1. Let K/F be a Galois extension, let G = Gal(K/F). For every o € K define the norm of a (in K and
over I) by the formula Nk, r(a) = [[,cq #(a). In the case degp o = [K : F], that is, when K = F(a), all
elements (), ¢ € G, are distinct, and Nk, p(a) is the product of all the conjugates of a; otherwise, it is
the product of all conjugates of « to the power of [K : F(a)].

For any a, since Nk, p(a) is fixed by G, we have Ng,p(a) € F. From the very definition, N, p is
multiplicative: Nk p(af) = Ng/p(a)Ng/p(B). Hence, Ni,p is a homomorphism of the multiplicative
groups K* — F™* (and Ng,p(0) = 0).

6.2.2. Example. If K/F is a quadratic extension, K = F(v/D), then for a = a + bv/D € K, a,b € F, we
have N r(a) = (a + bvD)(a — bv/D) = a*> — b*D. This is just the norm that was so helpful to us in the
first semester when we dealt with the rings of quadratic integers.

6.2.3. Now let K/F be a finite separable extension, let [K : F] = n. Let E/F be any Galois extension
containing K, let G = Gal(E/F') and H = Gal(E/K). For a € K, define the norm of a in K over F' by
Nir(a) = [l,eq/m (). (Where G/H is the set of left cosets of H in Gj it is not a group if H is not
normal in G.) Notice that for ¢, from the same left coset of H in G, ¢(a) = ¢(a), so the formula above
defines Ng/p(c) well.

In the case E = K, this coincides with the definition in 6.2.1.
6.2.4. We have the following:

Proposition. (i) Ng/p does not depend on the choice of the extension E.
(ii) Ng/p(a) € F for all o € K.
(iii) Ng/r is a multiplicative function from K to F', Ni/p(ciae) = Nijp(on)Niyp(ag) for any ar,az € K.

(iv) For a € K, let mg p(x) = 2% + - + a1z + ag; then Ny, p(o) = (—1)”ag/d.
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(v) For a € K, let T be the linear transformation of K defined by multiplication by o, T(8) = af. Then
NK/F(Oé) =detT.

Proof. (ii) follows from the fact that for every o € K, Ng,p(a) is fixed by G.

(iii) is clear from the definition.

The product of all conjugates of a is (—1)%ag, where d = degra. In the product [I,cq (@) each
conjugate of a appears |G|/d times, and in the product Ny r(a) = [[,cq, m ¢(a) it appears (|G|/|H|)/d =

n/d times. So, N, p(a) = (—1)"ag/d, which proves (iv).
(i) follows from (iv).
Finally, in (v), the characteristic polynomial of T is ¢y = mZ/ g. Hence, det T', which is the constant

term of cr times (—1)", equals Ng,/p(a) by (iv). m

6.3. Abelian extensions

Let K/F be an abelian extension, that is, a Galois extension whose Galois group G is abelian.
6.3.1. Every subgroup of G is normal, so every subextension of K/F is normal. This implies that for every
a € K, F(a) contains all conjugates of a.
6.3.2. By the fundamental theory of abelian groups, G is a direct product of cyclic subgroups, G = H; X
-+ x Hg, H; = Zy, for some n; € N, i = 1,... k. By 5.4, K is a free composite of cyclic subextensions:
K = Ly---L, where for every i, L; = Fix(Hl X oo X Hi_1 X Hyyq X -+ X Hk), L;/F are Galois with
Gal(Ll/F) = Hi, and Lz N (L1 "'LiflLile Lk) :F, 1= ].,...,k‘.
6.3.3. Any cyclotomic extension is abelian, so is a free composite of cyclic subextensions.

6.4. Subextensions of the real radical extension F({/a)/F, a > 0, and the Galois group of 2" —a

Let F be a real field (that is, F C R), let a € F, a > 0, let n € N, and assume that the polynomial
" — a is irreducible in Fx].
6.4.1. Claim. The only subextensions of F(3/a)/F are subextensions of the form F({/a)/F with d|n. In
particular, the only nontrivial normal subextension of F(/a)/F, and only if n is even, is F(y/a)/F.

Proof. Let a = {/a € R and K = F(a). Let L/F be a subextension of K/F, with [L : F] = d; then
deg; @ = n/d. Let 8 be the product of the conjugates of « over L, then 8 € L, All conjugates of «
over F have form w¥a, where w = €2™/"; so, f = o™/ %" for some r. But since 8 € R, w" = %1, so
B = +a™? = +Ya. Since degp /a = d = [L : F], we obtain that L = F({/a). (The polynomial 2¢ — a is
irreducible in F[z] since otherwise 2" — a = (z"/4)% — a would also be reducible.)

If d > 3, then F({/a)/F is not normal, since /a has nonreal conjugates. g
6.4.2. Let a = {/a € R, w = >™/" K = F(a), and N = F(w); then KN = F(w, a) is the splitting field
of 2™ — a. Since N/F is abelian, the extension (K N N)/F is a normal subextension of K/F, so either
KNN =F,or, if niseven and y/a € N, is a quadratic extension.

If F = Q, in the first case we have [KN : F] = np(n) and Gal(z™ — a) = Gal(KN/Q) = Z,, X Z},, and
in the second case [KN : Q] = np(n)/2.
6.4.3. Examples. (i) The splitting field of f = 2® — 3 € Q[z] is KN where K = Q(V/3) and N = Q(l—\g)
It is easy to see that K N N = Q, so Gal(f/Q) = Zs X Z§, |G| = 32.
(i) The splitting field of f = 2° —2 € Q[z] is KN where K = Q(V2) and N = Q(4f). This time
KN N =Q(+2), and |G| = 16. (G is the semidihedral group SDss.)

6.5. The theorem on a primitive element
6.5.1. We will need the following nice fact:

Proposition. Any finite separable extension has only finitely many subextensions.

Proof. Any such extension is contained in a Galois extension (the Galois closure thereof), which has only
finitely many subextensions (corresponding to (finitely many) subgroups of its Galois group). g

6.5.2. An element « of an algebraic extension K/F is said to be primitive if K = F(«).
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6.5.3. Theorem. Fuvery finite separable extension is simple (that is, possesses a primitive element).

Proof. Let K/F be a finite separable extension. Consider two cases.
(i) F is finite. In this case K is also a finite field, and is a simple extension of F,,.

(ii) F is infinite. Then the union of any finite collection of proper subspaces of K viewed as an F-vector
space is a proper subset of K. Since K has only finitely many proper subfields that are subextensions of
K/F, there is an element « € K that is not contained in any of these subfields (see Lemma below). Hence,
F(Oé) =K. [

Lemma. If F is an infinite field and V is an F-vector space, then V is not a union of its proper subspaces.

Proof. Assume that V = |J_, V; for n > 2. We may assume that V; ¢ (J;_, Vi, otherwise we can exclude
Vi. Let o € Vi\U;_, V; and B ¢ Vi, and consider the line L = {at+3(1—t), t € F}. We have LNV} = {a};
L is infinite, so there is i > 2 and distinct ¢1,to € F such that at; + 5(1 —t1), ata + (1 —ta3) € V;. But then
a € Vi, contradiction. g

6.5.4. Corollary. Let L/F be a finite separable extension of degree n, and let K/F be the Galois closure
of L/F. Then Gal(K/F) is (isomorphic to) a subgroup of Sy,.

Proof. Let a be a primitive element of L with respect to F'. Then every conjugate of L in K is generated by
a conjugate of o, and K is generated by the set A of conjugates of a. Any automorphism of K/F is defined
by its actions on A. Since |A| = degp o = [L : F] = n, Gal(K/F) is isomorphic to a subgroup of S,,. g

6.5.5. Theorem 6.5.3 does not hold for inseparable extensions: take K = F,(z,y) (the field of rational
functions in two variables over F,) and F = F,(zP,y?); then [K : F] = p?, but for every element h € K,
h? € F,so [F(h) : F] < p. (Indeed, for any f € Fy[z,y], f(z,y)? = f(2P,y?) € F and for any f/g € K,
(f/g)P = f?/g" € F too.)

6.6. p-extensions

Let p be a prime integer.

6.6.1. A Galois extension K/F is said to be a p-extension if [K : F| = p™ for some n € N (and so, Gal(K/F)
is a p-group).

A finite extension is a p-extension if it is contained in a Galois p-extension. For Galois extensions
these two definitions coincide: if K/F is Galois and is a subextension of a Galois p-extensions E/F, then
Gal(K/F) is a quotient group of Gal(E/F) and so, is a p-group.

6.6.2. The degree of any p-extension is a power of p. The converse is not true: the extension Q(\:’ﬁ) /Q has
degree 3 but is not a 3-extension.

6.6.3. Theorem. An extension is a p-extension iff it is a tower of cyclic Galois extensions of degree p.

Proof. Let K/F be a p-extension, let K C F such that E/F is Galois with G = Gal(E/F) being a p-group.
Let H = Gal(E/K), then H < G, |H| = p* for some k. By Sylow’s theory, or by the theory of p-groups, there
is a series H = Hy < Hyy1--- < H,, = G of subgroups of G such that |H;| = p’ for each i. Since, for each i,
|H; : Hi_1| = p, H;—1 is a normal subgroup of H;, with H;/H;_1 = Z,. For each i, let L, = Fix(H;), then we
have a tower K = Ly /Ly41/--- /Ly, = F such that for every i, L;_1/L; is Galois with Gal(L;_1/L;) = Z,,.

Conversely, let K = Ly/Ly/---/L, = F, where for every 4, L;_1/L; is Galois with the Galois group
= Z,. Then K/F is seprable; let E be the Galois closure of K; then E is a composite of towers isomorphic
to the tower of K, so is itself a tower of Galois extensions with Galois groups isomorphic to a subgroup of
Z, (which is either Z,, or is trivial), so [E : F] =p". g

We also see from the proof that a finite extension is a p-extension iff it is separable and its Galois closure
is a p-extension.
6.6.4. Theorem. (i) If K/F is a p-extension and L/F is a subextension of K/F, then both K/L and L/F
are p-extension.

(ii) If L1/F and Lo/F are p-subextensions of an extension K/F, then their composite L1La/F is a p-
extension.
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(iii) If K/L and L/F are p-extensions, then K/F is also a p-extension.

6.6.5. Since any separable quadratic extension is Galois, an extension is a 2-extension iff it is a tower of
separable quadratic extensions; we will say that it is polyquadratic in this case.

6.7. The fundamental theorem of algebra
6.7.1. The fundamental theorem of algebra can be proved with the help of the Galois theory:

Theorem. C is the algebraic closure of R (and so, is algebraically closed).

Proof. The proof is based on two facts:

(i) Any polynomial over R of odd degree has a root in R and so, is either linear or reducible in Rz].

(i) For any a € R, /Ja € Rif a > 0 and R(y/a) = Cif a < 0. For any z € C, \/z € C (for z = a + bi, w =
% vaz+b%+a+ %\/ Va2 + b? — a, where all radicals are > 0). Since every (separable) quadratic

extension is obtained by adjoining a square root, this implies that C is the only (up to isomorphism) quadratic
extension of R and has no quadratic extensions itself.

I'll show that every nontrivial finite extension L of R is isomorphic to C. Let K/R be the Galois closure
of L/R, let G = Gal(K/R). Let H be the Sylow 2-subgroup of G and let N = Fix(H). Then for every
a € N, the polynomial mq, g has odd degree, which is, by (i), impossible unless « € R. Hence, N = R and
H = G. Then G is a 2-group, K/R is a 2-extension and is a tower K = Lo/L1/---/L; = R of quadratic
extensions. By (ii) we see that either K =R or K/R=C/R (and so, L=R or L/R=C/R). g

6.8. Constructions with ruler and compass

6.8.1. Given a set S of points on the Euclidean plane, of cardinality > 2, the following constructions with
ruler and compass are allowed to produce new points and add them to S: (i) connecting two of the points
by a straight line; (ii) drawing a circle centered at one of the points and passing through another; (iii)
finding (and adding to S) the points of intersection of two lines, of a line and a circle, or of two circles
already constructed. The points constructible this way are said to be constructible (from S, with ruler and
compass).

SO X TO

6.8.2. Let S be a set of (more than one) points on the plane. Let us introduce a Cartesian coordinate system
on the plane (using points of S as the origin and a unit coordinate vector). A real number is said to be
constructible (from S) if it represents a coordinate of a constructible (from .S) point. Clearly, a point on the
plane is constructible (from S) iff both its coordinates are constructible (from S) numbers.

6.8.3. It is easy to see that the coordinates of the numbers constructible from a set S form a field: if we
have points whose (first or second) coordinates are a and b, then we can construct points whose (say, first)
coordinates are a + b, a — b, ab, or a/b. Moreover, we can also construct a point with coordinate 1/a, so this
field is closed under taking quadratic extensions (“is quadratically closed”).

Let F be the field generated by the coordinates of the points of S. If a real number a is constructible

from S, we will also say that a is constructible over F. A real number is said to be just constructible if it is
constructible over Q.
6.8.4. Let S be a set of points in the plane and F be the field generated by the coordinates of the points from
S. The coordinates of any new point obtained from the points of S by the operations (i)-(iii) are solutions
of either a linear or a quadratic equation with coefficients from the field, generated by the coordinates of S,
and so, either belong to F' or to a quadratic extension of F. Hence, we have:

Proposition. A real number is constructible over a real (that is, contained in R) field F iff it is contained
in a real polyquadratic extension of F.
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6.8.5. The restriction that the constructible numbers must be real is inconvenient, and we can get rid of
it. A complex number v = a + Bi, a,8 € R, is said to be constructible over a real field F iff both o and
B are constructible over F. (Thus, if we interprete the plane as the complex plane, a complex number is
constructible iff the correponding point is constructible.) Then we also have:

Proposition. A complex number is constructible over a real field F iff it is contained in a polyquadratic
extension of F'.

Proof. If a complex number v = a+ (i is constructible, that is, both a and £ are contained in towers of real
quadratic extensions, then the composite of these towers is also a real polyquadratic tower, which contains
both o and 8, and  is contained in the (quadratic) extension of this tower obtained by adjoining i.
Conversely, assume that v = a + (i is contained in a tower K = L,,/L,,—1/ ... /Lo = F (i) of quadratic
extensions of F'(i). For every j let L; be the complex conjugate of L;, let M; = L;L’;, and let N; = M; NR.
Then we have the tower N = N,,/N,,_1/ ... /Ng = F of real extensions, and «, 8 € N. I claim that for every
Jj, the extension N;/N;_ is a tower of at most two quadratic extensions. Indeed, let L; = L;_1(z) where
z =z +yi = /cfor some c = a+bi € Lj_1, then L = L’ ,(Z) and M; = M;_1(2,2) = M;_1(x,y). So
Nj = Nj_1(z,y). (There is a basis in M; over M;_; consisting of elements of the form z"y* for some r, s,
and a linear combination of such elements is in NN iff all the coefficients are real, that is, are from N;_;.)

But 22 —y2 =a and 22y = b, so x = \/(\/a2 +b02+a)/2 and y = b/2z, with a,b € N;_1. g

6.8.6. From 6.6.5 we obtain:

Theorem. A complex number o is constructible over a real field F' iff the splitting field of mq,r is a
2-extension.

6.8.7. As a corollary we see that the following problems are non-solvable with ruler and compass:

(i) Squaring a circle: Construct a square that has the same area as the unit circle; in other words, construct
a € R such that a? = 7.

Indeed, the number /7 is transcendental.

(ii) Doubling the cube: Construct a cube having the volume of two unit cubes; or, in coordinates: find an
a € R such that a3 = 2.

Indeed, /2 is not contained in any 2-extension.

(iil) Trisecting an angle: Given an angle 6, construct the angle /3. This problem is equivalent to the
problem of constructing the cubic root of a complex number of absolute value 1. It is solvable for some 6
(for # = 7 for instance), but non-solvable in general. (For example, the angle of 7/3 is not trisectable, as we
will see right below.)

6.8.8. Consider the problem of constructing (over Q) of a regular n-gon. This problem is equivalent to
constructing the complex number w = e>™/™_ that is, a primitive root of unity of degree n. We know that
the extension Q(w)/Q is Galois of degree ¢(n) (where ¢ is Euler’s totient function); we therefore have:

Proposition. A regular n-gon is constructible iff (n) is a power of 2.

6.8.9. Let n = 2"p{" - - - p;" where p; are distinct odd primes, 7 > 0 and r; > 1. Then ¢(n) = 2°(p1 — l)p?_l
- (pr—1)p;" " where s = 0if r =0 and s =7 — 1 if » > 1, and for ¢(n) to be a power of 2 it is necessary

that for each 7, 7; = 1 and p; — 1 is a power of 2.
Prime integers of the form 2" + 1, r € N, are called Fermat’s primes. We therefore have:

Proposition. ¢(n) is a power of 2, and so a regular n-gon is constructible, iff n = 2"py - - - p; where p; are
distinct Fermat’s primes.

Examples of Fermat’s primes are 3 = 2! +1, 5 =22+ 1, 17 = 2* + 1, 257 = 2% + 1, 216 + 1 = 65537.
(It is not directly related but is worth mentioning that if an integer of the form 2" + 1, r € N, is prime,
then r = 2° for some integer s > 0. Indeed, if r = km for an odd k, then 2" + 1 is divisible by 2™ + 1:
or + 1= (2m T 1) (z(k—l)m _ 2(k—2)m e om + 1))
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6.9. Linear independence of square roots of square free integers
6.9.1. Theorem. Let p1,...,p, be distinct prime integers, and let K = Q(, /D1y ey /pn). Then K/Q is a
free composite Q(y/p1) - - Q(\/p1), [K : Q] =27, and Gal(K/Q) = Z5.

Proof. We will prove this by induction on n: assume that the assertion holds for some n, let K =
Q(\/]Th ey \/}Tn), and let p be a prime integer distinct from py, ..., pn. If \/p € K, then KNQ(,/p) = Q, both
K/Q and Q(,/p)/Q are normal, so K (,/p)/Q is their free composite, and Gal(K (,/p)/Q) = Z8 x Zy = Z5 .
So, it suffices to show that \/p € K is impossible.

If /p € K, then Q(,/p)/Q is a subextension of K/Q of degree 2, and so, corresponds to a subgroup
of Gal(K/Q) of index 2. But Gal(K/Q) = Z% has 2" — 1 such subgroups, so K contains 2" — 1 quadratic
subextensions, and they are all known: these are the extensions of the form Q(1/m)/Q where m = p;, -+ pi,
for some 1 <k <nand1<i; <--- <ip <n. So, Q(/p) = Q(/m) for some m of this form. This implies
that \/p = c¢y/m for some c € Q, so p = ¢*m, which is clearly impossible. g

6.9.2. Theorem. The set {\/ﬁ :m is a square free positive integer} 18 linearly independent over Q.

Proof. Let @ be a finite set of square-free positive integers, and let py,...,p, be the set of all prime divisors
of the elements of Q. Then every element of Q has form ps = [[;cgp: for some S C {1,...,n}. But the

set B = {,/ps : S C {1,...,71}} is a basis of K = Q(,/pl,...,,/pn) as a Q-vector space, so it is linearly
independent. g

6.9.3. Let p1,...,p, be distinct prime integers, let K = Q(, /DLy ey /pn), and let @ = ¢1/P1+ -+ Cn/Dn
for some nonzero ci,...,c, € Q.

Claim. « is a primitive element of K/Q, K = Q(«).
Proof. o has 2" distinct conjugates in K, £c1/p1 & -+ & ¢uy/Dn, s0 [Q() : Q] = 2" = [K : Q], so

K=Q(a). m

6.10. The theory of symmetric rational functions

6.10.1. A polynomial, or a rational function, h(z1,...,z,) in variables z1,...,z, is said to be symmetric if
it is invariant under any permutation of x1,...,2n: MTe(1), .-, Tom)) = h(21,. .., T0).

6.10.2. The polynomials si(x1,...,Tn) = T1 4+ - + Tp, S2(T1,...,Tpn) = T1Z2 + T1X3* + Tp—1Tn, .-
Sn (X1, XTp) = x1 -+ - T, are called the elementary symmetric polynomials.

6.10.3. If a monic polynomial f(z) = 2" +a,_12" "' +...+ag, of degree n, has roots a1, . .., a,, then, up to
the sign, the coefficients of f are just the elementary symmetric polynomials of o;: an—1 = —s1(aq,..., ),
Ap—2 = So(Q1,...,ap), ..., a9 = (=1)"sp (a1, ..., ap).

6.10.4. The fundamental theorem on symmetric polynomials says that, over any ring R, the symmetric
polynomials are uniquely representable as polynomials in the elementary symmetric polynomials:

Theorem. For every symmetric polynomial h € R[z1,...,x,] there exists a unique g € R[y1,...,yn] such
that h(x1,...,on) = g(sl, .. ,sn).

It follows that the ring of elementary symmetric polynomials in n variables is isomorphic to the ring of
polynomials in n variables.
6.10.5. Using the Galois theory, we can obtain a slightly weaker result. Let F' be a field and n € N. Define
K = F(x1,...,z,), the field of rational functions over F' in variables x1,...,x,. The symmetric group S,
acts on K by permuting the variables x;; the field L = Fix(S,,) is the field of symmetric rational functions.
By Proposition 4.6.4, [K : L] = |S,| =nl.

On the other hand, K is the splitting field of the so-called generic polynomial

G)=(x—x1) - (x—xp) =2" —s12" L+ - 4 (=1)"s,,

whose coefficients lie in the field L' = F(s1,...,8,); by Theorem 2.2.6, [K : L'] < n!. Since L’ C L, we get
that L = L'.
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6.10.6. We have proved:

The fundamental theorem on symmetric functions. For any field F and n € N, every symmetric
rational function h € F(x1,...,x,) is representable in the form

h(zy,...,z,) = g(sl(xl,...,;ljn),...,sn(xl,...,xn))

for some g € F(y1,...,Yn)-

6.10.7. We have also obtained that for any field ' and n € N, the generic polynomial G(z) = 2" —sy2" ! +
-+ (=1)"s, € L|z], where L = F(s1,...,,) is the field of symmetric rational functions in n variables, has
Gal(G/L) £ S,.

6.10.8. As another corollary of 6.10.6 we have:

Theorem. Let F be a field, let f(x) = 2™ + a12" ' + ...+ a, € F[z], and let ay,. .., a, be the roots of f
(in the splitting field of f). Then for any symmetric polynomial h in n variables, h(ay,...,a,) € F.

7. Solving polynomial equations in radicals

7.1. Radical and polyradical extensions

7.1.1. Let F be a field, let a € F, and n € N. By /a we will denote any element « of an extension of F
such that a™ = a. An extension K/F is said to be radical (or simple radical) if K = F({/a) for some a € F
and n € N.

7.1.2. An extension K/F is said to be polyradical (or an extension by radicals, or a root extension) if it is
a tower of radical extensions.

7.1.3. Clearly, any tower and any composite of polyradical extensions is polyradical.

7.2. Cyclic and polycyclic extensions
7.2.1. An extension K/F is said to be cyclic if it is a Galois extension with a cyclic Galois group.
7.2.2. Theorem. If L/F is a subextension of a cyclic extension K/F, then both K/L and L/F are cyclic.

Proof. Subgroups and quotient groups of a cyclic group are cyclic. g

7.2.3. A (finite, separable) extension is said to be polycyclic if it is a tower of cyclic extensions.
7.2.4. Theorem. (i) A composite and a tower of polycyclic extensions is polycyclic.
(ii) If an extension is polycyclic then its Galois closure is polycyclic.

Proof. (i) If Ky and K5 are towers of Galois extensions with Galois groups Hy, ..., H,, then their composite
(assuming it is defined) is also a tower of Galois extensions with Galois groups being subgroups of H;. So,
if H; are all cyclic, then K K5 is a polycyclic extension.

If K/L and L/F are towers of cyclic extensions, then so is K/F.
(ii) If K/F is polycyclic, then the Galois closure of K/F is a composite of conjugates of K/F, which all are
isomorphic to K/F and so, are polycyclic. g

7.2.5. A group is said to be polycyclic if it possesses a finite subnormal series with cyclic factors. It is easy to
see that a finite group is solvable iff it is polycyclic. (If a group has a subnormal series with abelian factors,
then this series can be refined to a series with cyclic factors.)

7.2.6. We have:

Theorem. A Galois extension K/F' is polycyclic (=solvable) iff Gal(K/F) is a polycyclic group.

Proof. K/F is a tower of cyclic extensions Galois extension iff G = Gal(K/F) has a subnormal series with
cyclic factors. g

In contrast with p-extensions, it is not however true that a non-Galois extension is polycyclic if its Galois
closure is polycyclic. (Since it is not true that every subgroup of a finite polycyclic group is a member of a
subnormal series with cyclic factors.)
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7.3. Radical and cyclic extensions

We are now going to convince ourselves that (under certain conditions) radical and cyclic extensions
are the samel!
7.3.1. Theorem. Letn € N, let F be a field that contains all n-th roots of unity (that is, the polynomial
a™ — 1 splits completely in F ), and let a € F be such that {/a is separable over F. (This is so, for instance,
if F is a perfect field, or if n is not divisible by char F.) Then K = F(/a) is a cyclic extension of F of
degree dividing n.
Proof. Let o = {/a, a € F \ {0}, and w be a generator of the group of nth roots of 1. « is a root of
the separable polynomial 2™ — a, whose all roots are w*a, k € Z,; so, all conjugates of o have this form.
Since « is separable and w € F, K = F(a)/F is a Galois extension; let G = Gal(K/F). We have a
mapping 7: G — Z,, n(¢) = k such that p(a) = w¥y; since ¢ is defined by its action on «, 7 is injective.

For or,¢1 € G such that n(px) = k and n(¢;) = I, that is, pr(a) = wFa and ¢;(a) = wla, we have

orpi(a) = pp(wla) = w*tla (notice that G fixes w), so 1 is a group homomorphism. So, G is isomorphic to
a subgroup of Z,,. g

7.3.2. In order to show that, conversely, cyclic extensions are radical, we will need “Lagrange’s resolvent”,
Let n € N, let F be a field, let w € F' be an nth root of unity. Let K/F be a cyclic extension of degree n,
and let ¢ be a generator of Gal(K/F). For « € K, the Lagrange resolvent (o, w) is the element of K defined
by

(@,w) = a +wp(a) +wp?(a) + - +w" " Ha).

7.3.3. Lemma. In the notation of 7.3.2, for any a € K, ¢((a,w)) = w™ (a,w), and (a,w)"™ € F.
Proof. We have

p((a,w)) = () +wp? (@) +we®(a) +- - +w" " (a) = w™ (wp(a) +w?e? () +w’? (@) +-- '+w"<1P"(0é))
=w (a,w)

since w™ =1 and ¢"(«) = a. Thus, ¢((a,w)") = w " (a,w)" = (o, w)™. Since ¢ generates Gal(K/F), the
whole group fixes (o, w)™, so (,w)* € F. g
7.3.4. In the process of proving the Fundamental theorem of the Galois theory, we had the following fact:

Lemma. The set of automorphisms of any field is linearly independent: for any field K, any distinct
P15 on € Aut(K), and any B1,...,0n € K not all zero, Brp1 + -+ Bnpn # 0.

Proof. Assume that the assertion is wrong and let 511 + S22 + -+ + Bpwn = 0 be a minimal linear
dependence relation with all 8; # 0. For every a € K we then have

Prpi(a) + Bapa(@) + -+ + Brpn(a) = 0. (%)

Let v € K be such that ¢1(y) # ¢2(7). (Clearly, n > 2.) For every o € K we now have

0 = Brp1(va) + Bapa(ya) + -+ + Bupn(va) = Brp1(V)p1(a) + Bapa(V)pa (@) + - + Bron(V)en (),

that is,
Bip1(7)e1 + Bapa(V)p2 + -+ + Buwn(V)pn = 0. ()

Subtracting (x*) — ¢1(7)(*), we obtain that
Ba(p2(v) —er(M)p2 + -+ Bulen(7) = 01(7))pn = 0,

which contradicts the minimality of (x). g

7.3.5. We can now prove:

Theorem. Letn € N, let F' be a field that contains a primitive nth root of unity w, and let K/F be a cyclic
extension of degree n. Then K/F is a radical extension, K = F({/a) for some a € F.
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(The existence of a primitive nth root of unity implies that char F' )( n.)

Proof. Let ¢ be a generator of Gal(K/F). By Lemma 7.3.4, the automorphisms 1, ¢, ...,0" ! of K/F are
linearly independent, so 1+ wg + w?p? 4+ - - + w1~ £ 0, and there is a € K such that v = (o, w) # 0.
By Lemma 7.3.3, a = " € F. Since w is a primitive root, p*(y) = w™*y are distinct for k = 0,...,n — 1,
so v has n conjugates, degpy =n, and K = F(y) = F({/a). g

7.3.6. Applying Theorem 7.3.5 and Theorem 7.3.1 to towers, we obtain:

Theorem. (i) If K/F is a polycyclic extension of degree n with CharFJ/n and F' contains a primitive nth
root of unity, then K/F is polyradical.

(ii) If K/F is a tower of separable radical extensions, with radicals of degrees nq,...,ny, and for each i, F
contains all m;-th roots of unity, then K/F is polycyclic.

7.4. Solvability of polynomials in radicals

7.4.1. An element «, algebraic over F, is expressible by radicals (or can be solved for in terms of radicals)
over F if « is contained in a polyradical extension of F. A polynomial f € Flz] is said to be solvable in
radicals (or by radicals) if all roots of f are expressible by radicals. Notice that if f is irreducible and one of
its roots is expressible in radicals, then f is solvable in radicals.

7.4.2. The following great theorem is the main goal of the Galois theory:

Theorem. Let F' be a field and f € F|z].

(i) If f is separable and the group Gal(f/F) is solvable of order not divisible by char F', then f is solvable in
radicals.

(ii) If f is solvable in radicals, whose degrees, if F' is not perfect, are not divisible by char F', then Gal(f/F)
(makes sense and) is solvable.

Proof. (i) Let K be the splitting field of f, let w be a primitive root of degree n = | Gal(f/F)|. The
extension K (w)/F(w) is Galois, whose Galois group is a subgroup of Gal(K/F) = Gal(f/F) and is therefore
solvable. By Theorem 7.3.6, K (w)/F(w) is polyradical, and since F'(w)/F is a radical extension, K (w)/F is
also polyradical. Hence, f is solvable in radicals.

(ii) Now assume that all roots of f are contained in a field K such that K/F is a tower of radical extensions
where F' is perfect or the degrees nq,...,n; of radicals are not divisible by char F', so that K/F' is separable.
Let w be a generator of the group generated by the roots of unity of degrees ni,...,nk; then the extension
K(w)/F(w) is also polyradical, and so, polycyclic (in particular, Galois). Since F(w)/F is also polycyclic
(its Galois group is a subgroup of Z} for some n), K(w)/F is polycyclic. Let E/F be the Galois closure of
K(w)/F, then E/F is polycylic, and so, the group Gal(E/F) is solvable. Let L C E be the splitting field of
f; then Gal(L/F') is a quotient group of Gal(E/F), so it is solvable as well. g

7.4.3. Corollary. If char F' # 2,3, every polynomial f € Fx] of degree < 4 is solvable in radicals. The
general polynomial of degree > 5 is not solvable in radicals.

(This means that there is no general “symbolic” formula that allows to express the roots of a polynomial of
degree > 5 in radicals.)

Proof. For any polynomial f of degree n, Gal(f) is a subgroup of S,,. The groups S3, S3, Sy are solvable,
so all their subgroups are solvable, so all polynomials of degree < 4 are solvable in radicals.

For n > 5, S,, is not solvable. The general polynomial of degree n > 5 has Galois group 5,, and is not
therefore solvable in radicals. g

7.4.4. We see that there is no general “symbolic” formula in radicals for roots of quintic; it would however be
nice to have a concrete example of a “numerical” plynomial unsolvable in radicals. The following proposition
allows to construct such examples:

Proposition. Any irreducible polynomial of degree 5 over Q that has three real and two non-real roots has
Galois group isomorphic to Ss and so, is unsolvable in radicals.

(Actually, same idea allows to construct polynomials of degree p with Gal = S, for every prime p.)
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Proof. Let f € Q[z] be such a polynomial and let G = Gal(f/Q). Let @ € C be a root of f, let K C C be
the splitting field of f. Consider G as a subgroup of S5 via its action on the roots of f. f has two non-real
complex roots, so the complex conjugation is a transposition in Ss. Since Q(«) C K and [Q(«) : Q] = 5,
the degree [K : Q] is divisible by 5, so 5 | |G|. Hence, G contains an element of order 5, which may only be
a b-cycle. But (recall that) any transposition and a 5-cycle in S5 generate S5, 50 G = S5. g

Example. f(z) = 2% — 42 +2 € Q|z] is irreducible, has three real and two non-real roots, so Gal(f, Q) = Ss,
and f is unsolvable in radicals.

7.4.5. To express an element in radicals, we need first to adjoin to our basic field certain roots of unity.
Applying the Galois theory to cyclotomic extensions, we can express by radicals the roots of unity themselves,
like V/1 = 71%\/53, V=1, V1= _11"/5 + Y 1012\/5, V1= HT\/TS, V1= \@% V=2 (However, at least

n

theoretically, I don’t see why these expressions are better than “the radical” {/1.)

7.5. The alternating group and the discriminant

7.5.1. Let f € F[z] be a separable polynomial over a field F' and let aq,...,a, be the roots of f. The
Galois group Gal(f), through its action on the set {a1,...,a,}, is identified with a subgroup of S,,. The
product 0 = [, j(ai — a;) is fixed by even permutations from S, and switches sign under the action of
odd permutations.

7.5.2. D = 62 is a symmetric polynomial of o, ..., a,, so, is a polynomial in the coefficients of f, and is
contained in F. It is called the discriminant of f, and is denoted by Disc(f) or D(f). Notice that D(f) =0
iff f has a multiple root.

(i) For a quadratic polynomial f(z) = 2?+az+b = (z—a1)(z—a2), D(f) = (e—a1)? = (ag+a1)?—dayas =
a? — 4b.

(i) For a cubic polynomial f(z) = 2 + az? + bx + ¢, D(f) = a?b? + 18abc — 4b> — 4ac — 27¢2. Replacing f
by the cubic g(x) = f(x —a/3)? = 23 + px + ¢ doesn’t change the discriminant, D(f) = D(g) = —4p® —274¢>.
(iii) For a quartic polynomial f(z) = 2*+pa®+qr+r, D(f) = 16p*r—4p®q® —128p2r? +144pq®r —27¢* +25613.
7.5.3. Theorem. The Galois group Gal(f) of a separable polynomial f € F[x] of degree n is contained in
the alternating group A, iff 6 = /D(f) € F. If § € F, then F(0) is the quadratic extension of F fized by
Gal(f) N A,.

Proof. Gal(f) < A, iff all elements of Gal(f) fix J, that is, iff § € F. If this is not so, then Gal(f) N A, is
a subgroup of Gal(f) of index 2, so fixes a quadratic subextension L of the splitting field of f; but F(§)/F
is quadratic and fixed by Gal(f) N A,,so L =F(J). g

7.5.4. Let f € Flx] be a quadratic polynomial, f(z) = 2% + ax + b, over a field F of characteristic # 2.
By Theorem 7.5.3, if \/D(f) € F, then Gal(f) is trivial, and f splits in F, otherwise Gal(f) = Z2 and the
splitting field of f is F( D(f)). (And indeed, the roots of f are %(fa + \/D(f)).)

7.6. The Galois group and solution in radicals of cubics

Let F be a field of characteristic # 2,3. Let f = 2® +as2®+a12+a¢ € F[z] be a monic irreducible cubic
polynomial, let g, o, ag be the roots of f, let K = F(ay, as, a3) be the splitting field of f, let G = Gal(f),
and let D = D(f).

7.6.1. After replacing = + a2/3 by x, f takes the form f(z) = 2® + px + ¢; this operation changes neither
K, nor G, nor D.

7.6.2. G is isomorphic to a subgroup of S3 that acts transitively on the set {aq, a2, a3z} of the roots of f;
hence, either G = S5 or G = A3 = Zs. We have G < A3 iff VD € F, so G = Zs in this case, and otherwise
G = Ss.

7.6.3. Here are two examples of irreducible cubics over Q and their Galois groups:

23 —2has D = —108, so G = S;

22 — 32z + 1 has D =92, s0 G = Zs.

7.6.4. In the case FF C R, if all roots of f are real, then D = (a; — a2)?(a1 — a3)?(az — a3)? is positive; if
f has one real and two non-real roots, then D < 0. So, if D < 0 then G = S5 (and if D > 0 then G = S5 or
Z3).
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7.6.5. To find a formula for the roots of f in radicals, adjoin to F' a primitive 3rd root of unity w = _1%‘/?‘9’:

replace F' by F(v/—3) and K by K(v/—3); assume that f is still irreducible. We have the tower
p y F(v y K(v—=3);

K

I3
F(VD)

” lor2

F

Since K is a cyclic cubic extension of F'(v/D), it is radical, K = F(v) for some y such that 4*> € F(v/D). v can
be found as the Lagrange resolvent of one of generators of K, say, of the root a1 of f: v = a1 +was +w?as.
Let also v/ = a1 + w?ay + wag, then 4/ = 7(y) where 7 is the transposition (2,3) (or rather (as,as)).
We have 4° € F(v/D), that is, v> = a + bv/D for some a,b € F. Then (v)? = 7(7*) = a — bv/D, and
so, a=3(v*+(v)?) and b = ﬁ(v‘"’ —(7)3). 42 and (v')? are fixed by any even permutation from Ss3
and are switched by any odd permutation, and v/D changes sign under an odd permutation; so, a and b
are symmetric polynomials in aj, s, a3 and can be found: for f(x) = 2® + px + ¢ computations give that

a=-2gandb=3\-3,s0=-2q+3/-3D, (v)} =-q—- 2V=3D,

v={/-2q+3V/=3D and + ={/-%q—32V/-3D.

Since a; + as + ag = 0, we get

a1 =3(y+7), az=gwr+w®), az=gWy+wy)

ere, the cubic roots v = g/.~ and 7' = g/ are not independent: they must satisfy
H the cubi t d«y t ind dent: th t satisf

v = a% + a% + a% + (w+ w2)(a1a2 + ajaz + asas) = (o + s + a3)2 —3(ar1a + ayag + asaz) = —3p,

so that 4/ = —3p/v.) These formulas for the roots of a cubic are called Cardano’s formulas.

7.6.6. Casus irreducibilis. For f € Q[z], even if D > 0 and thus all three roots of f are real, none of them is
expressible by radicals in R only: the radical formulas for each root will necessarily involve non-real complex
numbers. Indeed, assume that a root « of f lies in a tower K, /K, 1/.../K1/Q(v/D)/Q of real radical
extensions and no root of f is contained in K,_1. As we know, any real subextension of a real radical
extension is also radical, so K,,—1(a)/K,—1 is radical, and we may assume that K,, = K,,_1(«). Since f has
no roots in K,_1, f is irreducible over K,_1, so [K,, : K,_1] = degg _ (a) = 3. Since Q(a, vVD)/Q(VD) is

27i/3

abelian, K, contains all roots of f and so, K, /K,,_1 is normal. But then K, Sw =¢e ¢ R, contradiction.

7.7. The Galois group and solution in radicals of quartics

Let F be a field of characteristic # 2,3. Let f = 2% + az2® + a22? + a1 + a9 € F|[z] be a monic
irreducible quartic polynomial with roots ay, ag, as, aq, let K = F(aq, ag, a3, ay) be the splitting field of f,
let G = Gal(f), and let D = D(f).

7.7.1. After replacing = + a3/4 by x, f takes the form f(z) = x* + px? + qx + r; this operation changes
neither K, nor G, nor D.

7.7.2. G is a subgroup of the group Sy acting on the set {a1, @z, as, s} of the roots of f, and the action of
G on this set is transitive. Here is the list of subgroups of S that act transitively:

(i) Sy itself, of order 24;

(ii) the alternating group Ay, of order 12;

(iii) three conjugate subgroups Hy = ((1,3,2,4),(1,2)), Hy = ((1,2,3,4),(1,3)), Hs = ((1,2,4,3),(1,4)) of
order 8, isomorphic to Dsg;

(iv) the normal subgroup V = {1,(1,2)(3,4),(1,3)(2,4),(1,4)(2,3)}, of order 4, isomorphic to the Klein
4-group Vi = Z3;

(v) and three conjugate cyclic subgroups C; = <(1,3,2,4)>, Cy = <(1,2,3,4)>7 C3 = <(1,2,4,3)>, of order 4,
isomorphic to Zg4.
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7.7.3. The group Sy is solvable and has the normal series 1 < V < Ay < Sy, with Ay/V = Z3 and
S4/Ay = Zs. Hence, G, as a subgroup of Sy, has the normal series 1 < (VN G) 4 (A4 NG) < G, and the
corresponding tower for K is K/L/F(v/D)/F where L = Fix(V N G):

i T
VNG L

[ I (7.1)
ANG F(VD)

I I

G F

7.7.4. To determine L, let 1 = (a1 + ag)(as + a4), 02 = (a1 + a3)(as + a4), 035 = (a1 + aq)(as + as).
(Another variant is 81 = ajas + azay, 03 = ajag + asay, 3 = ajay + asas.) G permutes the elements 6;,
thus the polynomial

R(z) = (x — 01)(x — 02)(z — 03)

is contained in F'[z]. The polynomial R is called the cubic resolvent of f.
Computations show that for f(z) = 2% + pa? + qx +r, R(z) = 23 — 2px® + (p? — 4r)x + ¢%.

Lemma. The discriminant D(R) of the cubic resolvent R of f equals the discriminant D(f) of f.

Proof. 91 — 92 = 13 + Q104 + Qo3 + Qo0 — 102 — A1y — (N3 — (30l = L1 Q3 + Aoy — (L1 (ig — (N3 (Xy
= (a1 — ay)(ag — ag), similarly 61 — 03 = —(a1 — a3)(as — o) and 03 — 03 = —(a1 — a2) (a3 — aq). Hence,

DR)= I 0:=0;)>= ][ (ai—a;)*=D(f).

1<i<j<3 1<i<j<4
|

Hence, if f is separable, then R is separable and 6; are all distinct. The stabilizer of 87 in G is the group
Hi NG, of 65 is Hy NG, and of 03 is H3 N G. Since H; N Hy N H3 =V, in the diagram (7.1) we have that
L= F(91,02, 93) = FIX(V n G)
7.7.5. Theorem. Let us interpret G as a subgroup of S4 and use notation from 7.7.2. Let R be the cubic
resolvent of f.
(i) If R is irreducible and /D € F, then G = S;.
(ii) If R is irreducible and /D € F, then G = Ay.
(iil) If R splits completely in F, then G =V (and is isomorphic to Vy).
(iv) If R splits over F into a linear and quadratic polynomials and f is irreducible over F(\/D), then G is
one of the groups H; (and is isomorphic to Ds).

(v) If R splits over F into a linear and quadratic polynomials and f is reducible over F(v/D), then G is one
of the groups C; (and is isomorphic to Zy4).

Proof. (i) In this case Gal(L/F) = G/(V NG) = Ss. Also, since VD ¢ F, G £ Ay. From the list in 7.7.2,
only S4 has these properties.

(ii) In this case Gal(L/F) = G/(V N G) = Z3, and since VD € F, G < A,. From the list in 7.7.2, only A4
has these properties.

(iii) In this case Gal(L/F) = G/(V NG) is trivial, so G < V,s0 G =V.

(iv,v) In these cases G fixes one of §;, so G < H;, so G = H; or C;. The group H; N A4 =V acts transitively
on the set {a1, as, a3, s}, whereas C; N Ay = Zy does not. Hence if f is irreducible over F(\/E) (and so
all o; are conjugate over this field), then G = H;; and if not, then G = C;. (Notice also that C; N Ay is a
product of two transpositions, thus in the case G = Cj, f splits over F(v/D) into a product of two quadratic
polynomials.) g

7.7.6. When f is “biquadratic”, f = z* + pa? +r, the cubic resolvent R(z) = (22 — 2px + p* — 4r)x is always
reducible, so G Z# Sy or Ay. (We knew this!)
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7.7.7. Here are examples of irreducible quartics, over QQ, representing all isomorphism types of Galois groups:
2* — 2 —1has D =—283, R=2a3%+ 42 + 1 is irreducible, G = Sy;

2+ 2+ 1has D =229, R= 23— 4z + 1 is irreducible, G = Sy;

x* + 82z + 12 has D = 5762, R = 2% — 162 + 16 is irreducible, G = Ay;

x* — 1022 + 1 (the minimal polynomial of v/2 +1/3) has D = —260744, R = x(z + 8)(x + 12), G = Vj;

x* 4+ 36z + 63 has D = 4320%, R = (z + 18)(z — 6)(z — 12), G = Vy;

2t —2has D = 21, R = (2% + 8)z, #* — 2 is irreducible over Q(v/=2), G = Dg;

2* +32z+3 has D =21-15%2, R = (z — 3)(2? + 3z — 3), G = Dg;

2t — 422 4+ 2has D = —19-2%, R = (22 + 8z + 8)x, G = Zy;

z*+5x+5has D=5-55%2 R=(z+5)(z? — 52 +5), G = Zy.

7.7.8. The roots 6; of the cubic resolvent R of f are expressible in radicals with the help of Cardano’s formulas.
Assume that f(x) = 2*+pr?+qr+r, then a; +as+az+ay =0, and §; = (a1 +ao)(az+ay) = — (a1 +a2)?,
S0 a1 + ag = /—01. Using this and similar equalities, we now get

(\/—791+ —0y +/—05), az=

s (VT V- ).
—%( \/—7914-\/—792—\/—793)7 oy =

(—V=01 = /=02 + /=05).

[T S

7.8. Computation of Galois groups

7.8.1. There exist ingeneous and effective algorithms for computing Galois groups; here is one of them
(which belongs to van der Waerden). Let K/F be a Galois extension, let G = Gal(K/F). Let {a1,...,an}
be a G-invariant set of (pairwise distinct) generators of K. (If K is a splitting field of f € F[z] it is
natural to take as these generators the roots of f.) Let’s identify G with a subgroup of S, acting on
this set. Let F = F(zy,...,2n) and K = K(21,...,2n) = F(ai,...,ayn), where z; are free variables;
consider the extension K/F. K/F is Galois with Gal(tK/tF) < Gal(K/F); since [K : F] = [K : F],
Gal(tK/tF) = Gal(K/F).

For each o € S, let r, = Qe)@1 + + Q)T € I?[x], in particular, ry = ayx1 + -+ - + apx,. The
group S, acts on the set {r,, o € S,} by permuting a;:

P(Ta) = Qpo(1)L1 +-+ Apo(n)Tn = Tpos P € Sn

(Or: S, acts on K by permuting z;, under which action p(r,) = Y i, Qo ()T p(i) = iy Cop=1(i)Ti = Tgp—1.)
The conjugates of 1 in K|[z] are the elements o(r1) = r, with o € G, so r1 has |G| distinct conjugates (and
so, K = F(ry)). Let g(z) = [l es, (x—75); since g is invariant under all permutations of a, ..., oy, we have
g€ F[ ]. Let g = g1 - gk be the factorization of g into a product of irreducible factors in ﬁ[z] (Finding
this factorization is the computational part of the algorithm.) W.l.o.g., let x — r1 be a factor of g1, so that ¢;
is the minimal polynomial of r;. Let H be the subset of S, such that g1 = [[,c (7 —15); then {r,, o € H}
is just the set of all the conjugates of r1, hence, H = G. We can also interprete H as follows: S,, acts on the
set {g1,.-., 9k}, and G = H is the stabilizer of g; under this action.

7.8.2. The Galois group of an integer polynomial can sometimes be found by reducing the polynomial modulo
distinct primes. Let f € Z[xz] be a monic separable polynomial; let D = D(f), then D is an integer. Let p
be a prime integer not dividing D; consider the polynomial f = f modp € F,[x].

Dedekind’s theorem. As groups of permutations of the roots of f and the corresponding roots of f,

Gal(f/F,) is a subgroup of Gal(f/Q).

(If it is hard to calculate D to check if p X D, this calculation can be avoided: we have D = 0mod p iff f is
inseparable.)
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Proof. Let oy, ..., a, be the roots of f. Put R = Z[ay,...,a,]. pisnot a unit in R. (Indeed, R is a finitely
generated Z-module, as Z is a ED any its submodule must also be finitely generated, but the ring Z[p~!] is
not finitely generated as a Z-module.) So, p is contained in a maximal ideal P of R. Let L = R/P, then
L is a field in which p = 0, so L is a finite extension of F,,. L is generated by &i,...,a&, (the images of
a1,...,qy) and is a splitting field of the polynomial f (the image of f in Fp[z]). Let G = Gal(f/Q) and let
H={p€G:¢(P)=P}. Then H acts on L, so we have a homomorphism n: H — Gal(L/F,) = Gal(f).
Since D(f) = D(f)modp # 0, f is separable, and the elements &; are distinct. Since every element of H is

defined by its action on «;, and so on &;, 1 is injective and we identify H with a subgroup of Gal(f). To

prove that H = Gal(f) it suffices to show that |H| > | Gal(f)|.

Let o« € R be such that its image & € L generates L, L = F,(&). Any two of the ideals ¢(P),
@ € G, either coincide or are comaximal, thus, by the Chinese remainder theorem, there is 5 € R such that
B =amod P and 8 =0mod p~*(P) for all p € G\ H. We then have ¢(8) = ¢(a) mod ¢(P) = p(a) mod P
for all ¢ € H and (8) = Omod P for all p € G\ H. Let g(z) = [[ cq(z — ¢(B)), then g € Q[z]; after
replacing 8 by df (and a by da) for a suitable d € N we may assume that g € Z[z]. The image of g in Fp[z]
is |G- 14l [loer(z — (@) and is divisible by mg, so |H| > degg (&) = [L : F)| = |Gal(f). m

7.8.3. As the group Gal(f/F,) is cyclic and transitive on each set of conjugate roots of f, we get:

Theorem. For each prime integer p not dividing D, if h - - - hy is the factorization of f mod p into irreducible
factors with n; = degh;, i = 1,...k, then Gal(f/Q) contains an element of the cycle type (ni,...,ng).

7.8.4. Examples. (i) Let f = 2% + 322 — 32z — 2 € Z[z]. Let G = Gal(f/Q). Since f = 2* —2 =
(22 +2+42)(2?+22+2) mod 3, G contains a permutation of the cycle type (2,2). Since f = z(z3+z+1) mod 2,
f contains a permutation of cycle type (1, 3), that is, a 3-cycle. It also follows that f is irreducible: f hasno
root since it doesn’t have a root modulo 3, and f is not a product of two quadrics since it is not such a
product modulo 2. Hence, G = Sy or Ay; since (as we can compute) D(f) < 0, we get that G = Sy.

(i) Let f = 2% +2* + 2 + 3 € Z[z], let G = Gal(f/Q). Then f = (z + 1)(2®> + z + 1)(2® + 2 + 1) mod 2,
f=(x+6)(a®+52* +423 + 922 + x + 6)mod 11, f = (2% + 8z + 1)(2% + 9z + 10)(2? + 9z + 12) mod 13. It
follows that f is irreducible: if f = fi f5, then taking f modulo 11 we see that f must have a linear factor,
but this disagrees with the decomposition of f modulo 13. By Theorem 7.8.3, G contains permutations p of
cycle type (1,2,3) and o of cycle type (1,5); o is a 5-cycle and p? is a transposition. So, G is a transitive
subgroup of Sg that contains a 5-cycle and a transposition; it is easy to see that such a subgroup must
coincide with Sg.

7.8.5. We can use Theorem 7.8.3 to construct, for every n € N, a polynomial f € Z[z] with Gal(f/Q) = S,,.
Let fa € Zslx] be an irreducible (monic) polynomial of degree n; let f3 € Zs[x] be a separable monic
polynomial of degree n which is the product of a linear polynomial and an irreducible polynomial of degree
n —1; and let f5 € Zs[z] be a separable monic polynomial of degree n that is the product of an irreducible
quadratic polynomial, an irreducible polynomial of an odd degree n — 2 or n — 3, and a linear polynomial in
the case n is even and > 2 (in the case n = 2, f5 is just a quadratic polynomial). Let f € Z[z] be a monic
polynomial of degree n such that f = fomod2, f = fsmod3, and f = f; mod5; it exists by the Chinese
remainder theorem. (Say, f = —15f2 +10f3 + 6f5, where f, € Z[z] are such that f, = f,modp, p =2,3,5.)
Let G = Gal(f/Q). Since fs is irreducible, f is irreducible. By Theorem 7.8.3 with p = 3, G contains an
(n — 1)-cycle, and with p = 5, G contains a product 7p of a transposition 7 and a m-cycle p with an odd
m; then (7p)™ = 7 is also in G. A simple lemma says that if a subgroup of S, is transitive and contains an
(n — 1)-cycle and a transposition then it coincides with S,; so, G = S,,.
7.8.6. The discriminant of a polynomial (which is so important for determining its Galois group) can some-
times be found with the help of a resultant. For two polynomials f,g € Flz], f(z) = a(z — a1) -+ (z — ap)
and g(z) = b(z — B1) -+ (x — Bm), the resultant of f and g is Res(f, g) = a™b" []; ;(a; — B;). Since Res(f, g)
is invariant under any permutation of c;-s and of j3;-s, we have Res(f,g) € F. Clearly, Res(f,g) = 0 iff f
and g have a common root.

Directly from the definition, Res(f,g) = a™ [[}_; g(ei) = (=1)"™b" [T}, f(B;)- In particular, if f is
linear, f(z) = a(x — «), then Res(f,g) = a™g(a).
7.8.7. We have:
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Lemma. If f is a monic polynomial of degree n, then D(f) = (=1)""~D/2Res(f, f').

Proof. Let f(z) = [[;_, (z — a;), then f'(x) = 370, 1, (x — a ), and for every i, f'(c;) = [[;;(vi — ).
So,

Res(f, ') =[] /() = [T [ [(cs — @) = [ (i = e5) = (=1)"" D2 [ [ (i = @j)* = (=1)"""V/2D(f).
i=1 i=1 j#i i#j i<j
|
7.8.8. From the identity Res(f,g) = (—1)"™b" H;nzl f(B;) it follows that if f1 is a polynomial of degree n4
such that f; = fmod g, then Res(f,g) = (—=1)(*~)mpn=m1 Res(f1, g).
7.8.9. Let’s use 7.8.8 to compute the discriminant D(f) for polynomials of the form f = z™ + ax + b. We
have f'(z) = na"" ' +a, so f(z) = Lz f'(z) + ZLax +b, so
D(f) = (—1)"=D/2Res(f, f') = (—1)""=1/2pn=1 (—1) (=D Res (%L az + b, f7)
_ 1 /(n— n—1 n _ 1 /(n— n—1 n n—1
= (L) 2yt (k) " (b (1) (2D 2 (22 0) " (n (k)" 4 a)
_ (_1)n(n—1)/2nnbn—1 4 (_1)(n+2)(n—1)/2(n _ 1>n—1an-

For n = 5 this is D(f) = 5°b* + 4%a®.

8. Introduction to transcendental extensions

The theory of transcendental extensions resembles the theory of modules over integral domains, with
linear dependence replaced by algebraic (polynomial) dependence. Let F' be a field.
8.0.1. A set A of elements of an extension K/F' is said to be algebraically dependent over F if for some
ai,...,ax € A there is a nonzero polynomial f € F[zq,...,z;] such that f(ai,...,a;) =0; A is said to be
algebraically independent otherwise.
8.0.2. If a set A is algebraically dependent, f(ai,...,a;) =0 with f € Flxy,...,zx]\ Flz1,...,25_1], then
oy, is algebraic over F(aq,...,ak—1). The converse is also true, and we see that A is algebraically dependent
iff there is o € A such that « is algebraic over F(A\ {a}).
8.0.3. Let K/F be an extension; a maximal algebraically independent over F subset B of K is called a
transcendence base of K/F. A set B C K is a transcendence base of K/F iff K/F(B) is an algebraic
extension.
8.0.4. Using Zorn’s lemma, we can easily prove:

Theorem. For any extension K/F, a transcendence base of K/F exists.

8.0.5. We can also prove that all transcendence bases of K/F have the same cardinality. (We need “a
polynomial” analogue of the replacement theorem to do this.) The cardinality of a transcendence base of
K/F is called the transcendence degree of K/F.

8.0.6. An extension K/F is said to be purely transcendental if it has a transcendence base B such that
K = F(B). In this case, K is isomorphic to the field of rational functions in variables z,, @ € B.

8.0.7. We obtain that every extension K/F is a tower, K/L/F, where L/F is purely transcendental and
K/L is algebraic.
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