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Math 4181H Solutions to Midterm 4

1. If f is an integrable function on [a,b] with the property that the set {x : f(x) = 0} is dense in [a,b], prove
that [ f = 0.

Solution. For any partition P = {xzg,21,...,2,} of [a,b] for every i there is a point z; € [z;_1,2;] such
that f(z;) = 0; so, for the selection o = {z1,...,2,} subordinate to P the Riemann sum S(f,P,0) =
Yooy f(z)Az; = 0. Choose a sequence (P,,) of partitions with A(f, P,,) — 0 (which exists since f is
integrable) and a sequence (o) of selections subordinate to P, for every m such that S(f, Py,,om,) = 0 for
every m. Since S(f, Py, om) — f; f, we obtain that fabf = 0.

2. Derive the mean value theorem for integrals (if f is continuous on [a, b] then ff f = f(c)(b—a) for some c € [a,b])
from the (Lagrange’s) mean value theorem for derivatives.

Solution. Let f be continuous on [a,b], then, by the F.T.C., the integral function F is differentiable with
F’ = f. By Lagrange’s M.V.T. for derivatives, f;f = F(b) — F(a) = F'(¢)(b—a) = f(c)(b— a) for some
¢ € (a,b).

z, <0

. . (Notice that F
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3. Find a primitive (antiderivative) function F on R of the function f(x) = {

must be differentiable. )

Solution. Since sin0 = 0, f is continuous on R, and so, has a primitive F. On (—o0,0), F(x) = 2%/2 + C,
for some C; € R, on (0,400), F(x) = —cosz + C for some C2 € R. For F' to be continuous we need
F(0) = (22/2 + C1)]y— = (—cosz + C2)|,_g, so C1 = C2 — 1. Since F is defined up to constant, we can put
22/2, <0

Cl:OandthusczzhthenF(x):{1cosx z>0
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4. Prove that the tmproper integral f0+°° e~ sinz dz converges.

—X

Solution. For all x > 1, |67I2 sino:f < e~ % and the integral f;roo e *dx converges, so the improper in-
tegral f;roo e~ sinx dz converges absolutely by comparison. The integral fol e sinzdr is proper. So,

+oo 2 .
Jo e sinz dx converges.
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5. Find lim S2) T
a—0 (cosx —1)3
o Sin(wg)i‘rg7.,1:2_%3:6_*_0(1,6)_1,27 _%x6_~_0(x6) 7_%x6+0(336> S/6— 4/3
olution. 18 (1 _ 1,2 2y _1\3 (_1.2 2))3  _ 1,6 6:3/7/.
(cosz — 1)~ (1—4a?+o0(?) — 1 (~322+0(22))?  —Lab + o(af)

6. Assuming that the function f(x) = (sinz)/x for x # 0, f(0) = 1, is 100 times differentiable at 0 (don’t
prove this), find f(199)(0).

Solution. The 100th Taylor polynomial of f at 0 is (x — g—f + -+ %)/x =1- 2—? + o+ %. Hence,
f(109)(0) = 100!/101! = 1/101.



