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Solutions to Homework 1 Math 5591H
Let R be a ring.

Al. If R is an integral domain and M is an R-module, prove that the quotient module M = M/ Tor(M) is

torsion-free, that s, Tor(M) =0.
Solution. Let w € M and a € R, a # 0, be such that au = 0 in M. Let W = u + Tor(M); then we have
au € Tor(M), that is there is b # 0 such that b(au) = 0. Since ba # 0, we obtain that u € Tor(M), that is,
T=0in M.
A2. Let M be a left R-module, A be an abelian group, H be the set of homomorphisms from the additive group
of M to A (that is, mappings f: M — A such that f(u+v) = f(u) + f(v) for all u,v € M ). Let’s define the
addition on H by (f + g)(u) = f(u) + g(u) and the “multiplication by scalars” by (af)(u) = f(au), f,g € H,
a € R, uw € M. Prove that these operations turn H into a RIGHT R-module.
Solution. The addition is well defined on H: for any f,¢g € H and any uw,v € M, (f + g)(u +v) = f(u+v) +
glu+v) = f(u) + f(v) + g(u) + g(v) = f(u) + g(u) + f(v) + g(v) = (f + g)(u) + (f + 9)(v), so f+gis a
homomorphism M — A, that is, an element of H. And under this addition H is clearly an abelian group: for
any f,g,h € H, (f+g)+h=f+(g+h)and f+ g =g+ [ since this is so on every element of M: for any
we M, (f +9) + h)(w) = (f + 6)(u) + h(u) = F(u) +g(w) + h(w) = F(u) + g+ h)() = (f + (g + h)(w) and
(f+9)(w) = flu) +g(u) = gu) + f(u) = (g + f)(u); the zero homomorphism, 0(u) = 0 for all u € M, is the
neutral element of H; and for f € H, —f is the homomorphism (—f)(u) = —f(u), u € M. (Actually, for any
two abelian groups B and A, Hom(B, A) is an abelian group under addition.)

The multiplication by scalars is also well defined: for f € H and a € R, af is an element of H: for any
u,v € M, (af)(u+v) = f(a(u+v)) = flau+ av) = f(au) + f(av) = (af)(u) + (af)(v). The distributive laws
also hold since they hold elementwise: for any a,b € R and f,g € H, for any u € M, a(f +g)(u) = (f+g)(au) =
F(au) + glau) = (af)(u) + (ag)(u) 50 a(f + g) = af +ag, and ((a -+ B)f)(u) = F((a+ byu) = Flau + bu) =
flau) + f(bu) = (af)(uw) + (bf)(u) so (a+b)f = af +bf.

And finally, for any a,b € R and f € H, for any u € M, ((ab) f)(u) = f(abu) = (af)(bu) = (b(af))(w), so
(ab)f = b(af). This is the right R-module structure! We should write fa instead of af, we would then have
f(ab) = (fa)b.

10.3.7. Let M be an R-module and N be its submodule. If both N and M/N are finitely generated, prove that

M is finitely generated. More exactly: if N is generated by n elements and M/N is generated by m elements,
prove that M is generated by n + m elements.

Solution. Let N = R{u1,...,u,} and M/N = R{U1,...,Um}. Foreach i = 1,...,m let v; € M be such that
7; = v; + N. I claim that uy,...,u,,v1,...,0, generate M. Indeed, let w € M and let w = w+ N € M/N.
There exist by, ..., by, € Rsuch that W = 101+ - -+ by T, in M/N, so w— (byv1+- - +bmvm) € N, so there are
ai,...,an € Rsuch that w—(byvi+- - +bynvm) = arur+- - -+apun, sow = bjvi+- - -+ by, tarus +- - - +apuy,.

A3. Let M be an R-module and let I, J be right ideals in R.

(a) Prove that Ann(7) (and Ann(J)) is a submodule of M.

Solution. Ann(I) is a group under addition: if Ju = 0 and v = 0, then I(u —v) C Iu — Iv = 0. Hence,
Ann(I) — Ann(J) C Ann(7).

And Ann(I) is invariant under multiplication by scalars: for any ¢ € R, if Ju = 0, then I(cu) = (Ic)u C
Tu =0 (since I is a right ideal and so ¢/ C I). Hence, cAnn(I) C Ann(J).

(b) Prove that Ann(I + J) = Ann(Z) N Ann(J).

Solution. If uw € Ann(I + J) then v € Ann(I) and v € Ann(J), so v € Ann(l) N Ann(J). Conversely, if
u € Ann(J) N Ann(J), then for any a € I, b € J we have (a + b)u = au+ bu =0, so u € Ann(I + J).

(¢) Prove that Ann(I NJ) 2 Ann(I) + Ann(J).

Solution. Since Ann(I), Ann(J) C Ann(INJ) and Ann(INJ) is a module, we have Ann(I)+Ann(J) C Ann(INJ).
(d) Give an example where the inclusion in (c) is strict, Ann(I N J) # Ann(I) + Ann(J).
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Solution. Take R = F[z,y] where F is a field, and M = R/(zy). Then M consists of polynomials of the form
ag + bz + - bpa™ + a1y + - + epy™, with “multiplication by scalars” satisfying xy = yz = 0. Put I = ()
and J = (y), then Ann(7) consists of polynomials of the form ¢1y + - - - + ¢,y™, Ann(J) consists of polynomials
of the form bz + - -+ 4+ b,2™, and Ann(I) 4+ Ann(J) consists of all polynomials in M with zero constant term.
However, INJ =1J = (zy), and Ann(INJ) =M

Another solution. Let R be the ring of continuous functions on the interval [0,2], R = C(][0,2]), let M = R,
I={f: f|[071] =0}, J={f: f‘[172] = 0}. Then Ann(I) = J, Ann(J) = I, and Ann(J ) Amn(J)=J+I1={f:
f(1) = 0}; on the other hand, INJ =0, so Ann(I NJ) =

(e) If R is commutative and unital and I, J are comazimal (that is, I + J = (1)), prove that Ann(I NJ) =
Ann(I) + Ann(J).

Solution. We need to show that Ann(I NJ) C Ann(I) + Ann(J). Let a € I and b € J be such that a +b = 1.
Let w € Aun(IN.J); write u = lu = au+ bu. Then au € Ann(J) since for any ¢ € J, ca € JI C INJ so cau = 0;
and similarly bu € Ann(I). Hence, u € Ann(I) + Ann(J).

10.2.9. Let R be a commutative unital ring and M be an R-module. Prove that Hompg(R, M) and M are
isomorphic as R-modules.

Solution. Define a correspondence between Hompg (R, M) and M by ¢ <> ¢(1). This is a one-to-one correspon-
dence because every homomorphism ¢: R — M is uniquely defined by its value ¢(1) at 1: for any a € R,
v(a) = ap(1l), and because for every uw € M, the mapping defined by ¢(a) = au is a homomorphism R — M
with (1) = u. Also, this correspondence is a module homomorphism, since o+ < ©(1)+1(1) and ap < ap(1),
a € R. Hence, it is an isomorphism of R-modules.

A4. (a) Let A be a ring and ¢: R — A be a ring homomorphism such that o(R) C Z(A) (where Z(A) is the
center of A). Prove that under the “multiplication by scalars” defined by ac = p(a)a fora € R, a € A, A is an
R algebra.

Solution. A is an an abelian group under addition. For any a,b € R and «, 5 € A we have p(a)(¢(b)a) = ¢(ab)a,
(p(a) + p((b)a = pla + b)a, and p(a)(a+ 5) = p(a)a + ¢(a)B; all together this proves that A with the scalar
multiplication as defined is an R-module. Finally, since for every a € Rwe have p(a) € Z(A), we see that
v(a)(af) = (pla)a)s = a(p(a)p) for all «, B € A. Hence, A is an R-algebra.

(b) Let A be a unital R-algebra, that is, with 1 € A. Find a homomorphism ¢: R — A such that aa = ¢(a)a
foralla € R, a € A, and show that p(R) C Z(A).

Solution. Define p(a) = al € A, a € R. Clearly, ¢ is a homomorphism R — A. For any a € R and o € A we
have p(a)a = ala = laal = laal = ap(a), so p(a) € Z(A), so p(R) C Z(A).



