Math 4181H Solutions to Midterm 4 review problems

1. (a) If the function f:[a,b] — R has the property that U(f, P) = L(f, P) for every partition P of [a,b], what
can be said about f?

Solution. f is constant: its supremum and infimum on [a, b] are equal.

(b) If the function f:[a,b] — R has the property that U(f, P) = L(f, P) for some partition P of |a,b], what can
be said about f?

Solution. On every interval [z;_1,x;] of P, the supremum and infimum of f are equal, so f is constant on
[z;—1,2;]. Since every two adjoint intervals of the partition have nonempty intersection, this implies that f is
constant on [a,b]. (If, in the definition of [, we used sup and inf on [z;_1, ;) instead of [z;_1,x;], f would be
only piecewise constant.)

2. Prove that every monotone function on a closed bounded interval is integrable.

Solution. W.l.o.g. assume that f is increasing; then f is bounded below by f(a) and above by f(b). Also assume
that f(a) # f(b), otherwise f is constant. Given € > 0, put 6 = ¢/(f(b) — f(a)). Now if P = {xg,z1,...,2,} is
a partition of [a,b] with mesh P < §, then

n n

AU P) = Y0 (flws) = flaimn) Az < (30 (Flws) = flwimn)) )6 = (F(b) = f(a)6 = <.

i=1 i=1

3. Ifff pandf g—q,ﬁndf(ff (y) dz) dy.

Solution. f(ff dm)dy—fg (faf dx)dy—fg )pdy = pfg )dy = pq.

4. Let f be the Riemann function (f(z) = L if o = ™ € Q in lowest terms and f(z) = 0 if x is irrational).
Prove that f is integrable on [0,1] and fol f=

Solution. Let € > 0. There are only finitely many points ai,...,ax in [0,1] at which f is > ¢/2. Choose a
partition P for which the total length of the intervals containing at least one of a; is less than £/2; then the
contribution of these intervals into Af is < 1-¢/2, and of all other intervals is < (¢/2) - 1. So, A(f,P) < ¢
Hence, f is integrable. Since L(f, Q) = 0 for all partitions, we have that fol f=L(f)=0.

5. Find integrable functions whose composition is not integrable.

Solution. Let f be the Riemann function on [0,1], and let g be the indicator function of R\ {0}, g(z) = 1 if
x # 0 and g(z) =0 if 2z = 0. Both f and g are integrable, but gof is Dirichlet’s function, (gof)(z) =1if 2z € Q
and (gof)(x) =0 if z ¢ Q, which is non-integrable.

6. Let f be bounded on [a,b].

(a) For any partition P of |a,b], prove that A(|f|, P) < A(f, P).

Solution. For any interval (or any set) I and any x,y € I, |f(x)] — |f(y)| < |f(x) — f(y)|; taking sup of this
) —

we get that Vary |f| = sup, e (If ()] = |f(¥)]) < supg yer [f(2) = f(y)l = [ Vary f| = Vary f. So, A(|f], P) =
Zi Var[$i717wi] f|A1‘l S Z’L Var[$i71,wi] fA'rl = A(f? P

(b) If f is intergable, prove that so is |f].
Solution. Given ¢ > 0, find a partition P for which A(f, P) < ¢, then also A(|f], P) < e.

Another solution. |f| is a composition of f and the (uniformly) continuous function y — |y|.

(¢c) If f and g are integrable on [a,b], prove that so are max(f,g) and min(f,g).

Solution. max(f,g) = 3((f+ g) + |f — g|) is integrable since f + g and so |f + g| are integrable. Similarly,
integrable is min(f, g) = %((f +9) —|f - g|)
(d) Prove that f is integrable iff f = max(f,0) and f~ = min(f,0) are integrable.

Solution. By (c), if f is integrable then fT and f~ are integrable. If f* and f~ are integrable, then f = f*+ f~
is integrable.



7. Suppose that f is locally integrable on [0,+00) and lim, o f(x) = a. Prove that lim, 4o + = fo
Solution. Let € > 0; find N such that |f(¢) — a| < e/2 when ¢ > N. Then for any > N we have

’i/owf(t)dta’ i’/owf(t)dt“x’ i’/ONf(t)dtnL/]:f(t)dtaNa(xN)‘

S;‘/ONf(t)dtaN‘Jri’/]:(f(t)a)dt‘gngi/]:U(t)a|dt§;}’+x]\/’€/2’

T

where C' = |f0 t)dt — aN|. Since (x — N)/z < 1 and C/z — 0 as & — +oo, there is M such that
fo dtfa‘<5f0rallx>]\/[

8. If f is integrable on [a,b], prove that fab f(x)dx = f: fb+a—x)dz.

Solution. Let g(x) = g(b+ a — z), = € [a,b]. For any partition P = {a = xg,z1,...,2, = b} of [a,b], let

={a=b+a—zp,b+a—xy_1,...,b+a—xzo=0b}; then P+ P’ is a self-bijection of the set of all partitions
of [a,b]. (It is easy to see that) for every partition P, L(g, P') = L(f, P) and U(g, P') = U(f, P), so L(g) = L(f)
and U(g) = U(f), so g is integrable and f;g = f; f.

9. Find fo x) dx where L is the Cantor ladder function.

Solution. L is contlnuous, so, integrable. By construction, L(z) satisfies L(1 — x) = 1 — L(z), € [0,1]. (This
is true for x € [1/3,2/3]; then for z € [1/9 2/9] and = € [7/9, 8/9] etc., by induction; for all other xz € [0,1]
it is true by continuity.) So 1 = fo )+ L(1 — x))dz = fo d:v + fo (1-2)de = 2f0 x)dz, so
Jy L(z) de = 1/2.

10. If f:R — R is periodic with period a and integrable on [0, al], show that for any b € R, f is integrable on
[b,b+a] and [ f= [ f

Solution. First of all, for any b,c € R with b < ¢, if f is integrable on an interval [b, ¢] then, since f(z+a) = f(z),
f is integrable on [b+ a, ¢+ a] with f;:: f= fbc f. Tt follows (by induction) that f is integrable on [b+ ka, ¢+ ka)
with chm f= [, fforall k € Z. In particular, f is integrable on [—ka, ka] = UrZ!  [na, (n+1)a] for all k € Z,

b+k n=—k
and so, is locally integrable on R.

Now let b € R, (kK — 1)a < b < ka with k € Z. Then
b+a b+a a b—(k—1)a
fb f= f f+ f f= fbf(kfl)af + f “f= fo

11. Suppose that f is integrable on [a,b]. Prove that there is ¢ € |a,b] such that facf = fcb f- Show that it is not
always possible to choose ¢ to be in (a, b).

Solution. Con81der the function H(x f f; f, x € [a,b]. H is continuous (it is a difference of two integral
— f f,and H(b) = [ f ® f. Thus, by the intermediate value theorem, there exists ¢ € [a, D]

functions), H(a “

such that H(c ) 0.
Take [a,b] = [~1,1] and f(z) = signa. Then for any ¢ € [-1,1], [*, f = —c—1for ¢ <0 and ¢ — 1 for

¢ >0, and fclf =c+1forc<0and —c+1 for ¢ > 0. Hence, [ f = fclf only if —c —1=c+1 (that is, if

c=-1)orc—1=—c+1 (that is, if c = 1).

12. Use the Fundamental Theorem of Caluclus and Darbouz’s theorem to give another proof of the Intermediate

Value Theorem.

Solution. If f is a continuous function on [a,b] then f has a primitive: f = F’, where F is the integral function

of f. By Darboux’s theorem, f takes all values between f(a) and f(b).

13. Let f be a continuous function on [a,b] with the property that f: fg =0 for all continuous functions g on
[a,b] satisfying g(a) = g(b) = 0. Prove that f = 0.



Solution. Assume, on the way of contradiction, that f(z¢) # 0 for some zg € (a,b). (If f(a) # 0 or f(b) # 0,
then there exists such an zy anyway.) W.l.o.g., let f(z¢) > 0; find 6 > 0 such that g —§ > a, xg + < b,
and f(xz) > f(xg)/2 for all x € (xg — §, 20 + §). Construct a continuous function g such that g(x) > 0 for all
z € (zo — 6,20 + 0) and g(x) = 0 otherwise. (Say, g(z) = min{|z —y| : |y — zo| > &}. Let 7 > 0 be such

that g(z) > g(z¢)/2 for all x € [xg — 7,29 + 7]. Then fj fg= IIOH fg > f:;oj: fg > (f(zo)g(wo)/4)2T > 0,
contradiction.

14. Let the function f be integrable and > 0 on an interval [a,b] and suppose there is ¢ € [a,b] such that f is
continuous at ¢ and f(c) > 0. Prove that f:f > 0.

Solution. Assume that a < ¢ < b; if ¢ = a or b, by continuity there is ¢’ € (a,b) such that f(¢') > 0. Since
f(c) > 0 and f is continuous at ¢, there is 6 > 0 such that a < c¢—4, b > c+46, and f(z) > f(c)/2 on [c—d,c+4].

Then fccj;f > (f(c)/2)26 > 0. Since f >0, fac_gf >0 and ff_Mf >0, so fff =[ f+ fcc+5f+ fcb+6f > 0.

15. Let f be integrable on [a,b], let ¢ € (a,b), and let F(x) = [ fdt, x € [a,b]. Prove or disprove:

(i) If f is differentiable at ¢, then F is differentiable at c.

Solution. This is true. If f is differentiable at ¢, then f is continuous at ¢, so by the F.T.C.1, F is differentiable

at ¢ (and F'(c) = f(c)).

(ii) If f is differentiable at c, then F' is continuous at c.

Solution. F does not have to be differentiable at all points of [a,b]. (But since f is integrable, it is continuous
t “almost all” points of [a,b], F is differentiable at these points with F’ = f, so F’ restricted to the set of

such points is continuous.) Actually, F’, defined on the whole set where F' is differentiable, is continuous at c.

(Which remains true if f is continuous, not necessarily differentiable, at c.) Indeed, for any € > 0 there exists a
neighborhood of ¢ where |f(t) — f(c)| < ¢; for any distinct z,y in this neighborhood,

F(y)— F(z L f(t)dt

P =@ o) = 1) <=,
y—x y—x
so, if F' is differentiable at = from this neighborhood then
- F(y) — F(x)
/

— = — <e.
/() = fe)] = lim =% =25 — pe)| <«

(iil) If f' is continuous at ¢, then F' is continuous at c.

Solution. Again, it is not clear whether it is assumed that f’ is defined in a neighborhood of ¢. If it is, then f
is continuous in this neighborhood, so F' is differentiable and F’ = f in this neighborhood, so F’ is continuous
in this neighborhood. Otherwise, the answer is the same as in (ii): F” is continuous at ¢, but doesn’t have to be
defined in any neighborhood of c.

16. Find (f~1)'(0) if f(x) = [, (1 + sin(sint)) dt.

Solution. Since the functlon 1 + sin(sinz) is continuous, we have f’(xz) = 1 + sin(sinz) > 0 for all z, so f is
strictly increasing, and has (a continuous, and so, differentiable) inverse. f(0) =0, so (f~!)’(0) =1/f(0) = 1.
17. (a) Find the derivatives of F(z) = ;" 1dt and G(z fbbx Lat.

Solution. F and G are defined for all 2 > 0. Since the functlon 1/z is continuous, by the F.T.C., F'(z) = 1/x and
G'(z) = (1/bx)(bx) = (1/bx)b = 1/x. Hence, F = G + ¢ for some ¢ € R. For z = 1 we have F(1) = G(1) =0,
so F=G.

a ab
(b) Use (a) to prove that for a > 1 and b >0, [['1/tdt= [, 1/tdt.
Solution. For any a > 0 and b # 0, F(a) = G(a).
(c) For a,b> 1 prove that [, 4 + fbdt: abdt.

b b b
Solution. fadt f d — adt+fa d la %.



18. Let f(x) =sin(1/z), x #0, and f(0) = 0. Is the function F(z) = [; f differentiable at 07

Solution. First of all, f is bounded and discontinuous only at 0, so 1t is locally integrable, and F'(x) is defined
for every z € R, with F(0) = 0.

Yes, F is differentiable. Indeed, let G(z) = x2 cos(1/x), x # 0, G(0) = 0. Then G is differentiable on R with
G'(z) = 2z cos(1/x) + sin(1/z) for  # 0 and G'(0) = 0. The function h(x) = 2z cos(1/x) for  # 0, h(0) =0
is continuous on R, so it has a primitive H with H(0) = 0. We then have (G — H)'(x) = sin(1/z) = f(z) for
all x # 0 and also (G — H)'(0) = G'(0) — h(0) = 0 = f(0). Hence, G — H is a primitive of f. By the F.T.C.,
F =G — H + const, so, F is differentiable on R with F’' = f

— 71'/2 . n—2

19. Prove that for every integer n > 2, foﬂ/z sin" xdr = "= [ sin" "z dx.

Solution. Since sin? = 1 — cos?,

/2 /2 /2 w/2
/ sin” x dx = / sin" 2z sin’zdx = / sin” 2 xdx — / sin™ 2 x cos? z dz.
0 0 0 0

Integrating by parts we get

/2 /2 /2
/ sin" 2 x cos? x dx = / sin" 2z coszdsinz = ﬁ/ coszdsin™ !z
0 0 0

/2 /2

. _ /2 . _ .
= L _cosz sin® 1x| /21 sin" ‘axdcosz =0+ - sin” x dx.
n—1 0 n—1 n—1 0

Hence, foﬂ/Q sin” z do = W/ vdr — - foﬂ/Q sin” x dz, so (14 ) foﬂ/z sin” x de = OW/Q sin" "2 z dz, so
fOW/Q sin” x do = 21 077/2 sin" 2z de.
20. Compute the improper integral fol log z dz.

Solution. [logzdr = zlogz — [xdlogz = xlogx — [dz = zlogax — z + C, so follogxda: = (logl —1) —
lim,_,o+(aloga — a) = —1.

21. Prove the following version of the integration by parts for improper integmls If f and g are locally integrable
on [a,B) (where f € RU {—|—oo}) and have primitives F = [ f and G = [ g on [a,f), lim,_,5- F(2)G(x) exists,

Fg has a ptzmztwe, and ff Yg(x) dz converges, then ff (2)G(x)dr = lim,_,5- F(x)G(x) — F(a)G(a) —
fﬂ x)dz.
Solution. fﬂ x)dr = hmb_,ﬁ f f )G(x)de = lim,_,5- (F(:C)G(x)|z - ffF(x)g(a:) dr) =

limy - (F(B)G(B) — F<a>G< >> limy [ F@)g(a) de = limy - F)GE) — F(a)Gla) — [ Fla)g(a) de.
22. Determine if the improper integral fOOO sin(x?) dx converges.

Solution. fol sin(x?) is proper, so we focus on f1+oo sin(z?). We have

/sinxde = %/x_l sinz?d(2?) = —1 /x_ldcos(xQ) = —227 ' cos(2?) + %/cos(ﬁ)d(w‘l)
= —127 ' cos(2?) — %/I*Q cos(z?)dz.

So,
+oo b b +oo
/ sin(z?)dz = lim sin(z?)dr = =1 lim 27! cos(:v2)|1 - l/ % cos(x?)dx.
1 1

b——+o0 1 2 b—+oo 2

2 cos(x?)dx converges absolutely, f0+oo sin(x?) converges.

Since limp_, 1 oo b~ cos(b?) = 0 and f1+oo x~
23. Using the fact that [ e~ dz = \/7/2, find (~1/2)! = T(1/2) and (1/2)! = T(3/2).
Solution. Using the substitution s = \/t we calculate I'(1/2) = f0+°° e tl/2 g = f0+°° e’ s71d(s?) =

2 [F*° e *"ds = /7. And then I'(3/2) = 11(1/2) = /7/2.

4



24. Find the Taylor polynomial P, 5 for
(a) f(z) =es"® a=0,n = 3.
Solution. f(0) = 1; f'(z) = e™%cosx, so f/(0) = 1; f(x) = e cos?z — M %sinx, so f7(0) = 1; f'(z) =

sin x 3

21 . 21 . 21 2
e cos® x — e P - 2coswsing — e ¥ sinx — " ¥ cosz, so f'(0) = 0. Hence, P3o(z) =14z + 5.

Another solution. The 3rd Taylor polynomials for sinx at 0 is x — “—63 and for e¥ at 0 is 1 +y + % + %, so P3
is the degree 3 truncation of

o) - 5) - 5),
Whichisl—l—x—%g—&—%aj2+ —1+x+%2

(b) f(z) =¢*, a=1.

Solution. For any n, (eg”)(”)u:1 =e,50 Ppa(x) =)o Sz —1)"

Another solution. For any n,

n —_ 1) —1)"
e” =ee” = e(z u +o((z — 1)”)) = eu +o((x —1)"),
=0 v k=0
SOPn,l( ) Zk 06 nl
() flx)=a"+23+x,a=0,n=4.
Solution. Since f(z) =z + 2® +0(2®), P3o(z) =z + a>.
Another solution. f(0) =0, f/(0) =1, f"(0) =0, f(0) =6, f#(0) =0, so P3o(z) =z + 23 = z 4 23
25. (a) For every n € N, find the Taylor polynomial Py ano,5 for f(z) = sin(z?).

. 6 10 an+2 .
Solution. Py an+2 ¢(x) = Poant1sin(2?) = 22 — S+ E -+ (—1)"%. (Since Py 2n+1.sin(2?) has degree

4n + 2 and satisfies sin(2?) = P 2541 .sin(22) + 0o(z4712).)
(b) Find f*)(0) for all k.
Solution. f*)(0) = k'ak, where ay, is the coefficient before z* in the Taylor polynomial for f at 0.
(k/z)' for k = 2,10,18,.

k/2 for k =6,14,22,.
0 otherwise.
(¢) In general, if f(z) = g(z™), find f*)(0) in terms of the derivatives of g at 0.
Solution. Let f(z) = g(z™). If P(z) = ap + a1z + azz® + ... + a,z™ is the Taylor polynomial of degree n for
g at 0, then g(z) = P(z) 4+ o(z™). This implies that f(x) = P(z™) + o((z™)™) = P(z™) 4 o(z™™). Hence,
P(z™) = ag + a12™ + agx®™ + ... + a, ™™ is the Taylor polynomial of degree nm for f at 0. We therefore have
FO(0) = {k!ak ym if k is divisible by m _ { g ®/™(0) if K is divisible by m

0 otherwise

So, f®)(0) =

0 otherwise.
26. Find Py s for

(a) f(z) =e®sinz.

S;)lutior)n. e‘::lj—x—&—:;—kf—;—&—%—!—%—i—o(ﬁ) and sinx = x — —1—0120 o(z®), so emsinx:x—kxz—km—;—&—
4o - - 2 o+ o(2®), and Py p(x r) =1z + 22 Jr—fg—o

(b) f(z) = tanz.
Solution. We have cosx = 1 — 12—2 + g + o(z%), so

1 1 _ 2 4 5 2 3312 2 5 5
cosa;_1,(%,%+0(15))_1+(%_§74+0(x ))—I—(%—O([E )) _1+%+ 2z4 —I—O(LL’)
and
: 1 28 2 S5z z z° z z° z° 5
tanz = sinzds = (v — & + {5 +o(a®) (1 + 5 + % +ofa )):x—?+ﬁ+7—ﬁ+@+0(§”)
ot s+ B+ ole?)

3 5
Hence, Py s f(z) =z + =+ 21%



27. FZTLd (a) hInx—)O ;1 sfr:a?m

Solution. We have e” = 14z + $2? + $2° + o(2*) and sinz = x — }2® + o(2*). So,

e —l—x—gz* a3+ o(2?) .t +o(a¥)/a?

lim = lim 7— 3 :111111733*1.

z—0 x —sinz =0 zxd3 —o(x3) @220 ¢ —o(x3)/x
Solution.

, 1 1 . a?—sin?z 2P —(z—ga¥+o0(a®)? tat4o(zt) 1
hm(T——):hmhiZ:hm 5 5 =1l 7 o~ = 3
e—0\sin’x 22 =0 z2sin”x z—0 z2(z + o(x)) z=0 zt+o(zt) 3

( ) hmx‘)O(sml z sin(lrcz))'

Solution.

_ 1 1 . sin(z?) —sin?z (2% +o(a?) — (z— g2t +0(2?)? . fat4o(z?) 1
hm(T_ﬁ) = hm2—= lim 572 3 = hmﬁ:*
@—0\sin’z sin(2?) =0 sin” x sin(x?) -0 (x 4+ o(x))?(z? + o(2?)) 2—0 4 +o(z*) 3

28. Use Taylor polynomials to reprove Leibniz’s identity (fg)™ (a) = Y1 (*) £~ (a)g" (a).
Solution. Let f and g be n-times differentiable at a, let Py, f(z) = ap+a1(z —a)+as(x —a)? 4+ +an(x —a)”
and Py, (z) = bo +b1(z — a) + ba(z — a)® + -+ + by (x — a)”. Then
Pan,9(®) = Tan(Pan, g () Pan,g(2))
= apbo + (aobl + albo)(x — a) =+ (aobg +a1by + agbo)(l‘ — a)2 —+ -4 (aobn +aibp—1+---+ anbo)(l‘ — CL)"
n k k
=2 k=0 (Xizo aibk—i) (x — a)*.

In particular,

(2) (n—1) n n ) .
(f9) (" —anaZ — 1—n'zf g (a) :Zz'(n—z) f(l( )9 (= z)(a) :Z(?)f(z)(a)g(nﬂ)(a)-

(n—1i)! ; ;
=0 1=0 =0

e’ —1
29. Let f(z) = {1 z mO?é 0 Taking it for granted that f is infnitely differentiable on R, find the Taylor
, x=0.

polynomial of degree n for f at 0, and compute f™(0) for all n.

Solution. 1T don’t see how to easily prove that f is infinitely differentiable at 0 until we study power series.
7L+1

Wehaveemzl—i—x—i—g—i—g—?—i— -+ g ol "1, Hence,

2 "

=1 < n
fa) =1+ + SRR m s Gl
SO 1+%+§+ +(nzTn1)! is the n-th Taylor polynomial of f at 0. This implies that f'(0) = &, f”(0) = 24, = £,

and f((0) = n! 1 forallm € N.

<n+1>' =

30. Define f(x) = log(i%g) forx #0 and f(0) = 1. Taking it for granted that f is infnitely differentiable on R,
find the derivative f1°0)(0).

Solution. As we know, log(1 4+ 2?) = 2 — fa* + 120 — - + L2192 4 0(21%?), s0 f(z) = log(l + 2?2) /2% =
1—3a?+ 3ot — -+ L2104 o(2'9). Since f is 1nfn1te1y dlfferentlable it follows that 1 — fo?+ fat —- -4 L2100

is 100-th Taylor polynomial of f at 0. So, f(1°0)(0) = 100! .
31. Using the fact that 7 = arctan + arctan £ 3, show that m = 3.14159...

n_ 2n+1 2n+3
Solution. We have arctanz = x — 7 C 4z ? A+ (QT + Ropnt1(x), where |Rap i1 ()| < ‘2‘714*3 (see Spivak).
For z = %, if we want Ry, 1(7) to be less than 1077, it suffices to take n = 3, and n = 0 works for = 51, so that

we have F4R7( ) —Ri(555)] <5-1077. So, w1therror<5 107, we have 77/4 4(7—W+550+7§fg s A

0.78539792, and so, with error < 2-107°, 7 ~ 3.141591.




