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Math 4181H Solutions to Homework 9
Al. Let f(x) = e~1/3? for x # 0 and f(0) = 0. Prove that f is infinitely differentiable on R with f™(0) =0
for all n.
Solution. First, let’s prove that for any polynomial p, limg_,oe '/ mzp(l/zz) = 0. It suffices to prove
that lim,_,q e_l/””Q(l/:U)" = 0 for all n € N; and indeed, lim,_.q 6_1/12(1/36)" = limy é’% = 0 since
limy 400 Z—Z =0and e’ > el for y > 1.

Now let’s prove that for every n = 0,1,2, ..., on R\{0} we have f("(z) = e=*/%"p, (1/z) for a polynomial
Dp. Indeed, this is true for n = 0, and if this is true for some n then

"2 _ (L‘2 _ .'L'2
Fri(@) = e V7 Zpa(1/w) — eV p (1)) 3 = eV puga(x)

where pni1(2) = pa(1/2) - (2/2%) = pl,(1/2) - (1/27).
Now if, by induction, f(®)(0) = 0 for some 7, then

(n) _ f(n) —1/a?
g e FO@) - FO0) e (1) N
R (0) = Jimy . fimy Yy e pn(1/) - (1/2) = 0.

Chapter 23, pp. 489-498:

2. Prove that the series Y a™nl/n™ converges for 0 < a < e and diverges for a > e.

Solution. To use the ratio test, we compute

a4+ 1)/ (n+1)"  a(n+1) a a

a™n!/nm (n4+ 1)+t /nn (n+1)n/nn (14 1/n)"’

which converges to a/e as n — co. Thus by the ratio test, the series converges if a/e < 1 and diverges if
aje > 1.

5. (a) Prove that if the series Y. xz; converges absolutely, then so does > x3.

Solution. Since Y x; converges, x; — 0 as i —» 00, so |x;|3 < |z;| for all n large enough, and since > |;]
converges, > |z;|* converges by the comparison test.

(b) Show that the series Y .o, x; = 1—%—%+%ﬂ—%—ﬁgﬁ+%—ﬁ—#+--~ converges, but

S x? diverges.
Solution. We have z; —» 0, and the grouping (1— 3 —3)+ (3%/5 — ﬁ — 2\13/5) + (%\/5 — % - ﬁ) 4=
04+04+04---of > x;, with bounded size of groups, converges, so the series > x; converges.

Now, Saf =1 k243 b b b3tk L i bt s souping
1 1 1 1 1 1.1 1 1.1 1.1 _ 3 3.1 3.1 _ 3 1 1
I-s-9)+G-52-59)+GE-s 3553+ =11+ a+i 5+ =3(+3+5+)

diverges, so >_ 3 also diverges.

A2. (a) Let f:[1,400) — R be a decreasing nonnegiative function. For every i € N, let a; = f(i). Prove
that a finite limit | = lim,, o (Z?:l a; — fln f) exists and satisfies 0 <1 < ay.

Solution. For any i, a; > f(x) > a;41 for any x € [a;,a;11], s0 a; = a; -1 > f;“ f>ai41-1=a;41. Put
Yo=Y yai— [|' f,n €N. For any n, Y41 = Yn +any1 — f:“ f < 4m, so the sequence (7v,) is decreasing.
Also for any n, v, = Z?:_ll (ai — fii—H f) +a, >0,s0l=limy, >0 exists. And since v; = a1, [ < a;.

(b) Prove that a finite limit v = limnﬁoo(l + % + -+ % — log n) exists. (This v = 0.5772... is called
Euler-Mascheroni constant.)

Solution. For the decreasing function f(z) = 1/z, > 1, we have a; = f(i) = 1,7 € N, and [;" f = logn,
n € N. So by (a), v = lim, 0 (Z?:l % — log n) exists, and is < a; = 1.



