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Solutions to Homework 4 Math 5591H
In all problems, all modules are assumed to be over a commutative unital ring R.

A1l. The following example show that the tensor product of torsion-free modules may have a torsion: Let
R =1Z[z,y], let I be the ideal (x,y) in R, considered as an R-module, and let w=2Qy—yQrcI®I.

(a) Prove that w is a torsion element of I ® I.

Solution. 7w =22y — (zy) Rz =2 (zy) — (2y) @r =2 ® (yz) — (vy) 2 = (yr) @2 — (vY) @ T = 0.
(b) Prove that w # 0.

Solution. Consider the mapping 8: I x I — Z defined by B(p,q) = a1by for all polynomials p = a1z + a2y +
azxy + -+ and g = byx + bay + bsxy + - - - from I. Clearly, § is bi-additive: S(p1 + p2,q) = B(p1,9) + B(p2,q)
and B(p, ¢1 + g2) = B(p, q1) + B(p, q2) for any p,p1,p2,q,q1,q2 € I. Also, for any p = a1 + agy +azzy +--- € I,
biz + boy + bsxy + --- € I, and r = ¢g + c1x + co + -+ € R we have rp = cparx + cpazy---, so B(rp,q) =
coarba = coB(p, q) = rB(p, q), and similarly S(p,rq) = rS(p, q). Hence, 8 is R-bilinear, and induces an R-module
homomorphism ¢: I @g I — Z satisfying ¢(p,q) = a1bs for all polynomials p = a1z + asy + azxy + --- and
q = b1z + bay + bszy + - - - from I. Since p(w) = p(x @y) — p(y ® x) =1 —0# 0, it must be that w # 0.

A2. If a short ezact sequence 0 —s N —=5 M YK 0 of modules splits from the left (that is, there is a

homomorhism 7: M — N such that Top = Idy ) prove that M = N' @ K’ where N' = o(N) is isomorphic to
N (under @) and K’ =ker 7 is isomorphic to K under |, .

Solution.

0—NSM-SBK—0
Ifue K'NN' =kerrNp(N), with u = ¢(v), v € N, then 7(u) = 0 and 7(p(v)) = v, so v = 0, so u = 0. Hence,
K'NnN' =0.
Next, for every u € M, let v = 7(u) € N and u; = ¢(v) € N'. Then 7(u —u1) = v —7(p(v)) =v—v =0,
sous =u—uy € kerr =K', and u = uy +uy. Hence, M = N'+ K' = N' & K'.
Since N’ = ker 1), is also follows that 7,/1| 5 1 injective and surjective, that is, is an isomorphism between K’
and K.

Another solution. Consider the diagram

¥ P
0—>N<:> M —K—0

N

0—N—N®K—K—0

By the universal property of the direct sum (or rather direct product), the homomorphisms 7: M — N and
Y: M — K define a homomorphism M — N @ K that makes the diagram (excluding 7) commutative. By
the short five lemma, it’s an isomorphism, so M = ¢(N) & K’ for a copy K’ of K.

If, using this isomorphism, we identify M and N @ K, then ¢ is the natural embedding N — N @ K and
1 is the natural projection N @ K — K. 7 is a homomorphism for which ¢ is a section, so 7 is the natural
projection N @ K — N. Hence, K = kert = K’, and Y|, is an isomorphism K — K.

A3. Let A be a unital R-algebra and M be an A-module. By reducing scalars, consider M as an R-module (with
au = (ala)u). Prove that the R-module homomorphism p: M — A®gr M defined by o(u) = 14 Qu is injective
and that 14 @ M = o(M) is a direct summand in A®@r M.

Solution. To prove both assertions it suffices to find an R-module homomorphism 7: A ® g M — M such that
mow = Idps: if such 7 exists, then ¢ is injective, and 7 is a left splitting homomorphism of the short exact
sequence

0— M- Aor M — (A M) /(M) — 0.

But this is easy: simply put m(a ® u) = au, « € A, u € M. (Well, to prove that this 7 is well defined, we need
to start with a bilinear mapping A x M — M, etc.)
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A4. If p1: My — Ny and pao: My — No are two homomorphisms of R-modules, then the homomorphism
V1 ® @a: My @ Mo — N1 ® Nsy is defined by (o1 ® 2)(u1 ® uz) = p1(ur) @ wa(us). However, the same notation
©1 ® @a applies to an element of the tensor product Hom (M, N1) ® Hom(Ma, No).

(a) Prove that there is a unique homomorphism
HOHI(Mth) ® HOHI(MQ, Nz) — Hom(M1 ® My, N1 ® Ng)

that maps o1 ® @2 in the second sense to w1 ® @9 in the first sense.

Solution. Let’s denote 1 ® o “in the first sense” by ¢1 ®1 2" and ¢ ® po “in the second sense” by 1 ®s @s”.
The mapping Hom(Ml,Nl) X HOHl(MQ,NQ) — HOID(Ml X MQ,Nl (24 NQ), (()01,@2) = @1 @1 P2 is bilinear.
(Indeed, for ¢1,11 € Hom(Mj, N1), w2 € Hom(Ma, No), and any uy € M, us € M we have

((p1 +¢1) @1 92) (u1 ® uz) = (1 + 1) (u1) ® pa(uz) = @1 (u1) @ Pa(uz) + 1 (u1) © @2 (usg)
= (1 @1 p2)(u1 @ uz) + (Y1 @1 p2)(ur ® uz),

etc.) So, it induces a unique homomorphism Hom (M7, N1) ® Hom(Msy, No) — Hom(M; @ Ms, N1 ® N3) that
maps @1 Q2 Y2 — @1 Q1 P2.

(b) Find an example where the homomorphism in (a) is not an isomorphism.

Solution. Take R = Z, My = Ny = Z, My = Ny = Zy. Then Hom(My, N1) = Zy, Hom(My, N3) = 0, so
Hom (M, N1) ® Hom(Ms, N2) = 0, whereas My ® My = N7 ® Ny = Zg and so Hom(M; @ My, N1 ® No) = Zs.
Another solution. Take R = Z, My = Ny = My = Zo and Ny = Q/Z. Then Hom(M;, N1) = Zy, Hom(Msy, No) =
Zs (1 can be sent to either 0 or 1/2), so Hom(M;, N1) @ Hom(Ma, N3) = Zs. However, N1y ® No = 0; indeed, Q/Z
is “divisible”: for any a € Q/Z there is b such that a = 2b, so 1®a = 2®b = 0. So, Hom(M; ® Ma, Ny ® N2) = 0.

AS5. Let A be a graded algebra.

(a) Prove that a (two-sided) ideal I in A is graded iff for every u € I, all homogeneous components of u are also
contained in I. a

n
Solution. Let I be graded, let uw € I. Since I = @;’io I, u= Zzo u; with u; € I; C A; for every i. So, u; are
the homogeneous components of u, and are contained in I.

Conversely, assume that for every u € I all homogeneous components of u are contained in I. Then u
is the sum of these components, and so, is containedooin ScoIN Ai) = Z?;o I;. Hence, I C Yoo Li; the
opposite inclusion > .7 I; C I is evident. So, I = > I;; the sum is direct since for any 4, (IZ- N ZJ—# Ij) c
(AinY,.4;) =0.

(b) Prove that an ideal I in A is graded iff it is homogeneous.

Solution. If an ideal is graded, then it is generated by homogeneous elements even as a module. Assume
conversely that an ideal I is generated, as an ideal, by a set S of homogeneous elements. Then as agpodule
I is generated by elements of the form asf for o, 8 € A, s € 5., For any such «, 8 and s, let a = Ezo «;
and g = Z;’ZO B; where «; and (; are homogeneous; then asf = Zj_j‘:o a;sB3;, and for any ¢ and j, a;s0; is a
homogeneous element of I. Hence, every element of I is a sum of homogeneous elements of I, so I is graded by
(a).

(¢) If I is a graded ideal in A, prove that A/I has a structure of a graded algebra.

Solution. Let I be graded, I = ;2 I; with I; C A; for all i. Define an R-module homomorphism ¢: A —
D2, Ai/L by o(ug,ur,ug,-) = (uo mod Iy, uy mod I, up mod I, . . ) ¢ is surjective and ker(¢) = @iy I =1,
so induces an isomorphism A/T — @, A;/L;. And @;2, Ai/I; is a “graduation” of A/I: for any s € A;/I;
and t € A;/I;, p=p(u) and g = p(v) for u € A; and v € A;, so pg = p(u)p(v) = p(uv) where uv € A;4;, and
s0 pq € Aiyj/Lit;-

AG6. Let M be an R-module, uy,us € M, ay,as,b1,bs € R, v1 = ajui + asus and vo = byuy + bous. Find c € R
such that in A?>(M), vy A vy = cuj A us.

Solution.

v1 Avg = (a1uy + agug) A (byug + baug) = arbiug A uy + arbaug A eg + brasug A uyg + bibaus A eg
= a1boui A us — brasuy Aug = (albg — agbl)ul A Us.



