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A1. Let f(x) = e−1/x2

for x 6= 0 and f(0) = 0. Prove that f is infinitely differentiable on R with f (n)(0) = 010pt

for all n.

Solution. First, let’s prove that for any polynomial p, limx→0 e
−1/x2

p(1/x) = 0. It suffices to prove

that limx→0 e
−1/x2

(1/x)n = 0 for all n ∈ N; and indeed, limx→0 e
−1/x2

(1/x)n = limy→∞
yn

ey2 = 0 since

limy→+∞
yn

ey = 0 and ey
2

> e|y| for y > 1.

Now let’s prove that for every n = 0, 1, 2, . . ., on R\{0} we have f (n)(x) = e−1/x2

pn(1/x) for a polynomial
pn. Indeed, this is true for n = 0, and if this is true for some n then

f (n+1)(x) = e−1/x2 2
x3 pn(1/x)− e−1/x2

p′n(1/x)
1
x2 = e−1/x2

pn+1(x)

where pn+1(x) = pn(1/x) · (2/x
3)− p′n(1/x) · (1/x

2).
Now if, by induction, f (n)(0) = 0 for some n, then

f (n+1)(0) = lim
x→0

f (n)(x)− f (n)(0)

x
= lim

x→0

e−1/x2

pn(1/x)

x
= lim

x→0
e−1/x2

pn(1/x) · (1/x) = 0.

Chapter 23, pp. 489-498:

2. Prove that the series
∑

ann!/nn converges for 0 < a < e and diverges for a > e.10pt

Solution. To use the ratio test, we compute

an+1(n+ 1)!/(n+ 1)n+1

ann!/nn
=

a(n+ 1)

(n+ 1)n+1/nn
=

a

(n+ 1)n/nn
=

a

(1 + 1/n)n
,

which converges to a/e as n −→ ∞. Thus by the ratio test, the series converges if a/e < 1 and diverges if
a/e > 1.

5. (a) Prove that if the series
∑

xi converges absolutely, then so does
∑

x3
i .5pt

Solution. Since
∑

xi converges, xi −→ 0 as i −→ ∞, so |xi|
3 < |xi| for all n large enough, and since

∑

|xi|
converges,

∑

|xi|
3 converges by the comparison test.

(b) Show that the series
∑∞

i=1 xi = 1 − 1
2 − 1

2 + 1
3
√
2
− 1

2 3
√
2
− 1

2 3
√
2
+ 1

3
√
3
− 1

2 3
√
3
− 1

2 3
√
3
+ · · · converges, but

10pt
∑

x3
i diverges.

Solution. We have xi −→ 0, and the grouping
(

1− 1
2 −

1
2 )+

(

1
3
√
2
− 1

2 3
√
2
− 1

2 3
√
2

)

+
(

1
3
√
3
− 1

2 3
√
3
− 1

2 3
√
3

)

+ · · · =

0 + 0 + 0 + · · · of
∑

xi, with bounded size of groups, converges, so the series
∑

xi converges.
Now,

∑

x3
i = 1− 1

8 − 1
8 + 1

2 − 1
8 · 1

2 − 1
8 · 1

2 + 1
3 − 1

8 · 1
3 − 1

8 · 1
3 + · · ·, its grouping

(

1− 1
8 − 1

8

)

+
(

1
2 − 1

8 · 1
2 − 1

8 · 1
2

)

+
(

1
3 − 1

8 · 1
3 − 1

8 · 1
3

)

+ · · · = 3
4 · 1 + 3

4 · 1
2 + 3

4 · 1
3 + · · · = 3

4

(

1 + 1
2 + 1

3 + · · ·
)

diverges, so
∑

x3
i also diverges.

A2. (a) Let f : [1,+∞) −→ R be a decreasing nonnegiative function. For every i ∈ N, let ai = f(i). Prove10pt

that a finite limit l = limn→∞
(
∑n

i=1 ai −
∫ n

1
f
)

exists and satisfies 0 ≤ l ≤ a1.

Solution. For any i, ai ≥ f(x) ≥ ai+1 for any x ∈ [ai, ai+1], so ai = ai · 1 ≥
∫ i+1

i
f ≥ ai+1 · 1 = ai+1. Put

γn =
∑n

i=1 ai−
∫ n

1
f , n ∈ N. For any n, γn+1 = γn+an+1−

∫ n+1

n
f ≤ γn, so the sequence (γn) is decreasing.

Also for any n, γn =
∑n−1

i=1

(

ai −
∫ i+1

i
f
)

+ an ≥ 0, so l = lim γn ≥ 0 exists. And since γ1 = a1, l ≤ a1.

(b) Prove that a finite limit γ = limn→∞
(

1 + 1
2 + · · · + 1

n − log n
)

exists. (This γ = 0.5772 . . . is called5pt

Euler-Mascheroni constant.)

Solution. For the decreasing function f(x) = 1/x, x ≥ 1, we have ai = f(i) = 1
i , i ∈ N, and

∫ n

1
f = log n,

n ∈ N. So by (a), γ = limn→∞
(
∑n

i=1
1
i − log n

)

exists, and is ≤ a1 = 1.
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