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Homework 4 Math 5591H
Due by Tuesday, February 10

In all problems, all modules are assumed to be over a commutative unital ring R.

A1l. The following example show that the tensor product of torsion-free modules may have
a torsion: Let R = Z[x,y], let I be the ideal (z,y) in R, considered as an R-module, and let
w=zry—yrecll.

(a) Prove that w is a torsion element of I ® I.
(b) Prove that w # 0. (Hint: Prove that there is a homomorphism ¢:I ® I — Z such that
@((alx +asy + aszy + - +) @ (brz + boy + bsxy + - - )) = a1by and show that ¢(w) # 0.)

A2. If a short exact sequence 0 — N —— M %y K — 0 of modules splits from the left

(that is, there is a homomorhism 7: M — N such that 7o = Idy) prove that M = N & K’
where N’ = ¢(N) is isomorphic to N (under ¢) and K’ = ker 7 is isomorphic to K under

¢| K’
A3. Let A be a unital R-algebra and M be an A-module. By reducing scalars, consider M as

an R-module (with au = (al 4)u). Prove that the R-module homomorphism ¢: M — A®p M
defined by p(u) = 14 ®u is injective and that 14 @ M = ¢(M) is a direct summand in AQr M.

(Hint: Prove that the exact sequence 0 — M 2 A®@pr M — (A QR M) /(M) — 0 splits from
the left.)

A4, If p1: M7 — N and po: My — Ny are two homomorphisms of R-modules, then
the homomorphism @1 ® @o: M1 ® My — Nj ® No is defined by (@1 ® ¢2)(u; ® ug) =

p1(u1) ® po(uz). However, the same notation ¢ ® @2 applies to an element of the tensor
product Hom(M;, N1) ® Hom(Ms, Na).

(a) Prove that there is a unique homomorphism
HOIH(Ml, Nl) & HOIII(MQ, NQ) — HOII](Ml & Mg, N ® Ng)

that maps 1 ® @2 in the second sense to 1 ® o in the first sense.

(b) Find an example where the homomorphism in (a) is not an isomorphism.

A graded R-algebra is an R-algebra A represented as a direct sum A = @;’ZO A; of its R-
submodules such that A;A; C A;y; for all 4, j. An element u of A is said to be homogeneous if
u € A; for some i; every element u of A is uniquely representable as a (finite) sum v = ug + - -+ + uy,
of homogeneous elements, called the components of u. A (two-sided) ideal I in A is said to be graded
if I = @;2,I; where for every i, I; = I N A;. An ideal I is said to be homogeneous if it is generated
(as an ideal!) by homogeneous elements of A.

A5. Let A be a graded algebra.

(a) Prove that a (two-sided) ideal I in A is graded iff for every u € I, all homogeneous
components of u are also contained in I.

(b) Prove that an ideal I in A is graded iff it is homogeneous.
(c) If I is a graded ideal in A, prove that A/I has a structure of a graded algebra.

A6. Let M be an R-module, ui,us € M, ay,a2,b1,bo € R, v1 = aju; + asus and vy =
biuy + baus. Find ¢ € R such that in A2(M), v1 A ve = cuy A us.



