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Homework 5 Math 5591H
Due by Tuesday, February 17

In all problems, all modules are assumed to be over a commutative unital ring R.

10.5.22. Prove that the tensor product of two flat modules is flat.

If S is a commutative unital R-algebra, K is an R-modue and M is an S-module, the S-module
structure on M ®@pg K is defined by a(u ® v) = (au) @ v.

10.5.23. Let S be a commutative unital R-algebra.

(a) If K is an R-module and M is an S-module, prove that M @p K = M ®g (S ®r K) as
S-modules.

(b) If K is a flat R-module prove that S ®pg K is a flat S-module.

Al. Let R = Z[z,y] and let I be the ideal (x,y) in R. Prove that as an R-module, I is
torsion-free but not flat.

10.5.9(b). Prove that the tensor product of two projective modules is projective. (Hint: Use

the criterion of projectivity.)

A2. Prove that a module P is projective iff it “splits from the right any short exact sequence”,

that is, iff every epimorphism 7: M — P has a section (a homomorphism o: P — M such
that moo = Idp).

A3. If F'is a field, prove that every F-module is flat, projective, and injective.
AA4. Prove that an integral domain R is an injective R-module iff R is a field.

10.5.4. Given modules ()1 and @2, prove that Q = Q1 ® Q2 is injective iff both 1 and Q-
are injective.

10.5.12. Let M,, a € A, be a family of R-modules.

(a) Prove that for any module N, Hom(N, [T, cx Mo) =11
(b) Prove that for any module N, Hom (6D
In particular, (D, Ma)* = [laen M;.

aca Hom(N, M) as R-modules.

wer Mo, N) =[], cn Hom(M,, N) as R-modules.



