
Try to figure out the Basel problem.
Note that ∫ 1

0

xndx =
1

n+ 1

Then ∫ 1

0

xndx

∫ 1

0

yndy =

∫ 1

0

∫ 1

0

(xy)ndxdy =
1

(n+ 1)2

So,
∞∑

n=1

1

n2
=

∞∑
n=1

∫ 1

0

∫ 1

0

(xy)n−1dxdy =

∫ 1

0

∫ 1

0

1

1− xy
dxdy.

Given the change of variables

y =
u+ v√

2
, x =

u− v√
2

,

we compute the four partial derivatives:

xu =
1√
2
, xv = − 1√

2
,

yu =
1√
2
, yv =

1√
2
.

The Jacobian determinant is

J =
∂(x, y)

∂(u, v)
=

∣∣∣∣xu xv

yu yv

∣∣∣∣ =
∣∣∣∣∣

1√
2

− 1√
2

1√
2

1√
2

∣∣∣∣∣ .
Compute the determinant:

J =
1√
2
· 1√

2
−
(
− 1√

2
· 1√

2

)
=

1

2
+

1

2
= 1.

Therefore,

J = 1 .

then ∫ 1

0

∫ 1

0

1

1− xy
dxdy =

∫ 0

−
√
2/2

∫ √
2+v

−v

1

1− u2−v2

2

dudv +

∫ √
2/2

0

∫ √
2−v

v

1

1− u2−v2

2

dudv.

This equals

2

∫ √
2/2

0

∫ √
2−v

v

1

1 + v2

2 − u2

2

dudv = 2

∫ √
2/2

0

∫ u

0

1

1 + v2

2 − u2

2

dvdu+ 2

∫ √
2

√
2/2

∫ √
2−u

0

1

1 + v2

2 − u2

2

dvdu ≡ 2A+ 2B.

Then,

A =

∫ √
2/2

0

2√
2− u2

arctan

(
u√

2− u2

)
du =

∫ √
2/2

0

√
2√

1−
(

u√
2

)2 arctan

 u√
2√

1−
(

u√
2

)2
 du

Similarly,

B =

∫ √
2

√
2/2

√
2√

1−
(

u√
2

)2 arctan

 1− u√
2√

1−
(

u√
2

)2
 du.

Let
u =

√
2 sin θ, θ ∈ [0, π

6 ].
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Then

A =

∫ π/6

0

√
2√

1− (sin θ)2
arctan

(
sin θ√

1− (sin θ)2

)
√
2 cos θdθ =

∫ π/6

0

2θdθ =
π2

36

Also, we have

B =

∫ π/2

π/6

√
2√

1− (sin θ)2
arctan

(
1− sin θ√
1− (sin θ)2

)
√
2 cos θdθ =

∫ π/2

π/6

2 arctan

(
1− sin θ

cos θ

)
dθ

Where

1− sin(θ)

cos θ
=

(
1− 2 tan (θ/2)

1 +
(
tan (θ/2)

)2
)/(1−

(
tan (θ/2)

)2
1 +

(
tan (θ/2)

)2
)

=
1− 2 tan (θ/2) +

(
tan (θ/2)

)2
1−

(
tan (θ/2)

)2 =
1− tan (θ/2)

1 + tan (θ/2)

Moreover,
1− tan (θ/2)

1 + tan (θ/2)
=

tan (π/4)− tan (θ/2)

1 + tan (π/4) tan (θ/2)
= tan

(
π

4
− θ

2

)
Thus,

B =

∫ π/2

π/6

2

(
π

4
− θ

2

)
dθ =

∫ π/2

π/6

(π
2
− θ
)
dθ =

π2

6
− 1

2

(
π2

4
− π2

36

)
=

π2

18

Therefore,
∞∑

n=1

1

n2
=

∫ 1

0

∫ 1

0

1

1− xy
dxdy = 2A+ 2B = 2

(
π2

36
+

π2

18

)
=

π2
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