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Math 4181H Homework 2
Due by Tuesday, September 9

Al. Let a,b e R, 0 < a < b;let A= aTer (the airthmetic mean of a and b), G = Vab (the geometric mean),

H= (%)_1 (the harmonic mean), and Q = “2241’2 (the quadratic mean). Prove that a < H < G < A <
Q <b.

A2. (a) Prove that for any n € Nand a1,...,a, €R, |37 a;| < Y, |a;|. (Hint: Use induction on n.)

(b) Prove the following version of the Cauchy-Schwarz inequality: for any n € N and aq,...,a,,b1,...,b, € R,
(X a?) (X, 0h) > (X, aibi)Q, with “=” only if ay = -+ =a, =0o0r by =--- =b, =0 or there is x € R
such that by = ayx, ..., by, = apx. (Hint: The same proof as we used for n = 2 works for any n.)

(c) Prove the n-dimensional triangle inequality: for any n € Nand ay,...,an,b1,...,b, € R, /> 1 (a; + b;)? <
Ve a2+ /> b? with “=" only if a; = --- =a, =0o0r by = --- = b, = 0 or there is € R such that
by = a1z, ..., b, = a,.

Chapter 2, pp. 27-33:

1(ii). Prove by induction:

(i) Forall n, 12+ ... +n? = %.

(i) For allm, 13+ ...+ n3 = (1+... +n)2

Cf. 23. Prove (by induction) that for any a,b € R and n,m € N

(i) (a™)™ = a™™,

(ii) (ab)™ = a™b™,

(iii) (a=1)™ = (a™)~!. (Hint: Here you don’t need induction, just use (ii).)
A3. (a) Prove that for all integer n > 3, 2" > 2n + 1.

(b) Prove that for all integer n > 5, 2" > n?.



