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Math 4181H Solutions to Homework 8

A3. Using the definition (and not using the Fundamental Theorem of Calculus), prove that fol r? =1/3.

Solution. Since z? is a continuous function, it is integrable. For any n € N consider the partition P, =

{0,L,2 .1} of [0,1]. We then have

U($2,Pn):Z(7%)2 %77132 2_7'71 +1)6(2n+1)7

=1

which tends to § as n — co. Since mesh(P,) — 0 as n — oo, fo 2? = limy, 0o U (22, P,) =
Chapter 13, pp. 275-281:

4. Let d€ N and 0 < a < b, put f(z) = z?. Find fabf in the following way: Put ¢ =b/a.

(a) For each n € N, put t; = ac’/™, i = 0,1,...,n, and let P, = {to,...,t,}. Prove that mesh(P,) — 0 as
n —s oo.

Solution. For each i, At; = t;—t; 1 = ac’/" —ac'=D/" = qc=D/n (/" 1) < ac(c'/™—1). Since /™ — 1
as n — 00, ac(c'/™ — 1) — 0, so mesh(P,) = max{At;, i =1,...,n} — 0.

(b) Find U(f, Py). (That is, try to write U(f, P,,) in a compact form that will help you in (c) below.)
Solution. Since f is increasing, the maximum of f on each interval [t;_1,¢;] is reached at the point ¢;. So,

n

U(f,P,) = thAtz - Zad G g m (1 — 1Y = gt (] 1/ Z (cld+D)/myi

1—c_1/" ct/n—1

_ (pd+1__d+1y,.d/n
(b7 —a™)e c<d+1>/n_

—1
d+1/7_ —1/n\ . (d+1)/n d+1/,.d+1__ (d+1)/n
a® (1—c )e =a"" (c 1)c ey

c(d+1)/” —

(¢c) Conclude that f; rddr = ﬁll(bd“'1 —a®tl),

Solution. Since f is continuous, it is integrable. As n — oo we have ¢'/" — 1, so ¢/ — 1 for each
i=1,...,d. So, ¢¥/" — 1 and

c/m—1 -1 1 1
cldt)/n 1~ (cl/m)d+l 1 14 cl/np . 4 cd/n EESS

Hence, U(f, Pa) — 705 (b7 — a®1). So, [} f(z)do = 5 (0% — adth).

21. Let f be strictly increasing and continuous on [c,d], let a = f(c) and b= f(d).
(a) If P = {to,...,ta} is a partition of [a,b], let P" = {f~1(to),...,f *(tn)}. Prove that L(f~,P) +
U(f,P') =bd— ac.

Solution. For each i, let x; = f~1(¢;). Since f and f~! are increasing,

L(fil,P):Zfil(t t — i 1 sz 1t 7ZI’L 1ti—1

d+1

and
U(f7P/):Zf(xz) Ti — Tj— 1 thz thz 1-

Adding these two equalities, we get

L(f~Y, P)+U(f,P) = Zx it 1+Zt:c1ffxoto+xntn:fachbd.

(b) Prove that f I Hy)dy = bd — ac — f f(z
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Solution. Since f and f~! are monotone, they are integrable. By (a),

b
/ =L H= sup{L(ffl,P) : P is a partition of [a,b]}
=sup{bd — ac — U(f,P') : P is a partition of [c,d] }

d
=bd — ac — inf{U(f, P") : P' is a partition of [c, d]}:bd—ac—U(f):bd—ac—/ /-

(c) Find f; Yrdr for 0 <a <b (without using the F.T.C.)
Solution. By (b), applied to the function f(x) =«

b Vb
/ %dl‘ — b%_a%_/(f 2"dr = bl—&-l/n_al—i—l/n_%“(( %)n+1_(%)n+l) — nLH(bl—i-l/n_al-&-l/n).

31. Let f be integrable on [a,b].

(a) Give an example where f >0, f(x) > 0 for some z € [a,b], but fab f(z)dz
Solution. [a,b] = [-1,1], f(z) =0if z #0 and f(0) =1

(b) Suppose that f >0, f is continuous at xg € [a,b] and f(xg) > 0. Prove that f; f(x)dz > 0.

0.

Solution. Let us assume that 2o € (a,b); the cases zo = a and xy = b are similar. Let f(x¢) = ¢ > 0. Find
d > 0 such that a < xg — §, zg + d < b, and f(x) > ¢/2 for x € (xg — 0,x9 + ). Then

/ab f(z)dr = /:0_6 f(z)dz + /xjo_:é fla) dx + /3:4,5 f(z) dz,

S0 flayda 20, [7 5 fl@)de >0, and [P f(2) da > (¢/2)20 > 0. So, [} f(z)dz > 0.
Chapter 14, pp. 296-302:

1. Find the derivatives of the following functions:

(i) F(z) = [ sin®tdt.

Solution. F(x) = G(2*) where G is the integral, and so, by the F.T.C., the primitive function of sin® z. So,
F'(z) = G’( 3). 322 = sin®(2?%) - 322.

f sin® tdt di

3 14sin® t+¢2
Solution. F(z) = G(¢(z)) where G is a primitive of m and p(z) = [] sin 3tdt. So, F'(z) =
1
G'(p(x))¢' (z) = sin® z. (If needed, ¢ can be computed to be p(z) = %cos®z —
(Ple)e' @) = T 0 b olz) = }
cosz — 3 cos® 1 + cos 1.)
9. Prove that iff is continuous on R, then [ f(u)(z —u)du = [ (fo dt) du.
Solution. Let G(z) = [ f(u)(z — u) du, x € R, then G(z) =z [ f(u)du — [ f(u)udu, so, by the F.T.C.,
/ fu)du+af(x x)x —/ f(u
So, G is a prlmltlve of the (contlnuous) function F(x fo t) dt, and since G(0) = 0, by the F.T.C. we
have G(z) = [ F(u)du = fo (fo f( dt) du.
Another solutwn Let F(u fo t) dt, since f is contmuous F' = f. Integratmg by parts, we have
Jo W) (z —w)du= [ x—u)dF() (r —u)F |O—|—f0 w)ydu= [ (f, f(t)dt) du.
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spe 21. Suppose that f' is integrable on [0,1] and f(0) = 0. Prove that for all x € (0,1] we have |f(z)| <

vy 12t

Solution. By the F.T.C., for any = € (0, 1] we have f(z) = foa: f'(¢) dt, and by the Cauchy-Schwarz inequality,

’/Oxf’(t)dt‘ - ‘/wa’(t).mt' < \//wa/(t)2dt~\//0112dt:\//Omf’(t)Zdt-\/E< /wa’(t)2dt.




