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Math 4181H Solutions to Homework 2

Al. Leta,b € R, 0 < a<b;let A= 2L (the airthmetic mean of a and b), G = Vab (the geometric mean),

H= (ﬂi)_l (the harmonic mean), and QQ = azi (the quadratic mean). Prove thata < H < G < A<
Q <b.
Solution. Tt is important that all the numbers appearing in the proof are positive.

We have b=! < a~ !, so w < 2“71 =a 1, s0 H= (w)fl > a.

G<Awabproved1nclass A G = i \/ =2(a+b—2va ) (\f—\[)

It follows that “—+2— > v/a—1b~1 = ( ) ,s0 H = (#) <+Vvab=G.

Next, Q% — _a J2rb2 _ (aTH)) — 42r _ a2+bi+2ab — 2a21»2b2 _ a2+bz+2ab _ a2+bi72ab _ (a;b)2 >0, 50
Q2>A2,SOQ>A.

And finally, Q = |/ 248 < /24 = /b2 = b.

A2. (a) Prove that for anyn € N and ay,...,a,

i1 ai‘ < Doiey lail.

Solution. For n = 1, the statement is true: |3);_; a;| = |a1| = 3;_; |a;|. Assume that it is true for some n € N,

that is, |Z?:1 a,»| <> lai| for any ay,...,a, € R. Then for any ai,...,a,4+1 € R we have

’Zn+l i’ = ’2?21 ai+an+1| < |Z?:1 ai’+|an+1| < 2?21 |ai|+|ans1] = ZnJrl |ail.
(by triangle inequality) (by induction hypothesis)

Hence, by induction, the statement is true for all n.
(b) Prove the following version of the Cauchy-Schwarz inequality: for anyn € N and ay,...,an,b1,...,b, € R,

(X e (X, 08 > (X, aibi)z, with “=” only ifa1 =---=a, =0 o0rby =---=b, =0 or there isx € R
such that by = a1z, ..., b, = ayT.
Solution. If a1 =+ =a, =0o0r by =--- =b, =0, then (X1 a?) (X1, 0?) = (X1, aibi)Q = 0. If there is z

such that b, = a1z, ..., b, = a,x, then

(Z?:l a%) (Zz 1 b%) = (Z?:l a?)xg (Z?:l af) = (Z?:l azz)2$2 = (Z?:l a%;{;)Q = (Z?:l aiscai)2 = (Z?:l aibi)z'

Assume that not all of a; = 0, then Zle a? > 0. Consider the quadratic expression

Zn;(aix — ;)% = (; a?>x2 - 2(; aibi)x + (; bf)

1=

For every = € R this expression is > 0, and = 0 for some z only if a;x — b; = 0 for all 4, that is, when b; = a;x for
all . Hence, if such an = doesn’t exist, the expression is always > 0. This implies that its discriminant, which

is 4(21 1 azbl)z - 4(2?:1 a;) (Ez 1 b7), is <0, and hence, (Zle aibi)2 < (Zle a;) (Zz L b7).-
(¢) Prove the n-dimensional triangle inequality: for anyn € N and ay, ..., a,,b1,...,b, € R, />0 (a; +b;)? <
\/X:Z 1 a3 —|—\/2:Z 1bf with ‘=" only ifay = -+~ =a, =0 orby =--- =0b, =0 or there is x € R such that

b1 = a1z, ..., by = a,x.

Solution. We have /> (a; +b;)2 < /> a2+ /> r_, b? iff

(VEm @+ 07) < (VEL VS B)

which is equivalent to

Z?:1(ai+b) <> 1“ + i z+2\/21 1“2\/21 07,

to

Ez 14 +Zz 1 1+227, 1a1b <Zz 1CL +Z’L 1 Z+2\/Z’L 10’2\/21 1 7,7

and to

D ieq b <\/ZZ 1 2\/21 1 07,

which follows from the Cauchy-Schwarz inequality in (b). Moreover, all the inequalities are “<” (strict, or sharp),
only if all a; = 0 or there is € R such that b; = a;x for all ¢ = 1,...,n. (Notice that this last statement is not
biconditional (“iff”): if b; = a;x, i = 1,...,n, with 2 < 0, the inequalities are still strict.)
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Chapter 2, pp. 27-33:

1(ii). Prove by induction:
(i) For all n, 1% + ...+ n? = 2tCntD).

Solution. The equality holds for n = 1: 12 = %. Assume it holds for some n € N. Then for n + 1 it
also holds, since

10?4 (n 4 1)2 = 2odlCed) g 4 1)2 = 08D 902 4y 460+ 6) = OF (0 4 2) (20 + 3)

— (D ((n+D)+D)2Mn+1)+1)
= 6 .

Hence, by induction, it holds for all n € N.
(i) For allm, 1>+ ...+ n3 = (1+... +n)2.
Solution. The equality clearly holds for n = 1. Assume it holds for some n € N. Then it also holds for n + 1,

since

Pt +nd+m+1P =+ +n)2+n+1)° = (=) 4 (4 1)3 = ED2 (02 4 4(n 4 1))

= D%y o9y2 = (D)2 (g4 g (n 4 1))2.
By induction, the equality holds for all n € N.

Cf. 23. Prove (by induction) that for any a,b € R and n,m € N

Solution. Let n € N. We have (a")! = a™ = a™, and, if (a")™ = a™™ for some m, then

(an)nv+1 ::(an)nzan — a"™ma" ::annr+n ::an0n+1x

So, by induction on m, the equality holds for all m (and all n).

(ii) (ab)™ = a™b™,

Solution. (ab)! = ab = a'b' is true. If for some n, (ab)™ = a™b", then (ab)"*! = (ab)"(ab) = (a™b")(ab) =
(a"a)(b™b) = a"T1b" T so, by induction, the equality holds for all n.

(iii) (a=H)" = (a™) L.

Solution. By (ii), a"(a™1)" = (aa=1)" = 1" =1, s0 (a7 )" = (a™) L.

A3. (a) Prove that for all integer n >3, 2™ > 2n + 1.

Solution. For n = 3,2" =8 > 7 = 2n+ 1. If 2" > 2n + 1 for some n > 3, then 2"t! = 2.27 = 27 4+ 2" >
24+ (2n+1)=2(n+1) 4+ 1. So, by induction, 2" > 2n + 1 for all n > 3.

(b) Prove that for all integer n > 5, 2™ > n?.

Solution. For n = 5, 2° = 32 > 25 = n?. If 2" > n? for some n > 5, then 2"t = 2.27 = 27 4+ 2" and
(n+1)%2 = n?+2n+ 1; since 2" > n? and 2" > 2n + 1 by (a), we obtain that 2! > (n+1)2. So, by induction,
2" > 2 for all n > 5.



