Math 4181H Solutions to Midterm 3 review problems

1. Suppose that f is a polynomial f(x) = 2™ + ap_12" "' + -+ + a1z + ag with critical points —1,1,2,3,4
and corresponding values 6,1,2,4,3. Sketch the graph of f in the case n is even and in the case n is odd.

Solution. Since f' is continuous (or by Darboux’s theorem) it preserves sign on every interval not containing
a critical point, so, f is strictily monotone on each of the intervals (—oo, —1], [-1,1], [1,2], [2, 3], [3,4], and
[4,+00). Whether f is strictly increasing or strictly decreasing on these intervals can be determined by
comparing its values at the end points: decreasing on [—1,1], and increasing on [1,2], [2,3], and [3,4]. If n
is even then f(x) — 400 for  — +00, so f is decreasing on (—oo, —1) and increasing on (4, +00); if n is
odd then f(z) — —oo for x — —oo and f(x) — 400 for & — +00, so f is increasing on both (—oo, —1)
and (4, +00).

2. Let f be a differentiable function on R. If f' is odd, prove that f is even; if f' is even and f(0) = 0,
prove that f is odd.

Solution. Let f’ be odd; put g(z) = f(x) — f(—=x), then ¢'(z) = f'(z) + f/(—z) = 0,s0 g = ¢ € R, so
f(=z) = f(x) + c for all z. In particular, f(0) = f(0) +¢, so ¢ =0, and f(—=z) = f(x) for all .

Let f’ be even; put g(z) = f(z) + f(—=z), then ¢'(z) = f'(z) — f'(—z) = 0,0 g = ¢ € R, so
f(—=z) = —f(x) + c for all z. Since f(0) =0, we have ¢ =0, so f(—z) = —f(z) for all .

3. Let f(x) = 2/2 + 2%sin(1/x) for & # 0 and f(0) = 0. Prove that f is strictly increasing at 0 but not
increasing in any neighborhood of 0.
Solution. f'(0) =limg_o f(z)/z = limw_m(l/Q + a:sin(l/x)) =1/2> 0, so f is strictly increasing at 0.

For any x # 0, f'(z) = 1/2 4+ 2zsin(1/z) — cos(1/x). When z is close to 0 (when 0 < |z| < 1/4,
to be exact), |2zsin(1/z)| < 1/4. So at the points x,, = m, n € 7, where cos(1l/x) = 1, we have

f'(xn) <1/241/4—1= —1/4. For every n, since f’ is continuous at x,, f’ < 0 in a neighborhood of x,,
so f is decreasing at this neghborhood. (And, every neighborhood of 0 contains z,, for some n, of course.)

4. If f is convex on an open interval I and differentiable at a € I, prove that f(x) > f(a) + f'(a)(x —a) for
allx e I.

Solution. As we know, since f is convex, f’'(a) = f/ (a) mf{f f(a |z el, x>a},so0f'(a) < f(w; Z(a)
for all z > a, s0 (as x —a > 0) f'(a)(x —a) < f(x) — f(a) for such z.

Similarly, f'(a) = f’(a) = sup{w |z €1, v <a}, so f'(a) > W for all x < a, so (as
x—a<0) f'(a)(x—a) < f(z) — f(a) for such z.

5. Find tan’ and arctan’.

- / _ (sin)/ . cos? a:+sin21 _ 1
Solution. tan'(z) = (22)(z) = s thsin e — 1

/A 1 _ 2 : _ _ 2, 1 —
arctan’ x = fan (arctan(z)) — C08 (arctan ). Ok, if y = arctan z then = tany. But then cos?y = TTany =

< /A
so arctan’ x = Tz

T
6. Find f' in terms of g and g if

(i) f(z) = g(z + g(a)).

Solution. Since no word is said about a, it is assumed to be a constant. Then g(a) is also just a constant.
So, f'(z) = ¢'(x + g(a)).

(i) f(x) = g(zg(a)).

Solution. f'(x) = ¢'(xg(a))g(a).

(ili) f(z) = g(z + g(x)).

Solution. f'(z) = ¢'(x + g(z))(1 + ¢'(x)).

(iv) f(z) = g(zg(x)).

Solution. f'(x) = ¢ (vg())(g() + g ().



7. Let f(x) = (sinzx)/x for x # 0 and f(0) = 1. Find f'(0) and f"(0).

Solution. f'(0) = limmﬁ()% = lim,_,9 b“}# Since lim, ,o(sinz — z) = lim, ,o2? = 0 and
(x2) = 2x # 0 if © # 0, by L’Hospital’s rule lim,_,¢ Smw# = lim,_,g % if this last limit exist. But

lim, g Cosgfl =cos’0=—sin0 =0, so f/(0) =0.

We also have f’(z) = (cosx)/x — (sinx)/x? for all x # 0. Hence, f”(0) = lim,_,o (Cosx)/z_z(smx)/xz =
. L’Hospital’s rule is, again, applicable, and we get

: rcosr—sinx
lim, o - ——
. xcost —sinz ., cosx —zxsinr —cosw ., —sinz -1 _, -1
lim —————— = lim 5 = lim = —sin"0=—

z—0 X z—0 3z z—0 3z 3

T
8. Prove that it is impossible to write x = f(x)g(x) where f and g are differentiable at 0 and f(0) = g(0) = 0.
Solution. We have (fg)'(0) = f'(0)g(0) + f(0)g’(0) = 0, whereas 2’| _, = 1.

9. Let f(x) = 2® — 3z + a for some a € R. Prove that f cannot have more than one root in [—1,1].

Solution. If f had two roots a,b € [—1.1], then by Rolle’s theorem there would be = € (a,b) C (—1,1) such
that f'(z) = 0; but f'(z) =322 —3 <0 for all z € (—1,1).

10. If f is twice differentiable with f(0) =0, f(1) =1, and f'(0) = (1) =0, then |f"(x)| > 4 for some
x € (0,1).

Solution. Assume that |f”(z)| < 4 for all z € (0,1). Then f'(z) < f'(0) + 4z = 4a for all z € [0, 1], so
f(z) < £(0) + 22% = 222 for all such =, so f(1/2) < 1/2. Also, f'(x) < f'(1) +4(1 — x) = 4(1 — z) for all
z € [3,1],s0 f(z) > f(1) —2(1 = x)? =1 — 2(1 — 2)? for all such , so f(1/2) > 1/2, contradiction.

11. If f is invertible, differentiable, satisfies f' = f? on an interval I, and f(x) # 0 for all x € I, find
(f=1, 71, and f.

Solution. For any y € f(I), (f~1)(y) = W = y%, so f7i(y) = % + ¢ for some ¢ € R, so f(x) = —

r—c’

12. Prove that the function f(x) = 1/x is convex on (0,+00) and use this to prove that for any n € N and

1 —1
x; +-+x -1
Ty, T, >0, TEE > (D 2 ).

- n

Solution. f is strictly convex on (0, +o00) since f”(x) = 2/ is positive on (0, +oc). By Jensen’s inequality
_ -1, ... -1
for any z1,...,x, > 0, f(&totm) < f("“)*'f'ﬁf(m"), that is, (Ztoten) ' < % Since f is

decreasing, this implies that f((ier'};ﬂ")il) > f(71;1+.ﬁ.+m;1), that is, Ltoton > (m;1+"'+x’:1)71.

n

13. Prove that of all rectangles with given perimeter, the square has the greatest area.

Solution. Let p be the given perimeter. If a rectangle with sides « and y has perimeter p then y = p/2 — z,
and the area of such a rectangle is S(x) = zy = z(p/2 — x). The function S(z) is defined on the interval
[0,p/2], is positive on (0,p/2), and satisfies S(0) = S(p/2) = 0. Thus, it must have a global maximum at
some point of (0,p/2). We have S’(x) = p/2 — 2z, so S'(z) = 0 iff z = p/4, hence the maximum of S is
reached at this point. Thus, the area of the rectangle is maximal when, and only when, = p/4 = y, that
is, when the rectangle is a square.

14. Suppose that f:[0,1] — [0,1] is continuous on [0,1], differentiable on (0,1), and f'(x) # 1 for all
x € [0,1]. Show that there is exactly one x € [0,1] such that f(x) = z.

Solution. First, there is at least one such x by the I.V.T., since for the continuous function g(z) — z we
have ¢g(0) = f(0) > 0 and g(1) = f(1) — 1 < 0. And if there are two points 1 < x5 for which f(z1) = z1
and f(xq) = x2, then by the M\V.T., 1 = % = f'(c) for some ¢ € (x1,x2), which contradicts the
assumption.

15. Suppose function f is continuous on [0,+00), differentiable on (0,+00), f(0) =0, and f' is increasing
on (0,400). Prove that the function g(x) = f(x)/x is increasing on (0,400).

Solution. Since f is differentiable on (0,+00) ¢ is also differentiable on (0, +00) and ¢'(x) = fl(w)wiz_f(w),

a2 > 0. To prove that g is increasing it suffices to show that ¢’(x) > 0 for all > 0. For any = > Omby the
M.V.T. we have f(z) = f(x) — f(0) = f'(t)x for some t € (0,z), and since f’ is increasing, f'(t) < f'(z).
So, f'(x)x — f(x) = f'(x)x — f'(t)x > 0, thus ¢'(z) > 0.
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Another solution. Since f’ is increasing, f is convex on (0,+00). So, the function g(z) = f(;) = %

is increasing. (Well, the interval [0, +00) is not open, so we cannot apply the theory of convex functions on
open intervals as such; it has to be adapted a little.)

16. Let f be continuous on [a,b] and differentiable on (a, b).

(a) Prove that if f'(x) > M for all x € (a,b), then f(b) > f(a) + M(b—a).

Solution. By the M.V.T., f(b) — f(a) = f'(¢)(b—a) > M(b— a) for some c € (a,b).

(b) Prove that if f'(x) < M for all x € (a,b), then f(b) < f(a) + M(b—a).

Solution. By the M.V.T., f(b) — f(a) = f'(¢)(b—a) < M(b— a) for some ¢ € (a,b).

17. Suppose that the functions f and g are differentiable on an interval I, f'(z) > ¢'(x) for all x € I and

f(a) = g(a) for some a € I. Show that f(x) > g(x) for all x € I with x > a and f(x) < g(z) for allxz €I
with z < a.

Solution. Consider the function h = f — g. Since W (z) = f'(x) — ¢'(z) > 0 for all x € I, h is strictly
increasing on I. Hence, f(z) — g(x) = h(xz) < h(a) = 0 for x < a and f(z) — g(z) = h(z) > h(a) = 0 for
x> a.

18. Suppose f is continuous on [0,1] and differentiable on (0,1) with f'(x) > M > 0 for all x € [0,1]. Show
that there is an interval of length  where |f| > M/4.

Solution. If f(1) > 0, then since f' > M,

f@)>f(3)+M@—-3)>M(@x-3)=Mz—M/2
for all > %, so f(x) > M/4 for x € [%,1]. Iff(%) < 0, then since f' > M,
fl@) < f(

for all z < 1, s0 f(z) < —M/4 for z € [0, 1].

Another solution. For any two points z,y € [0, 1] such that |f(z)|, |f(y)| < M/4 we have |f(z)— f(y)| < M/2;
but since |f(x) — f(y)| > M|z — y|, we obtain that |x —y| < 1/2. So, all points = € [0,1] with |f(x)| < M/4
are contained in a subinterval of [0, 1] of length < 1/2. Hence, the set of points where | f(x)| > M /4 contains
at least one interval of length > 1/4.

N=
S~—
+

M(x—l)<M(x—%):Mx—M/2

19. If a function f is differentiable on an interval I and has a unique critical point a € I, prove that either
f is monotone on I or attains the (global on I) mazimum or minimum at a.

Solution. Let I = («, )m where « and § can be infinite. Since f’ # 0 on (a,a) by Darboux’s theorem
f' preserves sign on (a,a), so f is either increasing or decreasing on (o, a); for the same reason f is either
decreasing or increasing on (a, ). We therefore have four cases:

if f is increasing on both («,a) and on (a, 8), then f is increasing on I;

if f is increasing on (o, a) and is decreasing on (a, 3), then f has maximum at q;

if f is decreasing on («, a) and is increasing on (a, 8), then f has minimum at a;

if f is decreasing on both («,a) and on (a, 8), then f is decreasing on I.

20. Let ¢ #0 and let f:R — R be a differentible dunction satisfying f'(x) = cf(x). Prove that f(z) = ae®®
for some a € R.

Solution. Put g(z) = f(x/c); then ¢'(z) = f'(x/c)/c = cf(x/c)/c = f(x/c) = g(x). Hence, g(z) = ae® and
f(x) = g(cx) = ae® for some a € R.

Another solution. Let h(z) = L2 then 1/ (z) = f@)e™ ~f@ee™ _ cf@)e™ —f@)ce™ _ () 45 = const.

ecT ) e2cx e2cx

21. Suppose that f is a differentiable function on (0,+00) such that f'(x) = 1/x for allz > 0 and f(1) = 0.
Prove that f(xy) = f(x) + f(y) for all z,y > 0 (and so, f(x) =log, x for some a > 0).

Solution. Fix any y > 0 and consider the function g(x) = f(zy), * > 0. For any = > 0 we have ¢'(z) =
f(zy)y = miyy = % = f'(z). Tt follows that g = f + ¢ for some ¢ € R; for z = 1 we have g(1) = f(y) and

9(1) = f(1) +c=¢,s0 c= f(y). So, f(zy) = g(x) = f(z) + f(y) for all z > 0.
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22. Let f be a function differentiable on (0,+00) such that lim,_, o f'(x) =¢ > 0.

(a) Prove that lim,_, 4o f(z)/2x = c.

Solution. Both f and g(z) = z are defined and differentiable on (0, 4+00). Since lim,_, 4 f'(x) > 0, there is
K such that f/(z) > 1forall x > K, so f(z) > f(K)+ (z— K) for all z > K, so lim,_, 4 f(z) = 4005 also
lim, 100 g(z) = +o00. For all z, ¢’'(z) =1 # 0, and lim, 1o f/(2)/¢'(x) = limy_s 100 f'() exists. Hence,
L’Hospital’s rule is applicable and gives lim,_, o f(x)/g9(x) = lim, 4o f'(2)/¢'(z) = c.

Another solution. Let 0 < e < ¢. Find K > 0 such that ¢ —¢/2 < f'(z) < ¢+ ¢/2 for all z > K. Then for
every ¢ > K, f(K)+(c—¢/2)z < f(x) < f(K)+ (c+e/2)z, so @4—0—5/2 < flx)/z < @—l—c—&—aﬂ for
allz > K. Find M > K such that |f(x)/z| < e/2 for all z > M. Then for allx > M, c—e < f(z)/x < c+e,
so |f(z) — ¢| < e. Hence, lim,_, 4 f(z)/z = c.

(b) Does this imply that f(x) — cx is a bounded function?

Solution. No, the function f(z) = cx + log(l + ) is a counterexample: since log(l + ) — 400 and
(log(1 4 x))/z — 0 as © — +o0, f(z)/x — c and f(x) — cx — +o0.

23. (a) Give an example of a function f differentiable on (0,+00) for which a finite lim,_, o~ f(x) exists,
but lim,_, o f/(x) does not exist.
Solution. As f we can take a function that tends, say, at zero but oscilates faster and faster, so that the
derivative doesn’t stabilize.

For example, we can take f(z) = (sin(2?))/z. We have lim,_,, f(z) = 0 (since sin(z?) is bounded and

2 B 2

1/r — 0 as * — 00), and f/(x) = %
(b) Prove that if limg,_ 1o f(2) and limg,_ 4 f'(x) both exist and are finite, then lim,_, o f'(x) = 0.
Solution. If lim, o f'(x) = b # 0, say b > 0, then for some N € R, f'(x) > b/2 for all z > N, so
flz) > (b/2)(x — N)+ f(N) for z > N, so lim,_, y f(z) = +o0.

(¢c) Prove that if limg_, oo f(z) and limg_, oo f”(x) both exist and are finite, then lim,_, o f”(z) = 0.

Solution. If limy_ 10 f”(x) = b # 0, say b > 0, then for some N € R, f’(z) > b/2 for all x > N, so
f(x) > (b/2)(x — N) + f/(N) for z > N, so limy_ 4400 f'(x) = 400, so there is K such that f'(z) > 1 for
all z > K, so f(x) >z — N+ f(K) for ¢ > K, so limy_, o f(x) = +00.

3 .2
= 2cos(x?) — sm‘éi;) has no limit as z — +o00.

24. (a) Prove that for any x,y € R such that cosx,cosy, cos(x + y) # 0, tan(z + y) = %
Solution. For any x,y € R for which cosz,cosy,cos(z + y) # 0, we have tan(z + y) = szgi‘z)) =
sinx cosy+cosxsiny _  tanz+ttany
cosxcosy—sinzsiny = l—tanztany’
b) arctan is the inverse of tan|, , ... Prove that arctanz + arctany = arctan(-2tL), indicating all the

|(— 1—xy

272

necessary restrictions on x and y.
Solution. Since tan is strictly increasing on the interval (—m/2,7/2) with lim, =)+ tanz = —oo and
lim, ,(x)- tanz = 400, arctan is defined on (—oc, +00) = R and Rng(arctan) = (—7/2,7/2). Let z,y € R;
put u = arctanz and v = arctany (then u,v € (—7/2,7/2)). Then tan(u 4 v) = {eeuttant 1‘”_2’/3/. This,
indeed, implies that v + v = arctan(f_"’;"y), but if and only if u +v € (—7/2,7/2).
25. Prove that arctan% + arctan% =7

1/241/3

Solution. First of all, 0 < arctan% + arctan% <Ii+3i=7% 5o arctan% + arctan + = arctan T—(/2a/3) =

3
arctan 1 = 7 /4.

26. If a function f is twice differentiable on R and satisfies f" = f, prove that f(x) = ae® + be™* for some
a,beR.

Solution. Put g = f’, then ¢’ = f. Hence, (f +¢9) = f+gand (f —g) = —(f — g), so f(z) + g(x) = ce”
and f(z) — g(z) = de™ for some c,d € R, so f(z) = 1(ce” + de™™).

27. Find (f~1)"(f(a)) in terms of the derivatives of f at a.
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Solution. For any x in a neighborhood of b = f(a), (f~1)(z) = W So, by the chain rule,

1 1" e—1 —1y/ _ 1 ae 1 _ —f”(a)
Foee! OO = —mrs MO FE = e

28. Suppose that f is continuous on [a,b], n-times differentiable on (a,b), and that f(x) = 0 for n + 1
distinct points x in [a,b]. Prove that f) (x) =0 for some x in (a,b).

Solution. Let xg < 21 < ... < z, be the points where f = 0. By Rolle’s theorem, for each i = 1,...,n, there
exists a point y; € (x;_1,2;) such that f'(y;) = 0. The function f’ is (n — 1)-times differentiable on (a,b)
and vanishes at n different points of this interval; thus we may use induction and claim that £ = (f’ )(”_1)
vanishes at at least one point.

29. Letn € N, and let f(z) = a™ for x > 0 and f(x) = 0 for all x < 0. Prove that f is (n — 1)-times
differentiable but not n-times differentiable at 0.

Solution. For any k < n, f®(z) =nn—-1)---(n —k+ 12" * = @ "'k),x” k for all z > 0 and = 0 for all
x < 0. If, by induction on k, we know that f*)(0) = 0, and k < n—1, then f(k+1 (0) = lim, o+ fF)(2)/2 =
limg,_, o+ #Ik),x”*kfl = 0. Also, clearly, f(k'H)(O) 0, so f is (k + 1)-times differentiable at 0 with
FERD(0) = 0. For k = n — 1 we have f(0) = f#V(0) = lim,_o+ = n! and £™(0) = f**V(0) = 0, so
£ (0) doesn’t exist.

30. (a) Letn € N and f(x) = 2*"sin(1/z) for x # 0 and f(0) = 0. Prove that f is n times differentiable
on R and that f™ is discontinuous at 0.
Solution. For allx # 0, f'(z) = 2na®"~tsin(1/x)+2*" cos(1/x)(—1/2%) = —2* =2 cos(1/z)+2nx*"~ sin(1/x).
By induction on k, for any k < n, for any z # 0, f*)(z) = Zi? on—ok Om fl,m Where ag,_op # 0, for every
m, am € R, and fm(z) = 2™sin(1/2) or 2™ cos(1/x). By induction on k, for all k& < n, f*)(0) = 0:
indeed, if f*=1(0) = 0, then ) (0) = lim,_,o f*~V(2)/2, and for every m > (2n — 2(k — 1)) > 2 we have
limy 0 fr.m(2)/2 =0, s0 lim, o f*~ D (x)/z = 0.

lim, g f(")(:n) doesn’t exist: for all m > 2n — 2n = 0, lim,_,¢ fn,m(x) = 0, but for m = 0 this limit
doesn’t exist.
(b) Let n € N and f(z) = 2®" L sin(1/x) for x # 0 and f(0) = 0. Prove that f is n times differentiable on
R, and that f(") is Lipschitz but not differentiable at 0.
Solution. As in (a), for any k < n, f*)(z) = Zf:jzlnﬂf% @m frm, and f®)(0) = 0. f0 is Lipschitz at 0
since all the functions f,, ,, with m > 2n 41— 2n = 1 are Lipschitz at 0. But f"+1(0) = lim,_,¢ f" (z) /2
doesn’t exist: for all m > 1, lim,_,0 fn,m(2)/x = 0, but for m = 1 this limit doesn’t exist.

31. If f and g are n times differentiable at a, prove by induction that (fg)™ (a) = >oheo (Z)f(k)(a)g("_k)(a)
(Leibniz’s formula).

Solution. Tt would be much easier to get this formula using Taylor polynomials. But ok, induction on n: For
n=0,(fg9)® = fg = f©g® works. Assume that, for some n, if f and g are n times differentiable at a, then
(fg)™(a) = Soreo (Z)f(k)(a)g("*k)(a). Let f and g be (n + 1)-times differentiable at a, then f and g are
n-times differentiable in a neighborhood of a and so, by assumption, (fg)™ (z) = >7_, (7) f® (z)g" " (z)
for all  in this neighborhood. Then

(£9)" (@) = (oo (79909 (@) = Sig (1) (4D (@9 @) + 1O (a)g 4 (@)

= k=0 (Z) ‘“*1 ) (a)g P a) + 50, (Z)f(’“>(a)g” K1) (a)

= kg () (a)gt- Ve + £ (@)g @) + @)D (@) + Ty () 7P (a)g " a)

= s (D5 (@9 M @) + £ (@)g O a) + Fla)g™ D (@) + Ty (1) S0 (@)g " (@)
:22:3((2 k+1)) (k+1)(a (n—Fk) (a)+f(”+1)(a)g 0)(a)+f0(a) (n+1) (a)

= k0 (L) F5 0 (@)™ (@) + f ) (a)g ) (0) + 0<a>g<n+l><a>

= Y (E) B @)D (@) + F0 D (@)g O (@) + FO@)g (@) = S () S P (a)g ) ).
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: 2\ .2
32. Find lim S) — 27
=0 (cosz —1)3

Solution. T'll use L'Hospital’s rule three times (each time checking its applicability :) and the fact that

limg o Sig’” =sin’ 0 = cos0 = 1 and so, also lim,_q 5o = 1. First,
sin(x?) — x? ) cos(x?)2x — 2z -2 . cos(z?) -1 . x —2 . cos(x?) -1
1 = lim - = — lim im — = — lim ————.
=0 (cosz —1)3 20 3(cosz — 1)2(—sinx) 3 2—0 (cosz — 1)% 20 sinx 3 20 (cosx — 1)2
Further,
cos(z?) —1 — sin(z?)2x ) —sin(2?)2z . sin(z?) . x

20 (cosz —1)2 50 2(cosx — 1)(—sinz) 250 2(cosx — 1)(—sinz) 2—0cosxz — 1 2—0sinx
sin(x?)

z—0cosx — 1’

Finally,
sin(z?) . cos(z?)2x . o 1. 2z
——— = lim ———— = lim cos(z”) lim -
z—0cosr—1 z—0 —sinx z—0 z—0 —sinx

- 2.
sin(x?)—z?
(cosz—1)3

4/3.

SO, llmw_)o

33. Given c € R, find lin%(l + cx)/e.
T—

Solution.

: 1/z _ q; 1/cx\¢ _ (13 1/cz\¢

igr})(l + cx) whl,%((l + cx)'/er) (ilg})(l+c:1:) )
since the function z + 2¢ is continuous. The function (1 + cz)'/°® is the compsition of z +— cx and
y — (1 + y)'/¥ since (as we know) lim,o(1 + y)'/¥ = e, we obtain that lim,_o(1 + cx)/® = e and
lim, o(1 + cx)'/® = ec.
Another solution.
log(1 + cx)

x

lim log(1 + cz)'/* = lim
z—0 z—0

= log(1 + cx)'|,_, = clog' 1 =c.
Since exp is continuous,

c

lim (1 4 cz)/* = lim exp (log(1 + cx)l/z) = exp(lim log(1 + cz)l/“’) = exp(c) = e°.
z—0 z—0 r—0



