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Solutions to Homework 6 Math 5591H
In all problems, all modules are assumed to be over a commutative unital ring R.

Al. (a) For a subspace W of a finite dimensional vector space V', prove that W = Ann(Ann(W)). Deduce that
for two subspaces W1 and Wy of V' one has Ann(W7) = Ann(Ws) iff Wy = Wa.
Solution. We have W C Ann(Ann(W)) for any module W. In the case of finite dimensional vector spaces, we
also have that V** = V| so dim(Ann(Ann(W)) = dimV — dim(Ann W) = dim W, which implies that, in fact,
W = Ann(Ann(W)).

If Ann(W;) = Ann(Ws), then Wi = Ann(Ann(W;)) = Ann(Ann(Ws)) = Wh.
Another solution. This proof doesn’t use the assumption that dimV < co. Let w € V '\ W; put f|W =0 and
f(u) =1, and extend f to an element V*. Then f € Ann(W), u(f) = f(u) # 0, so u € Ann(Ann(f)).
(b) If Wy and Wy are two subspaces of a finite dimensional vector space V', prove that Ann(WyNWs) = Ann(W7) +
Ann(W3).
Solution. Since (a) holds for infinite dimensional spaces also, the assumption that dimV < oo is redundant.
For Uy = Ann(W;) and U = Ann(Ws) we have, by (a), that W7 = Ann(U;) and Wo = Ann(Uz). Since
WinWy = AHH(U1 + Ug), by (a) again, AHH(Wl n Wz) =U;+U; = Ann(Wl) + AHH(WQ).
Another solution. This proof also doesn’t use the assumption that dim V' < co. We have Ann(W;) + Ann(Ws) C
Ann(W; N Ws); we need to prove the opposite inclusion. Let W = Wy N Wa; find subspaces L1, Lo, W’ such that
Wi=WeaL,Wo=W® Ly, and V = (W1+W2)EBW’; thenV:WEBL1€9L2€BW’.

Now let f € Ann(W7 N Ws); define fi, fo € V* by filw =0, f1|L1 = f, fl|L2 =0, fily, = f and fa]y, =0,
fo|p, = 2|, =0, 2|, = 0. Then fi € Ann(W>), fo € Ann(Wh), and fi1+ fo = f, so f € Ann(W1)+Ann(W).

A2. If M and N are free modules of fintie rank, prove that the natural homomorphism M* @ N* — (M ® N)*,
f® g h defined by h(u®v) = f(u)g(v), is an isomorphism.

Solution. Let {uy,...,u,} be a basis in M and {f,..., fn} be the dual basis in M*; let {vy,..., v} be a basis
in N, and {g1,...,9m} be the dual basis in N*. Then {u; ® vj, i =1,...,n, j=1,...,m} is a basisin M @ N
and {f; ®g;, i=1,...,n, j=1,...,m} is a basis in M* ® N*. The image h; ; of f; ® g; in (M ® N)* acts on
the tensor ug ® v; in the following way: h; j(ur @ vi) = fi(ug)g;(v;)) =1if i =k, j =1 and = 0 otherwise. Hence,
{hij, i=1,...,n, j=1,...,m} is the dual basis in (M ® N)* of the basis {u; ®v;, i=1,...,n, j=1,...,m}in
M®N. A homomorphism that bijectively maps a basis onto a basis is an isomorphism, so M*@ N* — (M @ N )*.

A3. Let p: M — N be a homomorphism of two free modules of finite rank and let w be the tensor corresponding
to p in N ® M*. Prove that rank ¢ < rankw, and if R is a field, then rank ¢ = rank w.

Sorry, it is my mistake: We have to assume that R is an integral domain, otherwise the rank of a non-free module is not
well defined.
Solution. Let w € N®M™ be the tensor that corresponds to . Let tensor-rank of w be . Write w = 22:1 v;® f;, let
L be the submodule of N generated by vy, . ..,v;, then rank L. < [. For any u € M we have p(u) = Zle filu)v; € L,
s0 p(M) C L, so rank ¢ = rank(p(M)) <! =rankw.
Now let R be a field (so that M and N are vector spaces), let k = rank ¢, let K = ¢(M), and let {v1, ..., v} be

a basis of K. Since M* is a flat module, K ® M* is a submodule of NQ M™*, andw € KQ M*. So, w = Zlevﬂ@fi
for some f1,..., fr € M*, so rankw < k = rank .

A4. Let M be a free module of finite rank, and let P be the transition matrixz from a basis B to a basis C in M.
Prove that the transition matriz from the basis B* to the basis C* in M* is (PT)~t. (B* and C* are the dual bases
of B and C respectively.)

Solution. If ¢ is the “change of coordinates homomorphism” R™ — R" from basis B to basis C in M, then ¢* is
the dual “change of coordinates homomorphism” R™ — R"™ from C* to B* in M*. If P is the matrix of ¢, then
the matrix of ¢* is PT, and the transition matrix from B* to C* is (PT)~1.

11.3.4. If M is a free module of an infnite rank with (an infnite) basis B, prove that B* does not generate M*.

wen M* whereas M* = (@5 M)* =[l,ep M*.
Or: just notice that the linear form f € M* defined by f(u) = 1 for all u € B is not a finite linear combination
of the forms f,, u € B.

Solution. B* only generates €D
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A5. (a) If R is an integral domain, prove that every finitely generated R-module has finite rank.

Solution. If M is a finitely generated R-module, we have an epimorphism ¢: R™ — M, and then rank M < n.
(Indeed, n = rank R™ = rank M + rank(ker(¢p)).)

(b) Give an example of a non-finitely generated module of finite rank.

Solution. It’s Q as a Z-module: rankz Q = 1, but Q is not finitely generated. (Indeed, any 7’;:—11, cee 7’;—’; are contained
in the proper submodule %Z where m = my ---my, of Q, and so, cannot generate Q.)

A6. Let R be an ID, F be the field of fractions of R, M be an R-module, V be the F-vector space F @r M,
M* = Homg(M, R) and V* = Homp(V, F).

(a) For f € M*, define f € V* by f(a®u) = af(u); prove that f is well defined. Prove that the mapping f — f is a
monomorphism (injective homomorphism) M* — V*. Deduce that the F-space homomorphism F @p M* — V*
defined by 1 ® f — f is also injective, and in the case rank M < oo, that rank M* < rank M.

Solution. First, f is well defined since the mapping F x M — F, (a,u) — f(u), is bilinear. (Actually, f is just
the composition of the homomorphism Idrp ® f: F® M — F ® R and the isomorphism F® R — F, a®a — «aa.)
It is also clear that the mapping f f is a homomorphism: f; 4+ fo — f1 + f2 and af — af For any u € M
we have f(1 ®u) = f(u), so if f = 0 then f = 0; hence, the homomorphism f — f has trivial kernel and so, is
injective. Since F' is a flat R-module, the induced homomorphism F @ M* — F @ V* = V* is also injective. If
dimp V =rank M < oo we have dimp V* = dimp V, so rank M* = dimp F ® M* < dimp V = rank M.

(b) If M is finitely generated, prove that the image of M* in V* spans (generates) V*; moreover, for any h € V*
there exist f € M* and d € R such that dh = f Deduce that F @ M* = V* and that rank M* = rank M.

Solution. Let M be generated by elements u1,...,u,. Let h € V* and let d be a common denominator of the
elements h(1 ® u1),..., (1 ® uy,) of F, so that dh( ®u;) € R for all i. Then dh(l®u) € R for all w € M; put
f(u) = dh(1 ® u), then f € M*. Now f = dh, since for any a € F and u € M we have f(a ® u) = af(u) =
adh(l ®@u) = dh(a @ u).

It follows that the image of M™* spans V*, so the homomorphism F'® M* — V* is surjective. Being injective
by (a), it is an isomorphism. So, rank M* = dimp(F @ M*) = dimp V* = dimp V = rank M.
(¢) Give an example where for an (infinitely generated) R-module M of finite rank, the image of M* doesn’t span
V* (and so, rank M* < rank M ).

Solution. Take R = Z and M = Q, then V = Q and V* = Q, whereas M* = 0. We have rank M = 1 and
rank M* = 0.



