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Math 4181H Solutions to Homework 10

A1. For each of the following series determine whether it converges absolutely, converges conditionally, diverges
to 0o, or just diverges (and name the test that proves your claim):

@Y EX DY (N E @S (o) Ssin(1/n).

Solution.

(a) oLk S :\nwﬂuco

(b) > (712):"2 converges absolutely by the root test, since 1/ ‘ nnz | =%~ —3<1L

(c) > (_\/1%" diverges absolutely by comparison test, since (\/171 | = ﬁ > ; and Z% = 00, and converges
conditionally by Leibniz’s test, since % N 0.

(d) > g converges conditionally by Dirichlet’s test, since - "\, 0 and the sequence of partial sums of sinn

are bounded.
To show that this series doesn’t converge absolutely, let € = sin {5; then [sinz| < ¢ iff [z — kr| < {5 for
some k € Z. If n € Nis such that k7 — 5 <n < km+ {; for some k € Z, then kn+4{5 < n+1 < (k+1)m—

76+ 9
if |sinn| < e, then [sin(n+1)] >e. It follows that for any n, IISSEZ‘ + ‘f:glg;lj_}))‘ > lolgs(lﬁll) + ‘ls;g((::_ﬁ))‘ > log(fL—i—l)’
and so | e ‘
sinn | __ sin 2n sin(2n+1) o) e _
n 2’10gn| ( log 2n + log(2n+1) ) 2 Zn:l log(2n+1) — 0

(since m > L for all n large enough)
(e) sm(l/n)/(l/n) — 1,31 =00, s0 Ysin(1/n) = co by the limit comparison test.

A2. Prove that the series converges for o > 1 and diverges for 0 < a < 1.

1
n(logn)(log(log n))~
Solution. T'll use the integral test (the condensation test also works). The function f(z) = m is
(o n)(k}g(log B for all n > 100, so the series converges iff

the improper integral [;7 f does. (Why 100? To be sure that log(logz) is defined.) We have

positive and decreasing on [100, +00), with f(n) =

/OO dx _/°° dlog x _/°° dlog _/°° dlog(log x)
100 Z(log z)(log(log x))* 100 log z(log(log x))« 100 log z(log(log x))~ 100 (log(lg);g )

dy
- |y loglog x?
log log 100 y

A3. If A is an uncountable set, A — R, i — a;, is a mapping, and a; > 0 for all i, prove that Y a; = oo.
(That is, prove that for any M € R there exists a finite set ' C A such that ), pa; > M.)

Solution. For every n 6 Nlet P, = {i € A:a; > 1/n}. Since for every i there is n such that a; > 1/n, so
a; € Py, we have U P, = A. If all P, are finite, then A is at most countable. Hence, for some n, P, is infinite
(and even uncountable) For any N € N choose nN elements aq,...,a,n € Py, thena;+---+a,n > nNi =N.

Chapter 23, pp. 489-498:

which converges for a > 1 and diverges for a < 1.

10. Ifa; = b; = (_\}Z_)i, i € N, prove that the series Y a; (and >_b;) converge but their Cauchy product

Zk 2(21 ] Gibg— Z) diverges.
Solution. The series > (?ﬁ converges (conditionally) by the alternating test.
For any 0 <i < k, v/i(k—14) < (i+ (k—1))/2 = k/2; so, for any integer k > 2,

1 1
Z\[ <(k_1)k7/27

(-1 (=D+
\Z Vi VEk—i “ Z\/m

which £+ 0 as k —s co. Hence, the series 35, (35~ (7\[1;1 . (1/1137 ) diverges by the vanishing test.
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A4. A function h on an interval [a,b] is said to be a step function if there is a partition a = xg < 1 < ... <
xn, = b of [a,b] such that for every i, h is constant on the interval (x;—1,x;). Prove that for any closed bounded
interval [a,b] the step functions are dense in C([a,b]) with respect to the uniform norm: for every continuous
function f on [a,b] and any € > 0 there exists a step function h on [a,b] such that ||f — h| < e.

Solution. Let € > 0. Since [a,b] is a closed bounded interval, f is uniformly continuous; let § > 0 be such that
|f(z) — f(y)| < € when |z —y| < 6. Let P = {xg,...,2,} be any partition of [a,b] with mesh P < §. Define
h(z) = f(z;) for x € (x;-1,24], ¢ = 1,...,n, and h(zg) = f(zo). Then h is a step function, and for every
x € [a,b], if 7 is sucj that x € (z;_1, z;], we have |f(z) — h(x)| = |f(x) — f(z;)] < € since |z — ;| < 4.

AS5. Let (fn) be a sequence of functions A — R and let f,, = f.
(a) If all fy, are uniformly continuous on A prove that f is uniformly continuous on A.

Solution. Let ¢ > 0. Find n such that ||f — f.|| < &/3. Find § > 0 such that for any =,y € A with |z — y| < 0,
|fn(z) — fu(y)| < /3. Then for any x,y € A with |z —y| < 4,

[f(@) = f)| < |f () = fal@)] + [ fulx) = fu(w)| + | fuly) — F(y)] <e

(b) If the sequence (fy) is “uniformly Lipschitz on A”, that is, if there is C' such that |fn(x) — fr(y)| < Clz —y|
for allm € N and all z,y € A, prove that f is Lipschitz on A.

Solution. Let z,y € A. Let € > 0; find n such that || f(z) — fn(2)]| <&/2 and || f(y) — fn(y)|| < &/2. Then

[f(@) = FW) < If (@) = fa(@)] + [fn(2) = Fn(@)] + [fnly) — FW)] < /24 Clz —y[+¢/2 = Clo —y[ +e.

Since this is true for any € > 0, |f(x) — f(y)| < Clz — y|.
Another solution. For any x,y € A, since |fn(x) — fo(y)| < Claz — y| for all n,

() = F@) = lm |fa(@) = faly) < Cla — gl

Chapter 24, pp. 517-525:

2. Find the pointwise limit of (f,) and decide whether (f,) converges uniformly to this limit.

(i) fu(z) = 2™ —2?" on [0,1].

Solution. For any z € [0,1], 2" — 2> — 0 as n — o0, so f, — 0 on [0,1]. For any n, f/(z) =

nz" ! — (2n)z?" "1, which is = 0 iff z = %\/5 Since f,(0) = fn(1) =0, | f»| attains its maximum at this point,

n 2n n n
50 [ fulljo,1) = subaeoy 1fn (@)l = (5)" = (g5)" = 1/4- (Or: maxp ) |2°" — 2”| = maxp ) [y* — y| = 1/4.)
Since || fu|l = 0, the convergence f, — 0 is not uniform.
(i) fu(z) = 15555 on [0,00).

Solution. For each z > 0, limy, oo 177~ =z, so f, — f where f(z) = z. For any n,

nx T+ 22
@) =101 = |57~ = T
which is an unbounded function, so ||f,, — f|| = 0o. So, the convergence is not uniform.

(iv) fo(z) = /2?2 + 25 on R.

Solution. For every z, limy_,o0 \/2% + 25 = ||, so f, — f where f(z) = [z|. For any n, consider the

function g, (z) = f,(z) — f(z) = y/2? + % — |z[. This function is even, nonnegative, and for = > 0, g/, (z) =
\/ﬁ —1<0, so gy, is decreasing on [0,00). Hence, ||gn| = sup,cp |gn(2)| = gn(0) = L, which tends to 0

as n —> oo. Thus, f, = f.
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29. (a) Suppose that (f,) is a sequence of continuous functions on [a,b] that converges uniformly on [a,b] to
a function f, and let (x,) be a sequence in [a,b] with limx, = ¢. Prove that lim f,,(xz,,) = f(c).

Solution. Since f, are continuous and f, — f, f is also continuous. Let ¢ > 0. Find § > 0 such that
|f(z) — f(c)| < e whenever |z — ¢| < §. Find N such that for any n > N, ||f, — fll < &/2 and |z, — ¢| < 0.
Then for any n > N,

(b) Is this statement true without assuming that f, are continuous?

Solution. Of course, not. Even if all f,, are equal to f, if f is discontinuous at ¢, then there is a sequence (z,,)
such that x, — ¢ but f(z,) - f(c).



