Math 4181H Solutions to Final exam review problems

1. Let > a; be a converging series. Prove or disprove:
(i) If by — 0, then the series Y a;b; converges.

(_1)i717 i € N, then Y a; converges by Leibniz’s test, but > a;b; = Y 1

Solution. False: Let a; = b; = 7

diverges.
(ii) If b; — 0 and b; > 0 for all i, then Y a;b; converges.

Solution. False: Let a; = % for all 4 and b; = % for odd ¢ and = 0 for even i. Then ) a; converges by

Leibniz’s test, but > a;b; =140+ % +0+ % + -+ diverges.
(iil) If b; \( O (decreases and tends to 0), then Y a;b; converges.

Solution. This is true by Abel’s test. (In fact, (b;) could converge to any limit, not necessarily 0.)

(iv) If 3" a; converges absolutely and b; — 0, then Y a;b; converges.

Solution. This is true: the sequence (b;) is bounded, there is b such that |b;| < b for all 4, so |a;b;| < bla,| for
all 7, and the series > bla;| = b |a;| < .

2. Suppose [ is differentiable on an interval I. Prove that [’ is a pointwise limit of a sequence of continuous
functions.

Solution. For any € I, f/(z) = lim,_,oe LEHY/M=IE) — iy n(f(z+1/n)— f(x)), where the functions

1/n
fn(@) =n(f(z+1/n) — f(z)) are continuous (moreover, differentiable) for all n.

3. Prove Dini’s theorem: if (fy) is a monotone sequence of continuous functions on a closed bounded interval
I that converges pointwise to a continuous function f, then f, = f.
Solution. Replacing f,, by —f, for all n if needed, we may assume that f,, decrease to f, fi(x) > fa(z) >
- > f(z) and f,(z) — f(x) for all € I. Assume that f,, do not converge to f uniformly, then there is
e > 0 and a subsequence (fy, ) of (f,,) such that || f,, — f|| > € for all k. Then for every k there is z3, € I such
that fp, (zr) > f(xr) + €. By Bolzano-Weierstrass’s theorem, there exists a subsequence (xy,;) of (xy) that
converges to a point a € I. Now, for every n, fy(2k,) > fn, (%k,) > f(2k,) + € for all i such that ny, > n, so,
by continuity of f, and f, fn(a) = lim; oo frn(,) > lim; oo f(z,) + € = f(a) + . Hence, f,(a) — f(a),
contradiction.

4. Let [a,b] be a (closed bounded) interval and let (c,) be a sequence diverging to +oo.

(a) Prove that fab sin(cpz) de — 0 as n — oo.
Solution. For n such that ¢, # 0,

b
1 2
/ sin(c,x) dx‘ = | ‘|cos cnb) — cos(cna)| <= —0.
a Cn Cp,

(b) Prove the Riemann-Lebesgue’s lemma: For any continuous function f on a closed bounded interval [a,b],
ff )sin(epz) dz — 0 as n — oco.

Solution. First, let’s show that fa h(zx)sin(cpz) dr — 0 for every step function h. Let a = 2 < 21 < -+ Xy, =
band dy,...,d, be such that h(z) = d; on (:vl 1,%i), ¢ =1,...,m. By (a) for every i, f;il sin(cpz)de — 0

as m — 00, hence fab h(z)sin(cpz)de = Y370 d; [, sin(cpz) do — 0.

Let € > 0; find a step function h such that || f — h|| < e. Then for every n, fab‘ (f(z) = h(z)) sin(cpz)| do <
e(b—a), so

x) sin(cpx) dz

f(x)—h(x)) sin(c, ) dx‘ <

x) sin(c,x) dac‘—l—e(b—a).

x) sin(c,x) dx‘ <

Since lim,,_, f; h(z)sin(cpz) de = 0, limsup,,_, o ’f; f(x)sin(c,x) dz| < e(b—a). Since this is true for every

e >0, lim supn_>oo|f: f(z)sin(c,z) dz| =0, so limn_>oo|f; f(z)sin(c,z) dz| = 0.
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5. Prove that the series - converges uniformly on R.

n=1n 1+na:2)

Solution. For each n and any z, the function f,(x ) = a(itns7y tends to 0 as z — oo and fr(x) =0 iff

x = iﬁ, s0 || full = sup | fu(@)| = | fu (% n)‘ = m. Since the series Y 2”% converges, » . f, converges
uniformly by the Weierstrass M-test.

6. Find the set of x for which the series > -, 2" sin" & converges, and find the sum of this series on this set.

Solution. For every z, this is a geometric progression, which converges iff |2sin x| < 1, that is, iff [sinz| < 1/2,
that is, iff 2 € |,y (nm — 7/6,nm + 7/6). The sum of the series on this set is

1-2sinx”

7. Prove that the zeta function {(x) = > ", n~*, = > 1, is infinitely differentiable on (1,400).

Solution. First of all notice that for any @ > 1 and k € N the series Y (logn)*n~% converges. Indeed, let
1 < b < a, then lim, o (logn)*/n*=* = 0 (because lim;_, ; o, t*/el*=* = 0), so (logn)*n=* < n=? for all n
large enough, and > n~" < oo, so Y (logn)*n~% < 0o by comparison.

The series Y-, n~* converges (by the integral test) for every z > 1, and so, ¢ is defined on (1, +00).
The convergence is locally uniform: for every a > 1, for every > a we have n™* <n~% and Y n~% < o0, so
> n~% converges uniformly on [a, +00) by the M-test. Hence, ¢ is continuous on (1, +00).

Consider the series > (n™*) = — > (logn)n~*. It also converges locally uniformly: for every a > 1, for
every « > a we have (logn)n=® < (logn)n=% and 3 (logn)n™* < oo, so Y _(logn)n~? converges uniformly on
[a, +00) by the M-test. Hence, ¢ is differentiable with ¢/(z) = = ° | (logn)n~*.

Now assume by induction on k that, for some k € N, ¢ is k-times differentiable with ¢(®)(z) =
(=1)*>°° (logn)*n=", z > 1. Then, since the series Z((logn)knﬂc)/ = — > (logn)**'n=% converges
locally uniformly on (1,+00), ¢¥) is differentiable and ¢(**V(z) = (=1)¥*13°>° (logn)**'n=". So, by
induction, ¢ is infinitely differentiable on (1, +00), with (¥ (z) = (=1)* 32°°  (logn)*n=%, 2 > 1, for all k.

8. Prove that if f(x) = > ,° anz™ is an even function, then a, = 0 for all odd n, and if f is an odd function,
then a, = 0 for all even n.

Solution. If f is even, then f(z) = f(—z) = Y o, an(—1)"2™. Since the power series defining f is unique,
we must have a,, = (—1)"a,, for all n, so a,, = 0 for all odd n.

If fis odd, then f(z) = —f(—z) = =Y o jan(—1)"2™ = > 7 a,(—1)""'2". Since the power series
defining f is unique, we must have a,, = (—1)"*1a,, for all n, so a,, = 0 for all even n.

Another solution. If f is even, then f(™) is an odd function for every odd n, so f(") (0) =0, s0 a, = fﬁ:,( ) =0

for all odd n. If f is odd, then f(™ is an odd function for every even n, so f(™(0) = 0, so a, = f(zz( ) =0

for all even n.

9. Find each of the following sums.

3 2 3

H1-a+%5 -5 +...

Solution. This is e~®. (The series is obtained by substituting by —z in 1 + = + ””2—? + g—? +...)

(i) 1—a®+a2®—2%+..., |z <1

Solution. This is % (The series is obtained by substituting x by 2% in 1 — 2z + 2% — 2% +..))

(iii) & — £ + 2 — 5_Z+ |:r|<1

Solution. Let f(x) = 72 -5 —|— E — 1 + ..., || < 1. The radius of convergence of this series is 1 (by the

ratio test), so the function is deﬁned on (—1, 1) Then f'(z) =2 — "’”—22 + %3 - % +...=log(1+x), |z| < 1. So,
z) = [log(1+z) = (1+z)(log(1+z)— )+C Smce f(0) =0wehave C =1, so (x (1+xz)log(l+z)—

(And indeed, we can check that (1 + z)(z f—Jr—f L) —x = éf%Jr%f 5—1+....)

10. FEwaluate the following sums:

i 0o (—1)m22ng2n

() Xnzo —@or —

Solution. This is the value at the point 27 of the function f(z) = Y07, % = cosx. So, the sum is
equal to cos(27) = 1.



(i) X0z -

Solution. This is the value at the point 1 of the function Zn 0 (2;; = coshx = ez'*';fz, so the sum is
1 — eltet e+l
CObh 1= % = 67.

1
(lll) ZTOLOZO W

Solution. This is the value at the point % of the function f(z) = V23 0" 552"+ We have f'(z) =

V23 g = Ly so f(z) = V2 [ 125 = (log(l + ) —log(l —)) = \}log 12 |z| < 1. So, the sum

A o HELVZ 1 f+1 _ 1
S \/EIOg 1-1/vV2 ﬁlog V2-1 "~ ﬁlOg(?’—'—z\[)'

(iv) ZZ‘;O m
Solution. This is the value at the point 3 of the function f(z) = Y - 12" = =Llog(1— ). So, the sum
is —3log(2/3) = 31og(3/2).

11. If f(z) = (sinz)/z and £(0) =1, find f*(0), k € N.
Solution. For all z, sinz = > > (gni)l),xznﬂ, so for all  # 0, f(z) = >0, (é;i)l),ﬁ . For x = 0 this
formula also works, since at 0 both f and the series are equal to 1. Hence, f is an analytic function (it is

given by a power series on the whole R), and so, >~ , ((2n<1k)1)‘x is the Taylor series of f. Hence, for any k,

FW(0) = (2n)! 5y = Skt if k= 2n for some n (k is even), and f*)(0) = 0 if & is odd.

12. Let o € R.

(a) Let f(z) =302y (&)a", |z| < 1. Prove that (1+ z)f'(z) = af (z).

Solution. The radius of convergence of the series is 1 by the “ratio test”, since ‘(z)/(nil)‘ =|(n+1)/(a -
n)‘ — 1. T’ll use the identities n(a) = a(o‘fl) and (O‘ 1) + (0‘71) = (0‘), a € R, n>1 We have

n—1 n—1 n

f’(w)Zfo:ln() " 1—aZn 1( ) ne 1—azn O(O‘nl)aﬁ",so
() =a(3 (e + 32 () (32 (9" + 3 ()

n=0 n=0 n=0
o0

(14 () + (2)an) = @ (e = st

n=1 n=0
(b) Prove that any function f satisfying the differential equation (1+z) f'(z) = af(x) has form f(z) = c(1+xz)*
for some ¢ € R, and deduce “the binomial formula” (1 + z)* =37/ (&)z", |z| < 1.
Solution. Consider the function g(z) = f(z)(1+x)~%. We have ¢'(z) = f'(z)(1+2) " —af(z)(1+z) > =
(14az) 1 (f'(z)(14+2)—af(z)) = 0, s0 g = const = c. Hence, f(z) = c(1+2)*. Now, if f(z) =377 (¥)a™,
then from (a), (1 +z)f'(z) = af(z), so f(z) = ¢(1 + z)* for some c. Since f(0) =1, c=1.
13. The Fibbonaci sequence is defined by a1 = az = 1 and apt2 = apn + an41 for allmn € N.
(a) Show that ant1/an < 2.

Solution. Clearly, (a,) is an increasing sequence of positive integers. Since for any n > 2, ap41 = ap +an—1 <
2a,, we get that an+1/an < 2

(b) Let f(z) =307, ana™ . Prove that f is defined on (5, 3).
Solution. For any z with |z| < 1/2 we have lim sup %| = lim sup| 244 ‘ |z| < 1, so the series > apz" !

converges (absolutely) by the ratio test.

(c) Prove that if |x| < 1/2, then f(x) = ——.

Solution. Adding the series zf(z) = Y07 a,a™ = Y o0 sap—12"" 1 and 22f(z) = Y oo apa"tt =
oo s an—2x™ !, we obtain

ef(@)+ 22 f(z) =arx+ Y oo s(an_1 +an_2)z" P =aiz+ > saz" =3 s aat = f(z) — 1,
so f(x) —af(z) —2*f(zx) =1, s0 f(z) = ===



(d) Decompose 17117 > as —— + c;’ix to obtain another power series for f and prove that a, = 7

T c1—x 2
1-V/5\"
%( ) ) , n e N.
Solution. We have ﬁ = %(cllfa: — 621736)7 where ¢, = M and ¢y = _1%‘/5 So,

f(m)=%(i2?:o(£)"—é2fo( ) ) on 1( _cg)xn_l'

Note that % = 1+T\/g and é = 1_2‘/5, so f(z) = >22° i((”‘[) - (1_‘/) Ja™~!. Comparing the

n=1 /5 2
1= f) for all n.

coefficients of the two power series for f, we see that a, = % ( 1+2\/g)n \/g( 5
[a,+00) for any a > 0.

14. (a) Prove that the series Y 2™ sin mi—

Solution. Let a > 0. WehaveSTHOaanoo so there is k such that for all n > k, 0<—<% For
i

any :E > a we have 0 < 3" < ggy800< 3" <z for all n > k. sin is increasing on the interval [ g] SO
smgT <sin 3}%, and 2”51113T < 2™8in 5 3" , for all z>aandn > k.

The series > 2" sin — 3"11 converges by the limit comparison test: since lim, .o Si;w = 1, we have
: o1 2" 2 1 2\n 1 . .
lim,, 00 (2” sin 3”(1)/(3%) = - = = Z(g) < oo. Hence, ) 2"sin 57— converges absolutely

uniformly on [a, c0) by the M test.
(b) By considering ) 2" sin 55— for x = show that the series doesn’t converge uniformly on (0, 00).
Solution. For any n, for x = 33 = = 2" sin(7/2) = 2", hence H2" sin 51— || > 2" -~ 0.

(c) For f(z) =Y 2"sin 5i—, © > 0, find (that is, express in the form of a series) f'.

2
3n )
we have 2™'s

Solution. To learn if the series for f can be differentiated term-by-term, consider the series 2(2" sin 3%)/ =

> 2" cos 5 - (dnz)z?)n = —Z(%)nm%msﬁ. For any a > 0, for any n, for any * > a we have

|(%)ngj2 cos 3}@ < (7) -, and Z( ) > < 00, so the series Z(%) ;2 cos Bi% converges uniformly on [a, 00)
by M-test, so converges locally umformly on (0,00). Hence, f'(z) = —>(2)" % cos 5= on (0,00).

—_1)n— 1
15. Find > 7, 771(”4_1)
Solution. The series ) n(nll; converges absolutely (by comparison with > %) So, by Abel’s theorem, the
function f(z) =Y oo, % ”*jl is continuous on [0, 1]. Since power series can be differentiated term-by-
term, we have f/(z) = >"7 (_%x" = log(1+x), |z| < 1. So, f(z) = [log(14+z) = (1+x)log(l14+z)—z+C

n (—1,1) and therefore on (—1,1]; since f(0) =0, C = 0. Thus, ZZO 1 (n(i)il) = f(1) =2log2 — 1.
2n+1 Zntl

16. (a) Show that the series Y~ (%

T m) converges to +log(1+ x) locally uniformly on (—1,1), but
converges to log2 at 1.

Solution. The power series ) T— :11 and Y 5::_12 converge locally uniformly on (—1, 1), and so does their sum.

Both series converge absolutely on (—1,1), so their sums can be computed in any order. So,

el n+1 e 2n+1 1 e x2n+2

> 3T a1 +
Zemt+2 244n+l n02n+1 2 4~ m+2

and
i< x2n+1 l.nJrl ) - i x2n+1 B 1 i x2n+1 B 1 i x2n+2 _ 1 i 1.2n+1 B 1 i :L.2n+2
2n+1 2n+2/ “~2n+1 24~2m+1 24~2n+2 24~2p4+1 24=2p+42
n=0 n=0 n=0 n=0 n=0 n=0
1 & z" 1
== —1)" 1 = “log(1
3 (U = plos(1+2)

At x = 1 the two power series do not converge, so this argument isn’t applicable. The series Z;L.O:o(ﬁ —

373 ) is a grouping of the series Y27 | (—=1)""'1, s its sum is equal to Y07, (—1)" 'L = log2.

(b) Why doesn’t this contradict Abel’s theorem?

Solution. Because this series is not a power series, — it is a sum of two power series, but not a “term-by-same-
degree-term” sum.



17. (a) Prove that for every n € N, foﬂ zcos(nx)dx = =% if n is odd and 0 if n is even.

Solution.
1 1 1 1 7 " -1
/Omv cos(nx) dx = ﬁ/oﬂ'xdsin(nx) = sin(nx) |0 —g/oﬂ'sin(nx) de =0+ ﬁcos(nx) ‘0 = ( 7)12

(b) Prove that for every n € N, fu(z) =1+ 2Y""  cos(iz) = sin((n + 1/2)z)/sin(x/2). Prove that the
function x/sin(x/2), x # 0, can be extended to 0 by continuity. Deduce that [ xfn(x)dz — 0 asn — oo.

Solution. For any n,

n

2sin(x/2) icos(ix) = zn:Zsin(:c/Q) cos(ix) = Z(Sin((i+1/2)x)fsin((i71/2)x)) = sin((n+1/2)x)—sin(z/2).

i=1

So, 23" | cos(iz) =sin((n + 1/2)x)/sin(z/2) — 1.
As sin(xz/2) # 0 for all x € (0,2n), the function g(x) = T

lim,_,q Sm(ﬂ”m = 2lim,_, % = 2, if we define g(0) = 2 the function g is continuous in [0,27). By

is continuous on (0,27). Since
the Riemann-Lebesgue lemma,

/7r xfn(x)de = /wxsin((n +1/2)z)/ sin(x/2) dx = /7T g(z)sin((n+1/2)x) dv — 0
0 0 0

as n — 00.
(¢) Combine (a) (md (b) to prove that 3 44 pen 2z = %2. Notice that > L = Il nen == and

even n€N n
2

deduce that Y07 =

nln2

Solution. For any n we have

/Oﬂxfn(x)dx:/o xdm+22/ x cos(ix) ——4 Z

i<n
1 is odd
Since fo xfn(z)dr — 0 as n — 0o, we obtain that - —4 lim > ;<n % 0, that is, Zodd iEN 7 1= %2.

n—=00 " is odd

Let s =Y 2, 5. Then

2
S 1 _ . _1._3 —
Hence, & =3 qqsenm =5 — 38 = 35, and s = T,



