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Solutions to Homework 11 Math 5591H

Cf. 14.2.28. Let f € F[z] be an irreducible polynomial of degree n over a field F', let o be a root of f, and
let K/F be a normal extension. Show that f splits over K into a product of irreducible polynomials of the
same degree d = [K(«) : K]. (You may assume that [ is separable and K/F is finite and separable.)
Solution. First, assume that f is separable. Let L be a splitting field of f over K, let E/F be the Galois
closure of K/F. Let f = f1 -+ fn, be the factorization of f to irreducible components over K. Let a be a root
of fi,let i € {2,...,m}, and § be aroot of f;. Since « and § are two roots of the same irreducible polynomial
f, there exists an automorphism ¢ € Gal(E/F') such that ¢(a) = §; since K is normal, o(K) = K, so ¢
maps fi to a polynomial irreducible over K and having 8 as a root, that is, ¢(f1) = f;. This implies that
deg f; = f1, that is, the polynomials f1,..., f, have the same degree d = n/m = [K(«) : K|.

If f is not separable, then f(z) = g(zP") for some separable g € F[z] (where p = Char F), g splits over
K into a product of irreducible polynomials of the same degree, and so does f.

Cf. 14.6.20. Let K be the splittig field of f(z) = (2 — 2)(z® — 3) € Q[z], let G = Gal(K/Q). Let a = /2,
ﬁ — \3/§} w = 62771'/3'

(a) Consider K as the composite Q(o,w)Q(B) and represent G as a semidirect product of Ss and Zs. (Don’t
specify the homomorphism that defines the semidirect product, if you don’t want to.)

Solution. The splitting field K of f is K = Q(«, 8, w) = Q(a, w)Q(S). We have the following (noncomplete!)
diagrams of subfields of K and of the corresponding subgroups of G:

K 1
A VA ¢
o, W
AP AWZ
Q G

(The degrees of the extensions are obtained from the fact that [Q(a) : Q] = [Q(8) : Q] = 3, Q(a)NQ(B) = Q,
and w, being non-real, has degree 2 over each of Q(«), Q(5), and Q(«, 8).) Q(e,w) is the splitting field of
23 —2, so the extension Q(«, w)/Q is normal, H is normal in G, and, as we know, G/H = Gal(Q(«,w)/Q) =
Ss. Since |H| = [K : Q(a,w)] = 3, H = Z3, and by the theorem about a “free composite of two extensions
one of which is normal”, G is (isomorphic to) a non-direct semidirect product Zs x Ss. Since there is only
one nontrivial automorphism, of order 2, of Zs, such a semidirect product is unique: if S3 = <0, T ‘ o3 =

2=1, o1 = 02> and Z3 = (¢ } 3 = 1), then it must be that cpo™! = p and 7771 = ¢?, s0
G = <g0,o,r P =0 =12=1, Tor = 0%, TpT = gpz>
(which can also be seen as (Zs X Zs) X Zs2).
Let us, however, describe the elements of G in terms of their action on «, 8,w. Since |G| = [K : Q] = 18,
— a—a —
any choice of the conjugates of these elements defines an element of G. Put o (gHga) , T (5'—>5 ) , (gHgﬁ> .
ww w—w? w—rw

2 —
Then |o| = |p| =3, |7| =2, 0 = ¢o. Also To7: (Z:E a) =02 and TpT: (gHgQB) = 2.
wH—w

wH—w

(b) Consider K as the composite Q(a, w)Q(B,w) and represent G as a “relative direct product” S3 Xz, Ss.
Solution. This time we use the following diagrams of subfields of K /subgroups of G:

K 1
¥ N VAN
Qlo,w)  Q(B,w) H, H,
N A\ /s
Q(w) P
2 2
Q G

The extensions Q(a,w)/Q(w) and Q(8,w)/Q(w) are normal with both Gal(Q(a,w)/Q) = S3 and
Gal(Q(B8,w)/Q) = S3. We have the homomorphism 7: G — Gal(Q(a,w)/Q) x Gal(Q(3,w)/Q) defined by
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n(p) = (cp|Q(a ») Plaes w)). Since every ¢ € G is defined by its action on Q(a,w) and Q(8,w), n is injective.
Since |G| = 18 and |S3 x S3| = 36, 1 cannot be surjective; and indeed, if (¥1,12) = n(p), then ¢1|Q(w) =
Plow) = w2|Q(W), so the images of ¢ and of 15 in the quotient group G/P = Gal(Q(w)/Q) £ Zo, where
P = Gal(K/Q(w)), coincide. So, n(G) is contained in the subgroup G’ = {(11,%2) : ¥; mod P = 1) mod P}
of Gal(Q(a,w)/Q) x Gal(Q(B,w)/Q), and since |G| = 18 = |G|, we have G = G'.

(¢c) Find all the subfields of K that contain N = Q(w).

Solution. The subfields of K containing N correspond to the subgroups of P = Gal(K/N). We have P = 73,
this is a 2-dimensional F3-vector space, and its subgroups are its subspaces. In addition to 0 (i.e.1) and itself,
P has (9 —1)/2 = 4 1-dimensional subspaces (each subspace is defined by a nonzero element of P with only
two nonzero elements in each subspace), and so, 4 nontrivial subfields. These clearly are Q(«,w), Q(5,w),
Q(af,w), and Q(a?B,w) (which is the same as Q(a3?,w)).

Al. Let a =2+ V3 + /5.

(a) Find all the conjugates of a over L = Q(v/2,+/3) and find the minimal polynomial m.,r,.

Solution. The conjugates of a over L are only V2 +/3+ \/5, SO

Ma,r = (2—(V2+V3+V5)) (z— (V2+V3-V5)) = (r—v2-V3)? =5 = 2® +2+3-2V22 - 2V32+2V6 -5
= 2% — 2v2z — 23z + 2V/6.

(b) Find all the conjugates of o over N = Q(v/2) and find the minimal polynomial m, v

Solution. The minimal polynomial m, n splits over L into a product of irreducible polynomials, which are
the conjugates over N of m,,; and are obtained by applying to m,,; the automorphisms V3 — +/3; these

are 2 — 2¢/22 — 2¢/3z 4+ 2v/6 and 22 — 22z + 2v/3z — 2/6. So,

Mo, N = (x2 — 222 — 23z + 2\/6) (x2 —2V2z — 23z + 2\/6) = (m2 — 2\/596)2 — 3(2:1c — 2\/5)2
=2t — 4V22® + 822 — 1227 — 24 + 24V 2z = 2t — 4V 223 — 42® + 24V/22 — 24,

(¢) Find the minimal polynomial ma,.q.

Solution. It is the product of the conjugates of mq, n:

Moo = (2% —4v/20% — 42% +24v/20 — 24) (2 +4v/220° — 40® — 24v/20 — 24) = (a* —42° —24)% —2(42® —242)
=28 + 162* 4+ 242 — 825 — 482% + 8- 2422 — 3245 — 2. 24222 + 16 - 242* = 28 — 4025 + 3522* — 96022 + 576.

(d) Prove that « is a primitive element of Q(\/i, V3, \/5) /Q.

Solution. Let K = Q(v/2,v/3,V/5). degga =8 =[K : Q], so K = Q(a).

A2. Let K be a cubic extension Q(f/ﬁ) of Q. Obtain the formula for the norm N q(c) of the element
a=a+bVD+cVD2 abceQ, of K.

Solution. There are different ways to find the norm of a: by computing the free term of its minimal
polynomial, by finding the product of all its conjugates, ... I'll use “the determinant formula”: Ny q(a) =

det T, where T is the operator of multiplication by . For av = a+b+v/D + ¢v/D? in the basis {1, VD,V D2}
acDb
the matrix of T is (b p cg), and Ng/g(a) = det T = a® + 3D + ¢3D? — 3abeD.

cb a

A3. Prove the following:
(a) If K/F is a p-extension and L/F is a subextension of K/F, then both K/L and L/F are p-extension.
Solution. Let K/F be a subextension of a Galois extension E/F with [E : F] = p™. Then L/F is also a

subextension of E/F, so is a p-extension. And K/L is a subextension of E/L, where E/L is also a Galois
p-extension.

(b) If L1/F and Lo/F are p-subextensions of an extension K/F, then their composite LiLo/F is a p-
extension.
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Solution. If Ly/F and Lo/F are towers of Galois extensions of degree p, then L;Ly/F is also a tower of
Galois extensions whose Galois groups are isomorphic to subgroups of Z,,, so are either trivial or isomorphic
to Z,.

(¢c) If K/L and L/F are p-extensions, then K/F is also a p-extension.

Solution. If K/L and L/F are towers of Galois extensions of degree p, then so is K/F.

14.7.12. Let K be a Galois closure of a finite extension Q(a)/Q and let G = Gal(K/Q). For every prime
p dividing |G|, prove that there exists a subfield L of K such that [K : L] =p and K = L(a).

Solution. Let G = Gal(K/Q). By Sylow’s and Galois’s theorems, there exists a subfield L’ of K such that
[K : L'l = p. K is generated by the conjugates of «; if L’ contained all these conjugates, then we would have
L’ = K, so there is a conjugate o’ of « such that o’ € L’. Since [K : L'] is prime, we have K = L'(a/). Let
¢ € G be such that ¢(a’) = a. Put L = ¢(L’). Then [K : L] = [K : L' = p, and L(o) = (L' (¢/)) = K.



