Some integrals from Spivak

You may be surprised how carelessly we compute integrals: /1 — sin® z is always assumed to be equal to
cos x, though this is only true when cosx > 0; we derive from = = sint that ¢ = arcsin z, though it is only
true for —F < x < 7; etc. This is a tradition; we try to get a formula for | f which would work for at
least some x-s, then there is a good chance that this formula will give f f for all z-s. This may however
lead to mistakes. For example, log z is primitive for 2 only if z > 0; but 1 - is continuous on (—oc0,0) and so,
must have another primitive on this interval. (This is log(—z).) See problem 10(ii) below for a more serious
“paradox”...

My solutions and answers may be erroneous, please let me know if you find a mistake. Also note that some
elementary functions can be written in different ways (for example, arcsinz = 7 — arccos z), and therefore,
even correct answers may look differently.

T 2x 3z 1 1
1. (iii) /%dm = /e*SIdx +/e*2zdaz + /e*$d:r = —567330 - 5672"” —e "4+ C

= arcsm — —|— C

(By df (x) I denote f’(x)dz, which is sometimes very convenient.)

=arcsin(z — 1) + C

2. (ii) /xe v —/ o d(— —76_952 +C
. edx e* du d(u+1) 1 -1
(v) /62$+26$+1 /62x+26x+1(u:em)/u2+2u+1 /(u—|—1)2 u—|—1+ eﬂc—i-lJr

d 1 1
(vi) T = —arcsinu+C = 3 arcsin(z?) + C

\/1—x4:§/\/1—x4 u::w"‘ 5/\/1—11272
-1 2 1
(viii) /:m/l—xzd:v——/\/l—x?dl—x —x2)3/2+C:—§(1—x2)3/2+C

2 3(1
(x) /de = /log(log;p)cil(;gx = /log(logx)dlog(loga:) =
ogx

xlogx

) 1 1 1 1 1
3. (ii) /xdeIQd:c = §/x26‘r2d(x2) (=) 2 /yeydy— i/ydey by arts) §(yey_/eydy) = §(y6y—ey)

2

1
=" (2*-1)+C

(log(log z)) ‘+o

| —

2
(iv) /mQSinxdx:—/xzdcosx(b = )—xzcosx—i—/cosxd(acQ):—x2cosm+2/xcosmda:
y parts
= —z?cosz + 2/xdsinx " = : —z?cosx + 2wsina — 2/sinxdz = —z%cosz + 2zsinx 4+ 2cosx + C
y parts
) log(log x) 1
(vi) ———2dz = [ log(logx)dlogz = logudu = wlogu— [ udlogu =ulogu— [ u—du
T (u=log x) (by parts) u
=ulogu —u+ C =logz(log(logz) — 1) + C
(x) /xlog2 rzdr = 1 /log2 rd(z?) = 1(362 log? z — /gz:Qsz(log2 z)) = 1302 log® x — /x2 log xldx
2 (by parts) 2 2 x
1 1 1
=5 2log?z — /logxd( 2 oy Tt 53:2 log® x — §(x2 log x — /:Cleog z)

1 1 1 1 1 1 1
=37 2 log? xfia:zlongri/xQde:5121og2x75x210gx+112+0
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4. (ii /7 = —_— = €os
(i) V1422 (z=tanu) / /1 + tan®u Colbu
= log(secu + tanu) + C' = log (V1 + tan? u + tanu) + C = log(v/1+ 22 4+ z) + C

d
/7‘T = /y7y2:arctany+0:arctan\/ﬁ+0
xVa? -1 =T (

dtanu L —du _/ du

COoSUu

L+y%)y
Or: z=4/14y?
do=—L
Vity?2 . .
- sin u du sin u du
2 2 —
/7 = e . z/udu=u+C:sec le+C
zvx? —1 z=secu V1 —sec?u — tanu
dp—sin Y du cosu i

(Is this the same? Check.)

/ T / —L—du g du / du log( +cotu) +C
— = = sin u = 1 =" Og eseu cotu
2v/1+ 22 (z=tanw) J tanuv/1 + tan®u cos? u St

/ 2
—log(\/1+cot2u+cotu)—&—C:—log(\/l—&—%-&-%)+C=—log <1+xx+1> +C

2 4
1 1
= §(u+s1nucosu) +C = i(arcsinx+x\/1 —z2)+C

/\/SGCZU— dbecu—/tanu

1 1
(viii) /\/17172(1:17 /\/175111 udsmuf/cos uduff/(qucosQu)du:7u+fsin2u+0

(z=sinu)

sinu sinudsinu
d 3 du = T ndd,,
2y cos3 u costu

2q
= )/%:... o0 difficult.
y=sinu -

/\/ﬁdgg

(z=secu)

Simpler:

/\/9:2 - ldx o /\/ cosh®t — 1dcosht = /81nh2tdt /(Cosh(Qt)fl)dt:
(zv/a? — 1 — cosh™ a:) +C = %(x\/:zﬂ 1 — log(x

du

(% sinh(2t) —t) +C

+Va2+ 1)) +C

A N

1 1
= §(cosht-smht7t) +C = 3

dx 2u du
5. (il =
(11) /1+€z ETem / ].+7.L
(dx;dg/u>

(iv) / dx B / 2udu 9 / du / du / du
z - 2 _ - 2 _ 1 1
Vi+e umTFE u(u? — 1) u? —1 u—1 u+1

:logu—log(l—l—u)—i—C:x—log(l—i—ex)—&—C

du— —eZdz \/1 +er —1
o =log(u—1)—log(u+1)+C =1lo —I—C— +C
dxj\%l;u g(u—1) —log(u + 1) g NirT=ie]

u®—1

dx 4(y?> — Dy d 4 4
= /(y)”:4/@2—”@:3y3—4y+0=3y<y2—3>+0
y=1/Va+1

4
r=(y*~1)? =4/ (v —2
dm:4(‘z/2—1)dy 3 \/§+ (\/E )+C
(viii) /eﬁdx

/ e“2udu = 2/ude“ = 2(ue" — /e“du) =2(ue* —e*) +C
u— (by parts)
( ) =2eVe(Vr - 1)+ C

d‘l/ 2u du



B 2¢+1 20 + 1 20+ 3 dy dy 2 3
6. dr = | ————=d = dy=2 [ =2 gz
(if) / 23322+ 3x 10 / (x —1)3 * / y3 Y / y? 3 y3 Yy 2y? e

<Z:y§§) =220 2(196__4;”)2 e

(iv) /Mdz Writing (£2_T_23—)|—(;c i_ ;2 = i 3 + xi 1 + @ _C 0 find that a = b =c¢ = 1. So,
/Mdm/xfg +/xd_$1 +/ (xd_xl)z :log(x+3)+log(x—l)fﬁ+0

zlog(x2+2x—3)—ﬁ+6'

(viii) /xfi - We have 2 + 1= (22 4+ V22 + 1)(2® = V3o +1) and 5 = ;15 (mzi%fﬂ - mzf}gfﬂ)

x+2 x—I—% V2 dx 1 [d(z?+V2x+1) d(v2z +1)
VS = [ 2 gt o +
22 4+2r +1 2242z + 1 2 J 22+V2x+1 2 2242z +1 (V2zx+1)2+1

1
=3 log(z? + V2z + 1) + arctan(v2z + 1) + C

V2 w— Y2 J \/5/ dz 1/d(x2\/§x+1) / d(v2z — 1)
B . S Y S S RN S e I o S _
22— V2 +1 22— V2z+1 2 22 —V2z+1 2 22— V2z+1 (V2zx —1)2+1

1
=3 log(z? — V2 + 1) — arctan(v2z — 1) + C

So,

/ de L log(z% +V2x +1) + L arcta (V2z+1) ! log(x? —v2x +1)+ L arcta (V2x —1)
—_ = x x rctan(v2z -— x“—V2x —— arctan(v2z —
PSRN, 2v/2 13" 2v2

1 x2+\/§x—|—1 1 \/ﬁx
= lo + arctan +C
VR I, P R N 1—a?
(I used the formula arctan u + arctan v = arctan 1u +u 2
—uv

t 1
8. (i) AT 4o = [ arctanz darctana = - arctan? z +C
1+ a2 2

1 x dx
iii logv/1+22dx = =zlo \/1—}—362—/37(110 V14 22dr=2xlo \/1+£L'2—/SC .
) [ (o parts) ° © Vita? Vita?

2d d
:xlog\/1+x2—/ rar :xlogx/l—i—ﬂ—/dm—i—/%:xlog\/1+x2—x+arctanx+0
T

1+ a2
. . .9 . 9 .9 . 9 1 —cos2t
(vi) arcsin /zdx = tdsin“t = tsin“t— [ sin“tdt =¢sin“t — | ———dt
( t=arcsin ﬁ) (by parts) 2
z=sin?t
t in 2t 1 sint cos t 1 v1-—
ZtSiHQt—,+Sln _|_C:t(sm2t—f)—i—m—&-czarCSln\/E(33_*)4—@4-0
2 4 2 2 2 2
d d d
(vii) / < m :/ a f :/ mwx — :f/xdtan(sz)
1+sinz 1 +cos(§ — ) 2cos?(§ — §) 4 2
T T T T T T siny
=  —ztan(— - = tan(= — =)d = —gtan(=—3) =2 d
(by parts) an( 2)+/ an(7 — 3)de ,\ —etan(y = 3) /cosy Y

:—xtan(£—£)+2/dcosy :—xtan(%—%)%—QlogcosynLC:—xtan(%—z)

e X
2log cos(Z — &
5 cosy + ogcos(4 2)+C’



2x2dx

(by parts) a? + 2

9. (i) /1og(a2 +2Hder = xlog(a® +2?) — /xdlog(a2 + %) = zlog(a® 4 %) — /

d
= zlog(a® + 2?) — 2 [ dx + 24> - rlog(a® + %) — 22 + 2a arctan o
a? + 22 a

1 d dsi
(ii) /wdz—/ 323 +/ _Sl;lx:fcotzfcsca:JrC’

sSm- T sSm- T simm- T

z+1

ﬁ/ﬁ

xdx -1 d(4—x
_rar NA-224+C=—Vi-224C
V4 — 22 2 Vi—a2 2

z+1
So, ———dr = arcsm —V4—-22+4+C
V4 — z?

1 1
(iv) / xarctanzdr = — / arctanz d(z?) = - (z%arctanz — / z®darctan )
2 (by parts) 2

1 2d 1 d 1
5(3:2 arctanx — / u) = 5(3@2 arctanx — /da: + / i) = §(x2 arctanx — r + arctanx) +C

(iii)

= arcsing + C by 1(vii)

1+ a2 1+ 22
/sm $d$——/SinQ.TdCOS.’L‘:—/(1—COS2SU)CZCOS.’L'=/COSZ.’IﬁdCOSQ?—/dCOSQT
1
:§cos3x—cosx—|—0
10. (i) / dx 1/ dx 1/ dy 1(1 y +1/ dy)
. (1 _ = — e = J— [ — = — = _
(@+a2) S (14 5)° (=p) @ L+ (poducpion) 0° 12 149 2 147
1 Y 1 z 1
ﬂ*s(mﬂfctany)“’:ﬁ'm a5 ctan £+ C

(i) / VI sz de

(y=sin w)

/«/17 darcsmyf/\/ \/7 \/7*2\/1+ y+C
=2vV1+sinz+C

It’s strange, isn’t it? /1 —sinz is a nonnegative continuous function, therefore its primitive must be in-

creasing. But 24/1 + sinz is periodic and so, cannot be increasing. Can you find a mistake and correct the
?

answer?

d
(iii) /arctan Vxdr = xarctan/z — /x darctan /T = r arctan/z — / vdyz

(by parts) 1+2x

(y_f)zarctan\/i/l_i_ 5 7xarctan\/57/dy+/l+ 5 = warctan/z — y + arctany + C
= (z + 1) arctan /x — /2 + C
(iv) /Sinﬁdm = 2/siny~ydx:f2/ydcosy: 72ycosy+2/cosydy
(i;ﬁ) = —2ycosy+2siny +C = —2vx + 1cosvVz + 1+ 2sinvVz + 1+ C
dx

dr=2ydy 2dt
dt 2 2
12. (i — = i:g/ = +C0=— .
() /1+Sll’l$ (t—tang)/1+1+t2 (1+t)2 1+t 1—|—tan%

(i) / da / 2, ) / dt 2 / dt
iii - = S & O L
asing +bcosT (1=tan ) alittQ +bh§§ b+2at—bt2 b ) 1—1242%¢

_2/ dt 2 / dt +/ dt )
N a? a - ’
bJ 1+ —-(t-5)?> b 2,/1+§j—§ VIS — (-9 \/1+7ﬁ+ — ay

1 ) Va2 +b2+bt—a 1 \/a2+b2+btanf—a

= 0 C = log +C
Vb2 + a? g\/a2+b2—bt—|—a VaZ + b2 \/a2+b2—btan7+a

4



2dt

da T 2 dt 2 dt 2 1 t+3-1%
) /3+5s' . /31+t10t :g/Wzg/t 5y2 _ 16 3 5 410gt 2340
T (t=tan §) T e T3ttt t+302-7% "3 +3+3

1. 3t+1 1. 3tan2 41

=lo C=-log——=—+C
1%3 50 T 1% 3tz 19
21. (a) /sin"a:dx = —/sin”flmdcosx = —sin" 'zcosz+ /cosxdsin”flx
(by parts)
= —sin" tzcosz+ (n—1) [ sin" ?zcos’rdr = —sin" ' xcosx + (n—1) / sin" "2 z(1 — sin? z) da

= —sin" 'acosx + (n—1) /sin”fzxdx —(n-— 1)/sin”xdx

Thus n/ sin” z dr = —sin" 'z cosx + (n — 1) / sin" "2z dx and so,

. 1. .- n—1 e
/sm”xdx:ffsm" Lycosz + sin” 2 xdx
n n

(b) /cos” xdr = /cos’“1 rdsinz = cos" ' rsinz — /sinacdcos”fla:
_ n—1 : n—2 2 _ n—1 : n—2 2
=cos" T zxsinz + (n—1) [ cos" “xsin®zdr =cos" xsinz+ (n—1) [ cos" *x(1 — cos”x)dx

=cos" ' xsinz + (n — 1)/cos”*2 xdx —(n—1) /cos” xdx

Thus n/ cos" xdr = cos" ' xsinx 4 (n — 1) / cos" 2z dx and so,

1 _ . n—1 _
/cos”xdx:fcos" Lysing + —— | cos" 2z dx
n n

(c) /(:ﬁc-lfnn :/(x2 ﬁ)nl _/(xfiiki)n - / (22 ﬁ)nl - %/ (:f?dfgn

dzx 1 2 —n+1
:/(xz—i—l)”’l +2(n_1)/md((x + 1)~ *th

B / dx n 1 T 1 / dx
(by parts) J (22 4+1)"=1 " 2n—2 (224 1)1 2 —2 ) (224 1)71

1 T +2n—3/ dx
S 2m—2 (224 1)1 2n—2 ) (224 1)l



