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0. Prerequisites

0.1. Disclaimer

Real analysis is an area of pure, or theoretical mathematics; this means that our main concern will be
proving facts. Pure mathematics deals with abstract, ideal objects that exist only in our minds, and the only
thing we can do with them is talk about them. Since mathematics is a science, we must be able to determine
what is true and what is not; the only way to figure it out is by using logic. However, our everyday logic is
imperfect, it is full of contradictions and paradoxes. Because of this, mathematicians have elaborated some

special contradiction-free logic.

Now, any math theory is constructed as follows: one introduces some objects, operations and relations
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between them, and describes their properties, called postulates or axioms. Then, applying math logic, one
deduces corollaries of the axioms, called theorems, lemmas, or propositions. This process is called proving;
no obvious fact is considered true until it is perfectly proven, which makes mathematics “the art of proving”.
One introduces new objects into this game by defining them in such a way that no misinterpretaion may
arise. Now, any statement related to the theory can be proved to be true or false (or neither!), but never
both.

This turns mathematics into a game, like chess, with precise rules. However, these rules are not easy to
learn, and following them directly would make mathematical texts a nightmare. Instead, they are learned
through examples and used rather intuitively: you have to feel what counts as a rigorous proof, and what
details can be skipped. So you are invited to play a game with strict rules, which rules are not explicitly
explained to you! (This is unfair; it is no wonder that you can get confused and lost. And my advice is:
play this game only if you like it, otherwise don’t take this course; unless you plan to become a professional
mathematician, the chance that you will actually need it some day is negligible.)

0.2. Elements of logic

Although we don’t study math logic in this course, we’ll use some logical notations. Logic operates with
statements, which may be true or false (or neither); the logical operations are:
i) A, & — “and”: the statement A A B is true if and only if both statements A and B are true.
ii) V= “or”: AV B is true if and only if at least one of A, B is true, including the case where both are true.
“or” is always inclusive in math.)
iii) = — “not”: —A is true if and only if A is false.
iv) = — implication. A = B reads as “A implies B”, “if A then B”, “B follows from A”, “A is sufficient
for B”, or “B is necessary for A”.
(v) & — equivalence, biconditional; it is equivalent to (A = B) A (B = A). A < B reads as “A if and only
if B”, “Aiff B”, “A and B are equivalent”, “A is necessary and sufficient for B”.

There are also two quantifiers:

(
(
(
(
(

(i) The universal quantifier V — “for all”, “all”, “any”, “each”, “every”: the expression (Vx € X)P(x), or
just (Vx)P(x), says that a statement P(z) that depends on z is true for all elements z of a set X.
(ii) The existential quantifier 3 — “for some”, “some”, “exists”, “there exists”: the expression (3 € X)P(x),
or just (3z)P(z), says that a statement P(z), which depends on z, is true for at least one element z of set
X.
The correct usage of quantifiers is extremely important, a small change of quantifiers or even their order
dramatically changes the meaning of the expression: “Vz3y...” is not the same as “Jyvz...”. It is however
customary in math texts to express quantifiers in words.

Also, the notation 3! is used sometimes, which reads as “there exists unique”. (Notice, by the way, that
(F'z € X)P(x) is equivalent to (Iz € X)(P(x) A (Vy € X)(P(y) = (y = x))).

The sign “=” — “equal to” — manifests the identity of two objects: “A = B” means that “A” and “B”
are just two distinct notations for the same object, so that the symbols A and B are interchangeable.

0.3. Set theoretical notations and operations

Most math theories are based on the set theory, but we don’t study it either in this course. We will
however need some set-theoretical notations. We cannot define “sets” mathematically here; under “a set”
we will understand “a collection of elements of any nature”. (Which is not a definition, of course. And,
actually, this approach, called the naive set theory, leads to contradictions!)

To express that a is an element of a set A we write a € A; we also say that a belongs to A or a is contained
in A. Every set is defined by its elements; we can express this by writing (Va(a € A <= a € B)) = (A = B).
(If for every object a, a is an element of A iff a is an element of B, then A and B are the same set. Or: iff
A and B have the same elements, then A = B.)

To express that a set A has, say, elements a,b, ¢ and no other elements, we write A = {a,b,c}. The
empty set is the set with no elements; it is denoted by 0. (So, 0§ = {}.)

We say that B is a subset of A and write B C A if every element of B is an element of A: Va((a €
B) = (a € A)), or (Va € B)(a € A).



Let P = P(a) be a statement that depends on elements a of a set A; then {a € A | P(a)} (or
{a€ A:P(a)} or {a € Ast. P(a)}) is the subset of A that consists of all elements a of A for which P(a)
is true. (For example, if Z is the set of integers, {n € Z | (3k € Z)(n = 2k)} is the set of even integers.)

Another way to construct new sets is as follows: if for each element a of a set A an object F(a) is
somehow defined, {F(a) | a € A} is the set of all objects of the form F(a) where a € A. (For example, the
set of even integers can be written as {2k ’ keZ}.)

Given two sets A and B, their union A U B is the set that consists of (all) elements of A and (all)
elements of B: AUB = {a‘aeA\/aeB},oraeAUB<=>a€A\/aEB.

Given two sets A and B, their intersection AN B is the set that consists of (all) elements that belong
to both A and B: AﬂB:{a’aEA/\aGB},0ra€AﬂB<:>a€A/\a€B.

Two sets A and B are said to be disjoint if AN B = (), that is, if A and B have no common elements.

The union and the intersection are actually defined for arbitrary collection of sets (sets of sets): if
A is a set whose elements are sets, then (JA = (J o4 A is the set {z | (3A € Az € A} = {z |
z € A for some A € A} (the set of all elements that belong to at least one set from A) and (A=, 4 4
is the set {z | (VA € A)z € A} = {z | € Aforall Ac A} (the set of all elements that belong to all
sets from A). If A is a finite collection of sets, A = {A1, A3, ..., A, }, we also write [J e 4 A = U, A =
ATUAU---UA, and Ny A= Ai=AiNAsN---NA,.

Given two sets A and B, their difference A\ B is the set whose elements are elements of A which are
not clements of B: A\ B={a€ A|a¢ B}.

Given two elements a and b, (a,b) denotes the ordered pair whose first element is a and the second
element is b, so that (a,b) = (¢,d) iff a = ¢ and b = d. (And so, (a,b) # (b,a) unless a = b.) Now, given
two sets A and B, the Cartesian product A x B is the set of all ordered pairs (a,b) with a € A and b € B:
Ax B = {(a,b) | a€ ANDb € B}. The Cartesian product Ay x --- x A, of n sets Aq,..., A, is defined
inductively, by Ay X -x A, xAp1 = (A1 X+ Ap) X Apy1, or as the set {(al7 ceey Q) | a1 € Ay,...,a, € An}
of ordered n-tuples. We also write A2 for A x A, and A™ for the product A x --- x A of n copies of A.

0.4. Mappings

Given two sets X and Y, a relation between X and Y is a subset R of the Cartesian product X x Y7
instead of (z,y) € R we write x Ry. (An example is the order relation “<” on R.)

A function, a mapping, or a map f: X — Y is a relation between X and Y (that is, a subset of X xY)
such that for every x € X there exists a unique y € Y such that (z,y) € f. Instead of (x,y) € f we write
y = f(x); y is said to be the image of x under f or the value of f at x. X is called the domain of f and is

denoted by Dom(f), Y is called codomain of f, the set f {f | T € X} is called the range of f and
is denoted by Rng(f). For a subbet A of X, the subset f(A {f ’ S A} of Y is called the image of A;
for a subset B of Y, the set f~! {x eX ‘ flx) e B} of X is called the inverse image, or the preimage

of B. For A C X, the function g A — Y defined by g(z) = f(x), € A, is called the restriction of f to A
and is denoted by f‘A; in this situation f is called an extension of g to X.

The graph of a function f: X — Y is the set of points (z, y) € X x Y such that y = f(x); that is, by
definition, the graph of f is f itslef, namely, the subset {(x, f(x | x € A} of X X Y. In the case X and YV
are subsets of the set R of real numbers (which we will introduce soon) the function f: X — Y (which is
the same as its graph) is a subset of the Cartesian plane R x R = R2.

For a set X, the mapping f: X — X defined by f(z) = « for all x € X is called the identity mapping
and is denoted by Idx.

A function f: X — Y is said to be constant if there is an element y € Y such that f(z) = y for all
x € X. We write f =y in this case, or just f = y. And if we don’t identify y, we write f = const.

For a set X, a mapping X x X — X is called a binary operation on X. (Addition and multiplication
are binary operations on R.)

A sequence (z,) = (x1,x2,...) in a set X is a mapping f:N — X, where x,, € X stands for f(n),
n € N.

Given two mappings f: X — Y and g: Y — Z, the composition gof of f and g is the function X — Z
defined by (gof)(z) = g(f(x)).

A mapping f: X — Y is said to be injective, or one-to-one, if distinct elements of X have distinct
images under f: for any =,z € X, if x # z then f(z) # f(2). f is said to be surjective, or onto, if every
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element y € Y is the image of an element 2 € X: for every y € Y there exists @ € X such that f(z) =y. f
is said to be bijective, or a one-to-one correspondence, if it is both injective and surjective.

Given a mapping f: X — Y, amapping g: Z — X, for Z C Y, is called the inverse of f and is denoted
by f~tif for any x € X and y € Z, f(z) = y iff g(y) = 2. (Which implies that Z = Dom(g) = Rng(f) and
X = Dom(f) = Rng(g).) Equivalently, g = f~! if gof = Idx and fog = Idy, that is, if g(f(x)) = x for all
z € X and f(g(y)) =y for all y € Z. If a mapping has an inverse it is said to be invertible; it is easy to see
that a mapping is invertible iff it is injective, and so, is a bijection between X and Rng(f).

0.5. Types of proofs

Below is a list of standard types of proofs; it is not a complete classification of all types, and a single
proof may combine elements of distinct types.
e Direct proof is guileless: using axioms and already proven facts you step-by-step approach and finally
prove your theorem, — the statement you claim to be true.
e Conditional proof applies to conditional statement “P = @”, “if P then Q7. In a theorem of this sort, P
is called the assumption and Q the conclusion or the assertion; the theorem is usually formulated this way:
“Assume that (or suppose that, or let) P, then @”. In a conditional proof, in addition to known facts, you
assme that P is true (which doesn’t have to be the case at alll), and deduce (prove) Q.
e Biconditional proof is a proof of a biconditional statement “P < ). You can prove it in two ways: either
you prove two conditional statements P = @ and Q = P, or you connect P and @ by a chain of equivalent
statements: you prove that P < P, Py & P, ..., P, & Q.
e Proof by contraposition of a conditional statement “P = 7 is a proof of the equivalent statement
“=@Q = —P”: you assume that @ is false, and prove that P is false.
e Proving a biconditional statement P < @ in two steps and using a proof by contraposition for one of
them, you prove P = @ and =P = —Q.
e Proof by contradiction of a statement P is made this way: you assume that P is false, based on this
assumption come to any false statement, any contradiction, and conclude that P must be true. This is a
very powerful type of proving, since you are not limited in the scope of contradictions you may get. But
often in such a proof you just deduce P from —P: indeed, if =P = P, then it cannot be that =P is true
since in this case P is also true, which is a clear contradiciton.
e A special case of the proof by contradiction is that for conditional statements P = @. In such a proof,
you assume that P = @ is false, that is, you assume P A =@, and deduce a contradiction. Often, the
contradiction is reached by proving - P or Q.
e If you are proving P A @), you may prove P and prove () separately. If you are proving R = P A @, you
may prove R = P and R = @ seperately.
e To prove P = @ V R, you may prove the equivalent statement P A =@ = R instead.
e To prove P A Q = R, you may prove the equivalent statement P A =R = —Q.
e The statement PV Q = R can be proved by considering cases: you assume that P is true and prove R,
then you assume that @ is true and prove R. You may introduce “cases” artificially: to prove a statement
R you may prove P = R and =P = R for some statement P of your choice.
o If you need to prove (Vz € X)P(x), that is, that P(z) is true for all z € X, you “fix” z (bound it, consider
it a symbol that represents an element of X, but without specifying which element) and prove P(z). Such
a proof is usually starts with the words “Let x be an arbitrary element of X”, or just “Let x € X”. (Of
course, any other symbol can be used instead of x.)
e The statement (Jz € X)P(x) can be proved by ezample: you just demonstrate an object x from X for
which P(z) is true. (This is not always possible, sometimes you have to prove the existence of such an
element in different ways.)
e A special case of the above is when you need to disprove a statement (Va € X)P(xz), that is, to prove
—((Vz € X)P(z)) (which is equivalent to (3z € X)=P(x)). To have this done, it suffices to find z € X for
which P(x) is false. This method is called proof by counterexample.
e And finally, a warning. For a conditional statement P = @, the statement () = P is called the converse
of P = (). The converse is not equivalent to the original statement! Don’t try to prove P = @ by proving
@ = P, — it may be that the latter is true while the former is false.

It is a good style to make your proof short and optimal, avoiding statements or assumptions that are
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not really used in it. Thus, a direct proof, if exists, is preferrable over a proof by contradiction: in a direct
conditional proof of P = @ you only assume P, whereas in a proof of P = @ by contradiction you assume
both P and —Q.



1. Real numbers

1.1. Axioms

The main object real analysis deals with is the set of real numbers. Here is their definition: We have a
nonempty set R, whose elements are called real numbers. (Sometimes, we will also call real numbers points.)
On R, we have two operations: addition “+” and multiplication “” (which symbol is often just dropped):
given two elements a and b of R, an element of R is defined that is denoted by a + b and called the sum of
a and b, and an element a - b, or just ab, of R is defined and called the product of a and b. Also, a subset
P or R, called the set of positive real numbers, is fixed. These two operations and the set P must have the
following properties, that is, satisfy the following axioms:

(P1) Va,b,c € R, (a+b)+c=a+ (b+ c) (the associativity law for addition).
(P2) Va,b € R, a+ b =0+ a (the commutativity law for addition).
(P3) 3z € R such that Va € R we have a + z = a (existence of additive identity).
This element z is called zero and is denoted by 0.
(P4) Va € R 3b € R such that a + b = 0 (existence of additive inverses).
For every a € R the corresponding element b is denoted by —a and called the additive inverse of a.
(P5) Va,b,c € R, (ab)c = a(be) (the associativity law for multiplication).
(P6) Va,b € R, ab = ba (the commutativity law for multiplication).
(P7) Je € R\ {0} such that Ya € R we have ae = a (existence of multiplicative identity).
This element e is called one and is denoted by 1.
(P8) Va € R\ {0} 3b € R such that ab =1 (existence of multiplicative inverses).
For every a € R the corresponding element b is denoted by a~! and called the multiplicative inverse
or the reciprocal of a.
(P9) Va,b,c € R, (a+ b)c = ac + be (the distributivity law).
(P10) Va € R exactly one of the following is true: a € P, a =0, or —a € P (the trichotomy law).
If a € P we say that a is positive, if —a € P we say that a is negative.
(P11) Va,b € P, a+b € P (closedness of P under addition).
(P12) Va,b € P, ab € P (closedness of P under multiplication).

The last axiom (P13) is harder to state; it will be easier to do this after we give some definitions. We
write “b—a” for “b+ (—a)”, we write “a < b” for “b—a € P”, and we write “a <b” for “(a <b)V (a =b).
As we will see, using “<” we can reformulate (P10)-(P12) as follows:

(P10') Va,b € R exactly one of the following is true: a < b, a = b, or b < a.
(P10”) Ya,b,c € R, if a < b and b < ¢ then a < c.

(P11) Va,b,c e R,if a < bthen a+c < b+c.

(P12’) Va,b € R and ¢ € P, if a < b then ac < be.

(P10’) and (P10”) say that “<” is an order relation on R; (P11’) and (P12’) say that this order relation
is compatible with addition and multiplication.

For a set A C R and b € R we say that b is an upper bound of A if a < b for all a € A. We say that a
set A C R is bounded above if there is an upper bound of A. We say that c is the least (or minimal) element
of aset BCRifce Bandc<bforall b€ B. The least upper bound of a set A (if exists) is called the
supremum of A and is denoted by sup A. Now, the last axiom, called the axiom of completeness, can be
stated as follows:

(P13) Every nonempty bounded above subset A of R has supremum. (In more details: for every nonempty
A C R, if A is bounded above, then there is ¢ such that ¢ is an upper bound of A and for every upper bound
b of A we have that ¢ <b.)

Axioms (P1)-(P9) say that R is a field; axioms (P10)-(P12) (or rather (P10')-(P12’)) add that this field
is ordered; and axiom (P13) claims that this ordered field is complete. So, the set R of real numbers is
defined as a complete ordered field. This is all we are assumed to know about real numbers; all other facts
about them must be derived from these thirteen axioms.
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A natural question is if this system of axioms is consistent, that is, not self-contradictory. It is consistent,
and a possible way to prove this is to construct real numbers, that is, to construct a complete ordered field
satisfying (P1)-(P13). Such a construction is briefly described in subsection 1.13 below.

1.2. Elementary properties of addition and multiplication

From (P1)-(P12) we will now derive more properties of real numbers, which we will prove and call
theorems. The first our theorem is the cancellation property of addition:

Theorem 1.2.1. For any a,b,c € R, ifa+c=b+ ¢, then a =b.

Proof. The inverse —c exists by (P4); let’s add it to a + ¢, which is the same as b + ¢; we will then
have (a +¢) + (—¢) = (b+¢) + (—¢). But by (P1), (a+¢)+ (—¢) = a+(¢c+ (—¢)) =a+0 = a and
b+c)+(—c)=b+(c+(-¢)=b+0=bsoa=0b. g

It follows (from commutativity of addition, (P2)) that the left-cancellation property also holds: if
c+a=c+b, then a =b.

From now on I’ll stop referring to the axioms I use.

Next, we prove that 0 is unique: there is only one element b € R such that a +b = a for all a € R, so
“0” is uniquely defined. Moreover:

Theorem 1.2.2. Ifb € R is such that a + b = a for some a € R, then b = 0.
Proof. This easily follows from the cancellation property: since a +b=a=a+0, we have b=0. g
The next theorem says that the additive inverse —a of every element a € R is also unique:
Theorem 1.2.3. For any a,b,c e R, ifa+b=0 and a+c=0 then b=c.
Proof. a +b = a+ ¢ so b= ¢ (by the left cancellation property). g
Next,
Theorem 1.2.4. —0=0.
Proof. 0+0=0,500=—-0. g
Theorem 1.2.5. For any a € R, —(—a) = a.
Proof. We have (—a)+a =a+ (—a) =0, so a is the additive inverse —(—a) of —a. g
Theorem 1.2.6. For any a,b € R, —(a+b) = (—a) + (=b).
Proof. Indeed,

(a+b)+((—a)+ (=b) =((b+a)+ (—a)+(=b) = (b+(a+ (—a)+(=b) = (b+0)+ (=b) =b+(-b) =0,

so (—a)+(-b)=—(a+b). m
For a,b € R we define a — b as a + (—b).
Theorem 1.2.7. For anya,be R, a="biffa—b=0.
Proof. Ifa=bthena—-b=a—a=a+(—a)=0.Ifa—b=0,thena=—(-b)=b. g
Theorem 1.2.8. For any a,b,c € R, (a+¢)— (b+¢)=a—Db.
Proof.
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All these were properties of addition, in which proofs I only used axioms (P1)-(P4). (They say that R
is a commutative (or abelian) group under addition.) But multiplication also satisfies similar axioms, (P5)-
(P8)! (That is, R\ {0} with multiplication is also a commutative group.) So it also has similar properties,
and there is no need to prove them! Ok, I'll reprove them — using copypaste and then replacing addition by
multiplication, 0 by 1, and —a by a~'; we must only be careful with 0 and exclude it when needed:

Theorem 1.2.10. For any a,b € R and ¢ € R\ {0}, if ac = be, then a = b.

Proof. The inverse ¢! exists by (P4), and we have (ac)c™! = (bc)e™!. But (ac)c™! = a(cc™!) =al = a
and (be)c ! =b(cct) =al=b,soa=b. g

It follows (from commutativity of multiplication) that the left-cancellation property also holds: if ca = ¢b
and ¢ # 0, then a = b.
Next, we prove that 1 is unique:

Theorem 1.2.11. Ifb € R is such that ab = a for some a € R\ {0}, then b= 1.
Proof. This easily follows from the cancellation property: since ab =a =al and a # 0, we have b=1. g
The multiplicative inverse a~! of every element a € R\ {0} is also well defined:
Theorem 1.2.12. For any a € R\ {0} and b,c € R, if ab=1 and ac =1 then b = c.
Proof. Since ab = ac and a # 0, we have b=c. g
Next,
Theorem 1.2.13. 17! =1.
Proof.1-1,s0 1 =1"1. n
Theorem 1.2.14. For anya € R, (a™')"! = a.
Proof. We have a™'a =aa ™' =1,s0a=(a"!)"'. g
Theorem 1.2.15. For any a,b € R\ 0, (ab)~! =a~1b71.
Proof. Indeed,

(ab)(a™ b7 1) = (ba)(a™ b7 Y) = ((ba)a b~ = (blaa ' ))b™t = (b1)b~ ' =bb~ ! =1,

soa b7t =(ab)”l. g
For a € R and b € R\ {0} we define a/b, a: b, and ¢ as ab™'.
Theorem 1.2.16. For any a,b € R\ {0}, a =0 iff a/b=1.
Proof. If a =b then a/b=a/a=aa ' =1. Ifa/b=1,thena= (b"')"' =b. g
We will now mix addition and multiplication:
Theorem 1.2.17. For any a € R, a0 = 0.
Proof. a0 = a(0+0) = a0+ a0, s0 a0 =0. g
A sort of converse of this theorem is also true:
Theorem 1.2.18. For any a,b € R, if ab=0 then a =0 or b= 0.
Proof. We can reformulate this statement this way: If ab =0 and a # 0 then b = 0. In this form, it follows

from the cancellation property of multiplication: since ab = a0 and a # 0, we have b=0. g
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Next,
Theorem 1.2.19. For any a,b € R, (—a)b = —(ab), (—a)(—=b) = ab, and —a = (—1)a.

Proof. ab + (—a)b = (a+ (—a))b=0b =0, so (—a)b = —(abd).
(—a)(=b) = —(a(=b)) = —(—(ab)) = ab.
(-l)a=—(la)=—a. g

1.3. Order

Now, let’s discuss the order “<” on R. Recall that we define “a < b” as “b —a € P”, and “a < b” as
“(la="0)V (a <b)’. We also define “a > b" as “b < a”, and “a > " as “b < a”.

Theorem 1.3.1. For any a € R, a is positive iff a > 0 and negative iff a < 0.

Proof. “a is positive” means that a € P; “a > 0”7 means that a — 0 € P. Since a — 0 = a, these two
statements are equivalent.
Finally,a <0iff —a=0—-ac P. g

Hence, we have the trichotomy: for any a € R exactly one of the following is true: a > 0, a = 0, or
a < 0. This can be strengthened:

Theorem 1.3.2. (P10") For any a,b € R exactly one of the following is true: a <b, a =10, or a > b.

Proof. We have a < bif b—a € P,a=bif b—a=0,and a > biff a—b € P. Also, since a — b =
—(—a)+(=b) = —((—a) +b) = —(b—a), we have that a > b iff —(b—a) € P. Since exactly one of b—a € P,
b—a=0, and —(b—a) € P holds, we obtain that exactly one of a < b, a =0, or a > b holds. g

Also,
Theorem 1.3.3. (P10”) For any a,b,c €R, if a < b and b < ¢, then a < c.
Proof. Ifb—a€ Pandc—b€ P, thenc—a=(c—b)+(b—a)€eP. g

Theorems 1.3.2 and 1.3.3, (P10’) and (P10”), say that “<” is an order relation on R: the elements
of R, real numbers, are ordered. The next two theorems say that this order “agrees” with addition and
multiplication:

Theorem 1.3.4. (P11') For any a,b,c € R, if a < b, then a+c < b+ c.

Proof. Since (b+c¢) — (a+c¢) =b—a, we have (b+c¢)—(a+c) e Piffb—a€ P,soa+c<b+ciffa<b. g
Theorem 1.3.5. (P12") For any a,b,c € R, if a < b and ¢ > 0, then ac < be.

Proof. Since bc — ac = (b—a)c, if a < b and ¢ > 0, that is, if b—a,c € P, then bc —ac € P, so ac < bc. g

We deduced theorems (P10')-(P12’) from axioms (P10)-(P12) (along with (P1)-(P9), of course). Another
approach is to introduce a relation “<” on R that satisfies (P10')-(P12'), define P = {a € R | a > 0}, and
prove (P10)-(P12) as theorems.

An element c of a subset A of R is called the greatest or the mazximal element of A, and is denoted by
max A, if a < ¢ for all a € A. (Not every subset of R has a maximal element.) If ¢ € A is such that ¢ < a
for all a € A, ¢ is called the least or the minimal element of A, and is denoted by min A. (Not every subset
of R has a minimal element.)

A Dedekind cut in R (or, actually, in any ordered set) is a pair (A, B) of nonempty subsets of R such
that ANB =0, AUB=R,and a < b for all a € A and b € B. An order is said to be complete if for every
Dedekind cut (A4, B), A has a maximal element or B has a minimal element; (P13) is equivalent to
(P13’) the order “<” on R is complete. (To deduce (P13’) from (P13), given a Dedekind cut (4, B), let
c=supA;thence€ Aorce B. If c € A, then ¢ is the maximal element of A since it is an upper bound of
A; if ¢ € B, then c is the minimal element of B since all elements of B are upper bounds of A and c is the
least upper bound of A.)

Here are some more properties of “<”:

Theorem 1.3.6. For any a,b e R, ifb >0 thena+b>a anda—b < a.
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Proof. We have a+b>a+0=asinceb>0anda—-b=a+(-b) <a+0=asince -b<0. g
Theorem 1.3.7. For any a,b € R, a < b iff —a > —b.

Proof. If a < b, then —=b = a + (—(a + b)) < b+ (—(a +b)) = —a. Conversely, if —a > —b, then
a=—(—a)<—(-b)=b. g

Theorem 1.3.8. For any a,b,c € R, if a < b and ¢ < 0, then ac > bc.

Proof. We have —c > 0, so —ac = a(—c) < b(—c) = —bc, so ac > bc. g

Theorem 1.3.9. Leta € R, a > 0. For any b€ R, if b > 1, then ab > a; if b < 1, then ab < a.
Proof. Since @ > 0,if b > 1, then ab=ba > la =a. If b< 1, thenab=ba <la=a. g

Theorem 1.3.10. For any a,b € R, if a,b > 0 then ab > 0; if a > 0 and b < 0, then ab < 0; if a < 0 and
b >0, then ab < 0; if a,b < 0, then ab > 0.

Proof. If a,b > 0, then ab > 0b = 0. If a > 0, b < 0, then ab = ba < 0a = 0. The case a < 0, b > 0 is
similar. If a,b < 0, then —a, —b > 0, so ab = (—a)(—=b) > 0. g

Theorem 1.3.11. 1> 0.
Proof. (P7) says that 1 # 0. If 1 <0, then 1 =1-1 > 0, contradiction. So, 1 >0. g

We define2=1+1. Since 1 >0, wehave2=1+1>14+0=1, and so 2 > 0. We also define 3 =2+1
and 4 =3+ 1.

Theorem 1.3.12. For any a € R\ {0}, a >0 iffa=! > 0.

Proof. We have aa=! = 1 > 0. So, a and a~! are positive or negative simultaneously. n

1.4. Absolute value

For a € R we define the absolute value, or the modulus, |a| of a by |a| = a if a > 0 and |a| = —a if a < 0.
Theorem 1.4.1. For any a € R, |a| > 0 for alla € R, and |a| =0 iff a = 0.
Proof. If @ > 0 then |a| =a > 0. If a < 0 then |a| = —a > 0. If a =0 then |a| =0. g

Theorem 1.4.2. For any a € R, |—a| = |a|]. Conversely, for any a,b € R, if |a| = |b| then a = b or a = —b.

Proof. If a > 0 then —a < 0, 50 |a| = a and | — a| = —(—a) = a. If a < 0 then —a > 0, so |a| = —a and
| —al = —a. f a =0 then a = —a so |a| = | — a.

Let |a| = [b]. If a,b > 0, then a = |a| = [b] =b. If a > 0 and b < 0, then a = |a| = o] = —=b. f a < 0
and b > 0, then ¢ = —|a| = —|b| = —b. If @, < 0, then a = —|a| = —|b| =b. g

Theorem 1.4.3. For any a € R, —|a| < a < al.

Proof. For any a # 0 we have |a| > 0 and —|a] < 0. If a > 0 then |a| = a so —|a|] <0< a =la|]. Ifa <0
then |a| = —a, so —|a| =a <0 < a. If a =0 then —|a|] = a = |a|.

Theorem 1.4.4. For any a,b € R, |a| <b iff —=b<a <b, and |a] <b iff =b<a <b.

Proof. Let |a|] < b. Since |a| > 0, we have b > 0 and —b < 0. If @ > 0, then |a| =a,s0 —=b<0<a <b. If
a < 0, then |a| = —a, s0 =b < 0 < —a < b, s0b>a > —b. (Or, simpler: —b < —|a] < a <|a|] <b.)

Let —b < a <b. If a > 0, then |a|] = a < b. If a <0, then, since —b < a, we have b > —a = |a].

Also, if |a] = b then —b < a =b, and if —b =a or a = b then |a| = b.

Theorem 1.4.5. For any a,b € R, |ab| = |a| - |b].

(We say that absolute value is a multiplicative function.)
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Proof. We have four cases.
If both a,b > 0 then also ab > 0, so |ab] = ab = |a] - |b].
If a >0 and b < 0 then ab < 0, so |ab| = —ab = a(—=b) = |a| - b].
The case a < 0, b > 0 is similar.
If a,b < 0, then ab > 0, so |ab] = ab= (—a)(—b) =|a| - |b]. m
The following property of | - | is called the triangle inequality:
Theorem 1.4.6. For any a,b € R, |a+ b| < |a| + |b].
Proof. Here we have six cases.
If both a,b > 0 then also a+b > 0, s0 |[a+b| = a+ b = |a|] + |b].
Ifa>0,b<0and a+b>0, then |a+bl =a+b=|a| — |b| < |a| < |a| + |b] since |b] > 0.
Ifa>0,b<0and a+b <0, then |[a+b| = —(a+0b) = (—a)+ (=b) = —|a|+ |b| < |b] < |a| +1b]| since |a| > 0.
The (two) cases where a < 0 and b > 0 are similar.
Finally, if both a,b <0 then a+b<0sola+bl=—(a+b)=(—a)+(-b)=|a]+|b]. m
Another proof. Since —|a| < a < |a| and —|b| < b < |b| we have —(|a|+|b]) = —|a| — o] < a+b < |a| + |b],
so |a+b| < |a| + |b] by Theorem 1.4.4. g

A more general version of the triangle inequality is
Theorem 1.4.7. For any a,b,c € R, |[a —c| < |a—b| +|b—¢|.
Proof. By Theorem 1.4.6, la —c| = [(a —b) + (b—c)| <|a—b|+|b—¢c|. m

The meaning of |a — b| is that it is the distance between two “points” a and b. (Thus |a| = |a — 0] is the
distance between a and 0.) It is the triangle inequality that allows us to interprete | - | this way.

For two numbers a and b we define max{a,b} = a if a > b and = b if a < b, and min{a,b} =bif a > b
and = a if a < b.

Theorem 1.4.8. For any a,b € R, max{a,b} = %la*b‘ and min{a,b} = %lafb‘.

Proof. W.lo.g. (without loss of generality) we may assume that a > b. (This means that a and b are
interchangable, so that to prove the case b > a we simple replace a by b and b by a.) Then a —b > 0, so

atbtabl — (g4 b+ (a—b))/2 = (20)27! = a = max{a,b} and L= — (44 p— (a—b))/2 = (2b)27! =
b=min{a,b}. g

1.5. Squares and square roots
For a € R, we define a® = aa and call it the square of a.

Theorem 1.5.1. For any a € R, a®> >0, and a®> =0 iff a = 0.

Proof. If a = 0 then a® = 0. If a > 0 then a® = aa > 0 (as a product of two positive numbers). If a < 0,
then a? = (—a)? >0as —a >0. g

Theorem 1.5.2. For any a,b € R, a®> =b? iffa=0b or a = —b.

[The proof is left to you.]

Theorem 1.5.3. For any a,b >0, a® < b? iff a < b.

[The proof is left to you.]

Theorem 1.5.4. For any a,b € R, (a +b)? = a® + 2ab + b? and (a — b)? = a® — 2ab + b*.

Proof. (a+b)? = (a+b)(a+b) = ala+b) +b(a+b) = aa+ab+ba+bb = a® +ab+ ab+ b* = a? + 2ab+ b*.
(a—b)2=(a+(-b))? =a® +2a(-b) + (—=b)*> = a® —2ab+ b*>. g

Now let a,b, c € R with a > 0, and for x € R let’s consider the expression az? + bx + c¢. We have
ax? +bx +c= a(ﬂc2 + Q%x + (%)2) — a(%f +c= (33 + %)2 +c— %. (1.1)
Since (17 + %)2 > 0, we obtain the following theorem:
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Theorem 1.5.5. Leta,b,c €R, a > 0. Ifb> —4ac < 0, then az®>+bx+c > 0 for all z € R. Ifb> —4ac > 0,
then ax® 4+ bx + ¢ < 0 for some x € R.

The number b — 4ac is called the discriminant of the quadratic polynomial ax? + bz + c.

Proof. Since a > 0 we have b?> — 4ac < 0 iff ¢ — % > 0, and in this case the right hand part of (1.1) is
positive for all z. If b — 4ac < 0, then ¢ — % <0, so for x = —b/2a we have ax?® + br +c = c — % <0. g

Next, for a € R, we define the square root v/a of a as b > 0 such that > = a. It follows from
Theorem 1.5.1 that v/a may only exist if @ > 0. It follows from Theorem 1.5.2 that \/a, if exists, is unique.
(There can be at most one b > 0 such that b*> = a: if also ¢ = a, then either c = b or ¢ = —b < 0.)

We thus have:

Theorem 1.5.6. For any a € R, Va2 = |a| and for any a >0, (\/a)? = a.
Thanks to the axiom of completeness (P13), we can prove that /a exists for all positive a:
Theorem 1.5.7. For any a > 0, \/a exists.

Proof. Let a > 0; consider the set
A:{xeR|x>O/\x2§a}.

A is nonempty: if @ > 1 then 1 € A; if a < 1 then a? < a, so a € A. For any b > 0, if b> > a then b is an
upper bound of A, since 22 < a < b? and so x < b for all € A. Hence, A is bounded above: if @ > 1 then
a® > a so a is an upper bound of A; if a < 1 then 12 > a so 1 is an upper bound of A.

By (P13), A has supremum (the least upper bound); let b = sup A, then b > 0. I claim that b? = a.
We'll prove this by contradiction: let’s assume that b> # a and show that b is not the supremum of A in this
case.

Assume that b? < a. Let € € R be such that 0 < & < 1. (¢ is used to denote “a small number”.) Then

(b+ €)% = b% +2be + e < b? + 2be + &. Now if e < gg—_f_’i (for instance, we can take ¢ = 2(“#_1’:1)), then

b2 +2be+ec < b?>+ (a—b*) =a,sob+¢e € A. Since b+ > b, this means that b is not an upper bound of A.

Assume that b2 > a. Let € > 0. Then (b—¢)? = b? — 2be +¢2? > b? — 2be. Now if & < bz;“ (for instance,
we can take € = bz@“), then b2 — 2be > b? — (b — a) = a, so b — ¢ is an upper bound of A. Since b — e < b,
this means that b is not the least upper bound of A.

Hence, it cannot be that b? < a or b? > a; so, b? = a. n

1.6. The arithmetic-geometric mean, the triangle, and the Cauchy-Schwarz inequalities
The fact that a? is always nonnegative helps prove various inequalities.

Theorem 1.6.1. For any a,b € R with a < b we have a < “TH’ < b, and if a > 0, then also a < vab <

‘IT“’ < b. If a is strictly less than b, a < b, then all all the inequalities are strict.

“T*b is called the arithmetic mean of a, b, Vab the geometric mean of a, b, and vab < “T“) the arithemetic-
geometric mean ineqiality.
Proof. If a = b then a = %2 = b, and if a > 0 then also Vab = a.

Suppose that a < b. Then 2a = a+a < a+b, soa < GTH’; and a+b < b+b=2b so L < p If

2
0 < a < b, then also a? < ab, so a = Va2 < Vab; and ab < b2, so Vab < Vb2 = b. Finally, if 0 < a < b,

5 — Vab = §((Va)* + (VB)? —2v/avh) = §(va - vb)* >0,

N[

a+b
so 437 > Vab. g

We can use “the theory of quadratic expressions”, Theorem 1.5.5, to prove (the simplest version of) the
fundamental Cauchy-Schwarz inequality:
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Theorem 1.6.2. For any a1,as2,b1,b2 € R,
(af + a3) (b} +b3) > (a1by + ashy)? (1.2)

(equivalently, \/a? + a3+/b? + b3 > |a1by + azbs|), where the equality holds iff ay = az = 0 or there is © € R
such that both by = xa; and by = zas.

Proof. The proof is tricky. First of all, if a; = a2 = 0 then both parts of (1.2) are equal to 0, and if there is
an x such that by = xa; and by = zas, then

(af + a3)(b] + b3) = 2*(a} + a3)® = (a1za1 + azzaz)® = (a1by + azhs)?.

Assume that at least one of a; and as is nonzero and there is no x such that both b; = za; and by = zas.
Consider the quadratic expression

(xa; — b1)? 4 (zay — by)? = (a2 + a2)x? — 2(aiby + asby)x + (b3 + b3).

Being a sum of two squares, this expression is nonnegative for all x € R; moreover, since za; —b; and zas — by
are never equal to zero simultaneously, it is positive for all z. It follows that its discriminant is negative:

(—2(arby + azbs))” — 4(a? + a3) (b +b3) < 0,

which implies that (a1by 4+ a2b2)? < (a? 4+ a3)(b3 +03). m
As a corollary, we can obtain the triangle inequality in the plane:

Theorem 1.6.3. For any a1,as2,b1,b2 € R,

V(ay +61)2+ (ag + b2)2 < y/a? + a3 + \/b% + b3.

Proof. The square of the left-hand part of the inequality is (a; + b1)? + (as + b2)? = a? + a2 + 2a1by +
b2 + b3 + 2asby and of the right-hand part is a? + a2 + b2 + b3 + 21/(a? + a3) (b3 + b3); since a1by + azby <
V/(a? + a2)(b? + b2) by the Cauchy-Schwarz inequality, the left-hand part is < than the right-hand part. g

The general version of the triangle inequality in the plane is: For any a1, as, b1, b2, c1,c0 € R,

Ve —e)? + (a2 — 2)? < /(a1 = b1)2 + (ag — b2)2 + /(b1 — ¢1)? + (b2 — ¢2)2.

(For three point A = (a1,a2) , B = (b1,b2), and C = (¢1,¢2) in the plane, the distance between A and
C doesn’t exceed the sum of the distances between A and B and between B and C.) It is obtained from
Theorem 1.6.3 by replacing a; by a; — b1, as by as — ba, by by by — ¢1, and bs by by — co.

1.7. Natural numbers and the principle of induction

Natural (positive integer) numbers are defined in the following way:

Definition. The set N of natural numbers is the set of real numbers satisfying the following conditions:
(i)1eN;
(ii) for any natural number n € N we have n + 1 € N (in short, N+ 1 C N where N+ 1 ={n+1:n € N});
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(iii) N is the minimal set satisfying (i) and (ii) in the following sense: if S C N is such that 1 € S and
S+1CS, then S =N.

Does N exist? Yes. Indeed, let M be the set of all subsets M C R satisfying (i) and (ii), M = {M C
R | 1e MAM+1C M}. Then M is nonempty since R € M. Let N be the intersection of all sets from
M, N=M. Then 1 € N (since 1 € M for all M € M), and N+ 1 CN (since N+1C M +1C M for all
M e M). Now if S C N is such that 1 € Sand S+1 C S, then S € M, so N C S by the construction of
N, so S =N.

The definition of N implies the following induction principle:

Theorem 1.7.1. Let P(n) be a statement that depends on n € N such that P(1) is true and whenever P(n)
is true P(n —+ 1) is also true. (That is, for any n € N, P(n) = P(n+1).) Then P(n) is true for all n.

This principle justifies the infinite process that starts like this: “Ok, P(1) is true. Since P(1) is true, then
P(2) is also true. Since P(2) is true, then P(3) is true...”

Proof. Define S = {n € N | P(n) is true}. Then S C N, 1 € S, and if n € S, then P(n) is true, so P(n+ 1)
is true, so n+ 1 € S. Hence, by (iii), S = N, that is, P(n) is true for aln e N. g

Proof by induction is the main tool for proving a statement P(n) for all natural numbers n. It is applied
the following way: you prove P(1) (this is called the base of induction), then you assume that n is a natural
number for which P(n) is true, and, under this assumption, prove P(n+1) (this is called the inductive step).
If you succeed, you say, “By induction, P(n) is true for all n € N”.

I start with a very simple theorem, which, however, cannot be proved without induction.

Theorem 1.7.2. All natural numbers are > 1.

Proof. For every n € N define P(n) to be the statement “n > 1”. Then P(1) is “1 > 1”7 and is true. (This
is the base of our induction.) Let n € N, and assume that P(n) is true, that is, n > 1. Then n+1>n > 1,
son+12>1,s0 P(n+1) is true. (This is the step of our induction.) Hence, by induction, P(n) is true for
alln €N, thatis,n > 1foralln e N. g

We understand that the natural numbers “increase”: 1 < 2 < 3 < ---, and in general, n < n + 1 for all
n. But do they increase unboundently, or there are real numbers so large that cannot be reached by natural
numbers? The Archimedian property of natural numbers says that the former is true:

Theorem 1.7.3. N is unbounded above.

Proof. Let’s assume, by the way of contradiction, that N is bounded above: there is a € R such that n < a
for all n € N. Then, by the axiom of completeness, N has supremum; let b = supN. Since b—1 < b, b —1
is not an upper bound of N, thus there is n € N such that n > b— 1. But thenn+1 > b, and n+1 € N,
contradiction. g

The following example shows that we were not be able prove the Archimedian property without the

axiom of completeness. Let F' be the field of rational functions,

F = {@ettaiotan g e R, a, #0, by >0} U{0}.

Introduce an order on F' by defining the set P of “positive elements” of F' by

_ fapz"+-darztag ., }.
pP= {bmwm-l-----i-blw-&-bo tai, by €R, ap, by > 0}.

Then F is an ordered field (the axioms (P1)-(P12) can be checked) in which N is bounded above by, say :
we have x —n € P for all n € N.

As a corollary, we can obtain that numbers of the form 1/n with n € N are “arbitrarily small” in the
following sense:

Theorem 1.7.4. For any € > 0 there exists n € N such that 0 < 1/n < €.
(No real number is “arbitrarily small” by itself, a number is just a number; we say that elements of a

set S of positive real numbers are arbitrarily small if for any € > 0 there is s € S such that 0 < s < ¢.)
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Proof. Given € > 0, find n € N such that n > 1/e, then 0 <1/n <e. g

Next, let’s prove, by induction, that the sum, the product, and the difference (if positive) of two natural
numbers are natural numbers as well:

Theorem 1.7.5. For any n,m € N one has n + m,nm € N. If, in addition, m < n, then n —m € N.

Proof. Let m € N (in other words, fix m) and use induction on n. For n =1 we have n+m=m+1 € N.
If n € N satisfies n + m € N, then (n+ 1) + m = (n + m) + 1 € N. By induction, n + m € N for all n.

For n = 1 we have nm = m € N. If n € N satisfies nm € N, then (n + 1)m = nm + m € N as proven
above. By induction, nm € N for all n.

For the last statement, if n = 1 then the statement is true since there is no m € N such that m < n.
Assume that the statement is true for some n, that is, for any m € N with m < n we have n —m € N. Now
letmeN m<n+1 Ifm=1then (n+1)—m=n e N. If m > 2, then m =k + 1 for some k € N.
(This also should be proved by induction.) Then k < n,son—k € N, and so (n+1) —m =n —k € N. By
induction,the statement is true for all n. g

In particular, this implies that if n,m € N and n > m, then n > m + 1.

Induction can be used not only for proving, but also for “defining”: if we define some “object” C(1)
and define C'(n + 1) assuming that C(n) is already defined, then we get C'(n) defined for all n € N. This is
called an inductive, or recursive definition. This is how we introduce integer powers of a real number: for

a € R we define a' = a and a"*! = a"a for all n. (So, a* = a'a = aa, a® = a*a = aaa, ...

Theorem 1.7.6. (i) For any a € R and n,m € N we have a™™™ = a"a™.
(i) For any a € R and n,m € N we have (a™)"™ = a™™.

(iii) For any a,b € R and n € N we have (ab)™ = a™b™.

(iv) For any a € R and n € N we have (1/a)" =1/a".

Proof. Let’s fix m and use induction on n. For n = 1, a®*™ = ™! = a™a = a™a". Assume that for

some n, a"t" = a"a™; then a" TV = ¢"t7q = ¢"a™a = a"t'a™. So by induction, a®T™ = a"a™ for all
n,m € N.
I leave the proof of (ii)-(iv) to you. g

Using induction, we can obtain Bernoulli’s inequality:

Theorem 1.7.7. For any x > —1 and any n € N, (1 + 2)™ > 1 + nx, with equality holding iff = 0 or
n=1.

Proof. Let © > —1, then 1 + 2 > 0. For n = 1 we have an equality, (1 + x)' = 1 + 1lz. Assume that for
some n € N, (1+2)" > 1+ nx. Then

A+z)" M =0+2)"0+2)>0+nz)1+z)=14+nz+z+n2> =1+ n+ Dz +nz?>14+ (n+ 1)z,
with equality iff x = 0. So, by induction, the inequality holds for all n. g
As a corollary, we get some information about “the behavior” of powers of real numbers:

Theorem 1.7.8. Ifa > 1, then for any b € R there exists n € N such that a™ > b. If 0 < a < 1, then for
any € > 0 there exists n € N such that 0 < a™ < €.

Proof. Let a > 1. Put x = a — 1, then z > 0. For any n € N we have ¢ = (1 4+ x)" > 1 + nz. Now,
given any b € R, by the Arhimedian property there is n € N such that n > (b— 1)/, and for this n we have
1+ nx >0b, and so a™ > b.

Now let 0 < a < 1, and let € > 0. Then a~! > 1, so there is n € N such that (a=1)" > 1/e, and since
(a™)~t = (a™")™, we obtain that a" <. g

Finite sums and finite products are also defined inductively. If a1, as, ... are real numbers, then we define
1 1 .
> i1 @i = a1, and for any n, Z:l; a; =Y o, a; + apy1; we can also write D1 a; as a; + ag + -+ + ap.
- 1 1 .
Similarly, we define [],_, a; = a1, and for any n, H?:l a; = (IT—; ai)ant1; we can also write ]I, a; as

102+ Qp,.

Examples. (i) n factorial, n!, is defined as [ ;i =1-2---n.

16



(ii) Foranyn e N, " | i=142+4---4+n= w Indeed, this is true for n = 1, since 1 = 1(12“), and if
this is true for some n, then it is true for n + 1:

n+1

+

i = Z'L _|_ _ n(n2+1) +n+1= n(n+1);2(n+1) _ (n+1)2(n+2).

i=1 i=1

(iii) For any r e R\ {1} and anyn e N, 1+ a+---+a" = % As the base of induction I'll take n = 0,
1

for which 1 = £= is correct. Assume that the equality holds for some n. Then

an+1 -1 an—i—l -1 + an+2 _ an+1 an+2 -1

l+a+-+a"+a"=—4a" = = )
a—1 a—1 a—1

which establishes the induction step.
The following properties of finite sums are easy to prove by induction on n:

Theorem 1.7.9. For any n € N and ay,..., an,bh.. Jbp,c € R, DN 1(al +b) =Y a + > bi,
Z:‘L:1(Cai) = CZ?:1 a;, and 22;1(‘12‘ + bi)2 = Zz 1% "’221 1 aibi + Zz 1 2

Actually, an induction process may start not at 1 but at any other natural (in fact, any integer) number:

Theorem 1.7.10. Let P(n) be a statement that depends on n € N such that P(ng) is true for some ng € N
and for any n, P(n) = P(n+1). Then P(n) is true for all integer n > ng.

To prove this, we apply the conventional induction to the statement P’'(n) = “n < ng or P(n) is true”.

Example. We may use this “modified” induction principle to prove that n! > 2" for all n > 4. Indeed, for
n =4 we have 4! = 24 > 16 = 24, and if n! > 2" for some n € N, then (n + 1)! = nl(n + 1) > 2"2 = 2n+1,
Binomial coefficients are also defined inductively: for any n,k € NU {0} with k& < n we define (})

(read as “n choose k7) in the following way: for any n, if k = 0 or k = n then (}) = 1, and for any n and
1<k<n, (";CH) = (Z) + (k 1) We may visualize this definition using the so-called Pascal triangle:

L HING

12 AINGINE
1331 RGRGIEINGD
146 41 HINGINGIRGING
15101051 o 06 6 6

where each entry is the sum of the two entries right above it. The rows of the table and the entries in every
row are enumerated starting from 0; the k-th entry in the n-th row is just (Z) (One can prove that for any
n amd k, (}) is the number of k-element subsets in an n-element set.)

We define 0! = 1. We can now obtain a (non-inductive) formula for binomial coefficients:

Theorem 1.7.11. For all n,k € NU{0} with k <n, (}) = k,(ﬁik), = nln=b: k$” ktl)

0,1, and ( ) =1= 1}—('), are true. Assume that for

. Then for all integer k with 1 <k <n

Proof. Of course, we use induction. For n = 1, ((1)) =1=
some n € N, for all integer k with 0 < k < n we have ( )
we have

k'(n k)!

n+1\ _ (n n _ n! n! n! n!
") =)+ () = s T DD = DR T DR

=nl (n—k+1)+k — ) ntl ~ (n41)!
= DR n—kFD) — "V Rk — E(n—ktD!"

For k=0 and k =n + 1 we also have ("{') =1 = UEEL’rj_ji')' and (ZE) =1= (Sfl;,)(;, So, by induction, the

formula holds for all n € N and all integer £ with 0 <k <n. g

17



Newton’s binomial formula is the following theorem:

Theorem 1.7.12. For any a,b € R and any n € N,

(a+b)" = Z (B)akbn*.

Proof. Let a,b € R. For n =1 the identity holds:
1
(a+b)'=a+b=1la+1b= (})a’b' + (})a't’ = Z (p)a"om .
k=0

Assume that (a +b)" = Y_}_, (7)a*d" " for some n € N. Then

(a+b)n+1 (a+b a+b (i kbn k:) CL+b :i k+1bn7k+akbn7k+1)

k=0 k=0

n

§ : n k+1bn k:_’_E k:bn—k—i-l
k=0

In the first sum we may replace k by [—1 (then I = k+1 will range between 1 and n+1): >, (7)a* o —F =

o (,7,)a'b"~", and then simply replace ! by k, which affects nothing: S (,",)a*b" =+ So, we
get:

3
T
=

(Cl + b)n+1 — (kﬁl)akbnfk+1 + Z (Z)akbnkarl

>
Il
—

(kﬁl)ak:bnflwrl + (;l,)anJrlbO + (g)aoanrl + Z (Z)akbnflwl

I
M:

k=1
Obn+l + Z k 1 kbn k+1 4 an+1b0
1
_ (ng—l)aobn—&-l + Z (n-}l—l)akbn—k-l-l + (zii)an-ﬂbo _ % (":1)akb"+l_k7
k=1 k=0

that is, the identity also holds for n 4 1. So, by induction, it holds for alln € N. g

In an induction process, proving that a statement is true for n + 1, we assume that it is true for n;
or equivalently, proving that it is true for n, we assume that it is true for n — 1. Actually, we may as well
assume that it is true not only for n — 1, but for all natural numbers k& < n; this is called the principle of
complete, or strong induction:

Theorem 1.7.13. Let P(n), n € N, be a statement that depends on n € N with the property that for any
n € N, if P(k) is true for all k € N such that k < n, then P(n) is also true. (That is, assuming that P(k)
is true for all k € N with k < n, you can prove P(n).) Then P(n) is true for all n € N.

Proof. We will deduce this principle from the “ordinary” principle of induction. For every n € N let Q(n)
be the statement “P(k) is true for all natural k& < n”. For n = 1, since there is no natural k < 1, P(1) is
true without any assumptions, and so (1) is true. Assume that Q(n) is true for some n. Then P(k) is true
for all natural k£ < n, that is, for all natural k¥ < n+ 1. Hence, by our assumption, P(n+ 1) is true. So, P(k)
is true for all natural k < n+ 1. So, Q(n + 1) is true. By (ordinary) induction, Q(n) is true for all n € N.
Since Q(n) implies P(n), P(n) is also true for alln € N. g

We say that an ordered set X is well ordered if every nonempty subset of X has the least element. As
an application of the principle of complete induction, we can prove that N is well ordered:

Theorem 1.7.14. Ewvery nonempty subset of N has the least element.
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Proof. I'll apply a proof by contraposition: instead of proving “if S is nonempty then S has the least
element”, T’ll prove the contrapositive: “If S doesn’t have the least element then S is empty”. I'll use the
principle of complete induction: Let n € N and assume that for all natural £ < n we have k ¢ S. Then if
n € S, then n is the least element of .S; by our assumption this is not the case, so n ¢ S. Hence, by complete
induction, n ¢ S for all n € N, that is, S =0. g

1.8. Integers, divisibility and primes
A number n € R is said to be integer, or an integer, if n € N, or n =0, or —n € N. The set of integers
is denoted by Z, Z =NU {0} U (—N), where =N ={-n|n e N} ={n | —n € N}.

Theorem 1.8.1. Z is closed under addition, subtraction, and multiplication: for any n,m € 7Z we have
n+m,n —m,nm € Z.

Proof. Let n,m € Z.
Since Z is defined “by cases”, to prove that n +m € Z we consider a few cases:
if one of n, m is 0, w.l.o.g. m =0, then n+m =n € Z;
if both n, m are positive, n,m € N, then n +m € N was proven, so n +m € 7Z;
if both n, m are negative, —n, —m € N, then n+m = —((—n) + (—=m)) and (—n) + (—m) € Nson+m € Z;
if one of n, m is positive and the other is negative, we may assume w.l.o.g. that n € N and —m € N; then
if n > —m then n+m = n — (—m) € N was proven, and if —m > n then n +m = —((—m) — n) and
(—m)—neN,son+meZ.
If meZthen —-me€Z,son—m=n+(—m) € Z.
If n,m € N then nm € N;
if n,—m € N then nm = —(n(—m)) and n(—m) € N, so nm € Z;
the case —n, m € N is similar;
if —n,—m € N, then nm = (—n)(-m) e N. g

Theorem 1.8.1 says that Z is a ring. Moreover, Z is an ordered ring, meaning that it satisfies all axioms
(P1)-(P13) except (P8). (The elements of Z, except +1, have no multiplicative inverses in Z.)
Z is not well ordered, Z itself has no minimal element. However, it has the following property:

Theorem 1.8.2. FEvery nonempty bounded below subset of Z has a least element; every nonempty bounded
above subset of Z has a greatest element.

Proof. Let S be a nonempty bounded below subset of Z. Let b € R be such that b < n for all n € S. Let
m € N be such that m > —b, then —-m <b<nforallmneS. Thenn+m e Z andn+m >0 foralln €S,
so S+m={n+m|neS}CN. Let ng be the minimal element of S + m, then ng — m is the minimal
element of S.

Let S be a nonempty bounded above subset of Z. Then —S = {—n | n € S} is a nonempty bounded
below subset of Z. Let ng be the least element of —S; then —ng is the greatest element of S. g

For every a € R there exists n € Z such that n < a < n+ 1. Indeed, let S ={n € Z: n < a}; then S
is a nonempty bounded above (by a) subset of Z, so it has a maximal element n. We then have n < ¢ and
n+ 1> a. This n is called the integer part of a and is denoted by [a], the number a — [a] € [0,1) is called
the fractional part of a and is denoted by {a}.

For two integers n and d we say that d divides n, or n is divisible by d, and write d | n if there is k € Z
such that n = dk. (In other words, if n/d € Z, or n = d = 0.) By this definition, 0 is divisible by all integers,
and 1, —1 divide all integers. If m | n, then |m| < |n; it follows that 1 is only divisible by 1 and —1.

Theorem 1.8.3. For any d,n,m € Z, if d ’ n then —d ‘ n, d ‘ —-n, —d ‘ —n; if d ‘ n and d ’ m then
d‘n—I—m andd‘n—m; ifd’n andn | m thend’m; z'fd’n thend‘rnforallreZ.
Proof. All this follows directly from the definition: if n = kd then —n = (=k)d, n = (—k)(—d), —n = k(—d);

if n = kd and m = Id, then n+m = (k +1)d, b — m = (k — l)d; if n = kd and m = In, then m = (kl)d; if
n = kd then rn = (rk)d. g

We say that an integer n is even if 2 ‘ n and odd otherwise. Even and odd integers are described by the
following theorem:
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Theorem 1.8.4. Every integer n has form n = 2k (and is even in this case) or n =2k + 1 (and is odd in
this case) for some k € 7.

Proof. If n = 2k for some k € Z, then n is even by definition; if n = 2k + 1 for some k € Z, it is odd since
2|2k and 2 [ 1,02 (2k+1).

1=2-04+1;ifn=2kthenn+1=2k+1;if n=2k+1, then n+ 1 = 2(k + 1). By induction, this
proves the assertion for all n € N. Now, 0 = 2-0, and for n € Z with n < 0, if —n = 2k then n = 2(—k),
and if —m=2k+1,thenn=-2k—1=2(—k—1)+ 1.

Two integers n and m are said to be coprime if they have no common divisors except 1 and —1: if d | n
andd|m, thend=1or d=—1.

Theorem 1.8.5. n,m € Z are coprime iff there are k,l € Z such that kn +lm = 1.

Proof. Assume that there are k,[ such that kn +im =1. If d ’ n, m, then d | 1, so d = £1; hence, n,m are
coprime in this case.

Assume that n,m are coprime. W.lo.g. we may assume that n,m € N. (Indeed, 0 is not coprime
with any integer, and if, say, n < 0, we may replace it by —n (and k by —k) and nothing changes.) T’ll
use complete induction on max{n,m}. If n = m, then n,m can only be coprime if n,m = +1, and then
In+0m=1or (—1)n+0m = 1. W.lo.g. assume that n > m. Then n —m and m are coprime. (If n —m
and m have a common divisor d, then d also divides n.) By complete induction principle we may assume
that there are k,l € N such that k(n —m) +Im=1. Then kn+ ({ —k)m=1,and k,l —k € Z. g

A positive integer p € N\ {1} is said to be prime or a prime if p has no divisors except +1 and +p.
(That is, if d | p,thend=1ord=—1ord=pord= —p.) It is clear that if p is prime, then for any n € Z,
n and p are not coprime iff p | n.

Prime numbers have the following nice property (which, actually, characterizes them):

Theorem 1.8.6. If p is prime, n,m € Z, and p | nm, then p | n orp ’ m.

Proof. Assume that p ‘ nm and p )( n. Then p,n are coprime; let &k, € Z be such that kn + [p = 1. Then
knm + Ilpm = m. Since p | nm, we have p ‘ knm, and clearly p ‘ Ilpm, so p ’ (knm + Ipm), so p ’ m. m

Using induction, we may generalize this theorem:

Theorem 1.8.7. Ifp is prime, ny,...,nx € N, and p ‘ (n1---nyg), then there is i with 1 < i < k such that
Proof. I'll use induction on k, the number of multipliers. This is clearly true if k = 1 (and is already proved
for k = 2). Assume it is true for some k, and let p | (n1---ngngs1). By Theorem 1.8.6, p | (ny---ng) or
P | ngt1. I p | ni+1 we are done; if p | (nq-+-ng), then p | n; for some ¢ by our induction hypothesis. g

We are now in position to prove the Fundamental Theorem of Arithmetic:

Theorem 1.8.8. FEwvery integer n € Z \ {—1,0,1} is (up to the sign) representable as a product, n =
+p1 - pr, of primes. This representation is unique up to permutation of factors: if n = +py---pp =
+q - q where p1,...,pk,q1,--.,q are prime, then k =1 and after a reordering, if necessary, of q1,...,q,

pi = q; for alli.

Proof. W.l.o.g., we may assume that n € N.
Existence: I'll use complete induction on n. If n is prime, we are done. If n is not prime, n = md with
m,d € N, m,d < n. By complete induction assumption, the statement holds for m and d: m = p; - - - px and

d=qi---q where p1,...,pk,q1,-..,q are prime. Then n = py ---prqy - - - q;, and we are done.
Uniqueness: Let n = +p1---pr = £q1---q where p1,...,0k,q1,...,q are prime. Then p; | q1---q, SO
P1 | g; for some j, but g; is prime, so p1 = ¢;. Let’s renumerate ¢i,...,q so that j = 1, so that p; = ¢1.

Then pi1ps -« pr = p1¢a - - - q;- T'll use induction on k; if £ = 1 this means that p; = p1gs - - - q;, which implies
that { =1 (and p; = ¢1). If & > 2, then we have ps - pr = g2 - - - ¢;; by induction on k we may assume that
k—1=1-1,s0 k=1, and that after a renumeration, po =¢q2, ..., DL = qx- m
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1.9. Intervals, neighborhoods, infinite points, and dense sets

For a,b € R with a < b we define [a,b] = {x € R | a < 2 < b}, (a,b) = {z € R | a < 2 < b},
[a,b) ={z €R |a <z <b}, and (a,b] = {x € R | a <z < b}; these sets are called intervals with endpoints

a and b, [a,b] is called a closed interval and (a,b) is an open interval. The length |I| of such an interval T is
defined to be b — a.

It is an easy but important fact: for any interval I and any z,y € I we have |y — z| < |I], and if T
is open, then, moreover, |y — z| < |I|. Indeed, if a < x <y < b, then |y —a| =y -2 <b—a=|I];if
a<y<z<b then|y—z|=2—-—y<b—a=]|I| etc.

The following simple lemma is also worth mentioning;:

Lemma 1.9.1. If [a,b] is an interval in R, n € N\ {1} and S is an n-element subset of [a,b], then there
are distinct elements x,y € S such that |z —y| < (b—a)/(n—1). If S is an infinite subset of [a,b] then for
any € > 0 there are distinct x,y € S such that |z —y| < €.

Proof. Let S = {z1,...,2,},and let 1 < -+ < zp. f 2j41 —2; > (b—a)/(n—1) foralli=1,...,n — 1,
then z, — 21 = Y1 (211 — 21) > (n— 1)(b—a)/(n — 1) = b — a, contradiction.

If S is infinite and € > 0 is given, find n € N such that (b —a)/(n —1) < e, choose an n-elements subset
S’ of S, and choose distinct elements = and y of S’ (and so, of S) such that |z —y| < (b—a)/(n—1). g

Given a point a € R and € > 0, the interval (a — €,a + ¢) is called the e-neighborhood of a; we have
x € (a—e,a+e¢)iff [z —a| < e. The interval (a —¢, al is a left-hand neighborhood of a, the interval [a, a + €)
is a right-hand neighborhood of a.

We add two infinite points to R, 400 and —oo, and call the obtained set R = R U {—oc0, +oo} the
extended real line. We extend the order on R to an order on R by putting —oco < a < +oo for all a € R.
Thus, —oc is the minimal point of R and +occ is the maximal point, and R is the closed interval [—o0, +-oc].
We also have two half-closed intervals (—oo, +00] and [—o00, +00) and the open interval R = (—o0, 4+00). The
operations of addition, multiplication and division extend to R only partially (so that R is not a field under

these operations): we have (£00) +a = £oo for all a € R; (+-00) + (+00) = +00 and (—00) + (—00) = —00;
(£oo)a = £oo for all @ > 0 and (£oo)a = Foo for all a < 0; (+00) - (+00) = (—00) -+ (—0) = 400 and
(400) - (—0o0) = (—00) - (+0) = —o0; 1/(+00) = 0. The results of the operations (+00) + (—o0), (£o0) - 0,

(+00)/(+00) are not defined.

Alternatively, we can “complete” R by adding only one point oo, which represents both +o0o and —oc.
The set RU {oo} is not ordered. (It can be viewed as a circle, obtained from R by glueing its ends together.)
The operation of addition is not well with co; multiplication is partially defined by oo - a = oo for all a # 0,
00 - 00 =00, 1/0 =00, 1/00 = 0.

An interval (a,400) can be seen as a neighborhood of 400, an interval (—oo,a) as a neighborhood of
—00. The union (—oo,a) U (b, +00) is a neighborhood of co.

Let A be a set of real numbers. A number « is said to be a limit point of A if for any € > 0 there exists
x € A\ {a} such that |z — a| < ¢ (that is, any neighborhood of a contains a point of A distinct from a).
A limit point of A may belong and may not belong to A. If A contains all its limit points it is said to be
closed. The set of limit points of A is denoted by A’, and the set A = AU A’ is called the closure of A. We
have a € A iff for any € > 0 there exists € A such that |z —a| < e (that is, any neighborhood of a contains
a point of A (which can be a itself)).

A number @ € A which is not a limit point of A is called an isolated point of A; a is isolated iff there is
€ > 0 such that (a —e,a+¢)NA = {a}.

A set A is said to be discrete if every point of A is isolated.

A set A C R is said to be dense in R if every interval in R contains an element of A; this means that
A = R. More generally, let A, B be subsets of R; we say that A is dense in B if B C A, that is, every
neighborhood of every point of B contains a point of A: for every b € B and every € > 0 there exists a € A
such that |a — b| < e.

A subset A of R is said to be nowhere dense if it is not dense in every subinterval I of R: there is a
subinterval J of I such that AN .J = (.
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1.10. Rational and irrational numbers

A real number r is said to be rational if there are n.m € Z, with m # 0, such that »r = n/m. The set
of rational numbers is denoted by Q. It is easy to prove that Q is closed under addition, multiplication,
subtraction, and division (and so, Q is a field):

Theorem 1.10.1. For any r,s € Q we have r + s,7 — s,rs € Q, and if s # 0, then also r/s € Q.

Proof. Let r = n/m and s = k/I where n,m,k,l € Z, m,l # 0. Then r +s = (nl + km)/ml € Q
since nl + km,ml € Z and ml # 0. Also, since —s = (—k)/l € Q, we get that r — s € Q as well. Also,
rs = (nk)/(ml) € Q since nk,ml € Z, ml # 0, and if k # 0, then also rs = (nl)/(mk) € Q since nl, mk € Z,

The representation of a rational number in the form n/m with n,m € Z is not unique, since for any
k € Z\{0} we have n/m = (kn)/(km). However, every rational number r has “the best” such representation.
Indeed, r has a representation n/m with n € Z, m € N. (If r = n/m with m < 0, then also r = (—n)/(—m).)
And among all such representations of r there is one with the minimal denominator. (In more details: let
S = {d eN ’ there exists ¢ € Z such that r = c/d}. Since S is nonempty, it has the least element.) This
representation is called the representation of r in lowest terms. If n/m is a representation of a rational
number in lowest terms, then n and m are coprime: indeed, if n = n'd and m = m'd where d € N\ {1}, then
n/m =n'/m’ with m’ < m. (The converse is also true; prove it, if you like.)

Non-rational real numbers are said to be irrational. Irrational numbers do exist:

Theorem 1.10.2. /2 is irrational.
This theorem has many different proofs. The most popular and standard proof is the following:

Proof. By the way of contradiction, assume that /2 is rational. Let /2 = n/m, n,m € N, be the
representation in lowest terms. We have 2 = n?/m?, so n? = 2m?, so 2 | n?. Since 2 is prime, by
Theorem 1.8.6, this implies that 2 | n, that is, n = 2k for some k € Z. Then 4k? = 2m?, so m? = 2k?, so
2 | m?, so 2 | m, that is, m = 2l for some I € Z. Hence, V2 =n/m = (2k)/(2l) = k/l with k,l € N, | < m.
This contradicts our assumption that n/m is the representation of /2 in lowest terms. n

Unlike rational numbers, the set of irrational numbers is not closed under addition and multiplication:
V/2 is irrational, and so is —v/2, but v/2+ (f\@) = 0 and v/2v/2 = 2 are rational. The sum (and the product,
if nonzero) of a rational and an irrational numbers is always irrational: if a € Q, b € R\ Q, then a+b ¢ Q
since otherwise b = (a +b) —a € Q.

Rational numbers are everywhere in R:

Theorem 1.10.3. Q is dense in R.

Proof. Let a,b € R, a < b; we need to show that the interval (a,b) contains a rational number, that is, there
is r € Q such that a < r < b. Find m € N such that 1/m < b —a. Theset {n € Z: n/m > a} = {n €
Z : n > ma} is nonempty and bounded below, so it has the least element n; we then have n/m > a and
(n —1)/m < a. The second inequality implies that n/m <a+1/m <a+b—a=0b,s0a<n/m<b. g

It is easy to prove that the set R\ Q of irrational numbers is also dense in R.

I am now going to present another proof of the fact that v/2 is irrational. First, let’s do a little research.
Let o € R\ {0}, and consider the set A = {na+m | n,m € Z}. Ais closed under addition and subtraction:
ifa,b € A then a+b,a —b e A. (We say that A is a group under addition.) If « is rational, o = k/d with
k € Z,d € N, then all elements of A have form (nk +md)/d = r/d with r € Z, that is, A is contained in the
set éZ = {g ’ r e Z}. Actually, if k/d is the lowest terms representation of a, then A = éZ: indeed, there
are n,m € Z such that nk +md = 1, so A contains é, and so, also contains all numbers of the form % with
r € Z. In particular, A is discrete, and the interval (0,1/d) contains no elements of A.

Now, let « be irrational; I'll show that A is dense in R. For any a € A, the fractional part {a} € A as
well; I claim that the elements {na} of A, with n € Z, are all distinct. Indeed, if {na} = {n’a} with distinct
n,n’ € Z, then na = n'a + k for some k € Z, then a = k/(n —n') € Q, which is not the case. Hence, the
interval [0,1) contains infinitely many elements of A. By Lemma 1.9.1 for any € > 0 there are aj,a3 € A
such that 0 < a3 —as <e. But a = a1 —as € A, so there is a € A such that 0 < a < . Now let b € R and
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e >0, find a € A such that 0 < a < g, let n = [b/a] + 1, so that n € Z and n — 1 < b/a < n; then na > b
and na —a < b, so na <b+a < b+e. Hence, na € (b,b+¢); since na € A, this proves that A is dense in R.

We’ve just proved:

Theorem 1.10.4. Let oo € R\ {0} and A= {na+m |n,meZ}. Ifa € Q, then A= 1Z for some d € N.
If « is irrational, then A is dense in R.

Using this result we can now reprove that v/2 is irrational:

Proof of Theorem 1.10.2. Let A = {nﬁ +m ‘ n,m € Z}. Notice that A is closed not only under
addition, but also under multiplication (is a ring): for any n,m,k,l € Z, (nv2 +m)(kv/2 +1) = (nl +
mk)\v/2 + (2nk +ml) € A. Since 12 < 2 < 22, we have that 1 < v/2 < 2,50 0 < 2 —1 < 1. Tt follows (by
Theorem 1.7.8) that for any & > 0 there exists n € N such that 0 < (v/2 — 1)" < . By Theorem 1.10.4, v/2
is irrational. g

Same proof shows that for any D € N, either v/D € N or v/D is irrational.

1.11. Supremum and infimum

Recall that for any nonempty bounded above set A C R, the supremum of A, sup A4, is the lowest upper
bound of A; the existence of sup A is declared by the axiom of completeness. If A is unbounded above, we
write sup A = +oo.

Let a nonempty A C R be bounded above. If A has the greatest element b, then sup A = b. Indeed, we
have a < b for all @ € A, so b is an upper bound of A. On the other hand, any ¢ < b is not an upper bound
of Asince b€ A and b > ¢, so b is the least upper bound of A. If A has no greatest element, then sup A ¢ A.

We have that b = sup A if b > a for all a« € A and for any ¢ < b, ¢ is not an upper bound of A, that

is, there is a € A such that @ > ¢. If b € R, then we have ¢ < b iff ¢ = b — ¢ for some £ > 0 (namely, for
€ = b— ¢). Thus, the definition of supremum can be rewritten in the following way:

Theorem 1.11.1. Let A C R be nonempty. Then b = sup A iff a < b for all a € A and for every ¢ < b
there exists a € A such that a > c¢. If A is bounded above then b = sup A (which is a real number) iff a < b
for all a € A and for every e > 0 there exists a € A such that a > b — €.

It follows that if A is bounded above, b =sup A, and b ¢ A, then b is a limit point of A.

As an application of Theorem 1.11.1, we can prove

Theorem 1.11.2. Let A and B be nonempty subsets of R and let A+ B = {a +b | a€ A be B}. Then
sup(A + B) = sup A + sup B.

Proof. Let A and B be bounded above, then u = sup A and v = sup B are real numbers. For any ¢ € A+ B
we have ¢ = a+ b with a € Aand b € B, soa < wuand b < v, s0o ¢c < u+v. And given any ¢ > 0,
there are a € A such that a > u —¢/2 and b € B such that b > v —¢/2; then a +b € A+ B and
a+b>(u—e/2)+ (v—¢/2) = (u+v) —e. By Theorem 1.11.1, u + v = sup(4 + B).

If, say, A is unbounded above, then A+ B is also unbounded above, and sup A+sup B = +oco+sup B =
+oo=sup(A+B). g

Let A CR. We say b € R is a lower bound of Aif b < a for all a € A, and say that A is bounded below
if A has a lower bound. The greatest lower bound of A is called the infimum of A and denoted by inf A. If
A is unbounded below, we write inf A = —oo.

Theorem 1.11.3. If set A C R is nonempty and bounded below, then inf A exists.

Proof. Let B be the set of lower bounds of A. Then B is nonempty, and every element a of A is an upper
bound of B, so B is bounded above; hence, b = sup B exists. Now, every a € A is an upper bound of B, so
a > b, so b is a lower bound of A; also, b > ¢ for every ¢ € B, so c is the greatest lower bound of A. Hence,
c=infA. g
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1.12. The nested intervals principle and the base d expansion of reals
The completeness of R can also be expressed using the nested intervals principle:

Theorem 1.12.1. Let Iy D Is D I3 D --- be a sequence of closed bounded intervals. (Such a sequence is
said to be nested.) Then (,—, I, # 0, that is, there is x € R such that x € I, for all n € N.

(Notice that the assertion of the theorem doesn’t hold for non-closed intervals: put I,, = (0,1/n], n € N,
then ()~ I, = 0.)

Proof. For every n, let I, = [ay, by], a, < by,. Since the intervals I,, are nested, we have that a1 < ag <---
and by > by > ---. I claim that for every n and m, a,, < b,,. Indeed, if n < m, then a,, < a,, < by, if n > m,
then a, < b, < by,. This implies that for every m, b,, is an upper bound of the set A = {a,, n € N}. Let
x = sup A; then for every n, x > a, and x < b,,sox €1, g

In Theorem 1.12.1, if the length of the nested intervals becomes arbitrarily small, then their intersection
consists of a single point:

Theorem 1.12.2. Let I O I, D I3 D --- be a sequence of closed intervals such that for any ¢ > 0 there
exists n such that |I,| <e. Then (\,_, I, = {z} for some x.

Proof. By the way of contradiciton, assume that z,y € ()._, I, and < y. There is n € N such that
|I,| <y —x, but z,y € I, contradiction. g

The nested intervals principle allows to construct digital expansions of real numbers. The binary ez-
pansion of real numbers in the interval I = [0, 1] is defined as follows. I is subdivided into two subintervals
of equal lengths, Iy = [0,1/2] and I, = [1/2,1]. Then, by induction, we define closed intervals I, ., of
length 1/2™ for alln € N and all ey, ...,e, € {0,1}: if an interval I, .. = [a,b] has already been defined,

we subdivide it into two subintervals I, .. 0 = [a7 “T'H’] and I, e.1 = [aT'H),b] of lengths |b — al/2.
Now, given any infinite sequence ey, es,... with e; € {0,1} for all i, we have the sequence of nested in-
tervals Io, 2 Ieye, 2 leyen,eq 2 - of arbitrarily small lengths; for the single point = in the intersection

ﬂf;l Ie, ..., We write x = .ejez - - - and call it the binary expansion of x. If x = .ejea...e;000... for some
k, that is e, = 0 for all n > k, we also write x = .ejes...¢.

Conversely, for any point = € [0,1] there are eq,ez,... € {0,1} such that z € I, ., for every n: if, by
induction, x € I, ,,thenxz € I, .. 0o0rx €I, ., 1,and wepute,ritobe0orlaccordingly. Hence,

every point z € [0, 1] has a binary expansion .ejes - - -. Unfortunately, there are points whose binary expansion
is not unique: if, for some n and ey, ..., e,, = is the boundary point of the intervals I, ¢, 0 and Ie,, . ¢, 1,
then © = .ey---e,0111--- and = .e;---€,1000---. (This means that the mapping {.6162 cee, € €

{0,1}} — [0, 1] from the set of binary expansions to the interval [0, 1] is surjective but not injective.)

Next, we extend the binary expansion to all real numbers as follows: for z > 1, we represent the integer
part [z] of z in the form [x] = 2™ + 2™~ 1¢; + -+ + 2%, for some m € N and ¢1,...,¢, € {0,1} (which
representation exists and is unique), find a binary expansion .ejes--- of the fractional part {z} of z, and
write x = lcy - - cpp.e1e2---. We call ¢; and e; the digits of x in the binary numerical system.

In the same way, subdividing our intervals into three equal parts instead ot two and labeling them with
the symbols 0,1, 2, we get the ternary expansion of real numbers; into ten equal parts and using as digits
the symbols 0,1,2,3,4,5,6,7,8,9 we get the (most popular) decimal expansion; and for any d € N\ {1},
subdividing our intervals into 16 equal parts and using as digits 0,1,2,3,4,5,6,7,8,9, A, B,C, D, E, F, we
obtain the hexadecimal expansion; in general, for any integer d > 2, subdividing our intervals into d equal
parts (and using as digits the first d symbols from the list 0,1,2,3,4,5,6,7,8,9, A, B,C, D, ...) we get the
the base d expansion.

1.13. Existence and uniqueness of the real numbers

An alternative way to introduce real numbers is constructive, where the set of real numbers is constructed
and its properties are proved, not declared as axioms. I'll describe this approach very briefly, without any
justification.

We start by defining whole numbers (nonnegative integers) 0 = 0, 1 = {0} = {0}, 2 = {0,1} = {0, {0} },
etc.: for every n already constructed we add its successor n’ = nU{n}. We define addition and multiplication
on these numbers inductively by 0 +n =n+0=n, m' ' +n =n+m' = (n +m)’, On = n0 = 0,
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m/n = nm’ = nm + n. We then add negative integers to get the set Z of integers, extend addition and
multiplication on Z, and check that the axioms (P1)-(P7) and (P9) hold. Since we have a set of positive
integers, we can also define an order on Z, and check that (P10)-(P12) also hold.

Next, we introduce rational numbers as follows. We consider the set Z x (Z \ {0}) of ordered pairs
(n,m) with n € Z and m € Z \ {0}. We say that two ordered pairs (ny,m1) and (ng, ma) are equivalent if
nims = namy. We then define a fraction n/m as the set of all ordered pairs equivalent to the pair (n,m), and
define the set Q of rational numbers as the set of all such fractions. We define addition and multiplication
of fractions as usual, and check that they satisfy the axioms (P1)-(P8). We say that n/m is positive if both
n,m > 0 or both < 0, and check that this set of positive numbers satisfies (P10)-(P12).

Finally, we need to complete Q to get R. If R exists and Q is a subset of R, then every real number x
defines the Dedekind cut (A, B) of Q by A={re€Q:r <z} and B={re€ Q:r >z}, and, as Q is dense in
R, x is uniquely defined by this cut. Thus, we define the set R of real numbers as the set of Dedekind cuts
(A, B) of Q with the property that B has no minimal element. (As for A, it may have a maximal element z,
—and then z € Q and the cut corresponds to x; and may not have it, — in which case the cut defines a “new”,
non-rational real number.) We then define addition and multiplication on R (for addition, for 1 = (A1, By)
and z9 = (Ag, By) we define z1 + x5 as (A1 + Ag, By + Bs) (well, almost: if z; and x5 are irratinal and
r = 1 + 2 is rational we have to take ((A; + A2) U {r}, B1 + Bs))) and, again, check that all the axioms
(P1)-(P13) are satisfied for this R with these operations.

On the other hand, axioms (P1)-(P13) define real numbers uniquely, in the following sense. Given two
ordered fields F' and K, an isomorphism between F and K is a bijective mapping f: FF — K that agrees
with the operations “4”, “.” and the order “<”: for all a,b € R, f(a+b) = f(a)+ f(b) and f(ab) = f(a)f(b),
and f(a) < f(b) iff @ < b. If such an isomorphism exists, we say that F' and K are isomorphic. Isomorphic
fields are “copies” of each other, what is true for one is true for the other, — after replacing the elements of
the first with the corresponding elements of the second.

The following theorem says that there is a unique, up to isomorphism, set of reals:

Theorem 1.13.1. Any two complete ordered fields are isomorphic.

Here is a sketch of the proof. Let R and R’ be two complete ordered fields (that is, two sets with
operations of addition and multiplication and order relations, satisfying axioms (P1)-(P13)). We need to
construct an isomorphism f:R — R’. R has special elements zero 0 and one 1, and R’ has its own zero 0
and 1’; we define f(0) = 0’ and f(1) = 1. Then we define f:NU {0} — N U {0’} (where N’ is the set of
natural numbers in R’) inductively: if f(n) = n’, we put f(n+1) = n’+1’. We then prove by induction that
f is an isomorphism between N U {0} and N’ U {0}, — a bijection that agrees with addition, multiplication,
and order: for any n,m, f(n+m) = f(n)+ f(m), f(nm) = f(n)f(m), and f(n) < f(m) iff n < m. We then
extend f to Z by f(—n) = —f(n), n € N, and show that it is still an isomorphism. Then we extend f to Q
by defining f(n/m) = f(n)/f(m), n,m € Z, show that f is well defined (that f(r) for r € Q doesn’t depend
on the representation of 7 in the form m/n), and is an isomorphism. Finally, we extend f to R as follows:
given = € R we consider the Dedekind cut A ={r € Q:r <z}, B={r € Q:r > z}, show that f(A4), f(B)
is a Dedekind cut of R’, and define f(z) to be the corresponding element of R’ that is, f(x) = sup f(A).
And, we prove that this f:R — R’ is an isomorphism.

1.14. Countable and uncountable sets

Two sets X and Y are said to have same cardinality, or be equicardinal, if there is a bijection X — Y;
we write |X| = |Y] in this case. We write | X| < |Y| if |X| = |A| for some A C Y (that is, there is an
injection X — Y'). We write |X| < |Y| and say that the cardinality of X is smaller than the cardinality of
Y if | X| < |Y| and | X]| # |Y].

A set X is said to be countable if |X| = |N|, that is, X = {z1,22,...}, where all x,, are distinct.
Non-countable infinite sets are said tobe uncountable.

It is easy to see that every infinite set X contains a countable subset (so, | X| > |NJ|); that any subset
of a countable set is at most countable (that is, countable or finite); and that any surjective image of a
countable set is at most countable.

We also have:

Theorem 1.14.1. (i) A finite union of countable sets is countable.
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(ii) A countable union of finite sets is at most countable.
(iii) A Cartesian product of two countable sets is countable.

(iv) A countable union of countable sets is countable.

Proof. Actually, (iv) implies (i), (ii), and (iii); but I will derive (iv) from (iii) and (iii) from (ii).

(i) Let A4,..., A, be countable sets; “count” the elements in each of them: let 4; = {z;1,%i2,...}, 1 =
1,...,n. Then the sequence 1,1, %21, .., Zn,1, 221,222, - - -, Tn,2,L3.1,--. “counts” the elements of |J]'_; A;.
More formally, construct the mapping f:N — [J_; 4; in the following way. For k € N, let 4, j be such that
k=mn(i—1)+j where 4,5 € N, 1 < j <n, and define f(k) = x;,. Since for any k € N the pair (¢,j) with
this property is unique, f is well defined. Since for every pair (¢, ) we have x; ; = f(k) for k =n(i — 1) + j,
[ is surjective. So, |Ji_; 4;| < |N[; since |A;| = |N|, we have ||J;_; 4;| = N|.

(ii) Let Aq, A, ... be a sequence of finite sets; if some of them are empty remove them from this sequence,
and thus assume that all A; # (. Let |A;] = n; and A; = {z;1,...,%in,}, ¢ € N. Define mg = 0 and for
every i € N, m; = m;_1 +n;, then 0 = mg < m; < mg < ---, and so, by induction, m; > 4 for all 7. Define

[:N — U2, A; in the following way: for k € N, find ¢ such that m;_1 < k < m;, and put f(k) = T g—m, .-
f is well defined and is surjective, since for any i € N and 1 < j < n; we have z; ; = f(m;—1 + j). So,
’U?:1 Ai‘ < INJ.

(iii) Let A and B be countable, A = {z1,23,...} and B = {y1,92,...}. Then A x B is representable as a
countable union of finite sets: A x B = U?}:Q{(xl, Yj) | 1+j= k} So, A x B is at most countable; but since
|A x B| > |A x {y1}| = |A|, A x B is countable.

(iv) Now let Ay, As,... be an infinite sequence of countable sets, A; = {x;1,%i2,...}, ¢ € N. Define a
function f:N x N — (J;2, 4; by f(i,j) = x;;. Then f is surjective, and N x N is countable by (iii), so
U2, A; is at most countable; but since ||J;2; A;| > |A1| which is infinite, it is countable. g

As a corollary we obtain that the set of rational unmbers is countable:
Theorem 1.14.2. Q is countable.

Proof. Every ¢ € Q has form ¢ = m/n with m € Z and n € N; this means that the mapping f:ZxN — Q,
f(m,n) = m/n, is surjective. Since Z and N are countable, Z x N is countable, so Q is countable. g

We will need the following nice fact:
Theorem 1.14.3. Any set of disjoint intervals in R is at most countable.

Proof. Let Z be a set of disjoint intervals. For every I € T choose a rational number z; € I. (We can do
this since Q is dense in R.) Since for any I,J € Z we have INJ =0, x; ¢ J, so x; # x;. Hence, the
mapping Z — Q, I — z, is injective. So, |Z| < |Q|. g

Definition. A real number « is said to be algebraic if it satisfies a polynomial equation with rational
coefficients: there are n € N and ag, a1,...,a, € Q, a, # 0, such that a,a™ + - -+ aja+ a9 = 0. Non-
algebraic real numbers are called transcendental.

Theorem 1.14.4. The set A of algebraic numbers is countable.

Proof. For every n € N let P,, be the set of polynomials of degree n with rational coefficients, that is,
functions R — R of the form a,z" 4+ a,_12" " + - - + a,x + ag where ag, a1, ...,a, € Q, a, # 0. For each
n, there is a bijection between P,, and (Q\{0}) xQ" L, a2 +a,_ 12" 4 -+a1z+ag < (an,an_1,...,00);
since Q" is countable, P, is also countable. The set P of all nonconstant polynomials with rational coefficients
is the countable union U?:l P,,, and so, is also countable. By definition, a real number « is algebraic iff « is
aroot, f(a) =0, of some f € P. For every f € P let Ay be the set of roots of f; it is well known that A is
finite. So, the set A = UfeP Ay of algebraic numbers is a countable union of finite sets, and so, is countable.

But not all infinite sets are countable!

Theorem 1.14.5. (Cantor) R is uncountable.
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Proof. Let (a,) be any sequence in R; I claim that there is a € R which is not in this sequence. Indeed,
choose a closed interval I; such that a; € I;. Then choose a closed subinterval Is of I; such that as & I5.
Etc., by induction: if a sequence Iy D Is D --- D I, of closed intervals has been chosen so that ap & I
for K = 1,...,n, then we choose an interval I,+1 C I, such that an+1 € I,+1. We obtain an infinite
sequence [y O Iy O --- of closed intervals such that for every n, a, ¢ I,,. By the nested intervals principle,
Moy I, #0;let a €, _, I,. ThenforanyneN,a€ I, anda, € I,,,s0a #a,. m

Usually, Theorem 1.14.5 is proved in a different way. The set of all {0, 1}-sequences (that is, sequences
of 0s and 1s) is denoted by {0, 1}, or 2N.

Theorem 1.14.6. The set 2V is uncountable.

Proof. We will show that there is no surjective mapping N — 2N, that is, that for any sequence S of
elements 2V there is s € 2V such that s is not in the range of S. Let (s1,s2,...) be a sequence of elements
of 2N, that is, a sequence of {0, 1}-sequences. For every n € N, let s, = (en.1,€n.2,...), where e, ; € {0,1}
for all i. Define s = (d1,dz,...) € 2V by d,, =1 — €y, i € N. Then for every n € N, s # s,, since the n-th
element d,, of s is not equal to the n-th element e, , of s,. g

Next, we notice that the set 2V of {0,1}-sequences and the interval [0,1] are “almost” equicardinal.
Indeed, we have a surjective mapping f:2Y —= [0, 1] defined by f(e,e2,...) = .e1ez... € [0,1] (the binary
expansion of a real number). This mapping is surjective (every real number has a binary expansion), but
not quite injective: some real numbers have two distinct binary expansions. However, the set A of such real
numbers is countable: A = {I/2* : | € Z, k € N}, the set B of correspondong binary expansions is also
countable, f defines a bijection between 2\ B and [0, 1]\ A, so the cardinalities of 2V and of [0, 1] are equal.

As a corollary of Theorem 1.14.5 we obtain:

Theorem 1.14.7. The sets of irrational and of transcendental numbers are nonempty, and, moreover,
uncountable.

Proof. Let 7 be the set of irrational numbers, A be the set of algebraic numbers, 7 be the set of transcen-
dental numbers. If 7 were countable, then R = QUZ would be countable, which is false; so, Z is uncountable.
Similarly, if 7 were countable, then R = AU 7T would be countable, which is false; so, Z is uncountable. g

The cardinality of R is called cardinality of the continuum. It is easy to see that any interval in R also
has cardinality of the continuum.

It looks natural that the cardinality of a “continuous” interval in R is larger than the cardinality of
the dense, but not “continuous” set of rational numbers. There are however sets in R that seem to be very
small, almost invisible, but have the cardinality of the continuum!

Such is the classical Cantor set, which is constructed in the following way: Subdivide the interval [0, 1]
into three subintervals of length 1/3, let Iy be the first first of them, Iy = [0, %], and I; be the third,
L = [%, 1]. Define Cy = Ip U I;. Next, subdivide I into three equal parts, let Iy ¢ be the first of them,
Ioo = [0, %}, and Iy be the third of them, Iy; = [%, %], do the same with I; to get subintervals I o and
I Put Cy =1Ip0Ulp1 Ul 0UI 1. And so on, by induction: for n € N, ), is a union of 2" disjoint closed
intervals of length 1/3", indexed by 0, 1-sequences of length n:

Cn = |J I, where S, = {0,1}" = {(e1,...,en) | €; € {0,1} for all i}.
SES,

The set C = (2, Cy is called Cantor’s set.

The points of C are in a one-to-one correspondence with the set S = 2N = {0, 1} of infinite {0.1}-
sequences. Indeed, given such a sequence s = (e1,ez,...) € S, we have the nested sequence I, C I, ., C
Ieien,es C -+ of closed intervals; by the nested intervals principle, there is a point x, in the intersection
Moy Ies,....c, - Since the length of the intervals tends to 0 (the length of I, ., is (1/3)™ and for any € > 0
there eixists n such that (1/3)™ < €), such a point z, is unique, so we have a mapping f: S — C, f(s) = zs.
f is surjective: for every point z € C, x is contained in I, for some e; € {0,1}, then it is contained in
I, o, for some e; € {0,1}, and for any n € N, ¢ is contained in I, ., for some eq,...,e,; then z = x4
for the sequence s = (e, e2,...). Also, f is injective: if s = (e1,e2,...) and t = (dy,ds,...) are two distinct
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{0, 1}-sequences, with e, # d,,, then x5 € I, . and z, € Iy, 4, but I, .
S0 Tg # x¢. So, f is a bijection, and so, C' has cardinality of the continuum.

At the same time, C is nowhere dense: it is not dense in any interval in R. Also, C has zero measure:
for any n, C,, is a union of 2" intervals of length 1/3™, so “the total length” (the measure) A(C,,) of C,, is
2" /3™ = (2/3)™. Since 0 < 2/3 < 1, for every € > 0 there exists n such that A(C),) < e. Since C' C C,
for every n, we obtain that “the length” (the measure) A(C) < € for every € > 0, so, A(C') = 0. So, C is a
nowhere dense set of measure zero with cardinality of the continuum!

In fact, it is easy to describe C' with the help of ternary (that is, base 3) expansions of real numbers.
Every number z € [0, 1] has a ternary expansion 0.cycg - - - with ¢, € {0,1,2}, and C' is the set of all numbers
from [0, 1] whose ternary expansion contains no 1s (but only 0s and 2s).

and Ig, .. 4n are disjoint,

n

2. Sequences and their limits

2.1. Converging and diverging sequences

A sequence (xy) = (x,)52 = (21, x2,...) of real numbers is a mapping N — R, n — z,,.

A sequence is not the set of its values! The sets {0,1,0,1,0,...}, {1,0,1,0,1,...}, {0,1,1,1,1,...}
are all equal (to the set {0,1}) but the sequences (0,1,0,1,0,...), (1,0,1,0,1,...), (0,1,1,1,1,...) are all
distinct: two sequences (z,,) and (y,) are equal IFF z,, =y, for all n.

Informally, we see a sequence as a process with discrete time: it “jumps” from point x; to x2, then to
x3, T4, etc. This way, a sequence may have different behaviour: it may hit a single point: (a,aq,a,a,...);
oscillate between two points: (a,b,a,b,...); go to +oo: (1,2,3,4,...); go to oo “oscillating” between + and
—: (1,-2,3,—4,...); run between 400 and —oco and back: (0,1,0,—1,0,1,2,1,0,—1,—2,...); being dense
in an interval, or in R, running over all rational points in this interval or in R respectively; etc.

We are however mostly interested in so-called “converging” sequences. We say that a sequence (x,,)
converges to a € R, or tends to a, or has limit a, and that a is the limit of (x,), and write x,, — a, or
lim,, o0 T, = a, or limz,, = q, iff for any £ > 0 there exists k € N such that |z, — a| < e for all n > k.

Given a point a € R and € > 0, the interval (a — ¢,a + ¢) is called the e-neighborhood of a. We have
lim;, 00 &, = a if for any € > 0 “all but finitely many elements of sequence (z,,) are in the e-neighborhood
of a”, or, in other words, “x,, are in the e-neiborhood of a for all n large enough”.

Examples. (i) Let z,, = 1/n, n € N. I claim that lim,,_, x, = 0. Let € > 0; find k € N such that k > 1/¢,
then for any n > k we have 0 < 1/n < 1/k < e. Hence, for any n > k, |z, — 0| < e.

(ii) Let now x,, = 1/y/n, n € N. I claim that lim, . 2, = 0. Let € > 0; find k € N such that k > 1/¢2,
then for any n > k we have 0 < 1/y/n < 1/Vk < e. Hence, for any n > k, |z, — 0| < e.

It is important to know that a limit of a sequence, if exists, is unique, and we can call it “the limit”:
Theorem 2.1.1. If a sequence converges, its limit is unique.

Proof. Let (x,) be a converging sequence, and, by the way of contradiction, assume that a = lim, o
and b = lim,,_, oo T, with a # b. W.l.o.g. assume that a < b. Put e = (b—a)/2. Find k; such that |z, —a| < ¢
for all n > k; and find ko such that |z, — b|] < ¢ for all n > ko. Choose any n > ki, ko, then, by the triangle
inequality, |b —a| < |z, —b| + |z, —a| < e+ =b—a, which is false. g

The symbols we use in the definition of limit are not important, of course; the sentence “for any H > 0
there exists v such that for any 8 > v, |zg — a] < H” also states that a = limz,. (Note, however, that,
traditionally, to denote integers the letters ¢, j, k,I,m,n, and sometimes d or r, are used; this simplifies
reading of math texts.) What is really important in this definition is the order of the quantifiers: the
sentence “there exist € > 0 and k € N such that for all n > k we have |z, — a| < &” states that the sequence
(xn) is bounded; the sentence “there exists k such that for any € > 0 for any n > k we have |z, —a| < &”
states that the sequence (z,,) is eventually constant: there exists k such that z,, = a for all n > k.

If a sequence (x,) doesn’t converge, we say that it diverges. We say that it diverges to +o0o and write
T, — +00, or lim,_, o x, = 400, or limz,, = +o0, if for any M € R there exists k£ such that z,, > M for
all n > k. We say that it diverges to —oo and write x,, — —o0, or lim, o T, = —00, or limx, = —oo, if
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for any M € R there exists k such that x,, < M for all n > k. We say that it diverges to oo if lim |z, | = +oco.
(Note that a sequence may diverge, but not to +o0o or oc.)

2.2. Properties of converging sequences and of their limits
First of all,

Theorem 2.2.1. A sequence (x,) converges to a € R iff lim|x,, — a| = 0. In particular, limz, = 0 iff
lim |z, | = 0.

Proof. By definition, lim |z, —a| = 0 if for any € > 0 there exists k such that for all n > k,
But ||, — a| — 0| = |&,, — al, so this is equivlent to limz, =a. g

|2y —al—0] <e.

A sequence (x,,) is said to be bounded above if there is M such that x,, < M for all n; bounded below
if there is N such that z,, > N for all n; and bounded if it is bounded both above and below. Equivalently,
(xy,) is bounded if there is M such that |z, | < M for all n.

Theorem 2.2.2. If a sequence converges it is bounded.

Proof. Let (x,) be a converging sequence, let limx, = a. Let k be such that |z, —a| < 1 for all n > k,
thena—1<z, <a+1foralln>k. Let M = max{x1,...,2,-1,a+1} and N = min{z,...,25_1,a— 1};
then or any n, if n <k —1then N <z, < M;ifn >k, then N <a—-1<uz, <a-+1< M. Hence, for all
n,N<z, <M. g

The converse is not true: a sequence can be bounded but diverging. However, the following is true:

Theorem 2.2.3. Let a sequence (x,,) converge, let limz, = a, and let b € R.

(i) If &, < b for infinitely many n, then a <.

(i) If x,, > b for infinitely many n, then a > b.

(iil) If a < b then x, < b for all n large enough (that is, there is k such that x, < a for alln > k).
(iv) If a > b then x, > b for all n large enough.

Notice that if x,, < b for all n, it doesn’t follow that a < b, but only that a < b.

Proof. (iii) If a < b, put € = b— a, then € > 0, so there exists k such that for all n > k, z, < a+¢ =b. (So,
Zn > b for finitely many n only.)
(iv) If @ > b, put € = a — b, then € > 0, so there exists k such that for all n > k, x,, >a—¢e=10. (So, z, <b
for finitely many n only.)

(i) and (ii) are the contrapositives of (iv) and (iii) respectively: “x,, < b for infintely many n” means
that it is not true that x,, > b for all n large enough, and then, by (iv), it is not true that a > b, hence a < b;
similarly, if x,, > b for infinitely many n, then a > 0. g

The squeeze theorem for sequences is the following fact:

Theorem 2.2.4. Let (x,), (yn), (zn) be sequences such that for all n, y, < x, < z, or z, <z, < yn, and
such that limy,, = lim z,, = a. Then (z,) also converges to a, limx,, = a.

Proof. Let € > 0. Find k; such that for all n > k1, |y, —a|] < &, so that a —e < y, < a + ¢, and find ks
such that for all n > ko, |z, —a| < &, so that a — e < 2z, < a+ ¢&. Let k = max{k;, ko}. Then for any n > k
we have

a—e<ypy <zp<zp<a+te

or
a—e<zpn<zp <y, <a+e,

soa—e<z, <a+e 50|z, —al<e g
Next, we have theorems “on arithmetic” of limits:

Theorem 2.2.5. Let (z,) and (y,) be two converging sequences, let limx,, = a and limy,, = b. Then
(i) im(z,, + yn) = a + b (that is, the sequence (z,, + yn) converges and its limit is a +b);
(i) for any c € R, lim(czy,) = ca;
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(iil) Um(zny,) = ab;

(iv) if a # 0 then lim(1/x,) = 1/a;

(v) if a # 0 then lim(y, /x,) = b/a.

In (iv) an (v) we should additionally assume that z, # 0 for all n, since other wise 1/x,, doesn’t exist.

However, if lim x,, # 0, then z,, # 0 for all but, maybe, finitely many n, which may be just ignored when we
compute limits.

Proof. (i) Let ¢ > 0. Let k1 be such |z, —a|] < ¢/2 for all n > k; and k2 be such |y, — b| < &/2 for all
n > ko, then for all n > max{ky, ka} we have

|(:z:n+yn)—(a+b)| = |(xn—a)+(ynfb)| <|xnp—al+ |y, — bl <e/24¢e/2=c¢.

(ii) follows from (iii) if we put y,, = c¢ for all n € N, but let’s prove it independently. If ¢ = 0 then (cx,) is
the constant sequence equal to 0, and lim cx,, = 0 = ca. So, assume that ¢ # 0. Let ¢ > 0. Find k such that
|z, —a| < €/|c| for all n > k. Then for any n > k,

lcxy, — cal = |c| - |xn, —al < |c|-€/|c|] = €.

(iii) Let € > 0. Since (x,) converges, it is bounded; let M > 0 be such that |z,| < M for all n. Let ky be
such |z, —a| < ¢/(2[b] + 1) for all n > ky and kg be such |y, — b| < ¢/(2M) for all n > ko, then for all
n > max{ky, ka} we have

|xnyn - ab| = |xnyn — b+ z,b — ab| < |Znyn — Tpb| + |2nb — abl = |zn| - lyn — b + |20 —al - 0]
< Me/(2M) +€[b|/(2]b]+ 1) <eg/2+4¢c/2 =¢.

(iv) Let a # 0, let & > 0. Assume that a > 0. Find k; such that |z, — a|] < |a|/2 for all n > kq, then
|z,| > |a| — |z — a| > |a] — |a|/2 = |a|/2 for n > k;. Find ko such that |z, — a| < €|al?/2 for all n > k.
Then for any n > max{k, k2} we have

_lwn—al _ claf/2 _
|| - lal  (lal/2)lal

1 1‘ ‘af:z?n
= 6-

T, a TnG

(v) follows from (iii) and (iv). g

The arithmetic of infinites (1/0 = oo, 1/00 = 0, 200 + a = £oo for any a € R, (£oo)a = £oo for any
a > 0 and (£oo)a = Foo for any a < 0, (+00) + (+00) = +00, (—00) + (—00) = —00) also applies to limits:

Theorem 2.2.6. Let (x,,) and (y,) be sequences.

(i) If imz, =0 and x, # 0 for all n, then lim(1/x,) = co.

(i) If limx, = oo, then lim(1/x,) = 0.

(iii) If limx,, = o0 or co and (yn) converges, or is just bounded, then lim(x,+y,) = £oo or co respectively.
(iv) If limx, = +00 or co and limy, > 0, then lim(z,y,) = £oo or co respectively. If limxz, = +oo or co
and limy, <0, then lim(z,y,) = Foo or oo respectively.

(v) If lima,, =limy, = too, then lim(x,, + y,) = *oo.

Proof. (i) Let M > 0. Find k such that |z,| < 1/M for all n > k. Then |1/z,| > M for all n > k.

(ii) Let € > 0. Find k such that |z,| > 1/e for all n > k. Then |1/x,| < € for all n > k.

(iii) Let limx,, = +o00 and assume that (y,) is bounded below: let N be such that y,, > N for all n. Given
M € R, find k such that x,, > M — N for all n > k, then x,, + y,, > (M — N)+ N = M for all n > k. The
other cases can be proved similarly, or just deduced from this one.

(iv) Let limz, = +oo and limy, = a > 0; the other cases are similar. Find k; such that y, > a/2 for
all n > ky. Given M € R, find ks such that z, > 2M/a for all n > ko. Then for any n > max{ky, ko},
|Tnyn| > (2M/a)(a/2) = M.
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(v) Let limz,, = limy,, = +00. Given M € R, find k such that z,, > M and y, > 0 for all n > k, then
T +yn > M for all suchn. g

A version of the squeeze theorem also exists for infinite limits is called a comparison principle:

Theorem 2.2.7. Let (x,) and (yn) be sequences. If limx,, = 400 and y, > x, for alln, then limy, = +oo.
If limz,, = —oc0 and y, < x, for all n, then limy, = —cc.

Proof. Let limz, = +oco and let y, > x, for all n. Let M € R, let k be such that x,, > M for all n > k,
then also y,, > M foralln > k. g

2.3. Some standard limits

e By the Archimedian property of N, lim,,_,, n = 4o00; it follows that lim(1/n) = 0, and by induction, for
any d € N, limn? = +o0 and lim(1/n?) = 0.

e Let a € R; consider the sequence (a™):

If a > 1, put © = a — 1, then by Bernoulli’s inequality a™ = (1 4+ )™ > 1+ nz, so lima"™ = +oco (by
Theorem 2.2.7).

If a =1, then lima™ = 1.

If0<a<1,then a™! > 1, so lim(a”)~! = lim(a™!)" = 400, so lima™ = 0.

If —1 < a <0, then lim|a"| = lim |a|™ = 0, so lima™ = 0.

If a = —1, lima™ doesn’t exist (the sequence (—1)" = (—1,1,—1,1,...) diverges).

If a < —1, then lim |a™| = lim |a|™ = +00, so lima™ = co. (Since the sign of a™ switches from + to — and
back, lim a™ # 400 or —oo in this case.)

(2/n+53_)%+(§/2)") —

e [t is easy to compute limits in situations where Theorems 2.2.5 and 2.2.6 apply, like lim Tn

6/5.

There are, however, so-called indeterminate limits, which may be of types 0/0 (that is, x,,/y, with both
limz,, = limy, = 0), co/o0, 000, 0o — 00, ete. Dealing with such limits requires some creativity.
e Here is an example of finding an indeterminate limit of the form oo — co:

. B o (WntT-va)(Vn+14+vR) . (n+1l)-n 1 B
hm(\/n—|— \/ﬁ)—hm NCES P _hm\/er\/ﬁ_hm\/er\/ﬁ_o

e Sequences of the form agn® 4+ aq_1n% ' +--- +ain + ag where d € N, ag,...,aq € R, ag # 0, are called
polynomial of degree d; every polynomial sequnce diverges to co. If x,, and ¥, are polynomial sequences, the
sequence T, /yy is called rational. Limits of rational sequences are indeterminate of type co/co, but can be
easily found: let x,, = agn® + ag_1n? ' + -+ ain + ag and y,, = b.n’ + be_1n°"t 4 -+ + bin + by, then

T adnd —+ ad_lnd’l + -4+ an—+ag aq + ad_ln*I + 4 aln*dJr1 + aon’d d—ec
— = n
Yn ben® + be_1nt~t + -+ bin+ by be +be—in=l+ -+ byn=ctl 4 pyn=¢

The limit of the fraction is equal to aq/b. # 0 and everything depends on the limit of n?=¢: if d = ¢ it is 1
and lim(z,, /yn) = aq/be; if d > c it is co and lim(z,, /y,) = oo; if d < ¢ it is 0 and lim(z,, /y,) = 0.
e For any d € N and a > 1, n?/a™ — 0. Indeed, put = a — 1, then # > 0. For any d € N and n > d, it
follows from the binomial formula that ™ = (1 4+ )" > (,},)z*" = Wwd“. Here x9%1/d! is a
constant, and n(n —1)---(n — d) is a polynomial sequence of degree d + 1, so lim nd/((dil)xd“) =0, so
limn?/a™ = 0 by the squeeze theorem.
e For any a > 1, a”/n! — 0. Indeed, choose any k € N with k > 2a, then for any n > k we have n! =
KUk + 1) (k+2)---n > klknF = Epn o qn/nl < ELgn /gn — KL (q/k)" < E2(1/2)". Since (1/2)" — 0,
% — 0 as well by the squeeze theorem.
e You can also show that n!/n" — 0.

For sequences (x,) and (y,) with limz,, = limy, = oco let’s write z,, < y,, if lim(z,/y,) = 0. Clearly,
n? < n° for any d,c € N with d < ¢, and a™ < b"™ for any b > a > 1. We also have that n? < a™ < n! < n"
for all d € N and all a > 1.
e One more “standard limit” is lim {/a for @ > 0. ({/a is defined as b > 0 such that b" = a; we haven’t
proved its existence yet, but we could do this in the same way as we did for n = 2.) We may assume that
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a > 1 (if a < 1, we can replace it by a=!). Then {/a > 1 for all n (since if b < 1, then b" < 1). For any
e > 0, since (1 +¢)™ — o0, there exists k such that (1 +¢)” > a for all n > k, then 1 +& > {/a > 1 for all
n>k s00< Y/a—1<e¢g,solim /a=1.

e The next one is lim {/n; it is also equal to 1. Let ¢ > 0; since (1 + ¢)™/n — oo, there exists k such that
(I14e)*>nforalln >k, then 1+ > /n>1forall n >k, solim ¢/n=1.

2.4. Monotone sequences

There are situations where we can prove the existence of a limit without guessing it. One of them is
when the sequence is monotone.

Let (x,) be a sequence in R. It is said to be increasing if x, 11 > x, for all n; strictly increasing if
Tpt1 > Ty for all n; decreasing if 11 < x, for all n; and strictly decreasing if 2,41 < x,, for all n. (In some
books, nondecreasing, increasing, nonincreasing, and decreasing respectively.) (x,) is said to be monotone
if it is increasing or decreasing, and strictly monotone if it is strictly increasing or strictly decreasing.

Every monotone sequence always has a limit (which can be infinite however):

Theorem 2.4.1. Let (z,) be a monotone sequence. If (x,,) is increasing and bounded above, then limz,, =
sup{x,, n € N}; if it is increasing and unbounded above, then lim x,, = +oo; if it is decreasing and bounded
below, then lim ,, = inf{x,,, n € N}, if it is decreasing and unbounded below, then limx,, = —oco.

Proof. Let (z,,) be increasing and bounded above, let a = sup{x,, n € N}. Then z,, < a for all n. For any
€ > 0 there exists k such that z; > a — ¢; then for any n > k we have z,, > x; > a — ¢; hence, |z, —a| < e
for all n > k. So, limz,, = a.

Now let (z,) be increasing and unbounded above. Let M € R; there exists k such that xz; > M, and
then for any n > k, x,, > x;, > M. This proves that limx,, = 4o0.

The case of decreasing sequences can be treated similarly, or can be reduced to the case of increasing
sequences by replacing x,, by —x,. g

As a corollary, we have the following comparison principle:

Theorem 2.4.2. Let (x,) and (y,) be increasing sequences and let x,, < y, for all n. If (y,) converges,
then (z,,) also converges, and lim x,, < limy,.

(Sure, a similar theorem holds for decreasing sequences.)

Proof. If (y,) converges, it is bounded above, thus (z,) is also bounded above, and so, converges. And we
have lim z,, = sup{z,, n € N} <sup{y,, n € N} =limy,. g
Examples. (i) Let a >0,a# land z, =1+a+a*+---+a" =" ,a’, n € N. Then (z,) is a strictly

antl_q
a—1

increasing sequence. As can be proved by induction, for any n, z, = ;ifa > 1, limz, = 400, if

O0<a<l, limxn:

(ii) Let y, = 1 +4+ % + —|— =Yo7 (yn) is also an increasing sequence, and for any n, y, < 1+ xn
for z, =1+ % 5+t 2n~ Slnce (z,) converges, with limz,, = 2, (y,,) also converges with 2.5 < limy,, <
1+limz, = 3 (Actually7 limy, =e.)

(iii) Let 2, = (1 + %)n, n € N. (This sequence has indeterminate limit of type 1°°.) I claim that (z,) is
increasing and z, < y, = Z?:O% for all n; this will prove that (z,) converges, with limz, < limy, < 3.
Indeed, using the binomial formula, for any n, we have:

zn=(14+1/n)"

1— a

— Ltk b (ot () oo (k= L1 42050 4 a0l gy galbiops
—t b= p-Ha- b Teaa- Hd- - =)

This shows that z, <y, for all n. If we compare the expression for z, with

=141+ 5(1- )+ 50 - o) (- 3) + + (1—n+1)(1—r+1) (1-257)
oy (U= o) (0= 237) (L= 249)

we see that every summand in the expression for z,1 is larger (or equal) than the corresponding summand
in the expression for z,, plus we have one more additional, last summand. Hence, 2,41 > 2.
The limit of (z,) is a transcendental number, called “e” (Euler’s number).
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(iv) Let a > 0; define a sequence (v,) inductively by v; = 1 and vn41 = % (v, + a/v,) for all n. I claim
that (vy,) is decreasing and bounded below by /a starting with n = 2. Indeed, for any n > 2, by the
arithmetic-geometric mean inequality, v, = 1 (vp—1 +a/vp—1) > /vn—1(a/vn_1) = Va, so a/v, < Va < vy,
SO Upt1 = %(vn +a/v,) < %(vn + v,) = v,. Hence, (v,) converges. Let b = limwv,; then b = limwv,1; =
lim £ (v, + a/vy) = 3(b+a/b), so b= a/b, so b= /a (since b > 0).

The sequence (v,,) converges to y/a fast enough, and is often used to calculate it. This method of finding
Va is called Newton’s algorithm.

2.5. Cauchy’s criterion of convergence

A sequence (z,) is said to be Cauchy if for any ¢ > 0 there exists k such that |z, — x,,| < € for all
n,m > k.

The following fact is called the Cauchy criterion of convergence:

Theorem 2.5.1. A sequence converges iff it is Cauchy.

Proof. Let (z,,) be a converging sequence, let lim x,, = a. Let ¢ > 0. Find k such that |z, — a| > &/2 for all
n > k. Then for any n,m >k, |z, — x| < |2, —a| + |2m —a| <e/2+4+¢/2 =¢. So, (z,) is Cauchy.

Conversely, let (z,) be Cauchy. There exists k; such that |z, — z,,| < 1 for all n > ky; put Iy =
[k, — 1, z, + 1], then x,, € I for all n > ky. There exists ko > ki such that |z, — z,,| < 1/2 for all n > ko;
put Iy = [z, — 1/2,2, + 1/2] N Iy, then x,, € I3 for all n > ky. And so on, by induction: we construct a
nested sequence I; D I D --- of closed intervals with |I;] < 2/i for all ¢ and a sequence k1 < ko < --- of
integers such that for any i for any n > k;, z,, € I;. By the nested intervals principle, there exists a € ()2, ;

I claim that @ = limx,. Indeed, let € > 0; let i > 2/e, so that 2/i < . Then for all n > k; we have
z, € and a € I;, 50 |2, —a| < || <2/i<e. g

A sequence (z,) is Cauchy, and so, converges, if x,, —x,, — 0 as n, m — oco; the condition 41 —x,, —>
0 is not sufficient. (The sequence 0,1,1/2,0,1/3,2/3,1,3/4,2/4,1/4,0,1/5,... is an example: it satisfies
Znt1 — Tn, —> 0 but diverges.) However, if the difference x,41 — x, tends to zero fast enough (namely,
exponentially), then the sequence is Cauchy:

Theorem 2.5.2. Let (x,) be a sequence such that for some ¢ <1 and M € R we have |tp11 — x| < "M
for all n. Then (x,) is Cauchy.

Proof. Let n,m € N, n < m. Then
|xn - xml = ’xn — Tptl + Tpypl — Tpy2 + -+ Tip—1 — xm’

S |mn - xn+1| + |xn+1 - xn—i—2| + -+ |£Cm_1 - xm‘ S c"M + CnJrlM + -+ CmilM
=c"M(1+c+---+cm" 1)—c"M1 c” <c”1MC

Now, given ¢ > 0, find k such that ¢* < e(1—c)/M, then for any n > k, |z, — x| < "L < FAL
Here is an example: let eq, ea,... € {—1,1} be any sequence of “signs”, and let z,, = ey +$F + 53 +- - -+ ;.
Then for any n > 2, X411 — Tp| = ﬁ < 5, so (z,) is Cauchy.

The condition of Theorem 2.5.2 is satisfied in the following situation:

Theorem 2.5.3. Let (x,,) be a sequence such that for some ¢ < 1, |Tpi2 — Tpni1| < c|Tpi1 — xn| for all n.
Then (x,) is Cauchy.

Proof. We have |3 — za| < c|za — 1|, then |z4 — 23] < ¢z — 22| < 2|za — 21|, and by induction,

|Tnt1 — Tp| < " 2ag — 21| = |wpt1 — xp|/c? for all n. By Theorem 2.5.2, (z,,) is Cauchy. g

Here is an example. Define sequence (z,) inductively by z; = 1 and z,4+1 = 1+ 1/, for all n. By
induction, x, > 0 for all n; so, z, > 1 for all n; so z, =1+ 1/z,—1 <141 =2for all n > 2; so
n=1+1/x,_1 >3/2 for all n > 3. Now, for any n > 2 we have

— ‘17L+1 $n|
|$n|\$n+1| =3

Tp —Tn41
Tn4+1Tn

|1'n+1 — T |

|Tpto — Tpt1] = |(1+wn+1) (1+3:n)| =

3¢n+1 |

So, (z,) converges. If a = limx,, we have a = limx,41 = lim(l + 9%) =1+ 7, soa?—a—1=0, so
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2.6. Limit points and subsequences

Let (z,,) be a sequence in R. A number a € R is said to be a limit point of (x,) if for any € > 0, the set
{n: |z, —a| < e} is infinite, that is, the e-neighborhood of a contains infinitely many points of the sequence;
in quantifiers: for any € > 0 for any k there exists n > k such that |z, — a| < e.

Examples.

(i) If a sequence converges, it has a unique limit point, which is its limit.

(ii) If a sequence diverges to oo, it has no limit points.

(iii) The sequence x, = (—1)" + 1/n, n € N, has exactly two limit points, —1 and 1. There are sequences
with three, four, or any finite set of limit points.

(iv) The sequence (0, 1,0, %7 1,0, %, %, 1,0, i, .. ) is dense in [0, 1], thus every point of [0,1] is a limit point
of this sequence.

(v) The sequence of all rational numbers is dense in R, thus every real number is a limit point of this
sequence.

The fundamental Bolzano-Weierstrass theorem says that every bounded sequence in R has a limit point.
(This means that closed bounded intervals in R are compact.)

Theorem 2.6.1. FEvery bounded sequence in R has a limit point.

Proof. Let (z,) be a bounded sequence, let N,M € R be such that N < z, < M for all n. Define
I, = [N, M]. Subdivide I; into two closed subintervals of length |I;|/2 and define Iy to be one of these
subintervals that contains infinitely many elements of (x,). Subdivide I5 into two closed subintervals of
length |I5|/2 = |I|/4 and define I3 to be one of these subintervals that contains infinitely many elements of
(2,,). Continuing this way, we choose, by induction, a nested sequence I; D Iy D --- of closed intervals with
|I;] — 0 as i — oo; let a € ;= I;. Let € > 0; find k such that |I;| < e, then I C (a —e,a+¢). Since I},
contains infinitely many elements of (z,), so does the e-neighborhood (a — ¢,a + €) of a. Hence, a is a limit
point of (z,,). m

If (z,,) is a sequences and n1 < my < ng < --- is a strictly increasing sequence in N, the sequence
(Zn;) = (Tpy, Ty, - - .) is said to be a subsequence of (x,). A subsequence is indexed by “the second” index:
(Zn,;) = (yi) where y; = x,,, for all i.

Clearly, if a sequence converges, every its subsequence converges to the same limit:

Theorem 2.6.2. If (x,) is a sequence with imx,, = a, then for any its subsequence (x,,), imz,, = a as
well.

Proof. I'll prove this for a € R only. Let € > 0; find k such that |z, — a| < € for all n > k and find j such
that n; > k. (This is possible since, clearly, n; > j for all j, so j = k works.) Then for any i > j we have
n; >nj >k, so |z, —al <e. g

The converse is not true, of course: a diverging sequence may have converging subsequences. If a
subsequence (zp,;) of (z,) converges, its limit lim; ,oc T, is called a subsequential limit of (z,). Actually,
the subsequential limits of a sequence are just its limit points:

Theorem 2.6.3. For any sequence (x,), a point a € R is a limit point of (x,,) iff a is a subsequential limit
of (xn).

Proof. Let a be a limit point of (z,). Find ny € N such that |z,, —a| < 1. Find ng > ny such that
|zn, —al] < 1/2. (It exists since the set of n for which |z, —a| < 1/2 is infinite.) Find n3 > ny such that
|zn, —al < 1/3. Etc., by induction: we construct a sequence n; < nz < ng < --- of integers such that
|z, —a| < 1/i for all 4. Since 1/i — 0 as i — oo, by the squeeze theorem x,, — a as i — oo.

Conversely, let (z,,) be a converging subsequence of (z,,), let @ = lim;_, o x,,. Then every neighborhood
of a contains infinitely many (actually, almost all) elements of (z,), so infinitely many elements of (z,). So,
a is a limit point of (x,). (In quantifiers: let ¢ > 0 and let k¥ € N. Find j such that |z,, — a|] < € for all
i >j. Find ¢ > j such that n; > k. Then |z,, —a| <candn; > k.) g

We can now reformulate the Bolzano-Weierstrass theorem:
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Theorem 2.6.4. Fvery bounded sequence in R has a converging subsequence.
And we can give another proof of it, based on the following nice lemma:
Lemma 2.6.5. FEvery sequence in R has a monotone subsequence.

Proof. Let (z,) be a sequence in R (or, actually, in any totally ordered set). Let’s say that m € N is a peak
point (a peak point index?) of (z,) if 2, > x, for all n > m. There are two cases: If there are infinitely
many peak points m; < mg < mg < ---, then Ty, > Tmy > Timg > -+, 80, (Tm,) is a decreasing subsequence
of (z,). If there are only finitely many peak points, let m be the maximal one; then for any n > m there is
k > n such that x > x,. We then can construct a (strictly) increasing subsequence of (z,,): take ny = m+1,
then find ny > n; such that x,, > z,,, then find ng > ny such that z,, > z,,, etc. g

Now, the Bolzano-Weierstrass theorem can be proved as follows: given a bounded sequence, it has an
(also bounded) monotone subsequence, which converges.

Let’s also prove that if a bounded sequence has a unique limit point, then it converges to this point.
Indeed, let a be the only limit point of a bounded sequence (z,). Let ¢ > 0; if there are infinitely many
elements of (z,) outside of I = (a —,a +¢) (that is, infinitely many n such that |z, —a| > ¢€), they form a
subsequence of (x,,) outside of I, which has a limit point outside of I, contradiction.

2.7. Limsup and liminf

Let (z,) be a sequence. The limit superior or the upper limit of (z,), limsup,, . T, or lim, .z,
is defined as limy_,o sup{z, | n > k}. The limit inferior or the lower limit of (x,), liminf,, . , or

lim, ,  zn, is defined as limy_, o inf{z, | n > k}. Clearly, liminf x,, < limsup z,.
Let’s only discuss limsup, liminf is the dual notion. We define s1 = sup{xi,z2,z3,...}, s2 =
sup{xs,x3,24,...}, S3 = sup{xs,x4,x5,...}, etc. Then s; > s9 > s3 > ---, that is, (sg) is a decreasing

sequence; thus, it has a limit, inf{s;, & € N}, which may be a real number (if (z,) doesn’t diverge to —oc0),
or —oo (if (z,) — —o0). It also can be that s, = +oo for all k (if (z,) is unbounded above); in this case
we put limsup x,, = 4o00.

The good thing about limsup and liminf is that they always exist! (although may be infinite).

Examples. In all the examples below, liminf z,, = —1 and limsup x,, = 1, but the sequences demonstrate
different behavior:

(i) zn, = (=1)"(1 + 1/n), n € N. The sequence has infinitely many elements greater than 1, and the
subsequence of these elements converges to 1; the sequence has infinitely many elements less than —1, and
the subsequence of these elements converges to —1.

(ii) ¢, = (=1)"(1 = 1/n), n € N. No elements of the sequence are greater than 1, and there is a subsequence
that converges to 1 from below; no elements of the sequence are less than —1, and there is a subsequence
that converges to —1 from above.

(iii) z, = (=1)"+1/n, n € N. The sequence has infinitely many elements greater than 1, and the subsequence
of these elements converges to 1; no elements of the sequence are less than 1, and there is a subsequence
that converges to —1 from above.

(iv) Let (x,,) be a sequence of all rational numbers in [—1, 1]. Then the situation is the same as in (ii), but
the set of limit points is the whole interval [—1, 1] this time.

limsup and liminf can be characterized by the following property:

Theorem 2.7.1. For a sequence (z,,) we have s = limsup z,, € R iff for any € > 0 there exists k such that
foralln >k, x, < s+ ¢ and for any k there exists n > k such that x,, > s — e; we have r = liminf x,, € R
iff for any e > 0 there exists k such that for alln >k, x, > s —e and for any k there exists n > k such that
Ty < S+E.

Proof. T'll prove this for limsup only. Let s = limsup x,,, that is, s = lim s; where s = sup{x, : n > k},
k € N. Let ¢ > 0. Find k such that s; < s+ ¢, then for all n > k& we have x,, < s < s+ ¢&. On the
other hand, since the sequence (si) is decreasing, we have s > s for all k, and there is n > k such that
Ty > S —E>8S—E.

Conversely, let s be such that for any € > 0 (i) there exists k such that for any n > k, x,, < s + ¢, and
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(ii) for any k there exists n > k such that z,, > s — . Then for any ¢ > 0, by (ii), for any k, s, > s — ¢, so
sk > s; and by (i), there exists k such that s, < s+ ¢; so, s = inf{sy, k € N} =lims;, = limsupz,. g

It follows that for a sequence (zy,), limsup z,, (if finite) is the maximal limit point of (z,) and lim inf x,,
(if finite) is the minimum limit point of (z,). (This is why they are also called “the upper” and “the lower”
limits.)

Here is one more proof of the Bolzano-Weierstrass theorem: if a sequence is bounded, its limsup is a
limit point.

As a corollary, we get:
Theorem 2.7.2. A sequence (x,,) converges with limz,, = a iff liminf z,, = limsup x,, = a.

This fact remains true for the infinite limits: lim z,, = +o0 iff limsup x,, = liminf z,, = +oc.
The lim sup (and, similarly, the liminf) can also be characterized as follows:

Theorem 2.7.3. Let (z,) be a sequence, let A = {a € R : the set {n: x, > a} is infinite} and let B =
{a € R : the set {n:x, >a} is ﬁm'te}. We then have AUB =R and a < b for all a € a and b € B; if both
A and B are nonempty then limsupx, = sup A = inf B; if A = 0 then limsupz, = —oo; if B = () then
lim sup x,, = +00.

Proof. Clearly, AUB = R and a < b for all a € A and b € B. Assume that both A, B # (). Let
s = limsupz,. For any b > s, put € = b — s, then there exists k such that z,, < s+ ¢ = b for all n > k, that
is, the set {n : x, > a} is finite, and b € B. For any a < s, put ¢ = s — a, then for any k there is n > k such
that x, > s — e = a, that is, the set {n : 2, > a} is infinite, and a € A. So, s is the common supremum of
A and infimum of B.

If A =0, then limz, = —oo by definition. If B = @), then (x,) is unbounded above, and lim sup =, =
+o0o. m

Clearly, if (z,) and (y,) are two sequences with z,, < y, for all n, then liminfz, < liminfy, and
limsup z,, < limsupy,. The arithmetical properties of limsup and liminf are not as good as those of limits:

Theorem 2.7.4. For any sequences (x,) and (yy,), limsup(z, + y,) < limsup z,, + lim sup y,,, lim inf (z,, +
Yn) > liminfz, + liminfy, and if z,,y, > 0, then also limsup(x,y,) < limsupz,limsupy, and
liminf(x,y,) > liminf 2, liminf y,, .

Proof. For every k € N let s = sup{x, : n > k} and r = sup{y, : n > k}. Then for any k for any n > k
we have z,, + y, < Sk + Tk, 80 t, = sup{z,, + yn : n >k} < si + rx. Hence,

lim sup(x, + yn) = lim ¢, < lim(sg + rg) = lim sg + lim ry, = lim sup x,, + lim sup y,,.

If 2, yn > 0 for all n. then for any k for any n > k we have z,y, < sgrk, s0 vy = sup{x,y, : n > k} <
skrr. Hence,

limsup(z,yy,) = lim v, < lim(sgry) = lim sg lim 7, = lim sup ,, lim sup y,,.

For liminf the proof is similar. g

Here is an example where limsup(z,, + y,) < limsup z,, + limsupy,: (x,) = (1,—-1,1,-1,1,—1,...)
and (y,) = (-1,1,-1,1,—-1,1,...). We have limsup z,, = limsupy,, = 1 whereas lim(z,, + y,) = 0.
As an example of application of limsups and liminfs, let’s prove Stolz’s theorem:

Theorem 2.7.5. Let (x,) be a sequence and (y,) be a strictly increasing sequence diverging to +o0o. Then

limsup 2= < limsup 222=""  gnd liminf 2= > liminf 22822 [f g = lim 22" egists, then lim 22 = q
Yn Yn+1—Yn Yn Yn+1—Yn Yn+1—Yn Yn

as well.
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Proof. Let b > limsup 3 M Find k such that m”iim” < b for all n > k. Since Y, 11 — yn > 0 for all n,
this implies that z,41 — xn < b(ynH yn) for all n > k. For all n > k we then have

Tp =2 + (Tpy1 — )+ (B0 — Tpo1) ST+ 0k —Yk) + o F0(Yn — Yn1) = T — byk + byn.

For all n large enough we have y,, > 0, so for all n large enough and > k we have 5—" < I’";& + b. Taking
limsup of both parts, we get '

limsup 7= < limsup,,_, z’“yby’“ +b=1lim, zkyby’* +b=0+b=0.

Tn4+1—Tn 90n+1—$n
+1=Yn’ Ynt1—Yn

The proof of liminf %= > hm 1nf M is similar. If Zotl=% __ 4 then liminf Ztl=Tn —
Yn Yn+1—Yn Yn+1—Yn Yn+1—Yn

Intl™n — g so a < liminf 2= < hmsup In < g, so liminf £2 = limsup £& = q, so lim 2 = q.

Ynt1—Yn Un Un Yn Un Un -

Since this is true for all b > lim sup we obtain that lim sup ?”j—" < limsup

lim sup

Here is another theorem of this sort:

Theorem 2.7.6. Let (z,) be a sequence with x,, > 0 for all n. Then limsup /z1 - -z, < limsupx,,
liminf /x1 -z, > liminf z,,, and if limx,, exists, then lim /z1 ---x, = limx,,.

Proof. Let b > limsup x,; find k such that z,, < b for all n > k. Then for any n > k,
T1: Ty = (xl e 'Tk)(karl N mn) < (xl .. .xk)bnik = (ml .. xk/bk)bn’

SO /Ty Ty < {/c-b where ¢ = x1 - 11, /bF. As n — oo, lim {/c = 1, so limsup /1 @, <1-b=0.
Since this is true for all b > limsup z,,, we obtain that limsup /z; -z, < limsup z,.

A similar proof shows that liminf {/z1 -z, > liminfz,. If (z,) has a limit a, then liminfx, =
limsup z, = a,soa < liminf /21 -z, <limsup Yz, -z, < a,soliminf /2, -z, = limsup /z, -z, =
a, so lim /x1---x, =a. g

3. Limits of functions

3.1. Limits of functions

Recall that, given a set A of real numbers, a number a is said to be a limit point of A if for any ¢ > 0
there exists € A\ {a} such that |x — a| < e (that is, any neighborhood of a contains a point of A distinct
from a).

Theorem 3.1.1. a is a limit point of a set A C R iff there is a sequence (x,) in A\{a} such that x,, — a.

Proof. Let a be a limit point of A. For every n € N find a point x,, € A\ {a} such that |z, —a| < 1/n.
Then (x,,) is a sequence in A \ {a} that converges to a.

Conversely, let (z,,) be a sequence in A\ {a} that converges to a. Then for any € > 0 there exists k € N
such that |z —a| < ¢, and z € A\ {a}. Hence, a is a limit point of A. g

Now, let A C R, let f: A — R be a function, and let a be a limit point of A. We say that f has limit
b at a, or f(x) tends to b as * — a, and write lim,_,, f(x) = b or f(z) — bas x —> a, if for any € > 0
there exists 6 > 0 such that for any = € A\ {a} satisfying |x — a| < ¢ we have |f(z) —b| < e.

Examples.

(i) Let f:R — R be a constant function, f(xz) = b for all z € R. Then for any a € R, lim,_,, f(x) = b.
Indeed, given any € > 0, any § > 0 works: take, for instance, § = 100, then for any = with |z — a| < ¢ we
have [f(z) — b =0<e.

(i) Let f(x) = 2z, x € R. Then for any a € R, lim,_,, f(z) = 2a. Indeed, for any € > 0 put § = £/2, then
for any x with |z — a| < § we have |f(x) — 2a| = |22 — 2a| = 2|z — a| < e.
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(iii) Let f(z) = 22, x € R. I claim that lim,_,5 f(z) = 4. For any = we have |f(z)—4| = |[22—4| = |z—2|-|z+2];
and if [z — 2| < 1then 1 < 2 < 3,50 |z +2| < 5. Let ¢ > 0, put 6 = min{l,e/5}; then for any x with
|z — 2| < § we have |f(x) —4]| < (¢/5)-5=¢e.

(iv) Again, let f(z) = 22, z € R. I claim that lim,_,3 f(z) = 9. For any = we have |f(x) — 9| = 2% — 9| =
| — 3| |z +3|; and if |z — 3| < 1 then 2 <z < 4, s0 |z +2| <6. Let € > 0, put § = min{1,/6}; then for
any x with |z — 3| < § we have |f(z) — 3| < (¢/6) - 6 = . (Notice that for f(x) = 22, in the definition of
lim,_, f(z), 6 depends not only on €, but also on a.)

A function f: A — R doesn’t have limit b at a limit point a of A, f(x) -/ b as x — a, if there is some
¢ > 0 such that for every ¢ > 0 there exists a point © € A\ {a} such that |z —a| < ¢ but |f(z) —b] > ¢; in
other words, if, for some € > 0, a is a limit point of the set {IL‘ eA:|f(x)=0b > 5}.

Limits of functions can also be defined via sequences:

Theorem (the sequential definition of limits). Let f: A — R be a function and a be a limit point of
A. Then lim,_,, f(z) = b iff for every sequence (x,,) in A\ {a} with x,, — a one has f(x,) — .

Proof. Let lim,_,, f(z) = b. Let (z,) be a sequence in A\ {a} with z,, — a. Let € > 0. Find 6 > 0 such
that for any € A\ {a} with | —a|] < J one has |f(z) —b| < e. Find k such that |z, —a| < § for all n > k.
Then |f(z,) —b| < € for all n > k. This proves that f(z,) — .

Now assume that f(z) -/ b as ¥ — a. Then there exists ¢ > 0 such that for any § > 0 there is a
point z € A\ {a} with | — a|] < 0 such that |f(x) — b| > . This means that a is a limit point of the set
B={xeA\{a} | |f(x) —b] > e}. Hence, there exists a sequence (z,) in B C A\ {a} that converges to a,
and by the definition of B, f(z,) -/~b. n

3.2. Properties of limits of functions

Properties of limits of functions are similar to those of limits of sequences (and can be deduced from
each other).

A limit of a function, if exists, is unique:

Theorem 3.2.1. Let f:A — R be a function and let a be a limit point of A; if lim,_, f(z) = b and
lim, ., f(z) = ¢, then b= c.

Proof. Assume, w.l.o.g., that b > ¢, let e = (b — ¢)/2. Find z € A\ {a} such that |f(z) — b| < £/2 and
|f(x) —c| <e/2, then |b—¢| < |f(x) —b|+|f(z) —¢| <e/2+¢€/2=¢e =b— ¢, contradiction. g

Theorem 3.2.2. Let f:A — R be a function and let a be a limit point of A; then lim,_,, f(z) = b iff
lim,_q | f(z) —b] = 0. In particular, lim,_,, f(z) =0 iff lim,—, | f(z)] = 0.
This follows from the identity ||f(z) — b — 0| = |f(z) — b].

We say that a function f is bounded on a subset B of Dom(f) if f(B) is a bounded, that is, there exists

M such that |f(x)| < M for all z € B. Respectively, we say that f is bounded above on B if f(B) is bounded
above, and that f is bounded below on B if f(B) is bounded below.

Theorem 3.2.3. Let f: A — R be a function and let a be a limit point of A. If a finite lim,_,, f(x) =b € R
exists, then f is bounded in a neighborhood of a.

Proof. Find § > 0 such that |f(z) —b] < 1 for all x € A\ {a} with |z —a| <J. Put M = |b|+1ifa g A
and M = max{|b| + 1, |f(a)} if a € A; then for any = € A with |z —a| < 6 we have |f(z)| <M. g

Theorem 3.2.4. Let f: A — R be a function, let a be a limit point of A, let lim,_,, f(x) = b € R, and
letceR. If f(x) < c for all x € A\ {a} in a neighborhood of a, then b < ¢; if b > ¢, then f(x) > ¢ for all
x € A\ {a} in a neighborhood of a. Similarly, if f(x) > ¢ for all x € A\ {a} in a neighborhood of a, then
b>c;ifb<c, then f(z) < c for allz € A\ {a} in a neighborhood of a.

Proof. T'll only prove that if b > ¢, then f(z) > ¢ in a neighborhood of a. Put ¢ = b — ¢, find § > 0 such
that |f(z) — bl < e for all x € A\ {a} with |z —a| <, then f(x) >b—e=cforall suchz. g

Here is the squeeze theorem:
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Theorem 3.2.5. Let f,g,h: A — R be functions, let a be a limit point of A, let lim,_,,g(x) =
lim,_,q h(z) = b, and let g(x) < f(zx) < h(z) or h(z) < f(x) < g(x) for all x € A\ {a} in a neighbor-
hood of a. Then lim,_,, f(x) = b.

Proof. Let ¢ > 0; find § > 0 such that both |g(z) — b|,|h(z) — b] < & and g(z) <
g(z) < f(z) < h(z) for all z € A\ {a} with |t —a| < §. Then b —¢ < g(z) < f(z) <
b—e<h(z) < flz)<glx)<b+e,s0|f(x)—bl <eforall suchz. g

f(z) < h(z) or
h(z) < €

We can actually prove this theorem using the sequential definition of limits and the squeeze theorem
for sequences:

Proof. Let (x,) be any sequence in A\ {a} such that 2, — a. Then for all n large enough we have
g(zp) < f(zn) < h(zy,) or g(x,) < f(zy,) < h(z,). (n must be large so that z, is in the neighborhood of a
where these inequalities hold.) Since both lim, s g(x,) = lim, o h(x,) = b, by the squeeze theorem for
sequences, lim,,_,o f(z,) =b. So, lim,_,, f(z) =b. g

Let f,g: A — R be two functions with common domain A, let ¢ € R. Then f + g,cf, fg are also
functions A — R, defined by (f + g)(z) = f(x) + g(x), (¢f)(x) = cf(x), and (fg)(x) = f(x)g(x) for all
x € A. The function g/ f, defined by (g/f)(z) = g(z)/f(x), has domain A\ {z : f(z) = 0}.

Theorem 3.2.6. Let f,g:A — R be functions, let a be a limit point of A, and let lim,_,, f(z) = b
and lim, ., g(z) = c. Then lim,q(f(z) + g(x)) = b+ ¢, lim,.(f(x)g(x)) = be, and if b # 0,
lim, ., g(x)/f(x) = ¢/b.

T’ll give two proofs. Here is “an £-§” proof:

Proof. Let € > 0. Find § > 0 such that both |f(x) —b|, |g(z) — c| < £/2 whenever x € A\{a} and |z —a| < 4.
(Well, in more details: let 07 > 0 such that both |f(z) — b| < £/2 whenever z € A\ {a} and |z — a| < §;, let
d2 > 0 such that both |g(x) — b|] < £/2 whenever x € A\ {a} and |z — a| < J2, put 6 = min{dy,d2}.) Then
|(f(x) + g(x) = (b+c)| < |f(x) —b] + [g(z) — | <e/2+¢/2=¢ for all z € A\ {a} with |z —a| < 4.

Let € > 0. Find ¢ > 0 such that |f(z) — ] < PEESE lg(x) — ] < s and |f(z) —b] < 1 for all
x € A\ {a} with |z —a| < 4. For such z,

|[f(2)g(x) = be| = [f(2)g(x) = f(x)c + f(x)e = be| < |f(x)g(x) — f(2)e| + | f(x)c — be]
= f(@)] - lg(z) — e+ |f(z) = b] - |e| < (o] + V55 + sgeplel <5+ 5 =&

Let b # 0; let’s prove that lim,_,, 1/f(x) = 1/b, then it will follow that lim,_,, g(x)/f(z) = ¢/b. Let
e > 0. Find § > 0 such that |f(z) — b| < ¢[b|?/2 and |f(z) — b| < |b]/2, so |f(x)]| > |b]/2, for all z € A\ {a}
with |z — a| < §; then, in particular, 1/f is defined for such z. And for such z,

| L _1‘_|f(33)—b| eb2/2
b
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Now, here is “a sequential” proof:

Proof. Let (z,) be a sequence in A\ {a} with z,, — a. Then f(z,) — b and g(x,) — ¢. Then
f(an) +g(an) — bte, f(an)g(zn) — be, and, if b # 0, g(zn)/f(zn) — ¢/b. Hence, f(z)+g(x) — b+c,
f(@)g(x) — be, g(x)/f(x) — c/b. m

As a corollary of Theorems 3.2.4 and 3.2.6 we can now get:

Theorem 3.2.7. Let f,g: A — R be two functions, let a be a limit point of A, and suppose that f(x) < g(x)
for all x € A\ {a} in a neighborhood of a and lim,_,, f(x) and lim,_,, g(x) both exist. Then lim,_,, f(z) <

limg ., g(x).
Proof. Define h(x) = g(z) — f(x), € A; then h(z) > 0 for all z € A\ {a} in a neighborhood of a, so
lim,_,q g(x) — limg_,, f(x) =limy o h(z) > 0. g

This next theorem is “new”, we didn’t have it for sequences:
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Theorem 3.2.8. Let f: A — R and g: B — R be functions with f(A) C B, let a be a limit point of A
and b be a limit point of B, let lim,_,, f(x) = b and lim,_;, g(y) = ¢, and assume that f(z) # b for all
x € A\ {a} in a neighborhood of a. Then lim,_,,(gof)(x) = c.

An &-6 proof:

Proof. Let € > 0. Find § > 0 such that |g(y) — ¢| < € for all y € B\ {b} with |y —b| < . Find 7 > 0
such that |f(z) —b| < 0 for all z € A\ {a} with |z — a|] < 7. For such z, from the neighborhood of a where
f(x) # b, since f(xz) € B\ {b} and |f(z) —b|] < J, we have [g(f(z)) —c|<e. g

A sequential proof:

Proof. Let (z,) be a sequence in A\ {a} with z,, — a. Then f(z,) is a sequence in B, and f(x,) # b for
n large enough (since f(x) # b for all z € A\ {a} in a neighborhood of a). So, g(f(zn)) — ¢. m

3.3. Infinite limits

Infinite limits also make sense for functions: Let f: A — R and let a be a limit point of A; we write
lim,_,, f(z) = 400 or f(z) — 400 as & — a if for any M there exists § > 0 such that f(x) > M for all
x € A\ {a} with |z — a|] < §; we write lim,_,, f(z) = —o0 or f(x) — —o0 as & — q if for any M there
exists § > 0 such that f(z) < M for all z € A\ {a} with |z — a| < ¢; and we write lim,_,, f(z) = oo or
f(z) — 00 as ¢ — a if lim, 4 | f(z)] = +00.

The equivalent sequential definition of infinite limits is, of course, that lim,_,, f(z) = +00, —o0, or co
if f(x,) — 400, —00, or 0o respectively for every sequence (z,) in A\ {a} with z, — a.

Here is the cimparison principle for infinite limits:

Theorem 3.3.1. Let f,9: A — R and let a be a limit point of A. If lim,_,, f(z) = +o0 and g(z) > f(x)
for all z € A\ {a} in a neighborhood of a, then lim,_,, g(x) = +oo. If lim,_,, f(x) = —oc0 and g(z) < f(x)
for all x € A\ {a} in a neighborhood of a, then lim,_,, g(x) = —oco. If lim,_,, f(x) = 00 and |g(x)| > | f(x)]
for all x € A\ {a} in a neighborhood of a, then lim,_,, g(z) = co.

Proof (of the first statement only). If g(x) > f(z) for all z € A\ {a} in a neighborhood of @ and f(z) > M
for all x € A\ {a} in a neighborhood of a, then g(z) > M for all x € A\ {a} in the smallest of these two
neighborhoods. g

And, here are some theorems on the arithmetic of infinite limits, 1/0 = oo, 1/o00 = 0, b+ co = o0,
boo = oo if b # O:

Theorem 3.3.2. Let f: A — R and let a be a limit point of A. If lim,_, f(z) =0 and f(z) # 0 for all
x € A\{a} in a neighborhood of a, thenlimy_,,(1/f(z)) = co. If lim,_,, f(x) = oo thenlim,_,q(1/f(x)) = 0.

Proof. Let lim,_,, f(z) = 0 and f(z) # 0 in a neighborhood of a. (The second condition guarantees that
1/f is defined for all z € A\ {a} in a neighborhood of a.) Let M > 0. Find 6 > 0 such that |f(x)| < 1/M
and f(z) # 0 for all z € A\ {a} with |x —a| < d. Then |1/f(x)| > M for all these z, so lim,_,,(1/f(x)) = cc.

Now let lim,_,, f(z) = co. Let € > 0. Find § > 0 such that |f(z)] > 1/e for all x € A\ {a}, then
f(xz) #0and |1/f(z)| < e for all such z. So, limgyq(1/f(z)) =0. g

Theorem 3.3.3. Let f,g: A — R and let a be a limit point of A. If lim,_,, f(z) = +00 and lim,_,, g(z) =
b € R, then limy_q(f(z) + g(x)) = 400, and if b # 0 then lim,_,.(f(x)g(z)) = +oo for b > 0 and
limg o (f(x)g(z)) = —00 for b < 0. And if lim,_,q f(x) = lim,_,4 g(x) = +00, then lim,_,q(f(z) + g(x)) =
limgq(f (2)g(x)) = +o0.

(Of course, a similar theorem holds when lim,_,, f(z) = —oo or oo. It is not however true that if
lim,_, f(z) = limg 4 g(x) = 00, then lim, . (f(z) + g(z)) = co or even exists.)

Proof. Given M € R, find § > 0 such that f(z) > M — (b—1) and |g(z) —b] < 1 for all x € A\ {a} with
|z —a| < . Then g(x) > b—1 and so, f(z)+ g(z) > M for all such x. So, lim,_,(f(x) + g(x)) = +o0.
Let b > 0. Given M € R, find ¢ > 0 such that f(z) > 2M/band g(z) > b—0b/2 =0b/2 for all z € A\ {a}
with |z — a| < d. Then f(z)g(x) > (2M/b)(b/2) = M for all such x. So, lim,_,,(f(z)g(x)) = +oo.
Let b < 0, then lim,,(—g(z)) = —=b > 0, so lim,_,(—f(x)g(x)) = limy—.(f(z)(—g(x))) = +o0, so
limg,q(f(2)g(x)) = —oc.
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If both lim,_,, f(x) = lim, 4 g(x) = +00, given M € R, find 6 > 0 such that f(z) > M and g(z) > 1
for all z € A\ {a} with |z —a| < 0, then f(z)+g(x) > M +1> M and f(z)g(x) > M-1= M for such z. g

3.4. Limits at infinity and one-sided limits

You don’t need to read this extremely boring section in details, just get the idea.

The meaning of “f has limit b at «” is that when x “is close” to a, f(x) “is close” to b. “To be
close to +00” means to be larger than “a large” N € R; we’ve already used this concept when defined
lim,_, f(z) = +00. We may also define the limit of a function, finite or infinite, at oco:

Let f:A—R.

(i) Let A be unbounded above; we write lim,_, 1o f(z) = b or f(z) — b as  — oo if for any € > 0
there exists N such that |f(z) — b < ¢ for all x € A such that z > N; we write lim,_, ;o f(z) = +o0
or f(z) — 400 as ¥ —> +oo if for any M there exists N such that f(x) > M for all x € A such that
x > N; we write lim,, o f(z) = —0c0 or f(z) — —o0 as & — 400 if for any M there exists N such that
f(z) < M for all z € A such that x > N; and we write lim, o f(2) = 00 or f(z) — o0 as x — +o0 if
limg 400 | f(2)| = +00.

(ii) Similarly, let A be unbounded below; we write lim,_, _, f(z) = b or f(x) — b as © — —oo if for any
€ > 0 there exists N such that |f(z) —b| < e for all z € A such that z < N; we write lim,_, _ f(z) = 400
or f(z) — 400 as x — —oo if for any M there exists N such that f(z) > M for all x € A such that
x < N; we write lim,_,_ f(z) = —c0 or f(z) — —o0 as © — —o0 if for any M there exists N such that
f(z) < M for all z € A such that x < N; and we write lim,_, o f(z) = 00 or f(z) — o0 as * — —o0 if
lim, oo | f(2)| = +00.

(iii) Finally, let A be unbounded; we write lim,_, o f(z) = b or f(x) — b as © — oo if for any € > 0
there exists N such that |f(z) — b < e for all z € A such that |z| > N; we write lim,_, f(z) = 400
or f(r) — 400 as © — oo if for any M there exists N such that f(z) > M for all x € A such that
|z| > N; we write lim,_,o f(2) = —00 or f(x) — —o0 as * — oo if for any M there exists N such that
f(z) < M for all z € A such that || > N; and we write lim,_, o f(z) = 00 or f(x) — 00 as ¢ — oo if
lim, 00 | f(2)] = +00. (Ufif...)

Another variant of limits at a point is the left- and the right-sided limits, which also may be finite and
infinite:
Let f: A — R.
(iv) Let a be a limit point of AN {z : © < a}. We say that the left-sided, or the left-hand limit of f at a
is b and write lim,_,,- f(x) = b or f(x) — b as x — a~ if for any € > 0 there exists § > 0 such that
|f(z) —b] < € for all z € A such that a — § < z < a; we write lim,_,,- f(x) = +o00 or f(x) — 400 as
x — a~ if for any M there exists 0 > 0 such that f(x) > M for all + € A such that ¢ — 6 < x < a; we
write lim,_,,- f(z) = —o0 or f(z) — —o0 as  — a~ if for any M there exists § > 0 such that f(z) < M
for all z € A such that a — 0 < < a; and we write lim,_,,- f(z) = oo or f(x) — o0 as & — a~ if
lim, - | £(2)] = +oc.
(v) Now let a be a limit point of AN {x : z > a}. We say that the right-sided, or the right-hand limit of
f at a is b and write lim,_, o+ f(x) = b or f(x) — b as ¥ — a7 if for any € > 0 there exists § > 0 such
that |f(z) — b|] < € for all z € A such that a < < a + J; we write lim,_,,+ f(z) = 400 or f(z) — +o0
as  — at if for any M there exists 6 > 0 such that f(z) > M for all z € A such that a < z < a + J; we
write lim,_, .+ f(z) = —oo or f(z) — —oo as z —» a™ if for any M there exists § > 0 such that f(z) < M
for all z € A such that a < x < a + §; and we write lim,_,,+ f(z) = oo or f(z) — oo as ¥ —» a™ if
lim, .+ |f(2)] = +o0.

Clearly, f has a limit at a point iff it has both one-sided limits (if they make sense) and these limits
coincide:

Theorem 3.4.1. Let f:A — R and let a be a limit point of both AN{z :x < a} and AN{z:z > a}.
Then lim,_,, f(z) exists iff both lim,_,,— f(x) and im,_, .+ f(x) exist and are equal.

Proof. T'll only prove the case of a finite limit. Let lim,_,, f(z) = b. Given € > 0, find § > 0 such that
|f(z) —b] < eforall x € A\ {a} with |z —a] < §. Then we have |f(x) — b|] < ¢ for all z € A such that
a—e<x<a,and for all z € A such that a < z < a+e. Hence, lim,_,,- f(z) = b and lim,_, .+ f(z) = b.
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Conversely, assume that lim,_,,- f(z) = b and lim,_,,+ f(2) = b. Find §; > 0 such that |f(z) —b| < e
for all z € A with a — §; < & < a. and find d2 > 0 such that |f(z) —b| < e for all z € A with a < & < a+ da.
Put 6 = min{dq, d2}; then |f(zx) —b] < e for all z € A\ {a} with |x —a| <. So, lim,_,, f(z)=b. g

Of course, the one-sided limits, as well as the limits at infinity, can be introduced via sequences. Let’s
write z,, — o~ if ,, — a and z,, < a for all n and z,, — aT if z,, — a and z,, > a for all n. Let o and
B be any of a (where a € R), a™, a™, 400, —00, and co. Then lim,_,,, f(x) = § iff for any sequence (z,) in
Dom(f) \ {a} with 2, — «a we have f(z,,) — 0.

For the limits of the form lim,_, oo, lim;—, o, lim, o0, lim,_,,—, and lim,_,,+, all Theorems 3.2.1 —
3.3.3 remain true, but, sometimes, need some adaptation. We cannot, for example, claim that if a finite
lim,_,,- f(z) exists, then f is bounded in a neighborhood of a, but only that it is bounded in “a left
neighborhood” of a, that is, in an interval (a — §, a).

Since lim,_, 400 £ = 400, we have by induction on n that lim,_, . 2" = +oo for any n € N; since for
any even n, (—z)" = a™, lim,_,_o " = 4o00; since for any odd n, (—z)"* = —z™, lim,_,_ 2™ = —oco. It
follows that for any n € N, lim,_,q+ 27" = lim,_,q+ g% = 4o0; if n is even, then lim,_,q- 27" = +o0; if n is
odd, lim,_,g- 7" = —o0; and for any n, lim,_,, =™ = 0.

Let f(z) = apz™+ An_12" ' 4.+ a1z + ag be a polynomial, where a,,...,ao € R and a,, # 0. Then
f@) =a™(an+an_127 +- -+ arz " +apr™"); since lim, o0 (an +an_127 4+ +arx " 4 agr™) =

an > 0, we obtain that: if n is odd and a, > 0, then lim, , o f(x) = —o0 and lim,_, 1 f(z) = +o0; if
n is odd and a, < 0, then lim,_,_., f(x) = +o00 and lim,_, 1 f(z) = —o0; if n is even and a,, > 0, then
lim, o f(z) = +00 and lim,_, 1 f(x) = +o00; and if n is even and a,, < 0, then lim,_,_, f(z) = —oc0
and lim, 4 f(x) = —0c0.

3.5. Monotone functions

We say that a function f: A — R (where A C R) is increasing if for any z,y € A with z < y we
have f(x) < f(y); strictly increasing if for any x,y € A with < y we have f(x) < f(y); decreasing if for
any x,y € A with © < y we have f(x) > f(y); and strictly decreasing if for any x,y € A with z < y we
have f(x) > f(y). (In the book, — nondecreasing, increasing, nonincreasing, and decreasing respectively.)
A function is said to be monotone if it is increasing or is decreasing, and strictly monotone if it is strictly
increasing of strictly decreasing.

A nice fact about monotone functions is that they have one-sided limits at every limit point of their
domain:

Theorem 3.5.1. Let f: A — R be a monotone function, let a € R. If a is a limit point of AN{z : z < a}
then lim,_,,— f(x) exists (finite of infinite), and if a € A then lim,_,,— f(x) < f(a) if f is increasing and
lim,_, o f(z) > f(a) if f is decreasing. If a is a limit point of AN{x : x > a} then lim,_,,+ f(z) exists
(finite of infinite), and if a € A then lim,_, .+ f(x) > f(a) if f is increasing and im,_, .+ f(z) < f(a) if f is
decreasing. Also, if A is unbounded above, then lim,_, o f(2) exists (finite of infinite); if A is unbounded
below, then lim,_, o f(x) exists.

Proof. W.lo.g., let’s assume that f is increasing. Let a be a limit point of AN{z : z < a}. Put b =
sup{f(z) | z < a}. Assume first that b is finite, b € R. Given € > 0, find 29 < a such that f(zg) >b—e.
Put § = a — x9. Then for any x € A with 29 = a— 0 < x < a we have b — e < f(zg) < f(z) < b. So,
lim,_,,- f(x) = b. Notice also that if a € A, then f(z) < f(a) for all z € A with 2 < a, so b < f(a).

Now assume that b = +o0c0. Given M € R, find z¢ < a such that f(z¢) > M. Put § = a — x¢. Then for
any ¢ € A with xg =a — 0 < & < a we have M < f(xg) < f(x). So, lim,_,,- f(x) = +o0.

All other assertions can be proved similarly. g

The Cantor ladder function f:[0,1] — [0, 1] is constructed in the following way: We put f(0) = 0 and
f(1) = 1. Then we put f(z) =1/2 for all x € [$, 2], then f(z) = 1/4 for all z € [§, 2] and f(z) = 3/4 for
all z € [%, g], etc. (In the process of constructing the Cantor set C, we define f to be G- +--- 4 £2 + 2”%
on each “removed” interval [2% + -+ 2367{‘ 371%, 2% + -4 236# + 3,,1%], e; € {0,1}.) This way f is
defined at all points of [0,1]\ C (as well as at the boundary points of C'). We then extend f to C by putting
f(@) =sup{f(2): 2 <w, z€[0,1]\C} for every z € C. It is clear that the obtained function f is increasing

and takes all values of the form & € [0,1], m,n € N. We will see later that f actually takes all values in
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[0,1], and, moreover, f(C) = [0,1].

3.6. A Cauchy criterion for functional limits

We can also formulate the Cauchy criterion for existence of a finite limit. (I'll only do it for the case of
a limit at a point, but, of course, a similar criterion can be stated for limits at infinity.)

Theorem 3.6.1. Let f: A — R be a function and let a be a limit point of A. The finite limit lim,_,, f(x)
exists iff for any e > 0 there exists 6 > 0 such that for any x,y € A\ {a} with |z — a|,|y — a| < § one has

[f(z) = f(y)l <e.

Proof. Assume that b = lim,_,, f(z) € R exists. Let € > 0; find § > 0 such that |f(z) — b|] < £/2 whenever
x € A\ {a} is such that |x — a|] < §. Then for any z,y € A\ {a} such that |z — al,|y — a|] <  we have
[f(@) = fW)l < [f(z) =0+ |f(y) —bl <e/24+¢/2=e.

Conversely, assume that for any € > 0 there exists § > 0 such that for any z,y € A\ {a} with
|x —al,|y — a] < 0 one has |f(z) — f(y)| < e. Let’s construct a sequence of closed bounded intervals in R:
Find 01 > 0 such that for any z,y € A\ {a} with | — al,|y — a|] < §; we have |f(z) — f(y)| < 1, pick any
point 21 € A\ {a} with |z —a| < §; and put Iy = [f(21) — 1, f(z1) + 1], then for any z € A\ {a} with
|z — a| < 61 we have f(x) € I;. Then by induction, for every n € N find §,, > 0 with §,, < §,,_1 such that for
any z,y € A\ {a} with |z — a|, |y — a| < &, we have |f(z) — f(y)| < 1/n, pick any point z,, € A\ {a} with
|zn — a| < 6, and put I, = [f(zn) — 1/n, f(2,) + 1/n] N I,_1; then for any x € A\ {a} with |z —a| < §,
we have |f(z) — f(zn| < 1/n and, since §,, < 0,1, also f(z) € I,,_1, so f(z) € L,.

Now, Iy D Iy D --- is a nested sequence of closed bounded intervals, with |I,,|] < 2/n, thus there is
be N, I, and I claim that b = lim,_,, f(z). Indeed, let € > 0, let n € N be such that 2/n < . Then for
any ¢ € A\ {a} with |z — a| < J,, we have f(z) € I, and b€ I, so |f(z) —b| <|[,| <2/n<e. g

Another proof of the second part. Assume that for any € > 0 there exists 6 > 0 such that for any
z,y € A\ {a} with |z —al,|y —a| < § one has |f(z) — f(y)| < e. Then for any sequence (z,) in A\ {a}
converging to a the sequence (f(x,)) is Cauchy and, therefore, converges. If for two such sequences, (z,) and
(yn), the sequences (f(x,)) and (f(y.)) converge to distinct limits, then for the sequence (z1,y1,z2, Y2, .- .),
which also converges to a, the sequence (f(z1), f(y1), f(22), f(y2),...) diverges. This cannot be, so for all
sequences (z,) in A\ {a} with limz, = a the corresponding sequences (f(x,)) converge to the same limit
b. Hence, lim,_,, f(z) =b. gm

4. Continuous functions

4.1. Functions continuous at a point

Let f: A — R (where A C R) and let a € A. We say that f is continuous at a if a is an isolated point
of A, or if a is a limit point of A and lim,_,, f(z) = f(a). By this definition, f is continuous at a iff for any
€ > 0 there exists ¢ > 0 such that for all x € A with |z —a| < J, |f(x) — f(a)] < ¢; and iff for any sequence
(zp) in A with z,, — a, f(z,) — f(a).

Also, a function f is said to be left-continuous at a if lim,_,,— f(x) = f(a) and right-continuous at a if
lim,_, .+ f(z) = f(a). Clearly, f is continuous at a iff it is both left and right continuous at a.

Here are some properties of functions continuous at a point, which follow directly from Theorems 3.2.3,
3.2.4 and 3.2.6.

Theorem 4.1.1. If a function f is continuous at a point a, it is bounded in a meighborhood of a.

Theorem 4.1.2. Let a function f be continuous at a point a. If f(a) < b for some b € R, then f(z) < b
for all x in a neighborhood of a, and if f(a) > b for some b € R, then f(x) > b for all x in a neighborhood

of a.

Theorem 4.1.3. Let functions f and g, with common domain, be continuous at a point a. Then the
functions f+ g, fg, and g/ f if f(a) # 0, are also continuous at a.
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(Notice that if f(a) # 0, then f(z) # 0 in a neighborhood of a, then the function g/f is defined in this
neighborhood.)

Theorem 4.1.4. Let f: A — R and g: B — R be functions with f(A) C B, let a be a limit point of A,
let limy, o f(x) = b € B, and let g be continuous at b. Then lim,_,,(gof)(x ) g(b).

This theorem is pretty close to Theorem 3.2.8, but I'll reprove it anyway:
Proof. Let (z,) be a sequence in A\ {a} with x,, — a, then lim f(x,) = b, then limg(f(z,)) = g9(b). =
As a corollary, we get:

Theorem 4.1.5. If a function f is continuous at a point a and a function g, with Rng(f) C Dom(g), is
continuous at f(a), then gof is continuous at a.

Proof. We have lim,_,, f(z) = f(a), so lim,, g(f(z)) = 9(f(a)). m

We say that f is continuous on a subset C of Dom(f) if f is continuous at every point a € C'. We say
that f is continuous if f is continuous on Dom(f).

From Theorems 4.1.3 and 4.1.5 we immediately obtain:

Theorem 4.1.6. If f and g are continuous functions on a subset C' C Dom(f) N Dom(g), then f + g and
fg are also continuos on C, and g/ f is continuous on C\ {x : f(x) # 0}.

Theorem 4.1.7. If function f is continuous on a set C' and function g, with Rng(f) C Dom(g), is
continuous on f(C), then gof is continuous on C.

Any constant function f(z) =c € R, z € R, and the identity function f(x) =z, x € R, are continuous.
By the theorems above, and by induction, the function f(z) = z™ is continuous for any n € N, any
polynomial f(z) = c,z™ + -+ + c12 + ¢p is continuous, any rational function h(z) = f(x)/g(z), where g and
h are polynomials, is continuous.

We proved that if z, — a and x,, > 0 for all n, then \/z,, — +/a; this shows that f(z) = \/z, z >0,
is continuous.

By the theorems above, the function vz2 4+ 1+ 1/4/325 + 10/z is also continuous.

4.2. Discontinuous functions

If f isn’t continuous at a € A we say that f is discontinuous at a. If lim,_,, f(x) exists but # f(a), we
say that the discontinuity of f at a is removable. If both by = lim,_,,- f(z) and by = lim,_,,+ f(x) exist and
are finite, but b; # by, we say that the discontinuity of f at a is of the first kind, or a jump discontinuity.
If f is discontinuous at a but its discontinuity is neither removable nor of the first kind, we say that f has
discontinuity of the second kind at f.

The function f(x) = { 0, i f 8 is continuous at all points except 0, and has a removable discontinuity

at 0.
1, >0
The function sign(z) = { 0, =0 is continuous at all points except 0, and has a discontinuity of the
-1, z<0
first kind at 0.
The function f(z) = Bmgcl/ 332) z#0 (the function sin will be defined later) is continuous at all points

except 0, and has a discontinuity of the second kind at O.
Here are two interesting functions:

0, ze R\Q.
reQ

for any a € R, any neighborhood of a contains rational points x, where f(x) = 1, and irrational points z,
where f(z) =

Dirichlet’s function is defined by f(z) = { ; this function is discontinuous at all points: indeed,
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0, z e R\Q

1/m, € Q, x =n/m in the lowest terms
tinuous at all irrational points and discontinuous at all rational points. Indeed, if a € Q, then f(a) > 0,
but any neighborhood of a contains points « where f(z) = 0; hence, f is discontinuous at a. If a ¢ Q,
then f(a) = 0. Let € > 0; find k£ € N such that 1/k < e, put S ={n/m:ne€Z, meN, m <k} Let I
be the interval [a — 2,a + 2]. Then SN I is a finite set; let 6 = min{|a — r| : 7 € S}, then § > 0. Then
for any x € (a — 0,a + 4), either f(z) = 0, or f(z) = 1/m with m > k, so 0 < f(x) < 1/k < e. So,
limg_q f(ll?) =0= f(a)

It is interesting that there is no function which is, on the contrary, continuous at all rational points and
discontinuous at all irrational points. Indeed, let f be a function that is continuous on Q. For every a € R
define the variation of f at a, Var, f = lims_,o+ sup{|f(z) — f(y)| : |# — al,|y — a| < §}. It is easy to see
that Var, f = 0 iff f is continuous at a, so, in our case, Var, f = 0 for all a € Q. Also, it is easy to see that
if Var, f = 0 for some a, then for any £ > 0 there is 6 > 0 such that Var, f < e for all  with | — a| < .
(This says that the function ¢(x) = Var, f is upper semicontinuous.) Since every interval contains a rational
point, it contains, for any £ > 0, a subinterval where Var f < e. (This says that the set {a : Var, f > ¢} is
nowehere dense.) Now, for every n € N, let A, = {a: Var, f > 1/n}. Then R = (U;”, 4,,) UQ. The Baire
category theorem says that this is impossible: R is not representable as a countable union of nowehere dense
sets. Indeed, count Q, Q = {ry,r2,...}. Find a closed interval I; such that [y N A; =@ and r; € I;. Find a
closed subinterval I of I; such that I N Ay = () and ry & I. Continue by induction, and let a € ﬂzozl I,.
Then a # r, for all n, so a is irrational. However, also a ¢ A,, for all n, so Var, f = 0. Hence, f is continuous
at an irrational point.

Theorem 3.5.1 says that any monotone function f may only have discontinuities of the first kind. Every
point a of discontinuity of f defines “a gap” in Rng(f): the interval (limzﬁaf f@), limg,_, o+ f(x)) contains
at most one point of Rng(f), f(a). Thus if the range of a monotone function has no such “gaps”, the function
is continuous:

; this function is con-

Riemann’s function is defined by f(z) = {

Theorem 4.2.1. Let f be a monotone function such that Rng(f) is dense in the interval (inf Rng(f), sup Rng(f));
then f is continuous.

It follows that the Cantor ladder function (constructed in the end of subsection 3.5) is continuous: it is
increasing and takes all binary rational values (numbers of the form Z) in [0, 1], which are dense in [0, 1].

If a function f is strictly increasing or decreasing, then f is injective and the inverse function
f L Rng(f) — R is also strictly increasing: Indeed, if f is strictly increasing, u = f(z), v = f(y) and
u < v, then x = f~1(u) <y = f~(v) (since > y would imply f(z) > f(y)). Thus we easily obtain the
following fact:

Theorem 4.2.2. Let f be a strictly monotone function on an interval I; then the inverse function f~! is
continuous on f(I).

Proof. f~! is strictly monotone and Rng(f~") is the interval I. g

If f is a monotone function, each its point of discontinuity defines “a gap” in Rng(f) and these “gaps”
are disjoint intervals; so, the set of gaps, and therefore, the set of points of discontinuities of f is at most
countable. We obtain the following nice result:

Theorem 4.2.3. A monotone function may only have at most countably many discontinuities.

4.3. The intermediate value theorem

The intermediate value theorem, the I.V.T., says that if a function continuous on an interval takes two
values, it also takes all values between these two:

Theorem 4.3.1. (IVT) Let f:[a,b] — R be a continuous function. If ¢ € R is such that f(a) < ¢ < f(b)
or f(b) < ¢ < f(a), then ¢ = f(xg) for some xg € (a,b).

Proof. W.l.o.g., assume that f(a) < f(b), and let f(a) < ¢ < f(b). Define A = {zx € I: f(z) < ¢}. Then
ACIT,ac Aand b ¢ A. A is bounded above (by b); let 29 = sup A. I claim that f(z¢) = ¢. Indeed, since
xg = sup A, every neighborhood of xy contains points of A; choose a sequence (x,) in A with z, — o,
then lim f(z,) — f(zo) and f(z,) < ¢ for all n, so f(xg) < ¢. On the other hand, for any x € I with
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x > xo, f(x) > ¢, so f(xg) > ¢ by continuity. (If zo = b, then there is no such z, but then f(xo) > c.)
Hence, f(zo) =c. m

The I.V.T. can be reformulated as follows:

Theorem 4.3.2. If I is an interval (bounded or unbounded) and a non-constant function f:I — R is
continuous, then J = Rng(f) = f(I) is also an interval.

Proof. Let m = inf f(I) and M = sup f(I) (which may be infinite); since f is non-constant, m # M. If
m, M € J, there are a,b € I such that f(a) = m and f(b) = M, and by the L.V.T. for every y € (m, M)
there is € (a,b) (or (b,a)) such that f(z) =y; so, J = [m, M].

If, say, m € J but M ¢ J, then there is a € I such that f(a) = m. Let m < y < M; find b € I such
that y < f(b) < M; then by the I.V.T., there is x € (a,b) (or (b,a)) such that f(x) =y. Hence, J = [m, M)
in this case.

The cases m¢ J, M € Jand m g J, M ¢ J are similar. g

For any n € N and a € R, we say that b is root of degree n of a and write b = {/a if " = a, and when
n is even, also b > 0. If b,c > 0, then b < ¢ iff b™ < ¢™ (which can be proved by induction), so, for a > 0,
there can be at most one /a. We can now prove that for any n € N and a > 0, {/a exists:

Theorem 4.3.3. For any n € N and every a > 0 there exists b > 0 such that b" = a.

Proof. For a = 0 we put b = 0, so let a > 0. The function f(z) = z" is continuous (by induction on n,
as the product of n copies of constinuous function h(z) = x). We have f(0) = 0, and since f(z) — 400
as © —> +oo, there exists ¢ > 0 such that f(¢) > a. By the LV.T., there exists b € (0,c¢) such that
"= f(b)=a. g

If n is odd then {/a exists for negative a as well, which is just — {/—a.
As another application of the I.V.T. we can prove that any polynomial of odd degree has a root:

Theorem 4.3.4. Ifn € N is odd and f is a polynomial of degree n, there exists ¢ € R such that f(c) =0

Proof. Since lim,_,_ f(z) = —oc and lim,_, ;. = 400, or vice versa, there is a € R such that f(a) <0
and there is b € R such that f(b) > 0. Since f is continuous, there exists ¢ € [a,b] or [b,a] such that

f(e)=0. u

We also see that the Cantor ladder function (which is increasing and continuous on [0, 1]) takes all values
in [0, 1], and since it is constant on intervals from [0, 1] \ C, maps the Cantor set C onto [0, 1].
Next, we can obtain the following nice fact:

Theorem 4.3.5. Any continuous injective function on an interval is strictly monotone.

Proof. Let I be an interval (bounded or unbounded), let f: I — R be continuous. Let a,b,c € I, a < b < ¢;
I claim that either f(a) < f(b) < f(c¢) or f(a) > f(b) > f(c), that is, f is strictly monotone on every
3-element subset of I. Indeed, assume that f(a) < f(b). If f(c) = f(b), f is not injective. If f(c) < f(b),
choose any y such that f(a), f(c) <y < f(b); then by the I.V.T. there are u € (a,b) and v € (b, c) such that
f(u) =y and f(v) =y, which contradicts the injectivity of f. Hence, f(b) < f(c). The case f(a) > f(b) is
similar.

This implies that f is strictly monotone on every 4-element subset of I. Let a,b,c,d € I,a <b<c<d. If
F(@) < f(b), then f(a) < f(b) < f(c), and then f(b) < f(c) < (d); if f(a) > f(b), then f(a) > F(b) > £()
and then f(b) > f(c) > f(d).

Now, choose any a,b € I with a < b. Suppose that f(a) < f(b). For any z,y € I with <y, f is
strictly monotone on the set {a, b, z, y}; since f(a) < f(b), f is increasing on this set, so f(x) < f(y). Henc
f is strictly increasing on I. Similarly, if f(a) > f(b), then for any =,y € I with < y we have f(x) > f(y
so f is strictly decreasing on I. g

e,
),
Theorems 4.2.2 and 4.3.5 together imply:

Theorem 4.3.6. If I is an interval in R and f: I — J C R is continuous and invertible, then f~1:J — I
s also continuous.
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Example. For any even n € N, the function {/z, which is the inverse of f(z) = ™ as a function [0, +00) —
[0,400), is continuous. (As a function R — [0, 4+00), f is not injective and so, not invertible.) For any odd
n € N, the function {/z, which is the inverse of f(z) = z" as a function R — R, is continuous.

4.4. Maximum and minimum of a function continuous on a closed bounded interval

This is an important fact, that holds for any compact space (where the Bolzano-Weierstrass theorem,
Theorem 2.6.1, takes place):

Theorem 4.4.1. Let f be a continuous function on a closed bounded interval I. Then f is bounded on I,
and attains its mazimal and minimal values: there are p,q € I such that f(q) < f(z) < f(p) for all x € I.

Proof. Let I = [a,b]. Assume that f is unbounded, say, above. For every n € N choose a point z,, € [a, D]
such that f(z,) > n. By the Bolzano-Weierstrass theorem, there is a converging subsequence (z,) of (z,);
let x,, — z, then a < z < b, that is, z € [a,b]. Since f is continuous at z, we have f(x,,) — f(2), but
f(zp,) > n; — +00 as i — oo, contradiction.

So, f is bounded above; let M = sup f(I) = sup{f(x),x € I}. For every n € N, find z,, € [a,b] such
that f(zn) > M — 1/n, let (z,,,) be a converging subsequence of (x,); put p = lim;_, ©p,, then a < p < b,
spp € I. Then f(p) = lim; 00 f(xn,;), but since M — 1/n; < f(a,,) < M for all 4, lim f(z,,) = M, so
flp) =M.

The existence of the point of minimum of f can be proved similarly, or follows from the existence of
maximum of the function —f. g

Here is another proof (actually, the same proof, but with the two statements being proved simultane-
ously):

Proof. Let M = sup f(I) and assume that M ¢ f(I) (or, without this assumption, just notice that f(I) is
an interval), then there is a sequence (y,) in f(I) such that y,, — M. For each n let x,, € I be such that
f(xn) = yn. By the Bolzano-Weierstrass theorem, (x,,) has a comverging subsequence (z,,); let p = lim ,,,,
then p € I. (If I = [a,b], since a < x,,, < b for all i, we have a < p < b as well.) Since f is continuous at p,
lim f(z,,) = f(p). But also lim f(z,,) = lim f(z,) =limy, = M,so f(p) =M. g

Combining the I.V.T. and Theorem 4.4.1, we get:

Theorem 4.4.2. If I is a closed bounded interval and a non-constant function f:I — R is continuous,
then Rug(f) = f(I) is also a closed bounded interval.

Under some additional conditions, Theorem 4.4.1 sometimes applies in a situation where Dom(f) is not
closed or is not bounded:

Theorem 4.4.3. Let I = («a,) be an interval, bounded or unbounded, let f:I — R be a continuous
function with lim,_, .+ f(x) = lim,_,5- f(x) = +00. Then there exists q € I such that f(q) < f(z) for all
zel.

As an example, we see that any polynomial f of even degree with positive senior coefficient attains its
minimal value: since f(z) — +00 as x — 00, there exists ¢ € R such that f(q) < f(z) for all z € R.

4.5. Uniformly continuous functions

A function f: A — R is said to be uniformly continuous on A if for any € > 0 there exists 4 > 0 such
that for any =,y € A with |z — y| < 0 we have |f(z) — f(y)| < e. (By definition, f is continuous on A if for
any x € A and any & > 0 there exists 6 > 0 such that for any y € A with |z —y| < 0 we have |f(z)— f(y)| < &;
the difference is that in the case of uniform continuity, 6 depends on € only and does not depend on z.)

f is not uniformly continuous on A if there is € > 0 such that for every 6 > 0 there are x,y € A with
|x —y| < 0 such that | f(z) — f(y)| > €; equivalently, if there are two sequences (x,) and (y,) in A such that
Tn — Yn — 0 but f(z,) — flyn) -~ 0.

Examples. (i) The function f(z) = 2z is uniformly continuous on R: given € > 0, § = £/2 works.

(i) The function f(z) = 22 is continuous but not uniformly cotinuous on R: (n + 1/n) —n — 0, but
fin+1/n)— f(n) =(n+1/n)? —n?=2+1/n? > 2 for all n.
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(iii) The function f(x) = 1/z is continuous but not uniformly continuous on (0,1]: 1 %ﬂ — 0, but

fQ/(n+1))— f(1/n)=(n+1)—n=1 for all n.

A function f: A — R is said to be Lipschitz if there is C' > 0 such that |f(z) — f(y)| < Clx — y|
for all x,y € A. Clearly, any Lipschitz function is uniformly continuous: given ¢ > 0, put § = ¢/C, then
|f(z) — f(y)] < Clx —y| < € whenever |x —y| > ¢/C. The converse is not true: the function f(z) = /z is
uniformly continuous on [0,1] (as Theorem 4.5.1 below says) but is not Lipschitz:

FQA/m) =/ (n41)) _ V=1 (nt1) _ V1/n—/1/(n+1) _ 1 e
L/n=1/(n+1) Un=1/F0) " = (i7n—/1/t0) (Vi/nt/T D) A/V+A/VaFD)

as n —» 00, so there is no C such that |f(x) — f(y)| < Clz — y| for all z,y > 0.
On a closed bounded interval any continuous function is uniformly continuous:

Theorem 4.5.1. Let I be a closed bounded interval and let f: I — R be continuous. Then [ is uniformly
continuous.

Proof. Suppose that f is not uniformly continuous, that is, there is € > 0 such that for any é > 0 there are
x,y € I with |x —y| < ¢ such that |f(x) — f(y)| > . We will use the compactness of I, that is, the Bolzano-
Weierstrass theorem. For every n € N find @y, 4, € I such that |z, — yn| < 1/n but |f(za) — f(yn)| > €
Choose a converging subsequence (x,,,) of (x,), let ,, — p, then, since I is closed, p € I. Since |z, —yn,| <
1/n; for all i, we have x,, — yn, — 0, 80 y,,, — p as well. Hence, both lim f(z,,) = lim f(y,,) = f(p), so
lim(f(xn,) — f(yn,)) = 0, which contradicts |f(zy,) — f(yn,)| > € for alli. g

We can now show that the function f(z) = v/« is uniformly continuous on [0, +00). By Theorem 4.5.1,
f is uniformly continuous on [0, 1]; on [1,400), f is Lipschitz:

Fw) = F@)| = |vi - V| = 255 < dy —al,

and so, also uniformly continuous. It follows that f is uniformly continuous on entire [0, +00). (By “glueing
together” two uniformly continuous functions we get an uniformly continuous function: Given € > 0, let
91,02 > 0 be such that |f(y) — f(z)| < €/2 for x,y € [0,1] with |y — x| < &1 or for z,y € [1,+00) with
ly — x| < 2. Put 6 = min{d1,d2}, and let z,y > 0, |y — x| < 4. Then if both z,y < 1 or z,y > 1 we have
[f(y) = f(z)| <e/2 <&, and if, say, z <1 <y, then [z —1[, |y = 1] <4, so [f(x) = f(D],[f(y) = F)] <e/2,
so |f(y) — f(@)] <)

A nice property of a uniformly continuous function is that it has a finite limit at every limit point of its
domain, and can be continuously extended to these points. We will need the following simple lemma:

Lemma 4.5.2. Let f: A — R be uniformly continuous on A and let (x,,) be a Cauchy sequence in A; then
the sequence (f(xy)) is also Cauchy.

(If f is continuous and (x,) is a Cauchy sequence in Dom(f), then (z,) converges, and if limz,, = z €
Dom(f), then f(z,) — f(2); the problem only appears if z &€ Dom(f).)

Proof. Given € > 0, find 6 > 0 such that |f(y) — f(z)| < e for all z,y € A with |y — x| < §. Find %k such
that |z, — x| < ¢ for all n,m >k, then |f(z,) — f(xm)| < e for all n,m >k, so (f(z,)) is Cauchy. g

For a set A C R, let A’ be the set of limit points of A; the set A AU A is called the closure of A.
Given functions f: A — Y and f B — Y with A C B, we say that f is an extension of f to B and f is a
restriction of f to A and write f = f|A if f(z) = f( ) for all z € A.

The following theorem says that a uniformly continuous function can be continuously extended to the
closure of its domain:

Theorem 4.5.3. Let f: A — R be a uniformly continuous function; then there is a uniformly continuous
function f: A — R such that f = f|,.

This theorem is not, of course, true for just continuous, non-uniformly continuous functions: the function
f(z) =1/z on (0, 1] cannot be extended to a function continuous on [0, 1].

48



Proof. For any 2 € A, choose a sequence (z,,) in A with x,, — . (If z is an isolated point of A, we just
put z,, = x for all n.) Then, by Lemma 4.5.2, (f(x,,)) is Cauchy, so converges; put f(z) = lim f(z,). I claim
that f(ac) doesn’t depend on the choice of the sequence (,,): if (y,) is another sequence in A that converges
to x, then the sequence (x1,y1, %2, Y2, -.) also converges to x, so the sequence (f(xl), fy), f(x2), f(y2),.. )
converges, so its subsequences (f(z1), f(#2),...) and (f(y1), f(y2),...) converge to the same limit. Also if

x € A, then f(x) = f(x) since as (x,) converging to x we can take the constant sequence x, = z for all n.

So, f is an extension of f; we only need to show that it is uniformly continuous on A. o
Let € > 0. Find ¢ > 0 such that |f(y) — f(z)| < /3 for any xz,y € A with |y — x| < . Let z,y € A
be such that |z — y| < 6/3. Choose sequences (x,) and (y,) in A such that z, — x and y, — y; then

f(zn) — f(x) and f(yn) — f(y). Find n such that |z, — x| < /3, lyn — y| < 6/3, |f(zn) — f(z)| < &/3,

and |f(yn) — f(y)| < e/3. Then
[T = yn| < |zn — 2|+ [z =yl + ]y —ynl <6/3+6/3+6/3=34,
so [f(zn) = fyn)| < /3, s0
(@) = FW)| < [F(@) = f@n)| +1f(@n) = Fyn)l + [f(yn) = FW)| < /3+2/3+¢/3=¢.

4.6. The exponential, logarithmic, and power functions

Let a € R, a > 0. We defined a™ for n € N inductively: a! = a and a®*! = a"a for all n. By induction,
for any n € N, if ¢ > 1 then o™ > 1, and if 0 < a < 1 then 0 < a™ < 1.

We then define a® =1 and for n € N, a™™ = (a=1)" = (a™) 1. It follows that for any n € Z with n < 0,
if @ > 1 then a” < 1, and if 0 < @ < 1 then a™ > 1. We proved that for any n,m € N, a"™™ = a™a™ and
(a™)™ = a™™, and this identity can be easily extended to the case where n,m € Z. (If, say, n,m € N with
n > m then a” = a™ ™a™, so a" (™) = """ = " (a™) " = a"a"™, etc.)

Also, for any a,b € R and n € Z, (ab)™ = a™b™.

For m € N, define a'/™ = %/a, that is, a'/™ = b > 0 such that b = a (and was proven to exist and
be/unique). It follows (by contraposition) that for all m € N, if a > 1 then a'/™ > 1, and if 0 < a < 1 then
at/m < 1.

Now, for any n € Z and m € N define a™/™ = (a'/™)"; since ((a*/™)")" = ((a*/™)™)" = a™, we see
that also a™/™ = (a™)'/™. We check that for r € Q, a” is well defined: if n/m = n’/m’, then nm’ = n'm, so
anm' _ a}n/m7 and so ((al/m)n)mm, _ ((al/m)m)"ml — anm/ and ((al/m’)n’)mm, _ ((al/m’)m’)"lm _ an/m
are equal. So, the function f(z) = a” is defined on Q.

Next, for any r,s € Q, a"a® = a"**: if r = n/m and s = n’/m’, we have

’ Nmm’ ’ ’ ’ ’ ’ ’ ’ ’
(an/man /m ) — (an/m)mm (an /m )mm — "V gV = g Tn,7

) an/man//m' _ m"k//anm’-f-n’m _ a(nm'-{-n/m)/mm/ _ an/m-‘rn//m'.
And for any r,s € Q, (a")® = a": if r =n/m and s = n’/m/, we have

((an/m)n’/m’)mm/ _ (an/m)n/m _ ann"
S0 (an/m)n'/m' — m”i//ann’ — a(nn')/(mm')'

And for any a,b > 0 and r € Q, (ab)” = a"b": for r = n/m, (a”/mb”/m)m = (a™/™)m (/™) = g =
(ab)”, so g?/mpn/m — (ab)"/m.

If @ > 1, then the function f(x) = a® is strictly increasing: for r = n/m > 0, n,m € N, we have
a" = %/a™ > 1, s0if x,y € Q and y > z, then a¥ = a®a?¥~* > a®. If 0 < a < 1, then f is strictly decreasing:
asa ! >1,if z,y € Q and y > =, we have (a¥)"! = (a71)¥ > (a71)® = (a®)71, 50 a¥ < a®. And ifa =1,
then a* =1 for all z € Q.

We now want to extend function f(z) = a® from Q to R. We could do it “by monotonicity”, but I’ll
use Theorem 4.5.3: Q is dense in R, so Q = R. f is not uniformly continuous on Q; it is however locally
uniformly continuous:
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Lemma 4.6.1. For any M >0, f(x) = a® is unformly continuous on QN [—M, M].

Proof. If a = 1, then f is constant, f(z) = 1 for all z. If 0 < a < 1, we have f(z) = a® = (a7!)7%, s0
f(x) = g(—z) where g(z) = (a=1)* where a=* > 1, and f is uniformly continuous on [—M, M] iff g is. Thus,
we may and will assume that a > 1.

First, we will show that f is continuous at 0. Since f is strictly increasing, both lim,_,o- f(z) and
lim,_,o+ f(z) exist and lim,_,o- f(z) < f(0) = 1 < lim,_,o+ f(x). As we know, lim, o f(1/n) = /" =
{fa — 1, so limy_,+ f(z) = 1. Also f(—=1/n) = a= /" = 1/3/a — 1, so lim,_,- f(z) = 1. So,
lim, 0 f(z) =1 = f(0).

Now, let M > 0; for any x,y € QN (—oo, M], since f(z) = a® < f(M) = a™, we have |f(y) — f(z)| =
la¥ — a®| = a®|a?~% — 1| < aM|a¥~* — 1|. Given € > 0 let § > 0 be such that |f(z) — 1| = |a* — 1| < g/a™ if
|z] < &; then |f(y) — f(z)] < e whenever |y —z| <. g

Hence, for any M € N, function f extends to a continuous function j‘von [—M, M]. Hence f(x) is defined
for all z € R and is continuous on R; we call it the exponential function with base a and denote by exp,.
For z € R, we now put a® = exp, x. (That is, for any « € R, a® is defined as the limit of the sequence a®»
where (z,,) is any sequence in Q that converges to z.)

Theorem 4.6.2. Let a > 0.

(i) For any x,y € R, a™*¥ = a"a¥.

(ii) For any z € R, a=® = (a®)71 = (a~1)~.

(iii) For any a,b >0 and z € R, (ab)® = a®b".

(iv) If a = 1, then a® = 1 for all xz. If a # 1, the function a® is strictly monotone: if a > 1, then a® is
strictly increasing with limg_, 4 oo a® = +00 and lim, o a® = 0; if a < 1, then a® is strictly decreasing with
lim; 400 a® =0 and lim,_, _, a® = +0c0.

(I don’t see how to prove the identity (a*)¥ = a®¥ right now!)

Proof. (i) We have a**¥ = a®a¥ for all z,y € Q; by continuity, exp,(z + y) = exp, T exp, y for all z,y € R.
Indeed, for z,y € R, take any sequences (z,) and (y,) in Q such that z,, — z and y, — y, then
Ty +Yp —> T+ Y, SO

a®™ = lim ¢® 7Y = lim a®**a¥" = lim a® lim a¥" = a%a.
n—oo n—oo n—oo n—oo

(ii) For any o, 1 = a® = a® % = a®a™%, so a~* = (a®)~!. Let (x,,) be a sequence in Q with x,, — z, then
a=% =1lim, oo a~ % = lim,_,o(a™ )% = (a71)%.
iii) Let (x,) be a sequence in Q with z,, — x, then (ab)* = lim,_, oo (ab)* = lim,,_, o, a®"b*" = a*b*.
(iv) Assume that a > 1, then the function a® is strictly increasing on Q. Let x < y; find s,r € Q such that
x < s <r <y, find sequences (z,) and (y,) in Q such that x,, — = with x,, < s for all n and y, — y
with y,, > r for all n. Then a”" < a® and a¥" > a" for all n, so
a® = lim a*" <a® <a”" < lim a¥" = a¥.
n—oo n—oo

So, a”® is strictly increasing. It follows that both lim,_, | a® and lim,_, , a® exist; since lim,,_, o, a™ = 400
and lim,_,., a™™ = 0, we have lim,_, | o a® = 400 and lim, , - a® = 0.

If a < 1, then since a® = (a=!)7% and a~! > 1, we have that (a=1)® is strictly increasing and a® is
strictly decreasing with lim; ;o a” = 0 and lim,_,_ a” = +00. g

Since, for a # 1, exp, is strictly monotone, it has an inverse, which is called the logarithmic function
with base a and is denoted by log,, so that exp,z = a® = y iff y = log, . (Or, in other words, for any
r € R, log, a® = x, and for any z > 0, a8« % = 1.)
Theorem 4.6.3. Leta >0, a # 1.
(i) The function log, is continuous with Dom(log,) = Rng(exp,) = (0, +00).
(ii) If a > 1 then log, is strictly increasing with lim,_ o+ log, © = —oco and lim,_, o log, x = +00; ifa < 1
then log, is strictly decreasing with lim,_,o+ log, * = +00 and limy;_, | log, z = —o0.
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(iii) For any z,y > 0, log,(xy) = log, = + log, y.

Proof. (i) follows from the definition and Theorem 4.3.6.

(i) The inverse of a strictly increasing function is strictly increasing (if y; < y» implies that z; = f~1(y1) <
o = f(y2), since otherwise y; = f(x1) > yo = f(x2)), and of strictly decreasing function is strictly
decreasing. And Rng(log,) = Dom(exp,) = (—00, +00).

(iii) For any x,y > 0, a'°8a *F108.¥ = gloga 2gloga ¥ = zy 50 log, (ry) =log, =+ log, y. m

Now, when we know what a” is for all @ > 0 and all z € R, given any a € R we have another function,
the power function ©* = exp, «, with domain (0,400). (This function is defined as “a limit” of power
functions with rational exponents: we choose any sequence () in Q with a,, — «, then for any x > 0,
% = limy, 00 %)

Theorem 4.6.4. Let a € R.

(i) For any x,y > 0, (xy)* = a*y~.

(ii) For any z >0, 27 = (1/z2)* = (%)~ 1.

(iil) If o > 0, the function x® is strictly increasing with im,_,g+ z® = 0 and lim,_, 4o 2% = 400; if a < 0,
the function x is strictly decreasing with lim,_,g+ % = 400 and limg_, 1 oo % = 0.

(iv) The function x® is continuous.

Proof. (i) This is Theorem 4.6.2(iii). (ii) This is Theorem 4.6.2(ii).
(iii) Let a > 0. For any z > 1, since the function f(x) = z* is strictly increasing, z* > 1 since a > 0. So,
for any 0 < z < y, since y/x > 1, we have y*/x* = (y/z)* > 1, so y* > x*.

Thus the function x® is strictly increasing on (0,400), and so, lim, ,o+ 2% and lim, . x* exist.
Now, let n € N be such that 1/n < «, then for all z > 1, z® > 27 and lim,_, 4 o0 /" = 400, s0
limg 400 2% = +00. Also,

: o 3 « : [e3
i (4/2%) = g 157" =l 07 = 20
so lim, o+ 2% = 0.

If @ < 0, we can write 2% = (z71)~%. So, 2 is strictly decreasing (if 0 < x < y, then 271 >y~ so
2% = (2717 > (y71) 7 = y9), lim, o+ 2% = lim, oo 7% = +00, and lim, 4 oo 2% = lim,_,g+ 7% = 0.
(iv) Firstly I claim that if the function h(z) = z® is continuous at some point z > 0 then it is continuous
at every other point x > 0. Indeed, let (x,) be a sequence that converges to x. Then x,z/x — 2z, so
a8z 2% = (zpz/x)® — 2%, so & — z®. Hence, h is continuous at x.

Now, h(z) = z% is a monotone function on (0,4+0c0), so it has at most countably many points of
discontinuity, so it is continuous at some (in fact, uncountably many) points. But then it is continuous at
all points, hence is continuous. g

For a > 0, since lim,_,q+ % = 0, we may extend this function by continuity to 0, and put 0% = 0.
We can now prove “the second” exponential identity:

Theorem 4.6.5. Let a > 0. For any z,y € R, (a*)¥ = a™V.

Proof. First, let x € Q, y € R, and let (y,,) be a sequence in Q with y,, —> y; then for any n, (a*)¥" = a™¥,

SO

(a®)¥ = lim (a®)¥" = lim a™¥" = a™.
n—oo n—oo

Now, let both z,y € R, and let (z,) be a sequence in Q with z,, — . Then since the function h(z) = 2¥
is continuous and a®" — a®, we have lim,,_,(a*")¥ = (a®)¥. On the other hand, since for any n, =, € Q,
we have (a™ )Y = a™¥ as proved above, 50 lim, . (a™)¥ = lim,,c a™¥ =a™. g

It follows that for any a # 0, the inverse of the function h(z) = z® is h=1(z) = 2'/«.

As a corollary, we also obtain relations
(i) between exponential and power functions: for any a > 0, a # 1, any o € R, and any = > 0, since
T = alogam’ we have & = (alogux)a — aalogaz;
(ii) between exponential functions of various bases: for any a,b > 0, a # 1, since b = a'°8®, for any z € R
we have b? = (a'°8a )" = q¥198. % = ¢* where ¢ = log, b;
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(iii) and between logarithmic functions of various bases: from (ii), for any a,b > 0, a,b # 1, we have exp, y =
exp, (cy) where ¢ = log, b, so y = log,(exp, y)/log, b. Taking y = log, x we get log, x = log, x/log, b.

Let us now show that the linear, exponential, logarithmic, and power functions are the only continuous
functions satisfying the corresponding functional equations. Let’s start with the linear functions:

Theorem 4.6.6. If f:R — R is a continuous function satisfying f(x +y) = f(x) + f(y) for all x and y,
then f(x) = cx for some c € R.

Proof. By induction on n, for any a € R and any n € N, f(na) = nf(a). (Indeed, if this is true for some n,
then f((n+1)a) = f(na + a) = f(na) + £(a) = nf(a) + f(a) = (n+1)f(a).)

Now put ¢ = f(1). Then for any n € N, f(n) = f(n-1) =nf(1) = nc.

Next, for any m € N, ¢ = f(1) = f(m=) = mf(%), so f(5) = <. Also, for any n,m € N,

f(2) = nf(%) =n< =c~. So, f(x) = cx for all positive z € Q.

Next, f(0) = f(04+0) = f(0)+ f(0) = 2f(0), so f(0) = 0. Thus, for any positive z € Q, f(—z)+ f(z) =
f(=z+z)= f(0) =0, so f(—x) = —f(z) = —cz. Hence, f(z) = czx for all z € Q.

Finally, we have two continuous functions, f and cz, that coincide on the dense set Q. This implies that
flx)=cxforallz. g

Remark. The assertion of the theorem doesn’t remain true if we drop the assumption that f is continuous:
there are many everywhere(!) discontinuous functions f satisfying f(z +y) = f(z) + f(y) for all z,y.

Theorem 4.6.7. If f:R — R is a nonzero continuous function satisfying f(x +y) = f(x)f(y) for all x
and y, then f = exp, for some a > 0.

Proof. We can mimic the argument used in the proof of the previous theorem, but also can reduce the
problem to that theorem. First of all, for any = € R, f(z) = f(z/2)f(x/2) = f(z/2)?> > 0. Next, if f(z) =
for some z, then f(z) = f(z)f(z —x) =0 for all z; since f # 0, it must be that f(x) > 0 for all x.

Now take any b > 0 and define g(x) = log, f(z), x € R. Then for any =,y € R,

g9(x +y) = logy f(z +y) = log,(f(2)f(y)) = log, f(x) +log, f(y) = g9(x) + g(y)-
g is a composition of continuous functions, thus is continuous, so by Theorem 4.6.6, g(z) = cx for some c.
Hence, f(z) = b9 = b = (b°)" =a® for a =1°. g

Theorem 4.6.8. If f:(0,400) — R is a nonzero continuous function satisfying f(xy) = f(x) + f(y) for
all x,y > 0, then f =log, for somea >0, a # 1.

Proof. Take any b > 0 and define g(x) = f(b"), « € R. Then for any z,y € R we have

gl +y) = F(b"TY) = fF°Y) = f(07) + F(b) = g(=) + 9(y).

g is a composition of continuous functions, so is continuous, so by Theorem 4.6.6, g(z) = cz for some c.
Thus, f(z) = g(log, x) = clog, z. Since f # 0, ¢ # 0.
Now put a = b'/¢, so that b = a® and ¢ = log, b. Then f(x) = clog, = = log, blog, = = log, x. n

Theorem 4.6.9. If f:(0,400) — R is a nonzero continuous function satisfying f(xy) = f(x)f(y) for all
xz,y >0, then f(x) =x* for some « € R.

Proof. For any z > 0, f(z) = f(y/z)? > 0. If f(z) = 0 for some z, then f(z) = f(z)f(z/x) = 0 for all z.
So, f(x) > 0 for all .
Take any b > 0 and define g(z) = log;, f(x). Then for any z,y > 0,

g(wy) = log, f(zy) = log, f(z)f(y) = log, f(z) +log, f(y) = g(x) + g(y).

By Theorem 4.6.8, g(z) = log, = for some a > 0. Let o = log, b, so that b = a®. Then f(z) = b9 =
(aa)logax — (alogam’)a = . -
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5. Derivatives

5.1. The derivative of a function at a point

Let function f be defined in a neighborhood of a point a. We say that f is differentiable at a if a finite
W exists; this is the case, the number c¢ is called the derivative of f at a and is
f(a+h})*f(a)

- .

limit ¢ = lim,_,,
denoted by f’(a). Equivalently, ¢ = f’(a) can be defined as limy,_,q

f is said to be left-hand differentiable at a if f is defined on an interval (b,a] and a finite limit ¢ =
lim,_, - W exists; ¢ is called the left-hand derivative of f at a and is denoted by f’ (a). f is said to
be right-hand differentiable at a if f is defined on an interval [a,b) and lim,_, .+ f(“‘g ({(a) = ¢; cis called the
right-hand derivative of f at a and is denoted by f’ (a).

The “little 0” and “big O” notations are very handy. For two functions ¢ and ) we write p(x) = O(¢(z))
and say that ¢ is O-big of ¥ as ¥ — a (where o can be any of a, a® with a € R, fo00, or co) if /v
is bounded in a neighborhood of «, that is, if there is C' > 0 such that |p(z)] < Cl¢(z)| for all z in a
neighborhood of a. We write p(z) = o(¢(z)) and say that ¢ is o-small of ¥ as x — a if ¢/t — 0 as
r — a. (For example, 22 = o(z) as z — 0, and 272 = o(z72) as  — +00.)

A function f is differentiable at a point a iff it is “well approximable” near a by a linear function:

Theorem 5.1.1. Let f be defined in a neighborhood of a; then f is differentiable at a iff there is ¢ € R such
that f(z) = f(a) + c(z —a) + o(x — a) as © — a (equivalently, f(a+h) = f(a)+ch+o(h) ash — 0), in
which case f'(a) = c.
Proof. Assume that f is differentiable at ¢ with f/(a) = ¢, that is, lim,_,, % = ¢. Define p(x) =
f(@) = f(a) — ¢(x — a), then p(x)/(x — a) = f(m) f(a) —c— 0 as x — a, that is, p(x) = o(z — a) as
T — a.

Conversely, let f(z) = f(a)+c(z—a)+p(z) with o(z)/(x—a) — 0 as x — a. Then lim,_,, W =

s@(?‘) _

c+ limg,_,, =c.

Examples. (i) Let f be a constant function, f(x) = b for all . Then f'(a) = limg;_, W =
lim, ., 22 = 0 for all a.

(ii) Let f be a linear function, f(x) = bz, x € R. Then f/(a) = lim;_q % = limg,q 22=5% = b for any
a. (Alternatively, f(a + h) = ba + bh = f(a) = bh, so f'(a) =b.)

(iii) Let () = 22, z € R. Let @ € R. Then f'(a) = lim,_,q {9 —jim, ,, £=0% —jim, (z+a) = 2a.
(Alternatively, f(a + h) = (a + h)? = a® + 2ah + h% = f(a) + 2ah + o(h), so f'(a) = 2a.)

A function f: A — R is said to be Lipschitz at a point a € A if there is a neighborhood I of a and a
constant C' > 0 such that |f(x) — f(a)| < Clx —a| for all z € ANI. Clearly, if f is Lipschitz at a, then f is
continuous at a.

Theorem 5.1.2. If f is differentiable at a point a, then f is Lipschitz (and so, continuous) at a.

Proof. Since a finite lim,_,, W W is bounded in a neighborhood I of a,
|M‘ <Cforall INA\{a},so|f(z)— f(a)] < Clr—a|forallz e ANI. g

eists, the function

The “squeeze theorem” for derivatives is sometimes helpful:

Theorem 5.1.3. Suppose that f, g and h are defined in a neighborhood of a, f(a) = h(a), f and h are
differentiable at a with f'(a) = h'(a), and f(x) < g(z) < h(z) or h(z) < g(x) < f(x) for all x in a
neighborhood of a. Then g is differentiable at a with ¢'(a) = f'(a).

The “algebraic properties” of derivatives are the following:
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Theorem 5.1.4. Let functions f and g be differentiable at a. Then f + g is differentiable at a with
(f+9)(a) = f'(a)+g'(a); for any b € R, bf is differentiable at a with (bf)'(a) =bf’'(a)); fg is differentiable
at a with (fg)'(a) = f'(a)g(a) + f(a)g'(a); and if f(a) # 0, then g/f is differentiable at a with (g/f) (a) =
(¢'(a)f(a) — g(a) f'(a))/ f(a)*.

Proof.
lim (f + g)(sci - ((lf +9)(a) _ lim f(:ci - £<a) + lim g(xx) - g(a) _ @)+ g'(a)
lim (bf)(x; - ibf)(a) ~blim f(fc; - fla) _ b (a)
im Y9@) = (o)) . f@)g(@) = fla)gl@) | fla)g(e) = fla)g(a)
= tim PO TD gy gy 4 ) i 2019 rag0a) + (g (0
i MN@) = Q/He) _ o f@)—f@) 1 f@) = f@) L —f(a)
z—a r—a z—a r—a f(m)f(a) T—a r—a e—a f(x )f(a) f(a)2

g(a) gla)f'(a) _ g'(a)f(a) - g(a)f'(a))
fla) — fla)? f(a)?

and (g/f)'(a) = ¢'(a)(1/f)(a) + g(a)(1/f) (a) =

(Notice that if f(a) # 0 and f is differentiable (and so continuous) at a then f(z) # 0 in a neighborhood of
a, so 1/f(z) is deined in this neighborhood.) g

The following theorem about the derivative of composition is called the chain rule for derivative:

Theorem 5.1.5. Let function f be differentiable at a and function g be differentiable at f(a). Then gof is
differentiable at a with (gof) (a) = ¢'(f(a))f'(a).

Proof. First of all, since f is defined in a neighborhood of a, g is defined in a neighborhood of f(a), and f
is continuous at a, gof is defined in a neighborhood of a.

Let b = f(a). We have g(f(w)zii(f(“)) 9(f (@)= g(f(a)) f(d':)fa(“ , which tends to ¢’'(f(a))f'(a) as x — a,

F@—fa) =

but is not defined at the points x where f(x) = f(a). To fix this, let b = f(a) and define function

W=9®) ) £
h(y) = { ,(zé)—b ’ ) . Then h is continuous at b, and for any x € Dom(gof),
g\v), y=

9(f(2)) — 9(f(a)) _

r—a Tr—a

Since h is continuous at b = f(a) and f is continuous at a, hof is continuous at a, so

tim h(f(2) 27D iy @) tim LD I@ ) ) = g (£0) £ @),

z—a x—a z—a t—a T —a

|

If f is invertible in a neighborhood of a point a and is differentiable at a, then f~lof(z) = x, so by the
chain rule, (f=1)(f(a))f'(a) = 2'|,_, =1, 80 (f~Y'(f(a)) = 1/f'(a), — ok, but this only works if f=! is
diiferentiable at f(a)! And actually, f~! may be not only non-differentiable, but discontinuous at f(a). We

however have:

Theorem 5.1.6. Let an invertible function f be differentiable at a with f'(a) # 0 and let f~1 be defined in
a neighborhood of b= f(a) and continuous at b. Then f~1 is differentiable at b with (f~1)(b) = 1/f'(a).

The condition “f~1! is defined in a neighborhood of b = f(a) and continuous at b” holds if f is continuous
in a neighborhood I of a, since, as we know, in this case f is strictly monotone on I and f~! is continuous
on the open interval f(I) containing b.
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Proof. Let g = f~1. Since g is bijective, g(y) # g(b) = a for all y # b. Let (y,) be a sequence that converges
to b and such that y,, # b for all n. Then the sequence x,, = ¢(y,) converges to a and z,, # a for all n, and
we have

9(yn) — g(b) T, —a 1 1

yo—b  flon)—fla)  Lei@ " frla)

Tpn—a

So, g'(b) =1/f'(a). m

If a function f is differentiable at all points of a set A C R we say that f is diiferetiable on A;
if A = Dom(f), we just say that f is differentiable. If f is differentiable on A we obtain the function
f': A — R called the derivative of f. By theorems above we get:

Theorem 5.1.7. If f and g are differentiable on a set A, then f + g and fg are differentiable on A with
(f+9) = f'+9'. (f9) = f'g+fg', and f/g is differentiable on A\{z : g(x) = O} with (f/9)" = (f'9—fg')/9".
If f and g are such that Rog(f) C Dom(g), f is differentiable on A and g is differentiable on f(A), then
gof is differentiable on A with (gof) = (¢'of)f’. If f is differentiable and invertible on A f'(x) # 0 for all
x € A, and £~ is continuous on f(A), then f~1 is differentiable on f(A) with (f=1) = 1/(f'of~1). If f is
differentiable and invertible on an interval I and f'(z) # 0 for all x € I, then f~! is differentiable on f(I)
with (f~1)" =1/(f'ef71).

This theorem allows to easily find the derivatives of functions constructed from “basic” functions, whose
derivatives are already known. Let’s find the derivatives of the power, exponential, and logarithmic functions:

(i) Let n € N, f(x) = 2™. Then it is easy to see by induction that for any a € R, f'(z) = naz""!. Indeed,
this is true for n = 1, and if this is true for some n, then

(z" Y = (2"z) = (2™)z + az™2’ = na" "'z + 2" = (n+ 1)a".
(Alternatively, by the binomial formula, for any z € R,
(z+h)" =a"+na"th+ (5)z" 2R + - + A" = 2™ + na" " h + o(h),
so (z") = na"1)
1) For n € T = ") =—nx" " /(x =-—-nx " .
() F N, ( n)/ (1/ n)/ n 1/( n)2 n—1

(iii) For any n € N, for any = > 0,

1 1 1
n [ — — :l 1/77,71.
W' = o ™ T

(iv) Let a > 0 and f(z) = a”, + € R. Then for any z € R, 'f(w+h})l_'f(w) = oooa® _ aw“hh_l, S0

)
f(x) = limp0 w exists iff f/(0) = limp_o “hh_l exists, and then f'(z) = a®f'(0) = f/(0)f(x).
Hence, if f(z) = a” is differentiable at one point then it is differentiable at 0, then it is differentiable at all
points, and f'(z) = c¢f(x) where ¢ = f'(0). We will prove that f is differentiable in subsection 5.2.

(v) Let a > 0, a # 1, and let g(z) = log, =, then g = f~! where f(y) = a¥, and (g)'(z) = 1/f'(9(x)) =
1/(cf(g(x))) = 1/(cx) where ¢ = f'(0).

(vi) Let @ € R, let h(z) = 2%, « > 0. Take any a > 0, a # 1; we can write h as the composition
h(z) = 2% = (a'°87)® = q*1°8a* 50 by the chain rule, h'(z) = ca®®8«? . o - (1/(cx)) = cx“a/cx = ax® L.
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5.2. Convex functions
Let I be an open interval (bounded or unbouded). A function f: I — R is said to be convez if for any
z,y,z € I with z < y < z we have

(y — ). (5.1)

(That is, f(y) < I(y) where I(y) is the linear function I(y) = f(z )—i—M(y x) having the property {(z) =
f(z) and I(2) = f(2).) f is said to be strictly convez if for any z <y < z, f(y) < f(z) + f(z) i(I)( —);
concave if f(y) > f(x) + f(z)_f(x)( — ), and strictly concave if f(y) > f(x) + f(z (x)( :c)

It is easy to check that inequality (5.1) is equivalent to each of

fly) = fl@) _ (z)—f(x)’ fo) = fo) _ f(z) = fW) fy) = f=) _ [(2) = J@) (5.2)

Yy—T - Z—T Z—T - zZ— ’ Yy—x Z—

Let f:I — R be convex; fix a € I and consider the function ¢, (z) = W on I\ {a}. It follows from
inequalities (5.2) that ¢, is increasing; hence, f’ (a) = lim,_,,- ¢, (z) and f, (a) = lim,_,,+ @q(x) both exist
and f’ (a) < f' (a). It follows that f is continuous at a; so, f is continuous on I.

Since f’ (z) € R and f (z) € R are defined for every x € I, f’ and f/ are functions I — R. For
any a,b € I with a < b, f'(a) < fi(a) < pa(b) = pp(a) < fL(b) < fi(b). Hence, both f' and f} are
increasing functions; thus they have at most countably many points of discontinuity. Moreover, for any a,
we have that f/ (a) < f\(a) < limy_, o+ f7(b), so if f is continuous at a, that is, f/ (a) = lim,_,.+ f" (D),
then f’ (a) = f! (a), that is, f is differentiable at a. We have proved the following theorem:

Theorem 5.2.1. Let I be an open interval, and let f: I — R be a convex function. Then

(i) f is continuous;

(i) the left-hand f’ and the right-hand f! derivatives exist at every point of I and are increasing functions
on I;

(iii) f 4s differentiable at all but at most countably many points of I and f' is an increasing function on its
domain.

A similar theorem holds for concave functions, with f’, fi and f’ being decreasing functions.

Given an interval [z, z], every point y € [, z] is uniquely representable in the form y = (1 —t)x + tz for
some t € [0,1]. (The function ¢ — (1 — t)z + ¢z is a bijection between [0, 1] and [z, z].) Given a function f
on an interval I D [z, 2], for y = (1 — t)x + tz we have
f(z)— f(x r—tr+tz—x
TRV 2T 0y = )+ (£ - Fa) E T ETE o) (£(0)— F@))t = (=0 f(@) +£(2)

zZ—X zZ—X

flx)+
Hence, f is convex iff for any t € [0, 1],

f(A=t)x+tz) <1 —t)f(z) +tf(2). (5.3)
If f is continuous, it suffices to check (5.3) for ¢t = % only:

Theorem 5.2.2. Let f be a continuous function on an open interval I satisfying f(“;z) < M for

all x,z € I. Then f is convex on I.

Proof. Fix =,z € I. We have f(%(x + z)) < %
t= % Next we have

fGE+3@E+2)) <3(f@)+F(3@+2)) < 5(f(@)+35(f(x)+ f(2)),
SO f( T+ z) g%
(

(f(z) + f(z)), that is, the inequality (5.3) holds for f for

F@+2)+2) <3(f3@+2)+ f(2) <2GE(f@) + f(2) + £(2),
(v t =

f(z
SO f( T+ z) < g f(z) + 3f( ). Hence, the inequality (5.3) holds for ¢t = i and = % By induction,
we can prove in the same way that (5.3) holds for all ¢ € [0,1] of the form t = £ with k,n € N. The set
{£, k,n € N} is dense in [0, 1]; by continuity, (5.3) holds for all t € [0,1]. g
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Now, let a > 0, and consider the function f(x) = exp,(xz) = a®, * € R. For any x,z € R, by the
arithmetic-geometric mean inequality, we have

f(x—2|—2>: (z+2)/ W WSG ;—az:f(x)+f(2)

Since f is continuous, by Theorem 5.2.2 it is convex. By Theorem 5.2.1, f is differentiable at some (at many)
points. As shown in the end of subsection 4.6, this implies that f is differentiable at all points of R, with
f'(z) = cf(z), x € R, where ¢ = f/(0).

The inequality (5.3) for convex functions can be extended by induction to the case of n points; it is then
called Jensen’s inequality:

Theorem 5.2.3. Let f be a convex function on an interval I and let x1,...,x, € I; then for anyty,... t, >
0 with Y1 t; =1 we have f(31 tiw;) < Sory tif ().
Proof. For n = 2 this is just (5.3). Given ti,...,t,41 > 0 with Z"H ti=1,let t ="  t; and s; = t;/t,

i=1,...,n, then s; > 0 for all ¢ and >, sZ = (Z?:l )/t = 1, so we may assume by induction that
F(20 siw) <30 sif(x;). Further, ¢,t,41 >0 and ¢t + t,41 = 1, so for x = Y. | s;2; we have

n+1 n+1

F(tz + tng1mngr) < EF(@) 4+ taga f(@ng1) < tz sif (i) +tnp1 f(Tng1) Zt f(z;).

=1

Since tx + ty11Tp11 = Z?:ll t;z;, we have the induction step. g

5.3. Natural exponential and logarithmic functions

Let a > 0, exp,(z) = a®. We know that exp, is diferentiable, let expl,(0) = c¢. Put b = a'/°, then
expy(z) = b% = (a'/°)* = a®/¢ = exp,(z/c), so exp}(0) = exp,,(0)/c = ¢/c = 1. Since exp, ' = log, and
exp,(0) = 1, we have that logy (1) = 1/exp}(0) = 1, that is, limj,_o w = limp, 0 w =1

( IOgb(hl-‘rh) )

Since exp, is continuous, this implies that limy_, exp, = exp,(1) = b. Since

expy (18200 — pllog,(1+1)/h — (blogb<1+h>)1/h = (1+ h)/,

we obtain that b = limy_,o(1 + h)l/h. But we know that for the sequence h,, = 1/n, which converes to 0,
limy, o0 (1 + Ry) /P = lim, oo (1 + 1/n)" = e, Euler’s number. (We defined e this way!) So, our b = e.
The exponential function exp,(xz) = e® is denoted by just exp and called the natural exponential function;
its inverse log, is denoted by log (or by In in some books) and called the natural logarithm. We have proved
the following:

Theorem 5.3.1. (i) exp’(0) = 1, that is, lim,_,q e;—*l = 1. As functions, (*) = e*, exp’ = exp.
(i) log'(1) = 1, that is, lim,_o w = 1. As functions, log'(r) = 1/x.

As we will see below (see Theorem 5.5.6), the function exp is characterized by the property exp’ = exp.
The function exp is increasing and convex, with lim, , expz = 0 and lim,_, ., expx = 400, so that
exp(R) = (0, +00). Respectively, log is increasing and concave, with log(0, +00) = R.

All exponential, logaritghmic, and power functions are expressible in terms of exp and log: for any

a>0,exp,r =a®=e"'°8% for any a > 0, a # 1, log, z = logz/log a; and for any a € R, 2% = e®1°8% We
therefore have exp/,(z) = logaexp, ¥, log, (z) = 1/(xloga), and (z%) = 2%a/x = ax® L.
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5.4. Local properties of differentiable functions

Let f: A — R be a function and a € A; we say that f is increasing at a if there is § > 0 such that
f(z) < f(a) for all x € AN (a—6,a) and f(x) > f(a) for all x € AN (a,a+ ). We say that f is strictly
increasing at o if there is 6 > 0 such that f(z) < f(a) for all x € AN (a — d,a) and f(x) > f(a) for
all z € AN (a,a+ 0). We say that f is decreasing at a if there is 6 > 0 such that f(z) > f(a) for all
x€ AN (a—d,a) and f(x) < f(a) for all z € AN (a,a + 0), and that f is strictly decreasing at a if there is
d > 0 such that f(x) > f(a) for all z € AN (a —d,a) and f(z) < f(a) for all z € AN (a,a + 9).

Theorem 5.4.1. Let [ be a function differentiable at a point a. If f is increasing at a then f'(a) > 0; if
f is decreasing at a then f'(a) < 0. If f'(a) > 0 then f is strictly increasing at a; if f'(a) < O then f is
strictly decreasing at a.

Proof. If f is increasing at a, then f(x) > f(a) so f(z) —

a, so W > 0 for such z, so f'(a) = lim,_,,+ f( ) (’:(a

f(@)—f(a)
r—a

> 0 for all x > a in a neighborhood of

v

f(a)
Z 0. If f is decreasing at a, then, similarly,

< 0 for all z > a in a neighborhood of a, so f’ (a) ot M > 0.

Let lim,_, f(r) L1 — () > 0, then M > 0 for all z in a neighborhood I of a, that is, for
zel, f(z) - f()>01fx>aandf() f()<01fx<0. Slmllarly,lff()<O,thenf0rallxma
neighborhood of a, f(z) — f(a) < 0if x > a and f(z) — f(a) >0if 2 < 0. g

Let f: A — R be a function and a € A; we say that f has a local mazimum at a if there is § > 0
such that f(a) > f(x) for all z € AN (a—d,a+9), a strict local mazimum at a if there is 6 > 0 such that
fla) > f(z) for all z € AN (a—d,a+0)\ {a}, we say that f has a local minimum at @ if there is § > 0
such that f(a) < f(z) for all x € AN (a —d,a+9), a strict local minimum at a if there is § > 0 such that
fla) < f(z) for all z € AN (a—d,a+9)\ {a}. If f has a local maximum or a local minimum at a, we say
that f has a local extremum at a, or that a is an extremal point of f.

If a function f is defined in a neighborhood of a point a and has a local extremum at a, then f neither
strictly increases nor strictly decreases at a. So, as a corollary, we obtain:

Theorem 5.4.2. If a function f is differentiable at a point a and has a local extremum at a, then f'(a) = 0.

The points = at which f/(x) = 0 are called critical points of f; Theorem 5.4.2 says that if x is an
extremal point of f and f is differentiable at a, then x is a critical point of f. (Equivalently, if z is an
extremal point of f then either x is a critical point of f or f is not differentiable at x.)

5.5. Mean value theorems

Recall that a function f is differentiable on a set A if f is differentiable at every point of A; this is the
case, f'(z), x € A, is a function on A, called the derivative of f.

The following facts follow directly from the definition of the derivative:

Theorem 5.5.1. Let f be a function differentiable on a set A. If f is constant, then f' = 0. If [ is
increasing, then ' > 0; if f is decreasing, then f' < 0. If f is Lipschitz, |f(x) — f(y)] < Clx — y| for some
C eR forallz,y € A, then |f'| < C. If A is an interval and f convex or concave, then f’ is increasing or,
respectively, decreasing on A.

For functions differentiable on an interval the converses of the assertions of Theorem 5.5.1 are also true,
but they are difficult to prove directly. Mean value theorems are very handy for deducing properties of
functions differentiable on intervals from properties of their derivatives.

The simplest one is Rolle’s theorem:

Theorem 5.5.2. Let f be a function continuous on a closed bounded interval [a,b], differentiable on (a,b),
and satisfying f(a) = f(b). Then f'(c) =0 for some c € (a,b).

Proof. Since f is continuous on [a, b], it attains its maximal value M and its minimal value m on [a,b]. If

both values are taken at the endpoints a and b, then M = f(a) = f(b) = m, so f is constant on [a, ], and

f'(e) = 0 for all ¢ € (a,b). Otherwise, at least one of the values M and m is taken at an interior point
€ (a,b), so f has a global (so local) extremum at ¢, so f’(c) = 0 by Theorem 5.4.2. g
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The most applicable mean value theorem is Lagrange’s mean value theorem, or just the Mean Value
Theorem, M.V.T.:

Theorem 5.5.3. Let f be a function continuous on a closed bounded interval [a,b] and differentiable on
(a,b). Then for some c € (a,b), f(b) — f(a) = f'(c)(b—a).

Proof. We will deduce Lagrange’s theorem from Rolle’s theorem. Consider the function h(z) = f(z) —
M( — a). Then h is continuous on [a,b], differentiable on (a,b), h(a) = f(a), and h( ) = f(b) —
M( a) = f(a). So, there is ¢ € (a,b) such that h'(c) = 0. But h'(c) = f'(¢) — l)) fa)

b—a

(bl))—JaC( a) _ #(c).

SO

Lagrange’s M.V.T. has a lot of important corollaries:

Theorem 5.5.4. Let function f be differentiable on an interval I and f'(x) = 0 for all x € I. Then f is
constant on I.

Proof. Let x,y € I, © < y. Then there is ¢ € (z,y) such that f(y) — f(z) = f'(¢)(y —z) = 0, so
f@)=f) m

Theorem 5.5.5. Suppose functions f and g are differentiable on an interval I and f'(z) = ¢'(x) for all
x€l. Then f =g+ c for some c € R.

Proof. (f(z) —g(z)) = f'(z) —¢'(x) =0 forall z € I, so f — g = const. g
As one more corollary we can now prove that the property exp’ = exp characterizes exp, up to scaling:

Theorem 5.5.6. Let f be a function differentiable on R and satisfying f' = f. Then f = cexp for some
ceR.

Proof. (e){p) Pexp—fexp’ _ fexp—fexp — () g6 f/exp = const. -

exp? exp?

Theorem 5.5.7. Let function f be differentiable on an interval I. If f'(x) > 0 for all x € I, then f is
increasing on I. If f'(x) > 0 for all x € I, then f is strictly increasing on I. If f'(x) <0 for all x € I, then
f is decreasing on I. If f'(x) <0 for all x € I, then f is strictly decreasing on I.

Proof. Let 2,y € I, x < y; find ¢ € (z,y) be such that f(y) — f(z) = f'(¢)(y — ). Then if f'(c) > 0 then
f(y) = f(x);if f'(c) > 0 then f(y) > f(x); if f'(c) <0 then f(y) < f(z); if f'(c) <0 then f(y) < f(z). m

Theorem 5.5.7 is used to investigate the behavior of a function differentiable on an interval: a function
f strictly increases on the intervals where f’ > 0 and strictly decreases on the intervals where f’ < 0. Recall
that the points « at which f/(x) = 0 are called critical points of f; we know that local extremum points of
f are critical (assuming that d is differentiable at these points), but the converse is only true if f’ “switches
sign” at a:

Theorem 5.5.8. Let [ be differentiable in a neighbohood of a point a and f'(a) = 0. If for some 6 > 0,
f'(x) >0 for all x € (a — d,a) and f'(x) < 0 for all x € (a,a + ), then f has a local mazimum at a; if
() >0 for all z € (a — d,a) and f'(z) <0 for all z € (a,a+ §), then [ has a strict local mazimum at a;
if f'(x) <0 forallz € (a —9d,a) and f'(x) > 0 for all x € (a,a + 0), then [ has a local minimum at a; if
f'(x) <0 for all z € (a—0,a) and f'(x) > 0 for all x € (a,a+ 0), then f has a strict local minimum at a.
If f'(z) > 0 for allx € (a—d,a+0), or f'(z) <0 for all x € (a — J§,a + J), then a is not a point of local
extremum for f.

Proof. Let 6 > 0 and f'(x) > 0 for all z € (a — §,a) and f'(z) < 0 for all x € (a,a + ).
x € (a — ,a) there exists z € [z, a] such that f(a) — f(z) = f'(2)(a —x) > 0, s0 f(z) < f
x € (a,a + 0) there exists z € [a,z] such that f(z) — f(a) = f'(2)(x —a) <0 so f(x) < f(a).

All other assertions are proved similarly. (The last one is a corollary of Theorem 5.5.7.

Then for any
a); and for any

— =

Theorem 5.5.9. Let function f be differentiable on an interval I and f'(x) be bounded on I, |f'(z)] < C
for all x € I. Then f is Lipschitz on I with constant C, |f(x) — f(y)| < Clz —y| for al x,y € I.
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Proof. Let z,y € I, © < y; let ¢ € (x,y) be such that f(y) — f(z) = f'(¢)(y — z), then |f(y) — f(x)] =
'@ ly—z|<Cly—z]. m
Finally, here is a sort of converse of Theorem 5.2.1:

Theorem 5.5.10. Let f be a function differentiable on an open interval I. If f' is an increasing function
on I, then f is convex on I; if f' is strictly increasing on I, then f is strictly convex on I; if f' is decreasing
on I, then f is concave on I; if f' is strictly decreasing on I, then f is strictly concave on I.

Proof. Let x,y,z € I, v < y < z. There are ¢ € (z,y) and d € (y,z) such that M = f'(c) and
PACH S () f'(d). Since ¢ < y < d, f'(c) < f'(d), so f(y;:i(w) < f(z;:?];(y)' Hence, f is convex. The other

Y ..
assertions are proved similarly. g

Examples. Since exp’ = exp is an increasing function, exp is convex. Since log' z = 1/z is decreasing, log
is concave.

Cauchy’s mean value theorem is more general than Lagrange’s M.V.T. (the latter corresponds to the
case g(x) = x of the former):

Theorem 5.5.11. Let f and g be functions continuous on a closed bounded interval [a,b] and differentiable
n (a,b). Then there is ¢ € (a,b) such that (f(b) — f(a))g'(c) = (g(b) — g(a))f'(c); if g(b) # g(a) and

/ S ; IO)=f@) _ f'(c)
g'(¢) # 0, this is equivalent to 9(B)—g(@) — 703"

Proof. Define the function h(z) = (f(b) — f(a))g(x) — (g(b) —
differentiable on (a,b); also, h(a) = f(b)g(a) — f(a )(g(a) —g(b)f(a) + g(a)f(a) = f(b)g(a) — f(a)g(b) and

h(b) = f(b)g(b) — fa)g(b) — g(b)f(b) + g(a) f(b) = f(b)g(a) — f(a)g(b), so h(b) = h(a). By Rolle’s theorem,
there is ¢ € (a,b) such that h'(c) = 0, which means that (f(b) — f(a))g’'(c) — (g(b) — g(a))f'(c) =0. n

g(a))f(x). h is continuous on [a,b] and

5.6. Discontinuities of the derivative functions

We will see later via the Fundamental theorem of calculus) that every continuous (on an interval)
function f is a derivative of another function, called a primitive of f. Not every discontinuous function has
a primitive, the derivative functions have some special properties.

The following theorem implies that the derivative function on an interval can only have discontinuities
of the second kind:

Theorem 5.6.1. Let function f be differentiable on an interval (a,b) and assume that a finite lim,_,,+ f'(x)
exists. Then a finite im,_, .+ f(x) exists and if we define f(a) = lim,_, o+ f(x) then f becomes right-hand
differentiable at a with f' (a) = lim, .+ f'(z).

(Of course, a similar fact holds for the left-hand derivative, and for the two-sided derivative.)

Proof. Since a finite lim,_,,+ f’'(z) exists, f’ is bounded in a right-side neighborhood (a,a + §) of a, so
f is Lipschitz, and so, uniformly continuous in this neighborhood. Hence, p = lim,_,,+ f(z) exists, and
if we deﬁne f(a) = p then f becomes continuous on [a,b). Next, by the M.V.T., for any = € (a,b),
(E) f = f'(c;) for some ¢, € (a,x). As x — a¥, ¢z — a* as well and ¢, # a for all z > a. (In
more detalls ¢, 1s a function of z satisfying a < ¢; < z, so lim,_,,+ ¢; = a.) Let lim,_,,+ f'(x) = d, then
lim,_, 4+ f'(cz) = d as well by the theorem on the limit of the composition, so f/ (a) = lim,_, o+ M = d.
Darboux’s theorem says that the derivative function on an interval, even if it discontinuous, has “the
intermediate value” property.

Theorem 5.6.2. Let f be defined on an interval [a,b], differentiable on (a,b), and both f' (a) and f’ (b)
exist. Then for any c with fi (a) < ¢ < fL(b) or fL(b) < ¢ < fi(a) there exists xy € (a,b) such that
f(xo) = c.

Proof. W.lo.g. assume that f/ (a) < ¢ < f'(b). Let d = W; assume w.l.o.g. that ¢ < d. Define
o(x) = W for z € (a,b] and ¢(a) = f} (a); then ¢ is continuous on [a,b], with ¢(a) = f (a) < ¢ <
d = ¢(b). By the LV.T. there exists x; € (a, b] such that ¢(z1) = ¢. By the M.V.T., there exists 2 € (a,x1)
such that f(zg) = L= — o) =¢.

r1—a
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5.7. Trigonometric functions

I am now going to introduce the trigonometric functions: arcsin, sin and cos, though we don’t yet have
all necessary tools for this. A primitive of a function f is a differentiable function F such that F’ = f; it
doesn’t necessarily exist, but we will prove (via integration) that every continuous function on an interval
does have a primitive. If f is a function on an interval I that has a primitive, then this primitive is defined
uniquely up to a constant: if f = F' = G’ then F = G + const. It follows that for every g € I and ¢ € R
there is a unique primitive F' of f such that F(zg) = c.

Recall that a function f:R — R is said to be even if f(—z) = f(x) for all x and odd if f(—x) = —f(z)
for all . A function f:R — R is said to be periodic with period a, or a-periodic, for some a > 0, if
flx+a) = f(z) for all z € R.

We define the function arcsin as a primitive of f(x) = \/1%7: arcsin is a differentiable function on

(—1,1) satisfying arcsin’ = f and arcsin0 = 0. f is positive, decreasing on (—1,0) and increasing on (0, 1),
thus arcsin is strictly increasing on (—1,1), concave on (—1,0) and convex on (0,1). Since f is an even
function and arcsin0 = 0, arcsin is odd. (Indeed, let g(z) = arcsinz 4 arcsin(—z) for z € (—1,1), then
g (x) = f(z)— f(—x) =0o0n (—1,1), so g = const, so g = g(0) = 2arcsin0 = 0.)

Since arcsin is increasing, lim,_,;- arcsinz exists; we will show that it is finite. For any = € (0,1),
1

arcsin’(z) = == > 1 and arcsin’(z) = \/Txl\/m < \/1177:,: = h'(x) for h(z) = 2 — 2¢/1 — x satisfying
h(0) = 0; thus = < arcsinz < h(z) for all z € (0,1), so 1 < lim,_,;- arcsinaz < h(1) = 2. The number
2lim,_,;- arcsinz is called pi and is denoted by m; we see that 2 < m < 4. Since arcsin is odd, we also

have lim,_, 1+ arcsinz = —7. We therefore can extend arcsin by continuity to the closed interval [—1, 1] by

arcsin(—1) = —F and arcsinl = 7.

Now, we define the sine function sin as the inverse of arcsin; it is an odd continuous strictly increasing

function on the interval [ s 2} with sm(—§) = —1and sin(%) = 1. sin is differentiable on ( s 2) with

sin’ z = 1/ arcsin’(sinz) = 1/(1/y/1 —sin?z) = /1 — sin®z. Since limy, _(z)+ sin’ z = limgy(z)- sin’ x =

0, by Theorem 5.6.1, sin’, (—%) and sin’_ (%) also exist and = 0.

Next, we extend sin as follows: define sinz = sin(w — z) for all z € [g, 7’“] and then extend it to whole
R by 2m-periodicity: for every z € R find n € Z such that x — 2nm € [fg 37”) (such n is unique, it is the
integer part of (z + %)/(27)) and define sinz = sin(z — 2nm). Then sin is continuous and differentiable
everywhere except, perhaps, the “glueing points” 5 + nm, n € Z; but at these points sin is also continuous
and differentiable since sin(g + 2n77) =1, sin(—g + 2n7r) =1, and sinﬁr(g + nﬂ') = sin’_ (g + mT) = 0 for
all n € Z. By definition, sin is periodic with period 2.

The function cos = sin’ is called cosine; it is 2m-periodic and even. We have cosz = sin’z =
V1—sin’z for all z € [fg, g], in particular, cos(0) = 1, and cos(fg) = cos(g) = 0. On this interval
; / . . . .
cos’z = (V1—sin’z) = ——2——(—2sinzcosz) = —sinz. On [, 3], cosz = sin’z = —sin’(r — z) =
2¢/1-sin?z

.. 2 / 1 . .
\/1—sm T —x) \/l—sm x, so also cos’z = (—v/1 —sin“z) = ————(—2sinzcosz) = —sinzx.
( ) 2\/lfsin2w( )

So, we obtain that cos’ = —sin, and that cosz = +1/1 — sin® x so cos® z +sin? 2 = 1 for all z € R.

We are now going to obtain “the addition formulas” for sin and cos. We first show that the property
sin’ = cos and cos’ = — sin characterizes “linear combinations” of sin and cos:

Theorem 5.7.1. Let f and g be functions differentiable on R and satisfying f' = g and ¢’ = —f. Then
f=acosx +bsinz and g = —asinz + becosx, where a = f(0) and b = ¢(0).

Proof. We first prove that if f(0) = g(0) = 0 then f = g = 0. We have (f2 + ¢%) = 2ff' + 299’ =
2fg—2gf =0, s0 f2+ g? = const = £(0)? + g(0)? = 0. But this is only possible if f =g = 0.

For the general case, define j‘v: f—f(0)cos—g(0)sin and g = g+ f(0) sin —g(0) cos. Then fand g also
satisfy

f'=Ff+f0)cos—g(0)sin=g, § =g + f(0)cos+g(0)sin = —f,
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with f(0) = f(0) — f(0) = 0 and §(0) = g(0) — g(0) = 0. So, f = § = 0, thus f = f(0) cos +¢(0) sin and
g=—f(0)sin+g(0)cos. g

Now let y € R, and consider the functions f(z) = sin(z + y) and g(z) = cos(z + y). We have f' = ¢,

g = f, f(0) =siny and ¢(0) = cosy, so f(z) =sinycosz + cosysinz and g(z) = —sinysinx + cosy cosx.

In particular, sin(% — z) = sin(—z) cos(%) + cos(—z)sin(%) = cosz and cos(3 — z) = cos(z — 3 ) =sinz.
Let’s summarize:

Theorem 5.7.2. sin and cos are differentiable functions R — R, satisfying sin’ = cos and cos’ = — sin.

sin is odd, cos is even. Both sin and cos are periodic with period 2. sin® 4 cos? = 1. Rng(sin) = [~1,1],

sin increases from —1 to 1 on the intervals of the form [—g +2nm, § + 2n7r] and decreases from 1 to —1
on the intervals of the form [g + 2nm, 37“ + 2n7r] ,n€Z;sine =0 iff vt =nw for somen € Z; sinx =1 iff
x = 5+ 2n7 for somen € Z; sinx = —1 iff v = =5 + 2nw for some n € Z. sin is concave on the intervals
of the form [2nm, 7 + 2n7] and convex on the intervals of the form [—m 4 2nm,2nw], n € Z. For any x and
y, sin(z + y) = sinzcosy + cosxsiny and cos(z + y) = cosxzcosy — sinxsiny. It follows that for any x,

sin(x + 7) = —sinz and that cosx = Sin(:v + g), thus cos is obtained from sin by “shifting” it by 3 (and
thus whatever is true for sin is true for cos up to this shift).

The functions sin x and sin(1/x) are very useful for constructing examples of functions with “prescribed
singularities”:

lim,_, o sinz doesn’t exist.

For f(x) = 2~ tsina? = 0, lim,_,+ f(7) exists, but f'(z) = 2 cos %2 —x~2 sin 22 has no limit as z — oo.

1
The function f(z) = { > &> xo# 0 is differentiable on R \ {0}, and has no limit (and so, has a second-

0, x =
kind discontinuity) at 0: we have f(n—lﬂ) =0foralln € N, f( 1 for alln € N, and f(
) tend to 0.

—1 for all n € N, while all the sequences (1), (71'/241-2”71')7 (_7T/21+2mr

7r/2-&1-2n7r) 7r/2+2n7r) =

The function f(z) = gsm ’Ow #0 , is differentiable on R\ {0}, is Lipschitz (and so continuous) at 0,
T =

but not differentiable at 0.

1
The function f(z) = (\)/Esm %’ T # O, is differentiable on R\ {0}, is continuous but not Lipschitz at
) T =

0 (and so, is not differentiable at 0).
201 .
The function f(z) = {g sin w(’) T # 0, is differentiable on R, with f/(0) = lim,_q % =0, but
y L=
f'(z) =2zsind — cos L is discontinuous at 0.
2?sinL, x#0 1
The function f(z) = 0. 58’6’ , is differentiable on R, with f/(0) = 0, but f’(z) = 2zsin 5 —
=
22 L cos -5 is discontinuous at 0 and unbounded in any neighborhood of 0. Thus, f is Lipschitz at every point,
but is not Lipschitz in any neighborhood of 0.

The functions sin, cos, tan = 2%, cot = 2, sec = ﬁ, cosec = ﬁ are called trigonometric. The
functions arcsin, arccos = cos™!, arctan = tan~!, and arccot = cot™! are called inverse trigonometric

functions.

Functions, obtainable by adding, multiplying, dividing, and taking compositions of the constant, power,
exponential, logarithmic, trigonometric functions and their inverses are called elementary functions. Ele-
mentary functions are differentiable on the intervals on which they are defined, and their derivatives are also
elementary.

5.8. Higher order derivatives

If the derivative function f’ of a function f is itself differentiable at a point a (which assume that f’ is
defined in a neighborhood of a) the derivative (') (a) is called the second derivative of f at a and is denoted
by f”(a) or f®(a). If f has the second derivative at all points of a set A, the function f”(z) = f®(x),
x € A, is called the second derivative function of f on A. By induction, for any n € N, if the n-th derivative
) of fis (defined in a neighborhood of a and) is differentiable at a, the (n 4 1)-st derivative of f at a
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is Y (a) = (f™)(a), and if f"+V(z) is defined for all x € A, this function is called the (n + 1)-st
derivative of f on A. (It is sometimes convenient to denote f itself by f(©) and f’ by f™).)

By induction on n, if two functions f and g are n-times differentiable at a point a (or on a set A),
then f + g, fg, f/g (if g(a) # 0) are also differentiable at a (respectively on A), and (f + ¢)™(a) =
fM(a)+ g™ (a), (f9)™(a) = iy (1) ™ (a)g(a). (The formula for (f/g)™ (a) is not simple.) If f is
n-times differentiable at a point a (or on a set A) and g is n-times differentiable at f(a) (respectively, on the
set f(A)), then gof is n-times differentiable at a (respectively, on A). If f is invertible, n-times differentiable
at a (or on A) continuous in a neighborhood of a (of A), and f’(a) # 0 (respectively, on A), then f~1 is
n-times differentiable at f(a) (respectively, on A).

A function f is said to be infinitely differentiable on a set A if f is n-times differentiable on A for all
n € N. Functions, infinitely differentiable on their domain, are also called smooth. All elementary functions
are smooth.

The set of functions, continuous on a set A, is denoted by C(A4). (So, “f € C(A)” means that f is
continuous on A.) The set of functions f which are continuously differentiable on A, that is, such that f is
n-times differentiable on A and (™) is continuous on A, is denoted by C™(A). The set of functions infinitely
differentiable on A is denoted by C*°(A).

Here are some applications of the second derivative, a local:

Theorem 5.8.1. Let function f be twice differentiable at a with f'(a) =0. If f”(a) > 0 then f has a local
minimum at a, if f”(a) <0 then f has a local mazimum at a.

Proof. If f”(a) > 0 then f’ is increasing at a (by Theorem 5.4.1), that is, f'(z) < 0 for all x in a left-hand
neighborhood (a — d,a) of a and f’(x) > 0 for all z in a right-hand neighborhood (a,a + 0) of a, so f has a
local minimum at a (by Theorem 5.5.8). The proof of the second assertion is similar. g

and a global:

Theorem 5.8.2. Let function f be twice-differentiable on an interval I. Then f is convex on I iff f” >0
on I and f is concave on I iff " <0 on I. If f” > 0 on I then f is strictly convex on I and if f”" <0 on
I then f is strictly concave on I.

Proof. f is convex on [ iff f is increasing on I, and f” is increasing on I iff f”/ > 0 on I. All other assertions
are proved similarly. g

1"

Example. Since (z%)"” = a(a —1)z%~2, the function z® is convex on (0, +00) if @ > 1 or < 0 and is concave

if0<a<l.
We know that f’ = 0 iff f is constant; here is a generalization of this fact:

Theorem 5.8.3. Let function f be n-times differentiable on an interval I. Then f =0 on I iff f is a
polynomial of degree < (n —1).

Proof. If f is a polynomial of degree < (n— 1), then f’ is a polynomial of degree < (n —2); so by induction,
Jo = (£ =0,

Conversely, let f(™) = 0, then (f)»~1) = 0. By induction, f’ is a polynomial of degree < (n — 2),
f'(@) = an—2z™ 2 + -+ + ayx + ag. Define g(z) = =221 + .- + Ya? + qpz, then ¢’ = f',s0 f =g +c
for some ¢ € R, so f is a polynomial of degree < (n —1). g

5.9. L’Hospital’s rule

L’Hospital’s rule is a very handy tool for finding indeterminate limits of the form 0/0 or co/oo; in short,
it says that lim(f/g) = lim(f’/g"). However, its application requires some caution: the theorem is, actually,
not that easy, and all its necessary conditions must be checked before its usage! Let’s define a punctured
neighborhood of a € R as a set (a — d,a + 0) \ {a} with § > 0; of ™ as an interval (a — d,a); of a™ as an
interval (a,a+ 6); of 400 as an interval (M, +00) for some M > 0; of —oo as an interval (—oo, —M); and of
oo as the set (—oo, —M) U (M, +00).

Theorem 5.9.1. Let o be any of a, a~, a™, where a € R, +00, —oo, or co. Let f and g be functions
defined and differentiable in a punctured neighborhood I of o and satisfying the following conditions:

(1) limg—q f(2) =limgy_ o g(x) =0 or limg o f(2) = lim,_, g(x) = 00;
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(ii) ¢'(z) # 0 for all x € I;
(iil) limg—q f/'(z) /g’ (z) exists, finite or infinite.
Then lim, o f(x)/g(x) also exists and equals lim,_,,, f'(2)/g' ().
Proof. The theorem is, actually, a bunch of theorems in one box. Let’s start with the case of @ = a™,
I = (a,a+ 9) for some § > 0.

First, let lim,_,+ f(z) = lim,_, .+ g(z) = 0. Put f(a) = g(a) = 0, then f and g become right continuous
at a. Since ¢'(x) # 0 for all x € I, g(z) # 0 for all x € I by Rolle’s theorem. Thus for any x € I, by Cauchy’s

M.V.T., g(g Ewg 5((8)) L é?) for some ¢, € (a,x). As x — at we have ¢, — a™ (¢, is a function of
f'(ca)

x with a < ¢, < z for all ), so lim,_,,+ Ty = lim, .+ % Hence, lim,,_, ,+ Ez) lim,_,q+ ° :E;;

Now let lim, .+ f(z) = lim,_,,+ g(x) = +00. Let lim,_,,+ 7 g; =b e R. Let ¢ > 0; find §; > 0 such

(a:) —b| < e/2forallz € (a,a+d1). Fix any y € (a,a+61). For any x € (a,y), since ¢'(2) #

0 for all z € (z, y) we have g(x) # g(y) by Rolle’s theorem, therefore by Cauchy’s M.V.T., chgg g((i)) = g,gzz;
fy)—f(=) fy)—f(=) _ flz) f)—f(z) _ g(=)
o) —s(e) —0| < /2. Forany @ € (a,y) we have gis=05 = 355 TG - ) -a@)-

Since f(z),g(r) — +ocasx — a™, f(yj)c(z}(w) g(y)(wg)(r) — 1; as Ezg_g((i)) = f,/EZg is bounded, this implies

for some ¢, € (z,y); so

f@) _ f(=) —f(x) __f=  9w—g(=) _
that |g(y) ORIO) g(y) E) | |1 T f(x) e | — 0, so there is do > 0, with ds < y—a < 61,
such that for all z € (a,a + d2) % g(x) < €/2. Then for all such z, % b| < e. Hence,
11m$_>a+ z) =b.
Let, again, lim,_,,+ f(z) = lim,_, .+ g(x) = 400, and let now lim,_, ,+ ch,,gg = 4o00. Let M > 0, find

5, > 0 with & < & such that L Eig > 2M for all z € (a,a + 01). Fix any y € (a,a + 61). Then for any

€ (a,y), g(z) # g(y) by Rolle’s theorem, so by Cauchy’s M.V.T., ’;gg:g((:)) = é:g:; for some ¢, € (z,y),

S0 J;g; géi)) > 2M. Since f(yJ;(_gE}(z) . g(yg)(;g)(w) — 1l as z — a™, there is o > 0, with d3 < y — a < d1, such

it for e € (+2), ity S0 > 12, 1) Sl st 12— o

Hence, lim,_,,+ Eﬂc; = +00.

I'(=)

I — 6 is obtained by replacing f by —f. If lim,_,,+ T = %% then since

g'(z)
g () # 0 in I, ¢’ has constant sign on I by Darboux’s theorem, and since f'/g’ — oo as * — aT,
f'(xz) # 0 for all z in a right-side neighborhood of a as well, so f’ also has constant sign; hence either
lim, .+ % = 400 Oor —00.

For the other cases of a:
When a = a~ we can replace f and g by f(—x) and g(—=) respectively to reduce the situation to the case
of a = —a™.
The case of o = a is a combination of two cases, of « = a~ and of a« = a™. B
The case of a = +oo follows from the case of « = 0 by replacing = by 1/x: consider the functions f(z) =
f(1/z) and G(z) = g(1/z), then f'(z) = —f'(1/x)/2? and §'(z) = —g'(1/z)/2*; The functions f and § are
defined in a right-side neighbohood of 0, with §’(z) # 0 for all « in this neighborhood, satisfy lim,_,o+ f(m) =

The case of lim,_,,+

" ’ 2
lim, 400 f(2) = limg_o+ g(z) = limy 100 g(x) = 0 or oo, and lim,_ .+ {;Ei; = lim,_,o+ % =
limg 400 %. So, limy 4 g((mg = lim,_,o+ ;Ez; = lim,_,o+ é(i) =limg 400 ,(g
The case of & = —o0 is similar, the case of o = oo is a combination of the cases of & = 400 and o = —c0. g
Examples. (i) lim; 00 5 = limg o e% = 0. Thus, also limg, i—j = limg; 4 z—f = 0, and by

induction, lim, 4 2—: =0 for all n € N.

.. . 1 1/x
(ii) limy—s oo 2% = limy s 400 —f Yz _

: 1
hmz—>+oo aze 0.

= 0. More generally, for any a > 0, limg,_, 1 oo lig& = limg 400 ai{fl =

(iil) limy,_,o+ xlogx = lim, o+ 2 1/T hmzﬁm 11//‘7;2 =0.

C=E = lim, o St = 1 s L = ()], = 1.
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cost=l — _gin0 =0

=cos0 =1 (since sin’ 0 = cos 0, no L’Hospital is needed), and lim,_,

51)110e cos’ 0 = —sin0). By L’Hospital, lim,_,q
vi) 0o = lim, 0 “2* # limg 0 =
vii) 0 = limg 00 "”““”” #+ hmT_>DO M the second limit doesn’t even exist.

(viii) Here is Stolz’s countereacample 7 to L Hospital’s rule: Let f(x) = 2 +sinx cosz and g(z) = f(x)esn®,
x € R, then lim, o f(2) = lim, o g(z) = oo (since sinx cosx is bounded and es"® oscillates between
1/e and ). Then f'(z) = 14 cos?z — sin®z = 2cos?z, ¢'(z) = (2cos? z)es™* + f(x)es* cos z, so g:g)) =
= limy 00 €~ %% doesn’t exist! The reason why

smm —1

CObw 1 _ hmz_m =3

“” =0, — since hmz_m cosx = 1 # 0, L’Hospital’s rule is not applicable.

(v
(
(
(vi

2cosx
2 cos z+ f(x)
L’Hospital’s rule fails is that the condition “g’(z) # 0 for all z in a neighborhood of 00” is not satisfied.

e~ 8" 3 0 as x — co. However, limg_, 00 %

6. Riemann integral

6.1. Integrable functions

The integral | ; [ of a nonnegative function f on an interval I is “the area of the region under the graph
of f7. There are different ways to define what this “area” is; we will study the easiest, Riemann integral. The
disadvatage of Riemann integral is that it only applies to bounded almost everywhere continuous functions
on intervals in R (or, at most, multidimensional intervals in R%).

Let [a,b] be a (closed bounded) interval. A partition of [a,b] is a finite set P = {z¢,x1,...,2,} such
that @ = 29 < 1 < ... < 2z, = b. Foreachi = 1,...,n let Ax; = x; — x;,_1. The mesh of P is
mesh P = maX{AJ;l, e Axn}.

Let f:]la,b] — R be a bounded function and P be a partition of [a,b]. For each ¢ = 1,...,n, let
M; = sup{f(ac) | T € [xi_l,xi]} and m; = inf{f(as) | T € [xi_l,xi]}; the upper sum of f with respect to
PisU(f,P) =", M;Ax;, and the lower sum of f with respect to P is L(f,P) = > .-, m;Az;. Clearly,
L(f,P) <U(f,P).

A selection subordinate to P is a finite set ¢ = {z1,...,2,} such that z; € [z;_1,2;] for i = 1,...,n.
The Riemann sum of f associated with P and such a selection o is S(f, P,o) = Y1, f(zi)Az;. Clearly,
L(f,P) < S(f, P,0) < U(f, P).

For two partitions P, and P’ of [a,b], P’ is said to be a refinement of P if P C P’.

Lemma 6.1.1. If P’ is a refinement of a partiton P = {xg,x1,...,2,}, then U(f,P") < U(f,P) and
L(f,P') = L(f, P).

Proof. P’ is obtained from P by adding finitely many points, P’ = P U {y1,...,ym}; it suffices to prove
the assertion for the case P’ = P U {y} and use induction. Let k be such that y € (z_1,xx). For all 7, let
M; =sup{f(z) | « € [zi—1, 2]}, and let M}, = sup{ f(z) | z € [zx—1,9]} and M} =sup{f(z) | z € [y, =] }.
Then U(f, P) = E?:l M;Ax; = Zi;ék MiA.’Ei—i-Mk(.’Ek—aik,l) and (](f7 P/> = Zi;ﬁk MiAxi—l—M,’f(y—xk,l)—i—
M (xy, —y). But M}, M}/ < My, so M| (y — zx—1) + M} (xx — y) < My(xp —zK-1). So, U(f, P") <U(f,P).

The proof of L(f, P') > L(f, P) is similar. g

It follows that
Theorem 6.1.2. For any two partitions P and Q of [a,b], L(f,P) < U(f,Q).
Proof. PUQ is a refinement of both P and @, so L(f,P) < L(f,PUQ) <U(f,PUQ)<U(f,Q). m

The number U(f) = inf{U(f, P), P is a partition of [a, b]} is called the upper integral of f over [a,b];

L(f) =sup{L(f, P), P is a partition of [a,b]} is called the lower integral of f over [a,b]. By Theorem 6.1.2,
L(f)<U(f); it L(f) =U(f), f is said to be z'ntegmble on [a,b], L(f) = U(f) is called the integral of f over
b

[a,b] and is denoted by [ f, ff fabf,orf f(x

1, z€Q

95@

Examples. (i) Dirichlet’s function f(z) = { is non-integrable: for this function U(f,P) = b —a

and L(f, P) = 0 for any partition P of [a, b].
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(ii) Any constant function f = ¢ is integrable, with f; f =¢(b—a): for any partition P, for any ¢ we have
M;=m;=c,soU(f,P)=L(f,P) =Y cAz;=c) i Az; = c(b—a).

For a partition P = {zg,21,...,Zn}, let’s define A(f,P) = U(f,P) — L(f,P). For a subinterval
I of [a,b], let Var; f = sup{f(z), = € I} —inf{f(z), z € I} = sup{|f(z) — f(y)|, =,y € I}. Then
Var(y, | 2.0 f = M; —m; for all i, so A(f, P) = St (M —mg) Az =00 Vary, | o] fAz;.

It follows from Lemma 6.1.1 that if P’ is a refinement of P, then A(f, P') < A(f, P).

Theorem 6.1.3. A bounded function f is integrable on [a,b] iﬁ for any € > 0 there exists a partition P
of [a,b] such that A(f, P) < e. For such P we have 0 < U(f, P f f <e, O<f f—L(f,P) <eg, and
|S(f7 P,o)— f; f| < ¢ for any selection o subordinate to P.

Proof. If for some € > 0 a partition P is such that U(f, P) — L(f, P) < e, then U(f) — L(f) < U(f,P) —
L(f, P) <e. If such a P exists for every ¢ > 0, then U(f) — L(f) < e for al € > 0, so f is integrable.

Now suppose that f is integrable, and let € > 0. By definition of U(f) and L(f), there are partitions
Q and R of [a,b] such that U(f) < U(f,Q) < U(f) +¢/2 and L(f) —e/2 < L(f,R) < L(f); then
U(f,Q) — L(f,R) < & Put P = QUR, then L(f,R) < L(f,P) < U(f,P) < U(f,Q), 5o A(,P) =
U(f7 ) - (f) )

Since L(f, P <f f<U(f,P)and L(f, P) < S(f,P,0) <U(f, P), we alsohave 0 < U(f, P f f<e,
0< [Pf—L(f,P)<e, and |S(f,Po) — [ f| <e. m

Actually, if a function f is integrable, then any partition P with small enough mesh has a small A(f, P):

Theorem 6.1.4. If f is integrable on [a,b] then for any € > 0 there is § > 0 such that for any partition P
of [a,b] with mesh P < ¢ we have A(f,P) <e¢

Proof. Let € > 0, let @ be a partition for which A(f, Q) < /2. Let |Q| = n, let |f| < M; put § =¢/(4Mn).
Let P be a partition with mesh P < §. Consider the partition P’ = P U Q); since P’ is a refinement of Q, we
have A(f, P') < &/2. P’ is obtained from P by adding at most n points, that is, by subdividing at most n
intervals into two or more subintervals, and A(f, P’) can be smaller than A(f, P) only because of them; the
total contribution of these intervals into A(f, P) cannot be larger than 2Mnd = ¢/2, so A(f,P) <e. g

As a corollary, we obtain:

Theorem 6.1.5. Let f be a bounded function on [a.b], and let (P,) be a sequence of partitions of [a, b] with
mesh P, — 0. Then f is integrable on [a,b] iff A(f, P,) — 0, in which case U(f7 ) L(f, Pn) — f fs
and also for sequence (o) of selections o, subordinate to P, S(f, Pp,0,) — fa f-

Example. Let f(x) = a: x €10, 1] For every n € N let P, = {0,1 - n,...,% = 1}. Then for every n, for
every 1 <i<n, Ax; ==, M; =% m; = Z;l, Varp,, | . f M, —m; = %, SO
UGB =3 % 5=k i = 25 = (14 )y

As A(f, P,) — 0 (or since U(f,P ) and L(f, P,) converge to the same limit), f is integrable, and fol f=

Actually, all continuous and all monotone functions are integrable:

Theorem 6.1.6. If f is continuous on [a,b], then f is integrable on [a,b).
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Proof. If f is continuous on [a,b] then f is bounded and uniformly continuous on [a,b]. Let ¢ > 0, find
d > 0 such that |f(x) — f(y)| < /(b — a) whenever z,y € [a,b], |x —y| <. Let P = {xo,21,...,2Z,} be an
partition of [a, b] with mesh P < §, then for any i, Vary,, | .1 f <¢/(b—a), so

A(f,P) =) Varg, , . fAz; <Y s5Axi =35> Axj == (b—a) =e.
i=1 i=1 i=1

Theorem 6.1.7. If f is monotone on [a,b], then f is integrable on [a,b].

Proof. W.l.o.g. assume that f is increasing; then f is bounded below by f(a) and above by f(b). Also assume
that f(a) # f(b), otherwise f is constant. Given € > 0, put 6 = ¢/(f(b) — f(a)). Now if P = {xg,z1,...,2n}
is a partition of [a,b] with mesh P < §, then

A(f,P) = (f(i) = flwi1)) Az < (Z(f(xz‘) - f(Iz‘fl)))(S = (f(0) — f(a))s =e.
i=1 i=1
|
If a function is discontinuous at only finitely many points, it is also integrable. Moreover, let’s denote
by Disc(f) the set of discontinuity of f, that is, the set of points at which f is discontinuous; it is easy to
see that the following is true:

Theorem 6.1.8. Let f be a bounded function on an interval [a,b] with the property that for any § > 0,
Disc(f) is contained in a finite union of open intervals of total length < 6. Then f is integrable on [a,b].

Proof. Let ¢ > 0. Let |f| < M; put § = ¢/(4M). Let I,...,I, be open subintervals of [a,b] such that
Disc(f) € Ui, I; and Y., |I;| < &; we may assume that these intervals are disjoint. The complement
[a,b] \ Ui I; is a union of closed intervals; let Ji,. .., Ji be these intervals. For each j, f is continuous on
J;, thus there is a partition P; of J; such that A(f, P;) < e/(2k). Let P = U?=1 P;. (The intervals defined
by P are the subintervals of J; defined by P;, j =1,...,k, and the (closures of) intervals I, ..., I,.) Since
the intervals Iy,..., I, contribute to A(f, P) at most 2M4§, we have A(f, P) = Z?zl A(f, P;) +2M6 <
ke/(2k) +e/2=¢c. g

Example. An example of a set that can be covered by finitely many intervals of arbitrarily small total length
1, zeC

0. z¢C for which Disc(f) = C, is integrable on

is Cantor’s set C. Hence, the indicator function f(x) = {
[0,1] (with [ f = 0).

Theorem 6.1.8 is not a criterion of integrability, as it gives a sufficient but not a necessary condition:

(i mx€:(@£ cQ is integrable on [0, 1] though its set of discontinuity, which is QN0 1],
m’ m

cannot be covered by finitely many intervals of length 1/2. It can however be covered by a countable set of
intervals of arbitrarily small total length: let & > 0, enumerate Q N [0,1] = {a1, as, ...}, for each i take I;
be the interval (a; — 35+,a; + 557), then Y2 |I;| = . (This infinite sum is called a series, we will study
series soon.)

The actual criterion of integrability is Lebesgue’s criterion. A set A C R is said to be a null-set, or to
have zero measure, if it can be covered by countably many (open) intervals of arbitrarily small total length:
for any e > 0 there is a sequence I, I, ... of open intervals such that A C |J;2, I; and > "2, |I;| < e. Every
finite or countable set is a null-set; the (uncountable!) Cantor set is also a null-set.

Riemann’s function

Theorem 6.1.9. (Lebesgue’s criterion) A bounded function f on a bounded interval is integrable iff Disc(f)
is a null-set.

We will not prove this criterion (though the proof is not very difficult).
Let’s obtain another, more elementary criterion:

Theorem 6.1.10. A bounded function f is integrable on [a,b] iff for any 7,6 > 0 there is a partition
P ={zo,...,2zn} of [a,b] such that Zi,\,ar[ L for Ax; < 6.
. T;_1,T; =
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Proof. Assume that for any 7,8 > 0 there is a partition P = {z1,21,...,2,} of [a,b] such that
Zi,Var[ L for Az; < 6. Let e > 0, let |f| < M. Find a pertition P = {x1,21,...,2,} of [a,b] such
. x 1 ‘T‘L -

that for K = {z cVarg, . f 2> ﬁ} we have ) . Az; < 557. Then

A(f,P) = ZVar[zi_l’xi] fAz; + ZVar ) JAT <2M Z Az; + 2(b Z Az;

ieK igK ieK zeK
€
<oM-S- b—
m Tt
Hence, f is integrable.
Now assume that there are 7,6 > 0 such that for any partition P = {z1,z1,...,z,} of [a,}],

ZiAVar[ - Axz; > 0. Then for any partition P = {z1,z1,...,2,}, taking K = {z A ey 2 T}
: x; _q1,x;] )=
we have A(f, P) > > icpe Vary, o) fAZ; > T o Ax; > 70. Hence, f is not integrable. g

6.2. Properties of the integral

Theorem 6.2.1. Let a < b < ¢ and let f be a bounded function on [a,c|. Then f is integrable on |[a,c| iff
[ is integrable on both [a,b] and [b,c], in which case [} f = fab f+ 0 f

Proof. For a partition P of [a,c] with b € P let P’ = PN a,b] and P’ = PN [b, ], then clearly U(f, P) =
U(f, P+ U(f, P"), L(f,P) = L(f,P") + L(f,P"), and A(f, P) = A(f, P') + A(f, P").

If f is integrable on [a,c] then for any € > 0 there is a partition P for which A(f,P) < e, then
A(f,P"),A(f,P") < e, so f is integrable on [a,b] and on [b,¢|. If f is integrable on [a,b] and on [b, ¢] then
for any ¢ > 0 there are partitions P’ of [a,b] and P” of [b, c] such that A(f, P"), A(f, P") < &/2, then for
P=P UP' A(f,P)<e,so fis integrble on [a,c|.

And in this case, since 0 < U(f, P)— [ f <&,0 < U(f,P') ff<5/2andO<UfP” — [ f<e/2,
we have |faf—(faf—|—fb f)| < e. Since this is true for any € > 0, faf*faf"’_fb Cm

Theorem 6.2.2. (i) If f is integrable on [a,b], then for any ¢ € R, cf is integrable on [a,b] and f:(cf) =
cf; f.
(ii) If f, g are integrable on [a,b], then f + g is integrable on [a,b] and f:(f +g) = f:f + f;g.

(iii)
(iv) If f is integrable on [a,b] and ¢ is a bounded continuous function on Rug(f), then @of is integrable on
b

[a,].

Proof. (i) If ¢ = 0 the statement is trivial. If ¢ > 0 then for any interval I, sup{cf(x), T € I} =
csup{f(z), = € I} and inf{cf(z), v € I} = cinf{f(x), * € I}; if ¢ < 0 then for any interval I,
sup{cf(z), = € I} = cinf{f(z), v € I} and inf{cf(z), = € I} = csup{f(z), = € I}. Thus if
¢ > 0, then for any partition P of [a,b], U(cf,P) = cU(f,P) and L(cf,P) = cL(f,P); if ¢ < 0, then
U(cf,P) = cL(f, P) and L(cf, P) = cU(f, P); in both cases, A(cf, P) = |c|A(f, P). So, given € > 0, if P is
such that A(f, P) <¢e/|c|, then A(cf,P) < . So, cf is integrable. Also, for such P, |U(cf, P) — f: cf’ <e
and |cU(f, P) fcfff| = |c||U(f, P) ff;f| < lcle/|e| = e, so |ffcffcf;f| < 2e. Since this is true for all
b b

e>0, [[(cf)=c[ [

(ii) For any interval I, sup{f(z) + g(z), € I} < sup{f(z), = € I} +sup{g(z), = € I} and inf{f(z) +
g(x), x € I} < inf{f(x), T € I} —i—inf{g(w), T € I}7 so for any partition P of [a,b], U(f + g,P) <
U(f,P)+Ulg,P) and L(f + g,P) = L(f, P) + L(g, ), and so, A(f +¢,P) < A(f,P) + A(g, P). Given
e > 0, if P is such that A(f, P),A (g, P) < 5/2 then A(f+g,P) <e. So, f+gis integrable Also, using this
partition we see that ‘f (f+9) — (f f—l—f g)| < 2e; since this is true for all € > 0, f (f+g) = f;f+f:g

iit) If f, g are integrable on [a,b], then fg is integrable on [a,b].
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(iii) follows from Lebesgue’s criterion of integrability, since Disc(fg) C Disc(f) U Disc(g). Without that
criterion, we can use the following inequality: if M is such that |f|,|g| < M, then for any subinterval I of
[a,b], Var;(fg) < M (Var(f) + Var(g)). Indeed, for any =,y € I,

|f(2)g(z) = F)gw)| < 1f(x)g(x) — fW)g(@)| + | f(W)g(x) — fFw)g(w)] < M(1f(z) — f)] + lg(z) — g(m)]),

SO

Var(fg) = sup{|f(x)g(x) — f(¥)gW)|, x,y,€ I}
< M(sup{ (@) ~ FW), 2.9.€ T} +sup{lo(x) ~ ()], 2.y, € I}) = M(Varr(f) + Varr(9)).

It follows that for any partition P of [a,b], A(fg, P) < M(A(f, P) + A(g, P)), and if f and g are integrable,
then so is fg.

(iv) also easily follows from Lebesgue’s criterion: if ¢ is continuous, then Disc(pof) C Disc(f). T'll use
Theorem 6.1.10 instead, but ASSUME, for simplicity, that ¢ is UNIFORMLY continuous. Let 7,6 > 0.
Find € > 0 such that for u,v € Rng(f), |u — v| < € implies that |¢(u) — p(v)| < 7. Let P = {xg,z1,...,2n}
be a partition of [a, b] such that ). Narps, | f2e Az; < 0. For every i for which Varj,, | ..1 f <e¢, for any

y,% € [wi_1, 3] we have |f(y) — £(2)] <&, 50 le(f(y)) — ¢(f(2))| < 73 hence, {i: Varp, , . (pof) > 7} C

{i cVar, ) f 2> 5}. So, Zi:\,ar[w_ (o) Az; < 6, and @of is integrable by Theorem 6.1.10. g

Theorem 6.2.3. If f and g are integrable on [a,b] and f < g on [a,b], then fbf < fbg,
Proof. Clearly, for any partition P of [a,b], U(f, P) < U(g, P), so f f=u(f f 9 m
In particular, we have

Corollary 6.2.4. Let f be integrable on [a,b]; if f < M, then fff < M(b—a); if f > m, then f:f >
m(b—a).

6.3. Mean value theorems for integrals
Like for derivatives, there are two mean value theorems for integrals:

Theorem 6.3.1. If f is continuous on [a,b] then there is ¢ € [a,b] such that fjf = f(¢)(b—a).
Proof. Let M and m be the maximal and the minimal values of f on [a, b] respectively. Then m(b—a) <
fb f< M(b - a) som < fab f/(b—a) < M. Since f is continuous, by the I.V.T. there exists ¢ € [a,b] such
that f(c) f I/ -

The second mean value theorem for integrals is
Theorem 6.3.2. If f is continuous on [a,b], g is integrable on [a,b] and g > 0 or g < 0, then there is
c € [a,b] such that f;)(fg) = f(c) f;)g
(The condition g > 0 or g < 0is essential: for f(z) = g(x) = x on [—1, 1] we have f_ll g =0and f_ll fg=2/3,
so there is no ¢ such that f:(fg) = f(c) f: g.)

Proof. W.l.o.g. assume that g > 0, then f;g > 0 as well. Let M and m be the maximal and the minimal
values of f on [a, b] respectively, then mg < fg < Mg, so

b b b b b
m/g=/mg§/fg§/Mg=M/g
a a a a a

The continuous function h(z) = f(z) f; g takes the values m f;g and M f;g, so by the LV.T. there exists
¢ € [a, b] such that h(c f f9- m
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6.4. Some integral inequalities

Integration is “an infinite summation (of infinitely small numbers)”, and many inequalities known for
sums can be generalized to integrals.
The triangle inequality |u + v| < |u| + |v]| takes the following form:

Theorem 6.4.1. For any function f integrable on [a,b], |f;f| < fab [fl.

. b b b b b b
Proof. Since —|f| < f <|fl, = [/ 1fI = [, =[fI < [L F < o flso | [ fI < [01f] m
Under a triangle inequality we can also understand the following easy fact:
Theorem 6.4.2. For any functions f and g integrable on |a,b], f; If +g| < ff |fl + f: lg]-

The Cauchy-Schwarz inequality for integrals is:
Theorem 6.4.3. For any two functions f and g integrable on |a,b], (f fg ) < fab 2. f; g2

Proof. The proof is the same as for ordinary sums: Consider the quadratic polynomial h(t) = f; (tf—g)? =
12 f; f2—at f; fg—&—ff g?. We have h(t) > 0 for all t, so the discrimiant (—2 f: fg)2 —4]: 12 f: *<0. m

Here is another ‘triangle inequality”, that corresponds to Theorem 1.6.3:

Theorem 6.4.4. For any functions f and g integrable on [a, b, ( )1/2 < (f; f2)1/2 + (fb 92)1/2.

a

Proof. The square of the left-hand part of the inequality is f (f +9)? f 2+ fb g2+ 2 fb fg and of
<

the right-hand part is fa 12 —l—fa +2(f f2)1/2(fb 2)1/2. Since |f fq| (f %) 1/2(fb 2)1/2 by the
Cauchy-Schwarz inequality, the left-hand part is < right-hand part. g

Here is a version of Jensen’s inequality for integrals:
Theorem 6.4.5. Let ¢ be a convexr function on an open interval I and let f:[a.b] — I be an integrable
function. Then gp(ﬁ f; f) < ﬁ f; pof.
Proof. Let P = {xy,...,x,} be a partition of [a b and let o = {z1,...,2,} be a selection subordinate to

P. Then ﬁS(f, Po)=5%", f(zz)bAm; and 5-S(pof, P,0) = S w(f(zz))béfa The numbers t; = bA_x;
are > 0 and satisfy > ; t; = 1; hence, by Jensen s inequality or numbers (Theorem 5.2.3) we have

Now let (P,) be a sequence of partitions of [a,b] such that A(f, P,),A(pof,P,) — 0 as n —»
oo, and for every n let o, be a selection subordinate to P,; then bl S(f, Pn,on) — ﬁf;f and

—A—S(pof, Pn,cn) — = f wof. Since  is continuous, we therefore also have

lim (L S(f, Pason) = o lim 22 S(f, Pson)) = o (32 o).

n—oo

Since for every n, p(;2=S(f, Pp,00)) < 52 S(pof, Pn,0n), We obtain that ¢ (32 fab )<= f vof . m

6.5. The fundamental theorem of calculus

Let I be an interval, bounded or unbounded. A function f:I — R (not necessarily bounded) is said
to be locally integrable on I if f is integrable over every closed bounded subinterval of I.

For a,b € I with b < a we define [' f = —f:f, and for b = a, f;f = 0. Then for any a,b,c € I,
JSf= I, f+J5 £ i say e <a <b, thenfbf—f“f+fbf780f“‘f——f“f Lo f= =L i 0

Let f be locally integrable on I. Fix a € I; the function F f f= f f@)dt, x € I, is called an
integral function of f. For any x,y € I we then have F(y) fy f- f f= fy . (Notice that any
other inegral function G(z) = [; f, for b € I, satisfies G(z ) )+ [ f = F(x) + const. )
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Theorem 6.5.1. Let f be locally integrable on I and F be an integral function of f. Then F is continuous
on I. If f is bounded on I, |f| < M, then F is Lipschitz on I with constant M, |F(z) — F(y)| < M|z — y|
forallx,y e 1.

Proof. If |f| < M on I, then for any z,y € I with z < y,

Yy Y Yy
/f‘é/ |f|§/ M =My — =),
so F'is Lipschitz on I.

In the general case, where f is not bounded on I, f is integrable and so bounded on any closed bounded
subinterval J of I, so F'is Lipschitz and so continuous on J. Hence, F' is continuous at every point of I. g

[F(y) = F(2)| =

Theorem 6.5.2. Let f be locally integrable on an interval I, let F' be an integral function of f, let xg € I. If
f 1is continuous at xo then F is differentiable at o and F'(xo) = f(xo). If [ is left-continuous (respectively,
right-continuous) at xo, then F is left-hand (respectively, right-hand) differentiable at xo with F' (xo) = f(xo)
or, respectively, F' (xq) = f(xo).

i
Proof. I'll only prove this for the right-hand derivative. For any « € I we have F(Q:f(“) = g{f’ro. Let f

be right-continuous at xg. Let ¢ > 0, find § > 0 such that |f(z) — f(x0)| < £ for all v e [0, o + J). Let
xo < x < o + d, then for any ¢ € [z, z], f(xo) —e < f(t) < f(xo) + ¢, so

(o) =)o —a0) < [ < (1) + )& — o),

so f(wo) —€ <

Jon? . - . Jou?
roo < f(l’o) + €. So, Fjr(xO) = lim, o+ %ﬁ;)(aio) = lim, g+ I_Ozo = (mO) |
F does not change if the value of f is changed at just one point, so the assumption that f is (left, right)
continuous at zy can be replaced by the assumption that f has a (left-hand, right-hand) limit at xg.

A function G is said to be a primitive, or an antiderivative of f, if G’ = f. As we know, if G is a
primitive of f on an interval I, then another function H is a primitive of f on [ iff H = G + const.

From Theorem 6.5.2 we obtain (the simplest version of) the Fundamental Theorem of Calculus, F.T.C.:

Theorem 6.5.3. If f is a continuous function on an interval I, then its integral function F is its primitive,
F'=f.
There is a more sophisticated version of the F.T.C.:

Theorem 6.5.4. If a function G is differentiable on an interval I, f = G’ is locally integrable on I, and F
is an integral function of f, then F = G + const.

Proof. Let a € I and F(z) = [ f(t)dt, v € I. Fix x > a. Let P ={a =29 <1 < ...,x, = 2} be a
partition of [a,z]. By the M.V.T., for every i, G(z;) — G(x;—1) = f(2:;)Ax; for some z; € (x;—1,2;). Let
op = {z1,...,2n}; then S(f, P,op) = Y i, f(z)Ax; = Y1 (G(xi) — G(zi—1)) = G(z) — G(a). When
mesh P — 0, S(f,P,op) — [ f = F(z). So, F(z) = G(z) — G(a).

For = < a, the proof is similar. (Alternatively, we may apply the already proved result to G(—z).) m

Here is another, cumulative formulation of F.T.C.:

Theorem 6.5.5. If function f has a primitive on an interval I and is locally integrable on I, then an
integral function F of f is also a primitive of f. If f is continuous on I, then it does have a primitive (and
is locally integrable).

Corollary 6.5.6. If f is integrable on [a,b] and has a primitive G on [a,b], then fff = G(b) — G(a).

Proof. Let F be an integral function of f on [a, b], then F' = G+ const, so fab f=F(@{)—F(a) = G(b)—G(a).
|
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6.6. Techniques of integration
Given a locally integrable function f on an interval I, the indefinite integral [ f, or [ f(x)dx, is a (any)
primitive function of f, if it exists. If F' is such a primitive, then for any a,b € I we have ff f=F(@)—F(a),

which is also denoted by F|Z

If f is an elementary function, its primitive may not be elementary; in this case we say that f is non-
integrable in elementary terms. (Such are functions erz, e®/z, and sinx/z, for example.) If a function f
is integrable in elementary terms, the process of finding an expression for the primitive of f in terms of
power /exponential /trigonometric functions is called integration.

While differentiation is algorithmic and straightforward, integration is an art. You are supposed to
know primitives of the most common functions, and then apply some tools to reduce the integral under
consideration to these “table” integrals.

Actually, “the art of integration” uses only three simple tools. The first one is trivial:

Theorem 6.6.1. (i) Let function f have primitives on an interval I, f = F'. Then for any ¢ € R, the
function cf also has a primitive on I, which is [(cf) = cF.
(ii) Let functions f and g have primitives on an interval I, f = F' and g = G'. Then the function f + g
also has a primitive on I, which is [(f +g9) = F + G.

The second tool is based on the identity (FG) = F'G + FG’; it is called integration by parts:

Theorem 6.6.2. Let functions f and g have primitives on an interval I, f = F' and g = G', and suppose
that the function Fg also has a primitive on I. Then fG has a primitive, which is [ fG = FG — [ Fyg. If,

additionally, f and g are integrable on an interval [a,b], then fb fG= FG|b — fb Fg.

There is a convenient notation, which I hlghly recommend dF ( ) = F'(x )d:c In this notation, the
integration by parts formula takes the form [ G(z)dF(z) = - [F(z z) (or just [GdF =
FG ~ [ FdG).

The third tool is based on the chain rule (F(p(t)) = F'(¢(t))¢'(t); it is called substitution:

Theorem 6.6.3. Let function ¢ be differentiable on an interval I and function f have a primitive on p(I),
f = F'. Then the function (fop)y' also has a primitive on I, which is [(fop) go = Fop. If, additionally,

(fop)y' is integrable on an interval [a,b] and f is integrable on ¢([a,b]), then f (fop)p' = f“a(b)

sa(a)
In the notation dF(z) = F'(x)dx the substitution formula takes the form [ f(¢(t)) dp(t) = F(p(t)),
that is, [ f(¢(t)) de(t) = [ f(z)d|,_, -
Examples. (i) Integraton by parts: f rsinzdr = — fxdcosx = —xCos x+fcosx dr = —xcosx+sinz+C,
where C is any constant. (And indeed, (—x cosz + sinx)’ = —cosx + xsinz + cosz = rsinz.)

(ii) Substitution y = 2% [ze* dz =1 [ da® =1 [evdy=1Lev + C = L1e”” 4 C.

(ili) Substitution z = sint: [v1—22dx = [\/1—sin’tdsint = [costcostdt = 3 [(1 + cos2t)dt =
1t+ Lsin2t+ C = L(t +sintcost) + C = L (arcsinz + 2v/1 — 2?) + C.

(iv) The following example shows how our usual carelessness in substitutions can lead to mistakes. Using
the substitution y = sin z we compute

_ dy  [—d(-y) _
/\/1—|-smxdx /\/14— darcsmy—/\/l_i =5 =y =-2y1—y

= —-2v1 —sinx + C.

But this is strange: the function /1 4+ sinx is defined and nonnegative on R, so its primitive has to be
increasing, but the function —2+/1 — sin z is periodic and cannot be increasing on R. The mistake was that
y = sinz implies = arcsiny only for € [5, 5F|. And indeed, we have

2

1_
( 2v1 — smx) cos T sin” @ =+v1+cosz
\/17s1nx V1—sinz
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iff cosz = \/1 —sin? z, that is, iff cosz > 0, that is, iff z € [2k7r — 5, 2km + g] for some k € Z. On the
intervals [2k7r + 5, 2km + 37"], k € Z, where cosz = —\/1 —sin® z, the primitives of v/I +sinz are the
functions 2v/1 —sinz + C.

To construct a “global” primitive F' of v/1 + sin x on R we define it to be —24/1 — sin x+ay, for x € [2k7r—
5, 2km+ 3 ] k € Z, and 24/1 — sinx + by, for x € [2k7r+ T 2km+ 3”] k € Z, where aj, and by, must be chosen
so that F is continuous. At every point x, = 2km + 7r/2 k € Z, we have F(xy) = —2y/1 —sinzy, + a = ay
and also F(z) = 2v/1 —sinzy + by = by, s0 by = ax. At every point yy = 2km + 37/2 = 2(k + 1)7 — /2,
k € Z, we have F(yy,) = 2¢/T — sinyg, + by, = by, +2v/2 and also F(yg) = —2/1 — sinyy +app1 = a1 —2v/2,
S0 ap41 = by, + 4v/2. Hence if we put ag = 0, we must have ay, = by, = 4k+/2 for all k € Z.

6.7. Improper integrals

The area under the graph of a function on an interval can be finite even if the function or the interval
are unbounded. The definition of Riemann integral, via partitions, fails in these situation, but we can find
this area as the limit of “conventional” itegrals.

Let I = (o, 8) be an interval, where a and § can be numbers, « can be —oo, and 8 can be +oo. Let
f be a locally integrable (possibly unbounded) function on (a, 3). The improper integral [ f f is defined as
. boyop . . B . o o
hm%:))g fa f;if F'is an integral function of f, fa f= hm%jg (F(b) — F(a)). If this limit exists and is finite,

we say that the integral ff f converges; if the limit is infinite, we say that the integral diverges to ooj; if the
limit doesn’t exist, we say that the integral diverges.

Examples. (i) f0+oo sinz dx diverges: fob sinzdr = — cosac‘g = —cos b+ 1 has no limit as b — +ooc.
. b . b .
(ii) fo e Pdr = limy, 1o [, e dr = limp s o —6_1’1 =limp 1 oo(—€e7b) + e =
(iii) f1 9z diverges to +oo: flb d = 10g33|l; =logb — +o0 as b — +oo0.
b _
(iv) For any p > 1, fl 22 convegres to 11: 1 i—ﬁ = (p_l);p,l |1 = 1)bp T+ 57 — ;o7 as b — +oo.
(v) fo 9= diverges to +oo: f dz logm| = —loga — +oo as a — 0.
1 _ 1 1-
(vi) For any 0 <p < 1, fo 22 convegres to ﬁ: [, = W’a = p—_ll + ‘;_f — 1T1p as a — 0. (For

p < 0 the integral is proper.)

If f > 0on (a,B) then the function F(x) fcw f is increasing, so the improper integral ff f exists, but
may be infinite; it converges iff it is < co. We therefore have the following so-called comparison principle:

Theorem 6.7.1. Let f and g be functions locally integrable on a (possibly, unbounded) interval (o, B8) such
that 0 < f < g. If ffg converges, then fﬁf also converges.

Proof. Fix ¢ € (a,3), let F(z) = [ f and G(z) = [ f be integral functions of f and g. Then F(z) < G(x)
for all € (¢, ), so, if hmbH5 G(b) < +oo, then also lim;,_,5- F((b) < 4o00. For all z € (a,c) we have

F(z) > G(x) (since F(z) = [ f = — [T f). So, if lim,_,+(—G(a)) < 400, then also lim,_,,+(—F(a)) =
Examples. (i) If p < 1, then for any = > 1, = < x—p, since 1+°° d?“; = 400, f+°° 4z — 450 as well.

(ii) If p > 1, then for any 0 < = < 1, % < I—p; since fo d% = 400, Ldr — 4o as well.

0 zP

The Gamma-function T is defined as the improper integral I'(z) = f0+°° t*~le=tdt, x > 0. This integral
converges (and so, I' is defined) for every x > 0. Indeed, t*~le=! < e~t/2 for all t large enough and
ffoo e t? < 400, s0 flﬂo t*~le~tdt converges by the comparison principle. If z > 1, fol t*~le~tdt is a
proper integral. If 0 < 2 < 1, t*“le™* < t*~1 for all t > 0 and fol t*~rdt < +o0, s0 fol t*~le~tdt converges
by the comparison principle.

The Gamma-function satisfies the following functional equation:

Theorem 6.7.2. T'(1) =1, and I'(z + 1) = zT'(x) for all z > 0.
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Proof. I'(1) = f0+°° e tdt = —eft’;roo = 1. For any = > 0, integrating by parts we get

/t’”e‘tdt =_ /t” de ™t = —t*e"t + /e_tdtx = —t%et 4 x/e—tt””—ldt.

So,
+oo b +oo
P(z+1) = / tYe~'dt = lim (—tre_t)’ —|—x/ e " ldt = — lim be 4 0% 0 42l (x) = 2T(z).
0 ba—>+0+ @ 0 b—+o0
— 400

|

It follows that I'(2) = 1, I'(3) = 2, I'(4) = 3 -2 = 3!, and by induction, I'(n + 1) = n! for all n € N.

Gamma-function is “a natural” extension of n!: x!is defined for every x > 0 as I'(z 4+ 1). Using the equation

I'(z) = I'(z + 1)/, the Gamma function can also be “naturally” extended to (—1,0), then (—2,—1), etc.,
that is, on R\ {0,—1,-2,...}.

We say that an improper integral ff f converges absolutely if ff |f] < o0.
Theorem 6.7.3. If an improper integral converges absolutely then it converges.

Proof. I'll consider the case where the integral is improper at § only. If [ f |f|, improper at [, converges,
then by the Cauchy’s criterion for funcitons, Theorem 3.6.1, for any € > 0 there is a (left) neighborhood U
of 3 such that for any z,y € U, with z <y, [7|f| = [V|f| = [ |f| <&, and then

L= a1 o= [in<e

So, by the same Cauchy criterion, f aﬂ f converges. g

_9 . _ +oo
T 2Slrl$| <z 2 and fl T 2 converges, so

Examples. (i) The integral f1+°o x~2sinx converges. Indeed,
+oo _9o .
fl x~*sinx converges absolutely.

(ii) The integral f0+°o sin(z?) also converges. fol sin(x?) is proper, so we focus on f;roo sin(z?). We have
/sinxde = %/l‘_l sin 2%d(2?) = —%/x_ldcos(xQ) = —127 ' cos(2?) + %/cos(mQ)d(a:_l)
= —127 ' cos(2?) — %/x_2 cos(z?)dz.

So,

+o00 b b +o0
/ sin(z?)dz = lim sin(z?)dr = —1 lim 27! cos(ac2)|1 - %/ % cos(x?)dx.
1 b——+oo 1 b——+oo

Since limy 400 b1 cos(b?) = 0 and f1+°° 272 cos(z?)dz converges absolutely, f0+°° sin(z?) converges.

6.8. Arc length

A curve v in the plane is a pair (f(t), g(t)) of continuous functions [a,b] — R.

The arc length of + is defined in the following way: For a partition P = {a = tp < t; < -+ <
t, = b} of [a,b], let As; be the distance between the points (f(t;—1),9(ti—1)) and (f(¢:),g(¢;)), that is,
As; = /(f(t:) — f(ti—1))2 + (9(t:) — g(ti—1))?; define L(v, P) = >, As;. Clearly, if P’ is a refinement of
P, then L(vy,P’) > L(~, P). (When we add one point z in an interval (¢;_1,¢;, we replace As; by the sum
Asl + As) where As) is the distance between (f(t;—1),g(ti—1)) and (f(2),g(2)), and As! is the distance
between (f(¢;),9(t;)) and (f(2),g(2)); by the triangle inequality in the plane, As; + As > As;.) We now
define L(y) = sup{L(v,P), P is a partition of [a,b]}, and call it the arc length of ~; if L(y) < oo we say
that v is rectifiable.

Differentiable curves with integrable derivatives are rectifiable. For simplicity, let’s consider curves of
the form (z, f(z)) only:
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Theorem 6.8.1. Let function f be continuous on an interval [a,b], differentiable on (a b), and such that i
is integrable, and let v be the curve (x, f(x)), « € [a,b]. Then 7 is rectifiable with L(~y f V14 f(z)?de.

Proof. Define h(z) = /1 + f'(z)?, x € [a,b]; since f’ is integrable, h is also integrable. Let P = {a = 2o <
x1 < --- < x, = b} be a partition of [a,b]. For every i, by the M.V.T. there exists z; € (z;_1, ;) such that
f(x;) — f(zi1) = f'(2:)Az;, so that
As; = \/(Il —xi1)? + (f(2:) — fzim1))? = \/1 + f'(2i)? Az = h(z;) Az
Hence, L(y, P) = Y., As; = S(h, P,0) where o is the selection {z1,...,2,}.
Now let (P,) be a sequence of partitions of [a, b] such that A(h, P,) — 0 and L(v, P,) — L(v). (Such
a sequence can be constructed by letting P, = P, + P/ where A(h, P!) — 0 and L(v, P/)) — L(v).) For

each n let o, be a selection subordinate to P, such that L(v, P,,) = S(h, Py, 04,); as S(h, P,,0,) — fab h,
we obtain that ff h=L(7). m

Example. Consider the curve v = (z,v/1—22), z € [-1,1], the upper arc of the circle 2% + y> = 1.

The derivative f'(x) = T of f(z) = V1 — 22 is not integrable (not bounded) on [—1,1], but is lo-
cally integrable For any y > 0, the arc length of the curve (z, f(z)), z € [0,y], \/1 + f'(x)?dx =

ny /1 + edr = fo 1_ . This “arc length” function is called arcsin; we therefore have that arcsin is a

primitive of \/ﬁ’ arcsin’ x = \/117?, with arcsin 0 = 0.

The total length of ~ is f_ll \/161187; this is an improper integral, which, actually, converges: since
\/1%7 < ﬁ on [0,1] and (improper) fol \/% =2, fol \/difi converges by Theorem 6.7.1; and similarly

I \/% converges since ﬁ < ﬁ on [—1,0] and f L \/ﬁ
we have 2 < 7 < 4. (Well, I cheated: we didn’t prove an analogue of Theorem 6.8.1 for improper integrals.
Ok, we can apply this theorem to intervals of the form [—a, a] with 0 < a < 1, and prove that L(v,) — L(%)
as a — 17, where v, = 'y|[_a7a].)

= 2. The number f ) \/j is called 7;

7. Taylor polynomials

7.1. Functions equal up to order n and Taylor polynomials

We say that two functions f and g are equal up to order n at point a if f(x) — g(x) = o((x — a)™) as
x —> a, that is, if f("L) g)("L) — 0asz — a.

For two polynomlals a criterion of “being equal up to order n” is easy. For a € R and k,n € N we
have (z — a)k = o((z — a)") as * — a iff k > n. Given a polynomial p(z) = ag + ayz + - -+ + ara® and
a point a € R we may always rewrite p in terms of powers of x — a: p(x) = ap + a1((x —a) +a) +--- +
arp((z — a) + a)¥, and after opening the outer parentheses with the help of the binomial formula, we get
p(z) =bo +bi(x —a) + -+ by(z — a)* for some by, ..., b, € R. Given n € N, let’s define the truncation of
p at a to degree n Ty np(z) =bo + bi(x —a) +--- + by(x —a)”. Ik <n, we put bpy1 =---=0b, =0.) We
have:

Theorem 7.1.1. Two polynomials p and q are equal up to order n at a iff T, np = Ty ng-

Proof. If T, ,p = T4 ng, then p(z) — q(z) = cpyi(z — a)"*t + - + ep(z — a)* for some c,y1,...,cCh, SO

p(z) — q(z) = o((x —a)") as . — a.
If Ty np # Tong, then p( ) —q(z) = cq(x —a)? + - + cx(x — a)* for some d < n and cy,...,c, with

cq # 0. Then p((’;) aq)(f) = a)n . (cd+cd+1(a: a)+-- +ck($c a)*~™). We have W — oo (if n > d)
or =1 (ifn=d),and cg+cqr1(x —a)+-+cp(x —a)*"¢ — cq4 #0 as . — a. So, (f}aqf)%o -

If f and g are n-times differentiable it is also easy to find out whether f and g are equal up to order n.

Theorem 7.1.2. Let functions f and g be n-times differentiable at a with f(a) = g(a), f'(a) = ¢'(a), ...,
™ (a) = g™ (a). Then f and g are equal up to order n at a.

75



Proof. Define h = f — g; then h is n-times differentiable at a with h(*)(a) = 0 for all k& < n, and we
need to prove that h(z) = o((z — a)™) as * — a. “h is n-times differentiable at a” means that h is
(n — 1)-times differentiable in a neighborhood of a and h(®~1 is differentiable at a. Since h and (z — a)”
are differentiable in a neighborhood of a, ((z — a)”)/ # 0 for all  # a, and both h(z),(x —a)” — 0

as * — a, by the L’Hospital’s rule, lim,_,, % = 0 if lim,_,, % = 0. In its turn, this is
so if limg_,q % = 0, and by induction, if lim,_., % = 0. But since h("’l)(a) =0,
limg L 200 fim,, |, A @AT @) () = 0. g

Let f be a function n-times differentiable at a point a. It follows from Theorem 7.1.2 that if we want to
best approximate f at a by a polynomial p of degree < n, we need p*) (a) = f*)(a) for all k = 0,1,...,n
Let p(x) = ap + a1(x — a) + az(x — a)? + az(x — a)® + -+ + a,(z — a)", then p(a) = ap;

p'(z) = a1 + 2a2(x — a) + 3az(z — a)® + - -+ + na, (v — a)”_l, so p'(a) = ay;
p'(x) =2a2+3-2(x —a)+-+nn—1)(z —a)" 2, so p’(a) = 2a;
and by induction, p¥) (a) = klay, for all k < n.
So, if we want p(*)(a) = f*)(a) for all k, we need aj, = %
The polynomial P, , s(z) = Zk N f(k),(a)( —a)" is called the n-th Taylor polynomial of f at a; it is

characterized by the property Pé i f( a) = f¥)(a) for all k = 0,1,...,n. We therefore have the following
fact, known as Maclaurin’s formula

Theorem 7.1.3. Let f be a function n-times differentiable at a point a, and let P, , s be the n-th Taylor
polynomial of f at a. Then f(x) = Pyy f(x) + o((x — a)™).

The converse is true in the following form: if p is a polynomial such that f(z) = p(x) + o((x — a)™),
then T, ,,(p) = Pan, s Indeed, this is the case, p is equal to P, ; up to order n at a, so by Theorem 7.1.1,
since deg Pa,n,f S n, Ta,n(p) = Ta,n(Pa,n,f) = Pa,n,f~

7.2. Operations on Taylor polynomials

For a function f that is n-times differentiable at a point a, let P, ,, ¢ be the n-th Taylor polynomial of
f ata.

Theorem 7.2.1. Let [ be a function n-times differentiable at a point a. Then
() Pan—1.p=Fyp g
(ii) if F is a primitive of f, then P, 41, F is the primitive of Py n 5 such that P, ni1,r(a) = F(a);
(ili) for any c € R, Py = cPan,f-
(iv) for any d € N, for q(z) = f(z? + a), Poanq(®) = Pap (z? + a).
Let also g be a function n-times differentiable at a. Then
() Papogio = Ponot + Pamgi
() Pasn.to = Toun(Pass s Poomg):
(vii) if g(a) # 0, then P, ¢4 is the polynomial of degree < n such that Ty n(Pyn, ¢/gPan.g) = Pan,f-
Let also h be a function n-times differentiable at f(a). Then
(Viii) Pa,n,hof = Ta,n(Pf(a),n,hOPa,mf)f
(ix) if f is invertible in a neighborhood of a, then Pp(q)n s-1 is the polynomial of degree < n such that
Ta,n (Pf(a)yn’f—l oPa7n7f) =X.
Proof. Given a function u n-times differentiable at a, to prove that T; ,p = P, for a polynomial p, it
suffices to check that p®) (a) = u®)(a) for all k < n, or that p(x) = u(z) + o((z — a)™).
(i) f"is (n—1)-times differentiable at a, so Py -1, is defined. Since for any k < n—1we have (P, , f)(k)(a) =

%ﬁu FE(a) = (f1)*)(a), we see that Po 1y =Pl .
(

ii) follows from (i).
iii) For any k < n, (cPan ) (a) = cPé”;)’f(a) =cf®)(a) = (cf)*)(a).

(iv) q(x ) = f(x?+a) = Pun (@ +a) +o((z? +a—a)") = Puns(a® +a)+ o(x") as 2 — 0, so
Pons (x +a) = Poang-

3Ty
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(v) For any & < n, (P + Pang)® (@) = P (@) + P& g(a) = f®)(a) + g¥(a) = (f + 9)P(a).
(vi) We have [(z) = Pro 1 (2) - o{(x — a)") and g(z) = Pan g(x) +0((z —a)"), 0

(f9)(@) = Pan,(2) Pan,g() + Pang(x)o((z = a)") + Papn j(x)o((x = a)") + o(z — a)")o((z — a)"). (7.1)

For any function u continuous at a (or just bounded in a neighborhood of a) we have lim,_,, W =0,

so u(z)o((x — a)™) = o((x — a)™); thus (7.1) says that (fg)(z) = Pyn (@) Pan,q(z) +o((x —a)™).

(vii) follows from (vi).

(viii) This item is less trivial. For simplicity, let’s assume that ¢ = 0 and f(a) = 0; the general case is
obtained by replacing f(x) by f(a+ x) — f(a) and h(y) by h(y + f(a)). Let Py r(z) = a1z + - + apz™
and Py, p(y) = bo + biy + - - + byy™, we have f(z) = Py, r(x) + o(z™) and h(y) = Pon.n(y) + ¢(y) with

lim,, 0M =0 and ¢(0) =0, so

h(f (@) = Ponn(f(x)) +(f(2)). (7.2)

For any k, f(z)" = (Pon,f(x) + O(.Z‘n))k = Pyn t()* + o(z™) since o(z™)yp(z) = o(z™) for any function 1
continuous at 0. Hence,

Pon.n( Z b f(@)F = b (Pom(@)F + 0(z™)) = Ponn(Pon.s(x) + o(z™).
k=0

As for the second summand in (7.2), define n(x) = p(z)/2™ for z # 0 and n(0) = 0, then 7 is continuous at
0 and % = n(f(x))f(% for all z in a neighborhood of a, so

tim 2@ 7)) tim (@)n —0-(f/(0)" =0.

z—0 xn z—0 z—0 €T
So, ¢(f(x)) = o(z™). Hence, by (7.2), h(f(x)) = Ponn(Pon,r(x)) +o(z™).
(ix) follows from (viii). g
This theorem reduces calculations of derivatives to operations with polynomials.

Examples. (i) Let f and g be n-times differentiable at a; we’ll use Taylor polynomials to find a formula for
(f9)™(a). Let Panf(x)=ao+ai(z—a)+az(z—a)*+- 4 an(®—a)” and Py, 4(x) = by +bi(z —a) +
bo(z —a)? + -+ + bp(x — a)™. Then

Pan.1g(%) = Tamn(Pan.s (%) Pang(®))
= agbo + (CLQb1 + albo)(l‘ — a) + (a0b2 +a1by + a2b0)(33 — a)2 + -4 (aob +aibp—1 +---+ Clnbo)(x — a)"

=3 k= o(zz 0 @ibk—i)(z — a)*.
Hence,

g(n Z)

(f9)™( _n,zazn z—”'zf(z) -~ Z oy f(z) )¢ ()

n

() (@)™ (a).

i=0
(ii) Now, let’s find the 3-rd Taylor polynomial P 3 ¢ for f(z) = tanz = (PO 3 fPO 3 COS)
= Py 3,5, 50 if Py ¢(x) = co + c12 + c22? + cza3, then Tp 3 (co +cx —|— cox? + e )(1 - 7) = % - This
means that ¢ =0, ¢; =1, ¢o — C()% =0s0co =0, c3— 01% = —% S0 c3 = % So, Py 3. ¢(z) =2a+ 3”3—3 It now

— — — Il _
follows that tan’(0) = 1, tan”(0) = 0, tan”’(0) = 3!5 = 2.
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7.3. Taylor polynomials of basic functions
Let’s find the Taylor polynomials at 0 of basic functions.
(i) Let f(x) = e®. Then for any k, f*)(z) = e, so f*)(0) = 1, so for any n,

2 n

1 ok
Pom,f()—l—i-lx—&-ax—i— +ax —1+x+§+ X_:]T
(ii) Let f(z) = sinx. Thenf( ) =cosz, f'(x ): —sinz, fO(z) = —cosz, fW(z) =sinz, ..., s0 f(0) =
f10) =1, f(0) =0, f3(0) = -1, f*(0) =0, ..., so for any n,

3 5 N p2n+l n . p2k+1

P = P —_ — —_— — e —1 - @ @ = S —
0,2n+1,f () 0,2n+2,7 () =T 3!+5! +( )(2n+1)! kzzo( )(2k+1)!

(iii) Let f(x) = cosz. Then f =sin'x, so for any n, Poan,f (%) = P} 9,11 gin (), that is,

22 gt a2 n
Poon,f(2) = Pogntrp(2) =1 = op + 75 =+ (=1) o)l Z
(iv)Letf(x):ﬁ,thenforanyn,f(x):%Jr””1 =1+4+ax+a2+ - +2"+o(z"), so

Po,mf(a:)=1—|—x—|—x2+...+x”:2xk.
(v) Let f(z) = 1+w, then f(x) = g(—z) where g(z) = =, so for any n,

11—z

Pons(x) = Pong(—z) =1—a+2" — .+ (-1)"a" = (-1)ka*.

k=0
(vi) Let f(x) =log(1l + ), then f is a primitive of g(z) = H%’
a? | 2 n—12" - k—1T
Popg(x) = | Pon-1g(@) =Ctw— T4 = — oo (1)1 =O+;( Dl

where C' = f(0) =
(vii) Let f(z) = 1+w2, then f(z) = g(2?) where g(z) = H%’ so for any n,

Poon, () = Toon(Poang(a?) =1 —2® + 2% — 4 (-1)"a?" = > (-1)ka?.

k=0
(viii) Let f(z) = arctanx = tan~! 2, then f is a primitive of g(x) = ﬁ, so for any n,
R 220+l n 22k
Pt (@) = C+a— T+ % =+ (- g = O+ (-1

k=0

where C' = arctan 0 = 0.
(ix) Let « € Rand f(z) = (14+2)®. Then f'(x) = a(l+z)* !, f(x) = a(a—1)(1+2)*"2, ..., s0 f(0) =
f1(0) =a, f"(0) = a(a — 1), ..., for any n, f™(0) =a(a—1)---(a —n+1), so

ala—1) ala—1)---(a—n+1) , o
Po,n,f(:c):1+az+Tx2+-~+ o T :Z( )zk,

where we define (Z‘) = w
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7.4. Some applications of Taylor polynomials
The Taylor-Maclaurin formula can be used to calculate indeterminate limits:
1 1—22%/2 -1 —x2/2 2 -1
= lim =/ +20(x ) = lim S /ETAT) / J;o(x ) = —.
z—0 x z—0 x 2

COST —
2

Example. lim
x—0 x

If the Taylor polynomial of f at a is somehow known, we can use it to find the derivatives of f at a:

Example. Since, for any n, the 2n-th Taylor polynomial at 0 of f(z) = e is 22:0%7 for any k,
F@R)(0) = (2k)!/k! and fE+D(0) = 0.

The local behavior of a function is “the same” as the local behavior of its Taylor polynomial:

Theorem 7.4.1. Let f be n times differentiable at a, let f'(a) = f"(a) = ... = f®Y(a) = 0 and
f™(a) #0. Then

(i) if n is even and f™(a) > 0, f has a strict local minimum at a;

(ii) if n is even and f((a) <0, f has a strict local mazimum at a;

(iii) if n s odd and f™(a) >0, f is strictly increasing at a;

(iv) if n is odd and f™ (a) <0, f is strictly decreasing at a.

Proof. By Maclaurin’s formula, f(z) = f(a) + c(z — @)™ + ¢(z) where ¢ = f(™(a)/n! # 0 and ¢(x) =
o((z — a)"). In a neighborhood I of a, |¢p(z)| < |c(z — a)"], so c(z — a)™ + ¢(z) > 0 if c(z — a)” > 0 and
clx—a)" + ¢(x) <0if c(z — a)™ <O0.

If n is even and ¢ > 0, then ¢(z — a)™ > 0 for all x # a, so f(z) > f(a) for all x € I'\ {a}, so f has a
strict local minimum at a.

If n is even and ¢ < 0, then ¢(z — a)™ < 0 for all  # a, so f(z) < f(a) for all x € I'\ {a}, so f has a
strict local maximum at a.

If n is odd and ¢ > 0, then ¢(x —a)™ > 0 for all x > a and ¢(x — @)™ < 0 for all z < a, so, f(x) > f(a)
for all z € I such that z > a and f(z) < f(a) for all x € I such that < a, so f is strictly increasing at a.

If n is odd and ¢ < 0, then ¢(z —a)™ > 0 for all < a and ¢(x — a)™ < 0 for all z > a, so, f(x) > f(a)
for all z € I such that < a and f(z) < f(a) for all x € I such that x > a. so f is strictly decreasing at

a..

7.5. Remainder in Taylor’s formula

The Taylor polynomial of a function f at a point a “well approximates” f in a neighborhood a, but
the Maclaurin formula gives no information about how large this neighborhood is. So, it is useless for
calculating the values of the function: given a specific point x close to a, we cannot estimate the difference
f(x) = Py, s(z), and cannot even say whether P, ,, r(z) — f(z) as n — oc.

Example. Let f(z) = e~ V/I*l as 2 # 0 and f(0) = 0; then £ (0) = 0 for all n, so all Taylor polynomls of
f at 0 are equal to 0. Hence, Py ,, f — f(z) as n — oo for all = # 0.

The function Ry pn, 5 = f — Pn.o.s is called the remainder (in Taylor’s formula); we have f = P, ,, 5 +
Ran.fs Ramf(a) = R, ((a) = -~ = R (a) = 0, and Rons(z) = o((x — a)"). If fis (n + 1)-times

differentiable in a neighborhood of a then R((l":_ }) (z) = £V (z) in this neighborhood.
Theorem 7.5.1. Let the function f:[a,b] — R be n-times differentiable on [a,b], (n+1)-times differentiable
on (a,b), and f™ be continuous at a and b. Then

(1) there ezists ¢ € (a,b) such that Ry p, r(b) = f((’::i)(,p) (b — a)"*! (which is called “Lagrange’s form of the

remainder”);

(ii) there exists ¢ € (a,b) such that Rqn r(b) = f(n:)(c) (b—¢)"(b— a) (which is called “Cauchy’s form of
the remainder”);

(iit) if, additionally, f"*+Y) is integrable on [a,b] then R, £(b) = fab %
integral form of the remainder”).

(b—x)"dx (which is called “the
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All this remains true if f is not n-times differentiable at a and b but only n-times right-hand differentiable
at a and n-times left-hand differentiable at b. Similar statements (with a and b switched) are true for the
(left-hand) Taylor polynomial and remainder of [ at b.

The Taylor formula with remainder in Lagrange’s form is a generalization of Lagrange’s M.V.T. Notice
also that if f("*1) is continuous on [a, b], then (i) and (ii) follow from (iii) by M.V.T.-s for integrals.

It follows that if f is (n + 1)-times differentiable on an interval I and a € I then
(i) for every z € I

_ ! f”(a) 2 f(n)(a) n f(n+1)(c) n+1
f(x) = fla) + f'(a)(z —a) + 21 (x—a)"+-+ o (xz —a) +m x—a)"t
for some ¢ = ¢, € [a,z] or [z,a];
(ii) for every z € T
"(a (n) a (n+1)
@) = @)+ Fa)e-a)+ LD @ —ap s L8 g SO )

2!

for some ¢ = ¢, € [a,z] or [z, al;
(iii) if, additionally, f(*1) is locally integrable on I, then for every = € T

"(a (n) a z r(n+1)
1@) = @)+ F@e—a)+ L@ —ap s Doy [P0

2! n!

Proof. (i) Put R = R, s, then R is continuous on [a,b] and R(a) = R'(a) = --- = R™(a) = 0. By
Cauchy’s M.V.T. there exists ¢ € (a,b) such that

R(b) _ R()—R(a) _ R'(c1)

(b — a)nt1 (b—a)"tt  (n+1)(c; —a)"’

Next, there exists ¢z € (a,c¢1) C (a,b) such that

Rc1) _ R(c)—FR'(e) _ R'(co)
(c1 —a)" (e —a)" n(cg —a)r=1’
so that
Rb) R’ (cs)
(b—a)"tt  (n+41)n(c; —a)—1"
And so on (or by induction), we get that (bfl()%“ = R((;rl))(!c) for some ¢ = ¢p41 € (a,).

(ii) The proof is more tricky. For every « € [a, b] we write the Taylor formula at =, f(b) = Py pn, r(b)+ Ry, 7 (1),
and define p(z) = P, ¢(b) and r(z) = Ry, ¢(b), « € [a,b]; then p and r are continuous at a and b. For all
€ (a,b) we have

!/

P@) = (f@)+ F@o-2) + Lo -2+ + LB o))
= '@+ [ @) b - ) — f@) + L5 b —2)? — @) (b ) + -+ LD -y — £yt

(n+1) (5 N
= d n!( )(b_x) )

so '(2) = (F(b) — p(x)) = — L@ (b — 2)". We also have r(a) = Ra ;(b) and r(b) = Ry, ;(b) = 0. By

n:

the M.V.T. there is ¢ € (a,b) such that r(b) — r(a) = '(c)(b — a), 50 Ran.t(b) = 1@ (b — ¢)™(b — a).

n:
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(ili) Let R = Rapn,t = f — Pan,f. Since P, 5 is a polynomial of degree < n, we have Py:f;) =0, so
f+D) = ROHD - Since R(™ (a) = 0, integrating by parts we obtain
/ ——b-w)tdr=— [ (b-x) dR™ (z) = (b z)"R! )(x)|a—a/ R™ (z)(—=n)(b—z)" dx

b R (4
=L a) RV + 7(71 ) / RO (2)(b — 2)"dz = / 752 _(1))! (b—z)"da.

By induction, bR(TO("L) b—x)" dx = R’ )dz = R(b) — R(a) = R(b).
|

The “Taylor formulas with remainder” allow to estimate the difference between a function and its Taylor
polynomial.

Examples. (i) For any = € R, for any n, sinz = Py 2n41,sin(2) + Ro,2n+1,sin(z) wWhere, in Lagrange’s form,
Ry 2nt1,sin(2) = (2};&1‘2)),332”“ where ¢, € (0,2), h = £sin or £cos. Since |h(cn)| < 1, |Ro.2n+1.sin(z)| <
|m‘2n+2

(2n+2)!"

We see that for any x, Rg 2n+1,sin(z) — 0 as n — oo, that is, Py on+1.sin(z) — sinz.

|I‘2n+1

(ii) In the same way, for any = and n, |Rp 2n,c0s(2)] < © and Pp 241,c0s(¥) —> cosT as n — oo.

@nt1)!
(iii) For expz = €%, for any x and any n, Ry, exp(z) = (nrl),x"“ for some ¢, € (0,z). If x > 0,
0<e <e® if £ <0,0<e®<1. So,in any case, Rg pn exp(z) — 0.
(iv) For the function f(z) = H_—x we have f(z) =1 -z +22— - £a"F %, 50 Ron f(x) = :leTacl and

no sophisticated formula is needed. As n — 00, Ry, ¢(2) — 0if |2] <1 and —~ 0 if |z| > 1. This means
that Py, () — f(x) for all z € (—1,1) and diverges for all other x.
(v) For f(x) = log(1 + ), x > —1, for any n, f™(z) = + (n=D! " agrange’s form of the remainder is

§EnD
n! n "t g+t
RO,n,f(x):iml' +1 =t riyagene for some cp € (0,2). If0 <z <1, [Ropn f(x)| < T77 — 0

as n — oco. For —1 <z < 0, |z| can be > |1 + ¢pl, so this formula doesn’t work. However, using Cauchy’s

form of the remainder, Ry, ; = i%x for some ¢, € (z,0), since ‘chn‘ < |1J1rm‘ and ‘Igngrz"l‘ < |z
n+t1
(indeed, this is equivalent to ¢, —z < (—2)(1 +¢,) = —x — x¢y,), we see that |Ro ., f(x)] < \1+z\ — 0 as

well. So, Py, ¢(z) — log(1+2x) for all x € (—1,1]. (We will learn later that, indeed, Py, r(x) —~ log(1+z)
for all z > 1.)

Another approach is to integrate the remainder of log(1 + z)’ = ﬁ For any = > —1, for any n,
Ry ¢ (x fo t)dt where @) is the remainder in the Taylor formula of degree (n — 1) at 0 for H%’
Qlx) = ifix-

(vi) Let f(x) = arctanz, for which f'(z) = 1+x2 Let n € N. We have 1+7x =l—-ao+2%2— - £2"+Q(x)

where Q(z) = if::. For = > 0, |Q(z)| < 2"T!. So, for any z, 1+ s =1—a2% +a2t - :|:m2"+Q( %)

with [Q(2?)] < ?" T2 Integratmg this formula (and taking into account that arctan0 = O) we get, for any

r >0, arctanz = — T + % — ... + % + Ro.2n+1,7(x), where Ro ont1,7(z fo Q(t?)dt and so

|RO ont1,(T)] < [T 202t = ‘”;' —. It follows that Roan41,¢(2) — 0 and P072n+17f( z) — f(x) for all
€ [-1,1].

(vii) Let « € R, f(z) = (1 4+ )% & > —1. For any n € N, f®*)(2) = a(a —1)--- (a — n)(1 + x)*" "L,
Lagrange’s form of the remainder is R, ¢(z) = (nil)(l + ¢, Lt for some ¢, € (0,7); Cauchy’s
form is Ron,f(z) = (£)(a = n)(1 + ¢,)* " ! (z — ¢,)"a for some ¢, € (0,z). Lagrange’s form shows that
Ry n.f(x) — 0 as n — oo for all « € [0, 1); Cauchy’s form shows that this is so for all z € (—1,0); for all
x with |z] > 1, R, ¢(z) - 0. (These facts are not easy to prove and we have to postpone this.)

For Euler’s number e, for every n€Nwehavee=c! =1+1+ % + - + : + 17 where 0 < r <

We also know that e < 3, so r < [yl
this formula to prove:

==y

—~ +1)' This allows to effectively calculate the Value of e. We can also use

Theorem 7.5.2. e is irrational.
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Proof. Assume e = ™ for m,n € N, n > 3, then (n!)e € N. But n!r :n!ﬁ = niﬂ <1, so n!(1—|—1+
%—I—~~+%—|—r):n!+n!+’2’—;—|—~~+%+n!rCannotbeinteger. n

8. Series

8.1. Convergent and divergent series
A series is a formal infinite sum a; + as +az + ..., or Zfil a;. The n-th partial sum of 221 a; is

n

Sn = Y. a;. If the sequence of partial sums (s,) converges to s, we say that the series Y a; converges and

i=1
write s = Y .2 a;. If lims,, = oo, we say that the series > a; diverges to co and write > a; = co. If (s,)
diverges, we say that > a; diverges.

Notice that convergence or divergence of a series doesn’t depend on finitely many its terms: > .-, a;
converges iff Zfik a; converges for any k € N. (But, of course, the sum of the series depends on every its
term.)

Examples.

. . . . ; ! . . .
(i) Partial sums of the geometric series Y a' are 15%—, n € N. Thus the series converges iff [a| < 1, in

1.
I-a’
(ii) Given a sequence (b, ), the corresponding telescopic series is Y .o (bi+1—b;); for any n, 21:?:1 (biﬂ)of b)) =

bnt1 — b1, so the series converges iff the sequence (b,) converges. An example is Y =, eyl Doing % —

which case > .o a’ = diverges to +oco if a > 1; diverges to oo if a < —1; and just diverges if a = —1.

L)1
(i) Yrtg =1+ 14 5+ -+ = e, since, as we know, el — 37" | & = R exp(z) — 0 as n — oo.

“The theory of series” is, actually, just another language for “the theory of sequences”. Indeed, given a
sequence (s,,), we can construct a series for which (s,,) is the sequence of partial sums by puting a; = s; and
a; = s; — s;—1 for all ¢+ > 2. Thus sequences and series are in one-to-one correspondence, and corresponding
sequences and series converge or diverge simultaneously, with the sum of the series equal to the limit of the
sequence. Therefore, all facts about convergence of sequences can be translated into the language of series,
and vice versa.

Theorem 8.1.1. If > a; and Y b; converge, then Y (a; + b;) converges and y oo (a; +b;) = Y ooy a; +
o2 b If > a; converges, then Y- (ca;) converges for any ¢ € R and > (ca;) = ¢> ooy a;.

Proof. Let s, = >." a; and 7, = Y., b;, n € N. Then for any n, > (a; + b;) = s, + r, and
i ca; = csy. So, if the sequences (s,,) and (r,) converge, the sequences of partial sums of Y (a; +b;) and
> (ca;) also converge. g

Theorems about convergence of series are often called tests. The simplest such test is the vanishing test:
Theorem 8.1.2. If > a; converges, then lima; = 0.

Proof. Let s,, = Z?zl a;, n € N. Since the sequence (s,,) converges, the sequence a,, = s,, — s,—1 converges
to lims, —lims,_1 =0. g
Note that the condition lima; = 0 is not sufficient for convergence of a series; for example, the series
1,1 ,1 .1 ;1,1 ,1,1,1 11,1 1,1 _1_1_1_ 14 .. 7
1+5+§+§+§+§+Z+1+1+1+~~and1f§f§+§+§+571*17171+~~dlverge.
The necessary and sufficient condition for convergence of series is, of course, the Cauchy criterion:

Theorem 8.1.3. A series Y a; converges if and only if for any € > 0 there exists k such that for any
n>m>k, |30 a] <e.

Proof. Let s, = Y. | a;, n € N; then for any n > m, s, — s, = >_. . .1 a;. And by Cauchy criterion for
sequences, (s,) converges iff for any € > 0 there is k such that for any n > m >k, |s,, — sm| <e. @

We say that a series Y a; converges absolutely if the series ) |a;| converges.
From Cauchy’s criterion, we have:
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Theorem 8.1.4. If a series converges absolutely then it converges.

Proof. If > a; converges absolutely then by the Cauchy’s criterion, for any & > 0 there is k such that for
any n > m >k, Y. lai| < e. But then Y7 e <300 fai| <€, s0 > a; converges by the

i=m++ 1=m-+
Cauchy criterion. g

8.2. Convergence of series with nonnegative terms

We will list several tests for convergence of series with all nonnegative terms; these tests actually apply
to any series in order to determine whether it converges absolutely.

For a series Y a; with all a; > 0, the sequence of partial sums is increasing. We therefore have:

Theorem 8.2.1. Ifa; > 0 for all i € N, then the series Y a; converges iff the sequence s, = > i a; is
bounded, and diverges to +oo otherwise.

)

So, for a series Y a; with a; > 0 for all 4, the statements “the series converges” and “>" a; < +00” are
equivalent.

For series with nonnegative terms there are several easy but powerful “tests” for convergence. The most
evident is the comparison test:

Theorem 8.2.2. If 0 < a; <b; for alli and > b; < 400, then > a; < +oo.
Of course, “for all i” can be replaced by “for all ¢ large enough”.

Proof. If the sequence of partial sums of > b; is bounded, then the sequence of partial sums of ) a; is
bounded. g

As a corollary, we have the following test:
Theorem 8.2.3. If a;,b; >0 for all i, Y a; < 400 and the sequence (b;) is bounded, then > a;b; < +00.

Proof. Let M be such that b; < M for all ¢; then a;b; < Ma; for all i and Y (Ma;) converges, so Y a;b;
converges by comparison test. g

It follows that for any integer d > 2 and any sequence of “digits” ey, es,... € {0,...,d — 1} the series
erd P +ed 24 = ZLO; e;d~* converges, namely to = .ejes. .. in the base d numerical system (after
replacing each digit by the corresponding symbol).

The limit comparison test:

Theorem 8.2.4. Ifa;,b; > 0 for alli and a finite nonzero lim(a;/b;) exists, then > a; < +o00 iff > b; < +o0.
Proof. If lim(a;/b;) = ¢ > 0, then a; < 2¢b; and b; < %ai for all ¢ large enough, so by the comparison test,
Yai<4ooiff b < +oo. g

The following two tests are based on comparison with a geometric series. The root test:
Theorem 8.2.5. Let a; > 0 for all i. If limsupy/a; < 1, then Y a; < oo; if limsupy/a; > 1, then
> a; = oo.
Proof. Let limsup y/a; < 1. Take any c such that limsup /a; < ¢ < 1; then {/a; < c for all ¢ large enough,
so a; < ¢ for all i large enough. Since > ¢' converges, so does Y a;.

Let now limsup /a; > 1. Then y/a; > 1 for infinitely many 4, so a; > 1 for such i, so Y a; diverges by
the vanishing test. g

The ratio test:

Theorem 8.2.6. Let a; > 0 for all i. If limsup(a;11/a;) < 1, then Y a; < 4+oo; if iminf(a;y1/a;) > 1,
then Y a; = +o0.

Proof. Let limsup(a;y1/a;) < 1. Take any ¢ such that limsup(a;11/a;) < ¢ < 1, and find k such that
aiy1/a; < cforalli > k. Then a1 < cay, apyo < capy1 < c2ax, and by induction, a; < ¢~ *ay = c¢'(ay/c¥)
for all i > k. Since Y ¢’ converges, so does Y a;.

Let now liminf(a;41/a;) > 1. Then there is k such that a;1+1/a; > 1 and so, a;+1 > a; for all i > k. So,
a; > ap >0 for all ¢ > k, and )" a; diverges by the vanishing test. g
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For series with decreasing non-negative terms there are two more nice tests. The integral test:

Theorem 8.2.7. Let f:[1,+00) — R be a positive decreasing function and let a; = f(i), i € N. Then the
series Y a; converges iff the improper integral floo f converges.

Proof. Let F(z) = [/ f, > 1. Since f > 0, F is increasing, so fl = lim, 400 F'(x) exists, finite or
infinite, and is equal to lim, o F'(n) of the sequence (F(n)).

Put b; = f;“ f, i € N, then for any n, F(n) = Z?:_ll f;’“ f= Z?:_ll bi; so f1+oo f converges iff the
series > b; converges. Since f is decreasing, for any i, f(i) > f(x) > f(i + 1) for all z € [i,i + 1], so
a; = f(i)-1>b; > f(i+1)-1=a;+1. By comparison, we see that ) b; converges iff Y a; does. g

The condensation test:

Theorem 8.2.8. Let (a;) be a nonnegative decreasing sequence. Then the series > a; converges iff the
series Y 2Faqn does.

(To make it clear: EZOZ1 2% agr = 2a9 +4as+8ag+- - = (ag+as)+ (ag+ag+as+ay)+(ag+---+ag)+---.)
Proof. Let s, = > i~ a; and 7, = Y, _, 2¥agr, m,n € N. For any n,

n—12kt1_1
a1+2az—a1+z Zaz<a1+z2a2k—a1+rn1
k=1 =2k
and
n n 2k_1 2" —1
:ZQkangZ Z a1—22a1—252n_1
k=1 k=1 j=2k—1

So, the (increasing) sequences r,, and syn—1 converge or diverge simultaneously. But since (s,,) increases, it
converges if its subsequence sqn-1 does. g

Examples. Let a > 0.

(i) 3> a™n® converges if a < 1 and diverges if a > 1 for any « € R by the root test or the ratio test.
(i) 3 oin® — converges by the ratio test.

(iii) converges for any o € R by the ratio test.

(

(

iv) 3 % converges if & > 1 and diverges if a < 1 by the integral test or the condensation test.
V) >~ log 7logm) converges if @ > 1 and diverges if a < 1 by the integral test or the condensation test.

The Riemann zeta function is defined by ((z) = > 7 which is defined for all > 1. (Further, the

n=1 n““
zeta function can be analytically continued to the set C of complex numbers except 1, where it has a pole.)

8.3. Conditionally convergent series
If a series is convergent but is not absolutely convergent, it is said to be conditionally convergent.
There are tests for conditional convergence; the simplest one is the Leibniz’s alternating series test:

Theorem 8.3.1. If (a;) is a sequence decreasing to 0 (that is, ay > az > ag > ... > 0 and lima; = 0), then
the series > (—1)""ta; converges.

Proof. To make it clear, > (—1)""ta; = a; —as +az —aq + --- Put s, = Z?:l a;, n € N. T claim that
S§1 > 83 > -+, 89 < 84 < ---. Indeed, for any odd n, s,12 = S$p — apy1 + anyo < S, and for any even n,
Sn42 = Sp 4 Gnt1 — Gpyo > Sy So, the sequence (so) is increasing and either converges or diverges to +oo;
and the sequence (saj+1) is decreasing and either converges or diverges to —oo; and also s, —$,—1 = a, — 0;
so both (s21) and (s2x+1) converge to the same limit, so the sequence (s,) converges. g

, and Z

To get two more tests for conditlonal convergence, we will need the summation by parts, or Abel’s
summation formula:

Examples. The series converge conditionally.
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Lemma 8.3.2. Let sg,79,a1,...,0n,b1,...,0p € R, put s = 80+Z§:1 i, TR = ro—&—Zf:l bi, k=1,...,n.

Then
n n—1
E Sibi = SpTp — S17T0 — E Q4175
i=1 =1

Proof. For any ¢ we have b; = r; — r;_1, so

n n n n n n—1
E Sibi - § Si(ri - Ti—l) - E STy — § SiTi—1 = E STy — 5 Si+174
=1 =1 =1 =1 =1 1=
n—1 n—1 n—1 n—1
= E 8iTi + SpTn — 8170 — E 8i41Ti = SpTy — S170 — E (Sit1 — 8i)T5 = SpTpn — 8170 — E Qi 175
=1 =1 =1 =1

An analog of Theorem 8.2.3 doesn’t hold for conditionally converging series: the series > (—1)%/i con-
verges, the sequence ((—1)%) is bounded, but > (—1)%((—1)?/i) = >_(1/i) diverges.
We however have the following Dirichlet’s test, generalizing Leibniz’s test:

Theorem 8.3.3. If > b; is a series with bounded partial sums and (a;) is a sequence decreasing to 0, then
the series > a;b; converges.

Proof. Put agp = 0 and ¢; = a; — a;—1, i € N, so that a,, = > ;¢;, n € N. Since the sequence (a,) is
decreasing to 0, ¢; <0 for all ¢ > 2, and >_:°, |¢;| = a1. We are also given that the sequence r, =Y .| b;,
n € N, rg = 0, of partial sums of >_ b; is bounded. By the summation by parts formula, for any n,

n n—1
g a;b; = anry —ayrg — E Cit1T-
i=1 i=1

Since a,, — 0 and the sequence (r,) is bounded, a,r, — 0. Since Y ¢; converges absolutely and (r;) is

bounded, Y ¢;417; converges (absolutely). Hence, the sequence > ', a;b; of partial sums of > a;b; converges.
|

Example. Let « e R, « ¢ 2n7Z; then for any n e N we have ’Sina + sin2a 4+ --- + sinna|

cos(a/2 cos((n sin na Sln na sim(n. L]
| ( /351n(0552;r1/2 | < \sm(a/2)| So, the series ) ( Y ,and Y lo(gn) converge conditionally.

And Abel’s test:

Theorem 8.3.4. If > b; is a convergent series and (a;) is a bounded monotone sequence, then the series
>~ aib; converges.

Proof. W.l.o.g. let’s assume that (a;) is increasing, and let @ = lima;. Then Y a;b; = > (a; —a)b; +a . b;.
Since ) b; converges and Y _(a; — a)b; converges by Dirichlet’s test, Y a;b; converges. g

Example. Since the series ) % converges and the sequence (1 + 1/n)™ is monotone and bounded, the
series Y n(na) (;3) (1+1/n)™ also converges.

8.4. Groupings and rearrangements

Given a series > -, a; and a strictly increasing sequence 0 = kg < k1 < ko < --- of integers, the series
>~ b; where, for each j, b; = Zfikj,l-s-l a;, is called a grouping of > a;.

If Y b; is a grouping of ) a;, then the sequence of partial sums of ) b; is a subsequence of the sequence
of partial sums of )" a;, so, if ) a; converges, then ) b; also does, and to the same sum. The converse is
not true: the series 1 —14+1—-141—1+4--- diverges, whereas (1 —1)+ (1 —1)+ (1 — 1) 4+ - - - converges.
Here are two cases where grouping doesn’t change the convergence:

Theorem 8.4.1. Ifa; >0 for all i and > b; is a grouping of > a;, then Y b; < +oo iff > a; < +o0.
Proof. The sequence of partial sums of ) a; is increasing, it converges iff it is bounded, which is true iff

any of its subsequences is bounded. g
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Theorem 8.4.2. Let Y a; be a series such that a; — 0 asi — 00, let 0 = kg < k1 < ko < --- be a
strictly increasing sequence in N such that the sequence (k; — kj_1) is bounded, and let b; = Zfikj,ﬁ-r Qq,
j € N. Then the grouping > b; converges iff the series ) a; converges.

Proof. Let s, = > i a;, n € N. If Y b; converges, the subsequence (s,,) of (s,) converges; let s =
lim sy, (= 2272, bj). Let d be such that k; —k;j_; < d for all j. Let ¢ > 0. Find I such that [sy,, —s| <&/2
for all m > I, find r such that |a;| < 5/(2d) for all i > r. Now let n > max{k; + 1,7 + d}; find m such that
km+1<n<kyuyi,thenm>1 and k,, >n —d >r so |a;| < e/(2d) for all i = k,,, + 1,...,n, thus we get

}Z?:l a; — s| = |Zf;"1 a; — s‘ + |Z?:km+1 ai| <|sk,, — S|+ Z?:kmﬂ la;| <e/2+¢/(2d)-d =
S0, 8, — 5. m

The next question is: Can the sum of a convergent series depend on the order of summation? The
answer is No — if the series converges absolutely; Yes — if conditionally.
(o]

A rearrangement of a series Y .o, a; is the series ) a;;, where j — 1i; is a one-to-one correspondence
j=1
N — N.

Example. a191 +as +as5 + a1 + - - - is a rearrangement of a; +ag +az+ - - - if for every i, the term a; appears
in the first formal sum exactly once.

And, the sum of the rearrangement of a series may differ from the sum of the original series!

Example. Let s =1 — % + 1% — 7 + - (actually, S = log2). Consider the following rearrangement of this
series: 1 — % — i + % -5 st after some “grouping” (which doesn’t affect the sum), it is

1 1 1 1 1 1 1 1
—itgosto=a(l-as i) =g

=

A-3-+G-H-d+ -

Theorem 8.4.3. If a series ) a; is absolutely convergent, then any its rearrangement ) a;; also converges
and Z;i1 a;; = Zfil a;.

Proof. Let s = >"°, a;. Let € > 0. Find k such that }Zle a; — s| < £/2 and (using the Cauchy criterion
for 3~ |as|) for any n >m >k, 321" |a;| <e/2. Given a rearrangement ) a;; of Y a;, find m such that
1,2,...,ke{i1,...,im}. Let 1 > m, let d = max{i;, j <}, then

! k
‘Zaij—é":‘zaz Z az]—8‘<‘2az—s‘+ |ah\<’2al—s‘+ Z la;| <e/24+¢/2=¢.
j=1 i=1

< i=k+1
1]>k z]>k

So, Y2 0, =5 m

Theorem 8.4.4. Let Y a; be a series, let (b;) be the subsequence of the nonnegative terms of (a;), and let
(c;) be the subsequence of the negative terms of (a;).

(i) If both 3" b; and >_ ¢; converge, then . a; is absolutely convergent and Y oo  a; =Y oo bi + Y 1oy Ci-
(ii) If > b; diverges and )" c¢; converges, then Y a; diverges to +00.

(iil) If > b; converges and )" ¢; diverges, then Y a; diverges to —oo

(iv) If both > b; and > ¢; diverge, then Y a; is either conditionally convergent or divergent.

Proof. (i) Let s = >.b; < 400 and r = >, ¢; > —oo. Let € > 0; find k such that for any n > k,
I>or bi—s| <e/2and |37 ¢; —r| < /2. Find I such that the (finite) sequence (a1,...,a;) contains all
bi,....bg,c1,. .. cp. Then for any n > 1, 320 Jag| = D000 b + D02 (—¢;) with ny,np >k, so [S0 |ag| —
(s —r)| <e; hence, Y02 a;| = s — 7. Also, Y1 a; =0 b+ > 12 ¢ 0[S a; — (s +7)| < & hence,
S jai=s+r.

(ii) Let Y b; = 400 diverge and 7 = Y ¢; > —oco. Let N € R; find k such that Y ;" b; > N —r. Find [ such
that the sequence (ai,...,a;) contains all by,...,by. Then for any n > 1, >0 ja; = > it by + > 12, ¢ for
some ny > k and some no, SO Z?:l a; >N —r+r=N. Thus }_ a; diverges to +oo.
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(iil) is similar to (ii).
(iv) If both Y b; = 400 and > ¢; = —oo, then > a; cannot converge absolutely, so either it converges
conditionally or diverges. g

The following nice (but useless) fact is known as the Riemann rearrangement theorem:

Theorem 8.4.5. If a series Y a; converges conditionally then for any s € RU {—o00, 400} there exists a
. 0o
rearrangement » a;; of Y a; with 3.~ a;; = s.

Proof. let (b;) be the subsequence of the nonnegative terms of (a;), and let (¢;) be the subsequence of the
negative terms of (a;); since )y a; converges, > b; = +00, »_ ¢; = —o0, and b;,¢; — 0.

Let s € R. Let’s rearrange Y _ a; in the following way: find the minimal &y such that rqy = by+---+bg, > s,
then 0 < 1y —s < by, ; then find the minimal I3 such that t;1 =r1 +c1 4+ +¢, <s,then0<s—1; < —¢y;
find the minimal ko such that ro =¢; + bg, 41 + -+ + bk, > s, then 0 < ro — s < by,; then find the minimal
ly such that to = ro+cyqp1+ -+, < s, then 0 < s — Iy < —¢p,; and so on. Since bk, ,c;; — 0, both
sequences (r;) and (t;) converge to s. The partial sums of the rearrangement

b+ by tert ey Fbear by F oo,

of > a; oscillate between 71, $1,72, o, . . ., thus also converge to s.
For s = 400, we rearrange )  a; in the following way: for every j choose k; such that by + --- + by, >
j—c1— - —cj, then for any n > k;, the n-th partial sum of the series

b+ + b, 1 bpygr b oot

is > j, so the series diverges to +oco.
The case s = —oo is similar. g

8.5. Double series and unordered sums

A double series is a formal sum Y a; j, a; ; € R. The sum of such a series may depend on the order of
summation: the sum can be defined as Y .o, Z;‘;l a;,j, O as Zj’;l Yoo @i, 0ras Y po E?Zl Qi f+1—is OT
as 220:1 Zi, jima(i,j)=k @ijs €te. However, we will show that if the double series converges absolutely, that
is, if 3 |a; ;| < 400 with respect to at least one of the order of summation, then the series > a; ; converges
to the same sum with respect to any other of summation.

Let’s consider a more general situation. Let A be a “set of indices” (that is, just any set), and i — a;
be a mapping from A to R. What is D, ;7

First, suppose that a; > 0 for all i. We don’t know what “an order of summation” is, but with respect
to any such order we must have ), p G < Dic p, @i Whenever Py C P, C A. Thus under any order
of summation, for any finite ' C A we must have ), pa; < > ..\ a;. So, we just define ), , a; as
the supremum of the set of all finite sums of a;, Y,cp a; = sup{>_,cpai, F C A, |F| < +oo}. This
supremum may be infinite; if s = ), ) a; < +oo, then ), a; is said to be converging, or summable. If
5= ca i <400, then for any € > 0 there exists a finite set F' C A such that ), . a; > s — ¢, and then
Diea\r Gi <€

In the general case, where a; are not assumed to be nonnegative, it is not clear how to define ) ien @i 1
claim however that if this sum “converges absolutely”, that is, if ), _, |a;| < oo, all “reasonable” definitions
of ) ;ca a; give the same result. For every P C A let S;cpa; € RU {400} be the set of “all limit points of
the set of partial sums for a collection of methods of summation” of a;, i € P. This is not a good rigorous
definition, let’s define these sets “axiomatically”: assume that a collection of sets S;cpa; C R U {+o0},
P C A, satisfies the following conditions:
(0’1) Sie@ a; = 0.
(02) For any P C A and any j € A\ P, S;cpugj} @i = a;j +Sicpa; (= {aj +7r, r € Sicp ai}).
(03) For any P C A for every r € Sicp ay, |r| < e plail.
It follows by induction from (o) and (o2) that for any finite set F C A, S;jepa; = {ZieF ai}, and for any
P CAwith PNF =0, S;cpura; = ZieFai + Sicpa;.

Examples. (i) Let (a;);en be a sequence; for every P C N let S;cp a; be the set of all the limit points of
the set {},cpa;: F C P, |F| <oo}. It is easy to check that the sets Sicp a; satisfy (o1)-(03).
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(ii) Let (ai,;)(,j)enz be a double series. Let P € N?; for every i let P; = {j : (i,j) € P}. For every i € N let
S; be the set of all the limit points of the set {ZjeFi a;;: F; C P, |F| < oo}. We then define S(; jyep a;
as the set of all the limit points of {ZiEF $i: FCN, |F|<o0, s, €8, i€ F}

Under the (very mild) assumptions (o1)-(03), we can prove that if 7., a; converges absolutely, that
is, > e lai| < 400, then S;cx a; consists of a single real number:

Theorem 8.5.1. If > ., |a;| < +00, then Sica a; is a sungleton, Sicp a; = {s} for some s € R.

Proof. For each n € N choose a finite set F, C A such that for P, = A\ F, we have } ;5 |a;| < 1/n, and
let s, = Zian a;. Then for any n,m € N, since F,, \ F,,, C P,,, and F,, \ F,, C P,,, we have

|snfsm\:'2ai—2a¢§’ Z aiJr‘ Z a;| < Z la;| + Z la;] < 1/m+1/n.

i€, 1€ Fm, iEFn\Fnz ieFm\Fn ian\FnL iEFwn\Fn

This shows that the sequence (s,) is Cauchy; thus, it converges to some s € R.

Now let r € S;ecp a;. Given € > 0, find n such that |s, — s| < £/2 and 1/n < £/2; then by (o2) we have
that r = s, + ¢ for some ¢t € S;cp, a; and so by (03), |t| < €/2. Hence, |r — s| < . Since € was arbitrary,
T =S. ]

If > ;calas] < 400, we denote the (unique) number s such that S;cpa; = {s} by >, 5 a; and call
it the sum of a;, i € A. Note that if a; > 0 for all i € A, then under this new definition, ), ., a; =
sup{ZieF aij, FCA, |F| < —l—oo} as before.

Let’s summarize: let i — a; be a mapping A — R. Then
(i) If a; > 0 for all ¢ then “all orders of summation” of the numbers a;, i € A, give the same result, namely,
sup{ZieF a;, FCA, |F| < oo}, finite or infinite which we denote by » 7, a;.

(ii) If Y _;cp lail < oo then “all orders of summation” of the numbers a;, i € A, give the same finite result,
which we denote by ;. a;. We say that ) a; converges absolutely in this case.

(iii) If ) a; doesn’t converge absolutely, > .\ a;| = oo, then ) ., a; is not well defined: like in the Riemann
rearrangement theorem, it depends on the “order of summation” and, under some such orders, may not exit
at all.

To determine if a sum ) a; converges absolutely we check if ), a;| < co with respect to an arbitrary
order of summation.

As an example, let’s obtain the following result:

Theorem 8.5.2. If series ) a; and ) b; are absolutely convergent then the double series Y a;b; is also
absolutely convergent, and Yy, Zi:ll Qibg—i =D oq @i D ooy by

Proof. If 377 |a;], 3272 [bi] < oo, then Y772, 3772 aibs| = 3252, lag 3752, [bj| < 00, so, the double series
>~ a;b; converges absolutely. Hence, the sum of the series doesn’t depend on the method of summation, and

k—1
S0, D hen iy @ibk—i = Do, Z;il ab; =322, a; - Z;il bj- m

The sum > -, Zi.:ll a;bi—; is called the Cauchy product of the series Y .o a; and Y = b;.

8.6. Infinite products

Let a; > 0 for all 4; we say that the infinite product [] a; converges if the sequence p,, = H?:l a;,n €N,
of its partial products converges to p # 0, in which case we write Hfil a; =p.
)
1

Examples. (i) The product []72; “1 diverges to oo, [1;2; 7 diverges to 0, [T;2, 2+ = 3.

(ii) For any o € R, sina = a[[;2, (1 — %) (The proof requires complex analysis.)

(iii) The product [T, (1 — £ ) diverges to 0.
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(iv) Let p1,p2, ... € N be the sequence of all prime integers; then for every a > 0, [[;2; - ; =3, =
Indeed, for every k € N let Py be the set of natural numbers having no prime divisors other than DLy Dks
that is, of the form pi*---p*, r1,..., 7, > 0. Since (by the Fundamental Theorem of Arithmetic) for every

n € Py such a representation is unique,

k k k
H1 ! Hl—l—pz +p; 2 ) = hmZpZ = lim Z e

1=1 z 1r=0

k
¥ e ¥ (-5

0<ry,...,re<d i=1 0<r1,.eri<d i=1 nePy

(I used the fact that the limit of the product of finitely many sequences is the product of the limits of these
sequences. And since the numbers n~® are positive, the order of their summation doesn’t matter.) Since,
by the Fundamental Theorem of Arithmetic, (Jr-; Pr = N, we obtain

00 k )
1 : 1 (03 — —
H—lfp,_a:,ggg T m ) ne=) n"" =) n
=1 ? i=1 ? ne Py neN n=1
ence, — = ((a) € or o > where ( 1s the zeta function) and = 400 for 0 < a < 1.
H i— 1 - R fi 1 (wh is th f i d for 0 1

Theorem 8.6.1. If a product [ ] a; converges, then a; — 1.

Proof. If [, a;, — p # 0, then a,, = [}, a;/ H?;ll a;—p/p=1. g

Theorem 8.6.2. A product [ a; converges iff the series Y loga; converges, and then [[;2, a; = eZiz1logai

Proof. Let p, = [[_; a;, n € N; then s, = logp, = > ., loga,. Since log is a continuous function, if

Pn — p > 0 then s, = log p,, — logp. Since exp is a continuous function, if s,, — s then p,, = e’ — €°.
|

Theorem 8.6.3. If x; > 0 for all i, then the product [[(1 + x;) converges iff the series Y x; converges.

Proof. By Theorem 8.6.2, [[(1 + ;) converges iff the series > log(1 + ;) converges. Now, if [J(1 + ;)
converges or » . x; converges, then z; — 0, and so, log(1 + z;)/z; — 1 as ¢ — oo. Hence, since z; > 0
and log(1 4 x;) > 0 for all ¢, by the limit comparison test ) log(1 + z;) converges iff ) x; converges. g

Example. Let (p;) be the sequence of the prime integers. Since Hl 1 # = 270;1 % = +00, we also have

s 1 = /1 1
+Oo:;(1_p;1 _1) :;(pi' 1—p;1)'

Since 17p r — 1 we obtain by the limit comparison test that Y .o, p = +00.

i

9. Functional sequences and series

9.1. Uniform convergence of functional sequences

A sequence of functions (f,) from a set A to a set B is a mapping from N into the set {f: A — B},
n +— f,. We say that a sequence (f,,) of functions A — R converges or converges pointwise to a function
f, and write f,, — f, if lim f,,(z) = f(x) for all x € A.

Examples. (i) The sequence f,, = 1/n, n € N, converges to 0 on R.
(ii) Let fn(x) =x/n, z € R, n € N; then f,, — 0 on R.

(iii) Let fn(z) = 2", x € [0,1], n € N; then f,, — f where f(z) = {0 ze[0,1)

1, x=1
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0, z=0
(iv) Let fo(z) = {n, 0 <z <1/n. Then f, — 0.
0,1/ <z<1
0, 0<z<1/n _
(v) Let fn(z) = { Ve, n<a n € N. Then f,, — f(z) =1/x on (0,400).
(vi) Pon,exp — exp and Py, gin — sin on R, Py ,, 104 — log on (—1,1].

Notice that in (iii) a sequence of continuous functions converges to a discontinuous function; in (iv), f,, — 0
but fol fn=1—-+0= fol 0; in (v), a sequence of bounded functions converges to an unbounded function.
This shows that pointwise convergence “is weak”: it doesn’t guarantee that the limit function inherits good
properties from the members of the sequence.

We say that (f,) converges to f uniformly on A and write f,, = f if for any € > 0 there exists k
such that |f,(z) — f(z)] < € for all n > k for all z € A. Clearly, uniform convergence implies pointwise
convergence.

Examples. (i) The sequence of constant functions f, (z) = 1/n converges to 0 uniformly on R.
(ii) The sequence f,(z) = < sin(nz) also converges to 0 uniformly on R.
(iii) The sequence f,,(x) = e*/™ converges to 0 not uniformly on R but uniformly on the interval (—ooc, b] for

any b € R.

The uniform norm || f|| 4, or simply || ||, of a function f: A — R is sup{|f(z)| : @ € A}. || f]|a may be
infinite; || f||a < +oo iff f is bounded on A.

I/ — glla plays the role of a “distance” between functions f and g:

Theorem 9.1.1. For any functions f,g,h: A — R one has:
(W) [IfI =0, and |[f|| = 0 iff f =0 on A;

(i) [1f +gll < 11+ Mlgll;

(iii) I fgll < 11~ Nlgll;
(
(

—

iv) [lef[l = lel - [|f]| for any c € R;

V) IIf =gl < [If =Rl +llg — 2l

Proof. (i) is evident.

ﬁi})llFoT\ aﬁly ze A, |f(@) +g(@)] <[f@)]+lg@)] <[[fIl+llgll, so [If + gll = sup{|f(z) + g(2)|, = € A} <
+ 1191l

(iii) For any = € A, [f(2)g(z)| = [f(2)| - lg(=)| <[If]| - llgll, so [Ifgll = sup{[f(x)g(z)[, = € A} <[[f[|-llg]-

(iv) For any @ € A, |cf(z)] = |c - [f(2)|, so [lcf|| = sup{lef(2)], = € A} = |c[sup{|f(2)|, = € A} = |c[ - || f]-

(

v) follows from (ii). g
Now, the uniform convergence of functional sequences is just convergence with respect to uniform norm:
Theorem 9.1.2. f, = f on A iff lim||f, — f|la = 0.

Example. To prove that the sequence f,(z) = 2'*/" converges to f(z) = z uniformly on [0, 1] we need
to find (or estimate) the norm || f,, — f||. For every n, the function f, — f is <0, = 0 at 0 and 1, and so,
reaches it minimal value at the point xz,, where (f,, — f)'(z,) = 0, namely at x,, = W So,

-0=0.

(I+1/n) — A+1/n)* 11+1/n

1 >1+1/n 1 1 1 )

1= 10 =| (e 1| — e

Another way to prove that f, == f is to use Dini’s theorem:

Theorem 9.1.3. Suppose that (f,) is a monotone sequence of continuous functions on a closed bounded
interval I that converges pointwise to a continuous function f. Then f, —= f.
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Proof. W.lo.g. we may assume that the sequence (f,) decreases to f, f1(z) > fa(z) > --- > f(x) and
fa(x) — f(x) for all x € I. Assume that f,, do not converge to f uniformly, then there is ¢ > 0 and a
subsequence (f,,) of (f5) such that for every k there is a point xy € I such that f,, (zr) > f(xx) +¢. By
Bolzano-Weierstrass’s theorem, there exists a subsequence (z,;) of (zx) that converges to a point zg € I.
Now, for every n, fn(zk,) > fn,, (¥x,) > f(zk,) + ¢ for all i such that ng, > n, so, by continuity of f, and f,
fr(zo) =1lim; o0 fr(2r,) > lim; oo f(2k,) + € = f(xo) + €. Hence, fr(xo) - f(z0), contradiction. g

The Cauchy criterion for uniform convergence is:

Theorem 9.1.4. Let (f,) be a sequence of functions on a set A. Then (f,) converges uniformly on A iff
Ifn — fmlla — 0 as nym — oo (that is, for any € > 0 there exists k such that ||fn, — fml|l < € for all
n,m > k).

Proof. If fn = fa then an _fH — Oa SO an _fm” < ”fn _f” + Hfm _f” — 0 as n,m —»r o0.

Conversely, assume that ||f,, — fin]| — 0 as n,m — co. For any x € A, |fn(x) — fi (@) < || fr — finlls
so the sequence (f,(z)) is Cauchy, so converges; define f(z) = lim,_,~ fn(x), then f, — f pointwise.

Let € > 0; find % such that || f,, — fi|| < € for all n,m > k, then for any x € A, |fn(z) — fm(2)] < e. Fix
n >k, then | f,(z) — f(2)] = limm—oo | fn(2) — fim(z)| < eforall z € A;so || fn— f|| < e. Hence, f, = f. m

Uniform convergence “preserves many good properties” of the functions of a sequence. We say that a
sequence ( f,,) of functions on a set A is uniformly bounded on A if there exists M € R such that |f,(z)] < M
for all z € A and all n, that is, || f,]| < M for all n.

Theorem 9.1.5. Let f,, == f on a set A. If f, is bounded on A for some n large enough (that is, there is
k such that if f, is bounded for some n > k), then f is also bounded on A. If f is bounded on A, then for
some k, the sequence fi, frt1,--. is uniformly bounded on A.

Proof. Find k such that || f,,— f|| < 1for alln > k. If f,, is bounded for such an n, then || f|| < || fn||+1 < 400,
so f is bounded. If f is bounded, then || f,|| < || f]|+1 for all n > k, so the sequence (fx, fr+1,...) is uniformly
bounded. g

Theorem 9.1.6. If f, = f and g, == g on a set A, then fn, + g9, = f+g on A. If, in addition, f and
g are bounded on A, then also f,g, = fg on A.

Proof. ||(fu+gn) = (f + 9| < Ifa = fI + llgn — gl — 0.
If f and g are bounded on A then the sequences (f,,) and (g,) are (eventually) uniformly bounded, so

the sequences (|| f||) and (||gn||) are (eventually) bounded, so ||frngn — f9ll < |fngn — fonll + | f9n — fall <
I fo = fI-Ngnll + 1F1 - lgn — 9l — 0. m

Theorem 9.1.7. If f, = f on a set A, a € A, and dall f,, are continuous at a, then f|A s continuous at
a.

Proof. Let € > 0. Find n such that || f, — f|| < /3, so |fn(x) — f(x)] <e/3 for all z € A. Find ¢ > 0 such
that | f(z) — fn(a)| < €/3 whenever © € A, |z — a| < J. Then for any such =,

[f(2) = f(a)] < [f(@) = fu(@)| + [fu(2) = fu(a)| + |fnla) = fla)| < /3 +&/3+¢/3 =

So, f is continuous at a. g
Corollary 9.1.8. If f, = f on A and all f,, are continuous on A, then f|A is continuous.

Theorem 9.1.9. If f,, == f on an interval [a,b] and all f,, are integrable on [a,b], then f is also integrable
b . b
on [a,b] and fa f=1lim,_ s fa In-
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Proof. Let ¢ > 0. Find n such that || f, — f|| < &/(3(b — a)). Find any partition P = {xo,xh ceoy Tyt oof
[a,b] such that A(f,, P) < &/3. We then have |U(f, P) —U(fn,P)| < >1; 0= A%i = 350 (b a) =¢/3
and |L(f,P) — L(fn, P)| < €/3, so A(f,P) = U(f,P) — L(f,P) < U(fn,P) +¢/3 — L(fn,P) +¢/3 =
A(fn, P)+2e/3 =e. Hence, f is integrable.

Let € > 0. Find k such that ||f, — f|| < &/(b—a) for all n > k. Then for any n > k,

b b b
fom [ A< [ U= 112 7500 =

So. [ fo—[1f m

Theorem 9.1.10. If f, == f on a bounded z'nterval 1, f. are integrable for all n, xg € I, and F,(x) =
f fn, x € I, then F, = F on I where F(x f f, x e I. If, additionally, f, for all n and f have

pmmztwes G, and G respectively (this is so, for emample if fn are continuous) and G, (xo) — G(xg), then

G, = G.

Proof. Since f, are integrable, f is also integrable. Let ¢ > 0; find k such that ||f, — f|| < ¢/|I] for all
n > k. Then for any n > k, for any = € I,

’Fn(x) _F($)| =

T
fn_
xo

xT xT c
f‘S/ |fn— fI < =l —a0| <e.
To xo |I|

So, F, = F.
If G, are G are such that G|, = f,, n € N, and G’ = f, then by the F.T.C., for every n, G, =
F, + Gn(mo) So, G, —= F+ G($0) =dG. m

Uniform convergence doesn’t support differentiation: the sequence f,(z) = %sin(nx) converges to

0 uniformly on R, but the sequence f](z) = cos(nx) diverges at every point of R\ 27Z; the sequence
fn(z) = |z|*t1/™ of differentiable functions converges uniformly on [—1,1] to f(z) = |z| (which is not
differentiable at 0). However, the following theorem holds:

Theorem 9.1.11. If a sequence (f,) of differentiable functions on a bounded interval I is such that the
sequence (f]) converges uniformly on I to a function g and there is a point xo € I such that the sequence
(fn(z0)) converges, then (fy) converges uniformly on I to a differentiable function f and f' = g.

If we assume additionally that the functions f; are integrable and function g has a primitive (this is so,
for example, if f] are continuous), then this theorem immediately follows from Theorem 9.1.10.

Proof. Let € > 0; for all n, m large enogh we have ||f, — f.|| < &/(2|I]) and |fn(z0) — fm(z0)| < /2, so for
any x,y € I,

|(fa®) = fn(®)) = (fa(z) = fm(2))| <e/@I]) - |y — 2| < /2,

and so, for all z € I,

[fa(@) = frn(@)] < |fa(20) = frn(20)| + | (fa(@) = fin(2)) = (fa(20) = fm(20))| <.

Hence, by the uniform Cauchy criterion, the sequence (f,,) converges uniformly on I to a function f.

W) M pOlIlthbe on I'\{a}. Forany e > 0,

|fn —fn(a) fm(fb) fM(a)| <&
r—a

Fix a € I. The sequence ( converges to function

for any n, m large enough so that || f], — /.|| < e, for all x € T'\ {a} we have
hence, this convergence is uniform. Now, for any « € I \ {a} and any n,

‘f(x) — fla) _ ’ < ‘f 1] fla) — fu(x) —fn(a)’Jr fu(x) = fula)

r—a r—a r—a

fa(@)| +1£1@) = g(a)].

Given € > 0, there is n such that both }f(“”i:f:(a) f"(m) f" a)‘ < ¢/3 and |f}(a) — g(a)] < /3. For
this n, for all © € I'\ {a} close enough to a we also have |f"zf£"(a) — fi(a)| < g/3. So, for all such z,
|f 2)— f a) —g(a)| < e. This prove that f'(a) = g(a). u
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A sequence of functions f,,;: A — R is said to converge locally uniformly on A if every point z € A
has a neighborhood J such that (f,,) converges uniformly on J N A. Since continuity, local integrability, and
differentiablity are local properties, the theorems above can be adapted to local uniform convergence:

Theorem 9.1.12. (i) If a sequence (f,) of functions converges to a function f locally uniformly on a set
A and all f,, are continuous on A, then f|A is also continuous on A.

(ii) If a sequence (fy) of functions locally integrable on an interval I converges to a function f locally
uniformly on I, then f is locally integrable on I, and for any a,b € I, f: fn— f: f-

(iii) If a sequence (f,) of functions continuous on an interval I converges to a function f locally uniformly
on I, and a sequence (F,,) of primitives of f, converges at at least one point of I, then the sequence (Fy,)
converges locally uniformly on I to a differentiable function F with F' = f.

(iv) If a sequence (f,) of differentiable functions on an interval I converges at at least one point of I and

the sequence (f]) converges to a function g locally uniformly on I, then (f,) converges locally uniformly on
I to a differentiable function f with ' = g.

Let me make a small (but important) digression. I used the word “local” in two senses: I said that a
function is “locally integrable on I” if it was integrable on any closed bounded subinterval of I; and now I say
that a functional sequence “converges locally uniformly on I” if it converges uniformly on a neighborhood of
every point of I. Actually, usually (and in these two cases in particular) these two notions of “local goodness”
coincide: every point of an interval I has a bounded neighborhood whose closure, a closed bounded interval,
isin I, so if we know that some property (boundedness, uniform continuity, etc.) holds for all closed bounded
intervals, it holds for this neighborhood. The converse implication follows from the following fundamental
theorem, which says that “any open cover of a closed bounded interval has a finite subcover”:

Theorem 9.1.13. Let I be a closed bounded interval and let I be a set of open intervals such that ) ;.7 J 2
1. Then there are Jy,...,Jy € T such that Ule J; D 1.

Proof. Assume that the assertion doesn’t hold: I is not covered by a finite subset of Z. Subdivide I into two
closed subintervals of length |I|/2; then at least one of them is not covered by a finite subset of Z; call it I.
Subdivide I; into two closed subintervals of length |I|/4; then at least one of them is not covered by a finite
subset of Z; call it I5. Proceeding by induction, we construct a nested sequence I O I; D Iy O --- of closed
intervals with |I,| — 0, such that for every n, I,, is not covered by a finite subset of Z. Let a € (—, .
There is J € Z such that a € J; let ¢ be the distance from a to the nerest endpoint of J. Let n be such that
|In| < ¢. Then I, C J, which contradicts our construction. g

Now, if a series (f,,) converges locally uniformly on an interval I, then for any closed bounded subinterval
[a,b] of I, for any point x € [a, b] there is an open interval J, containing x such that (f,) converges uniformly
on Jy. Since U, ¢, 5 Jo 2 [a, 0], there are 21,..., 2y, € [a,b] such that Ule Jyz; 2 [a,b]. Since (clearly) (fn)
converges uniformly on the finite union Ule Jz,, it converges uniformly on [a, b]. Same argument applies to
local boundedness, local integrability, etc.

9.2. Uniform convergence of functional series

A functional series is a formal infinite sum fi; + fo + f3 + ..., or Y. f;, where (f;) is a sequence of
functions on a set A C R. A series Y. f; converges to f pointwise on Aif f(z) =Y.~ fi(z) for all z € A, or,
equivalently, if the sequence of partial sums s, = Y ., f; converges to f pointwise on A. A series > .~ f;
converges to f uniformly on A if s, =3 f on A. In both cases we write f =3 2, f;.

Most theorems below follow from the corresponding theorems for functional sequences.

Cauchy’s criterion for uniform convergence of functional series is

Theorem 9.2.1. A series Y f; converges uniformly on a set A iff for any e > 0 there exists k such that
foranyn >m >k, |30, fil <e.

This follows from Theorem 9.1.6:

Theorem 9.2.2. If two series Y f; and > g; converge uniformly on a set A, then the series Y (fi + gi)
converges uniformly an A, and > 2 (fi + gi) = D oioy fi + D oieq Gi-
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This follows from Theorems 9.1.7 and 9.1.8:

Theorem 9.2.3. Let f = Y72, f; uniformly on A. If f; are continuous at a point a € A, then f|A 15
continuous at a; if f; are continuous on A, then f|A is continuous on A.

This follows from Theorem 9.1.9:

Theorem 9.2.4. If f =", f; uniformly on an interval [a,b] and f; are integrable on [a,b], then f is also
integrable and f: flz)de =377, f: fi(z)dz.
This follows from Theorem 9.1.10:

Theorem 9.2.5. If f =52 f; uniformly on a bounded interval I, f; are continuous on I, F! = f; for all
i, and the series > F;(xg) converges for some xo € I, then the series Y F; converges uniformly on I and
F =37 F; satisfies F' = f.

This follows from Theorem 9.1.11:

Theorem 9.2.6. If a series Y .o, fi = f on a bounded interval I, f; are differentiable and the series Y f!
converges uniformly on I, then Y=, f; converges to f uniformly on I, f is differentiable and f' =% .2, f/.

A series Y f; is said to converge locally uniformly on a set A if the sequence of its partial sums converges
locally uniformly on A. The local uniform convergence is sufficent for the sum of the series to inherit the
“good properties” of the summands:

Theorem 9.2.7. (i) If f = > "2, fi locally uniformly on a set A and f; are continuous on A, then fla is
also continuous on A.

(i) If f = >"2, fi locally uniformly on an interval I and f; are locally integrable on I, then f is also locally
integrable on I, and for any a,b € I, Y72, f: fi= fab f.

(iii) If f = 221 fi locally uniformly on an interval I f; are continuous and F; are primitives of f; for all i,
and the series Y Fi(xg) converges for some xg € I, then F =2 F; locally uniformly on I and F' = f.
(iv) If f = Y2, fi on an interval I, f; are differentiable and the series Y .o, f! converges locally uniformly
on I, then f =352, f; locally uniformly on I, f differentiable on I and f" =3 .2, fl.

A series Y f; is said to converge absolutely if the series > |f;| converges, and to converge absolutely
uniformly on A if the series Y | f;| converges uniformly on A.

Theorem 9.2.8. If a series converges absolutely uniformly on A then it converges uniformly on A.

Proof. For any m < n, |30 4 fil <30y filsso |30 fill < A12im e il so if 32| fi] satisfies
the Cauchy criterion for uniform convergence, then ) f; also does. g

There is a simple “numerical” test for absolute uniform convergence:

Theorem 9.2.9. If a sequence (f;) of functions on a set A is such that > ||f;|| < +oo, then the series . fi
converges absolutely uniformly on A.

Proof. For any m < n, ‘Z?:mﬂ |fz|” < Yo Mfill, so if 37| fill converges and thus is Cauchy, then
>~ | fi| satisfies the Cauchy criterion for uniform convegrence. g

The following easy corollary of Theorem 9.2.9 is called Weierstrass’s M -test:

Theorem 9.2.10. If a sequence (f;) of functions on a set A and a sequence of real numbers (M;) are such
that || fi|| < M; for all i and Y M; < +oo, then the series Y, f; converges absolutely uniformly on A.

Proof. If ) M; < 400, then ) | fi|| < +oo0 by the comparison test. g

Examples. (i) The series Y~ | L sin(nx) converges pointwise on R to the 2r-periodic funciton f such that
f(0) = f(27) =0 and f(z) =7 —x on [0,27]. (I won’t prove this.) Since f is discontinuous, the convergence
is not uniform.

(ii) The series > | > sin(nz) converges uniformly on R to a continuous function.

(iii) The series Y °; -5 sin(nz) converges uniformly on R to a differentiable function f, with f/(z) =
ooy 5 cos(na).
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(iv) The series defining the zeta function, ((z) = > 7, $7 converges for all x > 1. This convergence is not

uniform on (1 +00) since ¢ is unbounded near 1. However, it is locally uniform: for any a > 1 for all n

= -, and since ) -5 < oo the series Y n% converges absolutely unformly on [a, +00).
Hence, C is contlnuous. To check its differentiability, consider the series Z(le)/ =5 %. This series

also converges locally uniformly on (1, +oc0) (since for any a > 1, > =* logn

with ¢'(z) = =Y, k;ﬁ" By induction, ¢ is infinitely differentiable.

(v) Let g(z ) = {z}if {z} <% and 1—{a} if {z} > 1, where {2} is the fractional part of 2. For every n € N,
let fn(z) = £ g(4"z); then the function f =" f, is continuous but nowhere differentiable on R.

Proof. Since ||f.|| =
continuous.

Let x € R; we are going to prove that f'(z) doesn’t exist. Since f is periodic with period 1, we may
assume that 0 < z < 1; let © = O.cica-- g with ¢, € {0,1,2,3} for all n be the quarternary (base 4)
expansion of x. For any m € N, let h,, = —m if ¢, =0or 2 and h,, = W if ¢;, = 1 or 3. Then for any
n>m, 4"y, € Z, 30 gn(x + hpn) = gn (). For any n < m, {4"2} = 0.¢p41¢nt2 "+ Cm + - -, and by the choice
of hpm, {4™(x + him)} = 0.cpy1nia- - (e £1) -+, and {4™(z + hy,)} < 1/2 iff {4"(3:)} < 1/2 (even in the
case m =n+ 1); so, fn(z + hy) = & £ hy,. Therefore,

S+ ) = f@) _ S0 (et o) = fu@) _ S0 (@) £ o — fule)) _ RS
hom, N hom, B hom N Z £l

< 00); hence, ( is differentiable,

4%, n € N, the series Y ° | f,, converges uniformly by M-test; so, f is defined and

So, for any m € N, M is an integer, which is even if m is odd and odd if m is even. The limit

lim,,,— 00 M of this sequence cannot exist, so f'(x) = limp_o M doesn’t exist. g

10. Power series and analytic functions

10.1. Power series
A power series, centered at a, is a functional series of the form ag + ai(z — a) + as(x — a)? + ... =
> oneo (@ —a)".

The radius of convergence of a power series > a,(z—a)™ is R = (limsup {/|ay| ) (If imsup V/|a,| =

0, we assume R = +o0; if limsup {/|a,| = +00, we assume R = 0.)

Theorem 10.1.1. If the radius of convergence R of a power series . an(x —a)™ is positive, then the series
converges absolutely locally uniformly on (a — R,a+ R) (on R if R = +00) and diverges at every x with
|z —a| > R.

Proof. For every 0 < ¢ < R, limsup {/|a,|c* = climsup V/|a,| =¢/R <1 (=0 if R = +00), so the series
> lanlc™ < 400 by the root test. By the M-test, the series Y a,(x — a)™ converges absolutely uniformly on
theset {x: |z —a| <c}=[a—c,a+]. Every closed bounded subinterval of (a — R, a+ R) is contained in an
interval [a—c,a+c] for some ¢ < R, 50 Y an(x—a)” converges absolutely locally unlformly on (a—R,a+R).

For any x with |z — a|] > R, limsup {/|a,(z — a)” |z — a|limsup ¥/|an| = |z —a|/R > 1, so

> an(x — a)™ diverges by the root test. g

The interval (a — R,a + R) is called the interval of convergence of the power series.

At the endpoints a — R and a + R of the interval of convergence, Y a,(x — a)™ may converge and may
diverge: % converges at —1 and diverges at 1.

The radius of convergence of a power series can be sometimes determined by just finding out where it
converges: if > an(z — a)™ converges at a point x1, then R > |z; — al, if it diverges at a point z3, then
R <|zy —al.

The radius of convergence of a power series can sometimes also be found using the ratio-test:

Theorem 10.1.2. Let > an(z —a)™ be a power series and assume that the limit R = lim,_, oo |a|21|1| exists,

finite or infinite. Then R is the radius of convergence of the series.
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|n+1

lansr|Jz—a lansil | g —s lo—al al (0 if R = 400, +o00 if R =0). By the ratio test,

Ylan(z —a)| conveL(Lg;Iéls"Tif Tlc —al <|a]w%| and diverges 1f |x —a| > R; so, R is the radius of convergence of
Yan(z—a)". n

Examples. The radius of convergence

(i) of the series > ™ is 1;

(i) of Ym0z is (lim ¥/n10) " =
(iii) of 272 is (lim ¢/27) ' =
(iv) of 37 "2 is (lim ¥/3~7) ' =
(

(

(

Proof. For any z,

N[
S —_

v) of 3> Lz is lim(1/n!)/(1/(n+ 1)!) = lim(n + 1) = o0
vi) of > nlz™ =limn!/(n+ 1) =lim1/(n + 1) = 0;
vii) of 3° (%)a™ is 11m|(3)/(ni1)| =lim|(n +1)/(a — n)| = 1.

In its interval of convergence, a power series defines an infinitely differentiable function, which can be
diferentiated term-by-term:

Theorem 10.1.3. Let the radius of convergence of a power series Y an(x — a)™ be R > 0. Then the
function f(z) = 0% an(x — a)™ is infinitely differentiable on the interval (a — R,a + R), with f'(z) =
S nan(r —a)" ! and fF(z) =320 n(n—1)---(n—k+ Da,(z —a)" % for all k.

Proof. For every n > 1, (a,(z — a)")/ = na,(z — a)""'. The series Y - na,(z —a)" ! is also a power

series, and I claim that its radius of convergence is R. Indeed, the radius of convergence of the power series
S i nap(z —a)" H(z —a) is (limsup \”/n|an|)_1 = (lim {/n - limsup \”/|an|)_1 = (limsup {/ |)_1 =
and Y7 | na,(z — a)" ! has the same interval of convergence as this series.

So, the series > °  na,(z — a)"~! of derivatives of > 77 a,(z — a)™ converges locally uniformly on
a—R,a+ is implies that f is differentiable an =3  nay(z—a)" . Then we use induction
(a— R,a+ R); this implies that f is differentiable and f/(z) = >~ | nay( =1 Th inducti
onk. g

Theorem 10.1.4. The primitive of the function f(x) =Y an(x — a)™, on the interval of convergence, is
the function Y " | “=t(x —a)" + C.

Proof. Since the series Y a,(x — a)™ converges locally uniformly on its interval of convergence, to get a
primitive it can be integrated term-by-term. g

Power series can also be added and multiplied term-by-term:

Theorem 10.1.5. If two power series > an(x —a)™ and Y by(x —a)™ converge on (a — R,a+ R), f(z) =
ZZO:O an(z —a)" and g(z) = Z:O:o bn(z —a)", then (f + g)(z) = fo;o(an +b)(z —a)" and (fg)(z) =
> o (Ch_o akbu—i)(x —a)™ on (a — R,a+ R).

It follows that the radia of convergence of Y (an + by)(z — a)™ and Y7 (3} _g akbp—)(z — @)™ are >
min{ Ry, R2}, where R; is the radius of convergence of Y a,(z — a)”™ and Ry is the radius of convergence of
S bp(z —a)™

Proof. The first statement is trivial, for any « € (a— R, a+R), f(z)+g(z) =Y o~ san(®—a)"+> > by(z—

a)” = > o(ay, +by)(z—a)™.
For any = € (a — R,a + R),

x):Zan(:c—a)”me(:c—a)m:ZZan(x—a) (x —a) ZZan (x —a)™tm.
n=0 m=0

n=0m=0 n=0m=0

Since the series Y7 o la,(z — a)”| and Y °_|bm(z — a)™| converge, the double series Y " |an(z
a)"| > o lbm(z — a)™ = Y.° |an] - |bm] - |z — a]®*™ converges, so the double series f(z)g(z) =

n,m=0

> mm—0 @nbm (z — a)"*™ converges absolutely, so f(z)g(x) = S (X arbn—i)(z —a)". m

Compositions and inverses of functions defined by power series are also given by power series:
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Theorem 10.1.6. If f(z) = > " jan(x—a)™ forz € (a—Ry,a+R1), b= f(a), and g(y) = > o, b (y—b)™

n=0

fory € (b—Ra,b+Ry), then (gof)(z) =Y "y cn(®—a)™ on (a—R,a+R) for some R > 0 and ¢, c1, ... € R.
Proof. Let’s assume for simplicity (and w.l.o.g.) that a = 0 and b = f(0) = ap = 0, so that f(z) =

Yoner an@™, |z| < Ry, and g(y) = 30 o bmy™, |yl < Ra. Define f(z) = 3277, |anll2*, @ € (—R1, R1)

and g(y) = > o lbmllyl™, v € (—R2, R2). (These sieries converge.) The function f is continuous; let
0 < R < Ry be such that |f(z)| < Rz for all z € [0, R). Then for any such z,

- o0 o0 m o0 oo
G = 3 bl (D lanlla”) " =32 32 fbmllan |+ o [l
m=0 n=1 m=0n1,..., Ny =1
Since this “multi-series” with nonnegative terms converges, the multi-series
o0 o0 m o0 o0
g(f(l')) = Z bm (Z anmn) = Z Z bmanl e anmxn1+--~+nm
m=0 n=1 m=0ni,...,nm,m=1

converges absolutely. Hence, we may reorder it and get

g(f(a:)) :Z(Z b, Z anl"'anm>xn- (10.1)
n=0 m=0 1<ni,....nmn1+-4+nn,,=n

Theorem 10.1.7. Let f(z) = > 0" qan(z —a)”, |v —a|l < R, and a1 # 0. Then f is invertible in a
neighborhood of a, and f~(y) = > o°_ bm(y — b)™ in a neighborhood of b= f(a) for some by, b1, ... € R.

Proof. We have f'(a) = a; # 0, and since f’ is continuous, f’(x) # 0 in a neighborhood of a, so f is strictly
monotone, and so invertible, in this neighborhood.

Let’s assume for simplicity (and w.lo.g.) that a = 0, so that f(z) = > ", an,z™, |z] < R. Put
g(y) = > oo, bmy™, with by, to be determined. Then, if f(z) is in the interval of convergence of this series,
we have

g(f(x)) =bar1x + (b1a2 + bQ(L%)xQ + ey

which is equal to x if we put by = al_l, by = —al_2b1a2, and, by (10.1),

n—1
_ —n
b =—a7" Y b > Any * G,
m=1 1<n1,...,nming+-+n,m=n

for n > 2.

The problem remains to show that g is defined in a neighborhood of 0, that is, that the series > b,,y™
has a nonzero radius of convergence; this requires cumbersome estimates, I don’t see any simple proof,
sorry. In the framework of the complex analysis this fact is however trivial: it turns out that a function is
differentiable “in the complex sense” iff it is given by a power series(!), and, like in the real analysis, the
inverse of a differentiable function with nonzero derivative is differentiable. g

10.2. Taylor series
Let function f be infinitely differentiable at a point a. The Taylor series of f at a is the power series

ST [ (a) (x — a)™. The partial sums of the Taylor series of f at a are the Taylor polynomials of f at a.

n=0 n!
Since the Taylor series of f is a power series, it either diverges for all  # a (if R = 0), or converges
absolutely locally uniformly to an infinitely differentiable function g on the interval (¢ — R,a + R), where
R is its radius of convergence; but even if it converges, it is not necessarily true that g = f l(a—RatR)" (For

example, the Taylor series at 0 of the function f(x) = 6_1/”’2, z #0, and f(0) =0, is >, 02", which is
# f(z) for any z # 0.) We have that f(z) = > - w(m —a)™ at a point z iff the Taylor polynomials

n=0 n!

P, .5 of f converge to f at x as n — oo, that is, iff Rq » () —> 0, where Rq 5 = f — P, s are the

n— oo

remainders in the Taylor formulas for f at a.
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Theorem 10.2.1. If the radius R of convergence of a series Y an(x—a)™ is positive, then >~ a(z—a)"
is the Taylor series of the function f(z) =Y .°  an(z —a)", x € (a — R,a+ R), that is, a, = % for all
n.

Proof. For any k, f®)(z) =327, n(n—1)---(n —k + Day(z —a)" %, and f®)(a) = klay. g
Corollary 10.2.2. If a function f is defined by a power series, then this power series is unique.

Examples. If (and only if) the Taylor remainders R, ,, f(x) — 0 as n — oo on an interval I, the Taylor
polynomials P, ,, s(x) — f(z) on I, so f equals its Taylor series on I.
(i) e =372 0% on R.

. _ 0o (—1)g?ntl _ 0o (=1)"az"
nr=7y,, “Gnrr— on R and cosz = Yoo G on R

(iii) &= =307 j2" on (—1,1).
(iv) Let a € R; then (14 ) = 307 (%)™ on (—1,1). To see this, we need to estimate R, s for
f(z) = (1+2)* For any 0 < x < 1, in Lagrange’s form, for some ¢, € (0, z),

—~
[
=

~—
wm
—

0 < Ron,f(z) = (nil)(l + ) et < (nil)mn-H

for n > a. We know that for 0 < z < 1, 3 (¢)a™ < 400, so (n‘j_l)x”*l — 0asn — 00,80 Ry () — 0.

For any —1 < < 0, in Cauchy’s form, for some ¢,, € (z,0),

Romp(z) = ($)(@=n)(1+cn)* " Mo —co)z = (§) (@ —n) (5522) " (14 ¢n)* 'a.

n

It is easy to check that |I C"| < |z| and the radius of convergence of the series > (%)(a — n)a™ is 1, so

(&) (a— n)(fﬁz:)n — 0 as n — oo; also |1 + ¢,| < |1 + | for all n, so the sequence ((1 + ¢,)*!) is
bounded. Hence, Rg , s(z) — 0.

Actually, these calculations were not necessary. The function f(z) = (1 4+ z)* = e®1°8(14%) is a compo-
sition of the function alog(1l + x), given by a power series in a neighborhood of 0, and expy, also given by
a power series centered at 0 = alog(1 4 0). Hence, f itself is given by a power series in a neighborhood of 0

by Theorem 10.1.6.
n—1_mn
(v) log(1 +a) = 32, &= o (—1,1), since Ro n1og(1+2) — 0 as n — oo, or since log(1 + z) is a

n=1 n

primitive of -

(vi) The functions f(x) = e 1 x40, f(0) = 0, is infinitely differentiable on R with (™ (0) = 0 for all n,
so the Taylor series of f is 0, and is not equal to f in any neighborhood of 0.

10.3. Analytic functions

Functions, locally defined by power series, are called analytic: A function f on a set A is said to be
analytic on A if for every a € A, in a neighborhood of a, f is representable by a power series centered at a,
or, equivalently, if f is infinitely differentiable on A and for any a € A the Taylor series of f centered at a
converges to f in a neighborhood of a.

Examples. (i) e” = 3°° / £- on R. So for any a € R,

n=0 n

T — ea+(zfa) — QT — o0 Zn 0 (= n[‘l

for all x € R. Hence, exp is analytic on R.
(_1)nx2n+1 00 (_1)’7Lw277,

(ii) sinz = > 7, “Gnrnr on Rand cosz = Yoo —@myr— on R. For any a € R,

sinx = sin(a + (£ — a)) = sinacos(z — a) + cosasin(x — a)

n nH" n
=sina Zn 0 (2n)' ( - )2 +cosa Zn 0 (2n+)1)' ($ - CL)2 i
for all x € R. So, sin (and cos) are analytic on R.
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(iif) 2= =Yoo, 2" on (—1,1). Thus for any a < 1,

1 _ 1 1 1 00 —a\" __ 0o 1
T—z — (I—a)—(z—a) _ 1-a 1-2=a — 1-a Zn:O(glc—Z) - Zn:O (I—a)»tTt (93 o a)n’

which converges for all z with |z — a| < [1 — al. So, {1 is analytic on (—oo, 1).
(iv) Let o € R. We have (14 2)* =" (¢)z" on (—1,1). So for any a > 0,

2% = (a+ (@ —a)* =a(14222) % 2, (7) (552)"
for any « with |z — a| < a. So, 2 is analytic on (0, +00).
(v) We have log(1+z) => 7, ﬂ on (—1,1). So for any a > 0,

logz = log(a+(z—a)) = loga+log(1+2=2) =loga+y o, w loga+>,", D7 l(x—a)"

for any = with |z — a| < a. So, log is analytic on (0, +00).
(vi) The functions f(z) = e~ g £0, f(0) = 0, is infinitely differentiable but not analytic on R. (But is
analytic on R\ {0}).

By Theorem 10.1.3, analytic functions are infinitely differentiable. By Theorems 10.1.3-10.1.7 deriva-
tives, primitives, sums, products, quotients, compositions and inverses of analytic functions are analytic.
Since exponential, power, logarithmic, trigonometric functions are analytic, all elementary functions are
analytic.

The following fact is not trivial(!):

Theorem 10.3.1. If function f is defined by a power series on an open interval I, then f is analytic on I.

Proof. Let f(z) =>,° jan(z—a)” on I = (a— R,a+ R), or (—o00,+00). Let b € I; we need to show that f
is given by a power series in a neighborhood of b. W.l.o.g. assume that b > a. The series > |ap|- |z —a|”
converges for all z € I. Let ¢ > b be the right endpoint of I; for any x € [b, ¢) we have

oo>§:|an|~\x—a|" Z|an|x—b—|—b—a Z|an|z x—b —a)"
n=0

which is a sum of the double series > o<n |an|(7})(z — b)*(b — a)"~* with nonnegative terms. Hence, the
0<i<n

double series Y o<n an () (z — b)'(b — )" converges absolutely for any x such that |z — b| < 7 where
0<i<n
r = ¢ — b, and the sum doesn’t depend on the order of summation. So, on one hand,

Z an (") (z—b)" (b Zanz ‘(b—a)" i:Z n((@—b)+ Zanx a)”
0<n n=0

0<i<n

and on the other hand,

an(?)(x—b)i(b— ) ’:Z(Zan )y l)(l‘—b)l

0< =0 n=t

0<i<n
Hence, f is given by a power series ) b, (z — b)™ in the neighborhood (b —7,b+r) of b. g

Recall that a point a of a set A C R is said to be isolated in A if a neighborhood of a contains no other
points of A, (a —e,a+¢e)NA={a}, and a set A is said to be discrete if all its point are isolated.
Analytic functions have the property that all their zeroes are isolated:

Theorem 10.3.2. If a nonzero function f is analytic on an interval I, then the set Z = {x € I : f(x) =0}
of zeroes of f is discrete.

Proof. Let a € Z, then f(z) =) .~ an(x — a)™ in a neighborhood of a. Consider two cases.
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(Case 1) There are k such that a, # 0; let k be the minimal such integer. Then f(z) = (z — a)*(a) +
ak+1(z —a)+---). The function g(z) = ax + ap41(z — a) + - - is continuous and g(a) = ay, # 0, so g(x) # 0
for all x in a neighborhood of a, and so f(z) = (x — a)¥g(x) ;é 0 for all 2 # a in this neighborhood. Hence,
a is an isolated element of Z.

(Case 2) a, = 0 for all n; then f = 0 in a neighborhood of a. So, Z contains an interval [a,z) for some
z > a. Let ¢ =sup{z € I : [a,z) € Z}. If ¢ is an inner point (not the right endpoint) of I, then,
since ¢ is a limit point of the set {z : f(x) = 0}, we have f(™(c) = lim,_. f™(x) = 0 for all n, so
flz) =37, w(x —¢)" = 0 in a neighborhood (¢ — §,¢ + §), with § > 0, so f = 0 on [a,c + d), which
contradicts the choice of ¢. So, f(x) = 0 for all z € I with z > a. Similarly, f(x) = 0 for all x € I with
z <a. Hence, f=0onl. g

Theorem on isolated zeroes implies the following property of rigidity of analytic functions:

Theorem 10.3.3. If two functions f and g are analytic on an interval I and coincide on a subset of I that
has a limit point in I, then f =g on I.

Proof. Let A C I, let a € I be a limit point of A, and assume that f|A =9|a- Define h = f — g; then h
is analytic on I and h = 0 on A. By continuity, h(a) = 0 as well, so a is a non-isolated zero of h. Hence,
h=0,andso, f=gonl. g

Note that smooth (that is, infinitely differentiable) functions are not, in general, rigid: the function

—1/x
{ 8 % g >0 is infinitely differentiable and is equal to 0 on (—o0, 0], but is not identically zero.
) X —

10.4. Abel’s theorem

Abel’s theorem says that if a power series converges at an endpoint of its interval of convergence, then
it converges to “the right” sum:

Theorem 10.4.1. Let 0 < R < 400 be the radius of convergence of a power series Y -, an(x —a)", and
assume that the series converges at x = a + R as well. Then the convergence is uniform on [a,a + R|, and
so, the function f(z) =3 7" an(z —a)™ is continuous on (a — R,a + R].

Proof. W.lo.g., we may assume that « = 0 and R = 1. Let € > 0; since the series Y a, converges, by
Cauchy’s criterion, there exists k such that for any m > k all the sums s; = ZZLJFTZH an, 1 > 1, satisfy
|si| <e. Let m >k, d>1; for any = € [0,1) by the summation by parts formula (Lemma 8.3.2),

m+d d d—1 d—1
g apx™ = ™1 g Uit = acmH( E si(zt — ' ) = sqz™ T 4 2m (1 — 1) E st
n=m-+1 =1 =1 i=1

Now, for any x € (0,1), |sqz™+4| < |s4| < € and

d—1 d—1 d—1 d—1
) . 1—2
m—+1 i1 _ i—1 _ i—1 _ _ _ .d—1
‘a: (1—x) ;:1 8iT ’ (1—= ;1 [s;|* 7" <e(l—x) ;:133 <e(1 x)il—x =e(l—2""") <e.

So, Z;n:'tiﬂ ana:"’ < 2¢ for all z € [0,1), and also for z = 1. Hence, by the uniform Cauchy criterion, the

series Y a,, " converges uniformly on [0, 1], so the function f(z) = > " a,z" is continuous on [0,1]. g

As a corollary, we obtain:

Theorem 10.4.2. If a series Y. a, converges, then f(1) = Y 07 ja, = lim, ,1- f(z), where f(z) =
Yoo ganz™, z € (0,1].

Proof. If ) a,, converges, then the series >~ a,z" converges at = 1, so the radius R of convergence of
this power series is > 1, so, whether R > 1 or =1, f is left-continuous at 1. g

For a series Y.~ an, the function f(z) = > 77 a,z™ is called the generating function. If Y ap
converges, then f is defined and analytic on (—1,1), and continuous on (—1,1]. It may however be that
>~ ay, diverges, but f is defined on (—1,1) and is extendible by continuity to 1. In this case, f(1) is called
the Abel sum of Y07 an.
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)nl (1)nln _

Examples. (i) The series Z( converges (by the alternating series test), and > -

log(1 +x) for |z| < 1,s0 Y 2 T)l = log(l +1) =log2.

(i) The series 1 — £ + 1 — =3 2n+1 converges, and >~ o % = arctanzx for |z| < 1, so
> (2;21 = arctan1 = 7r/4.

(iii) The series 1 —1+1—1+4--- =37 (=1)" diverges. Its generating function is Y " (—1)"a" = 5.
This function ﬁ is defined at 1 and equals 1; so, the Abel sum of > > ((—1)" is 3.
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