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Abstract

Generalized polynomials are functions obtained from conventional polynomials by applying the operations of
taking the integer part, addition, and multiplication. We construct a system of “basic” generalized polynomials
with the property that any bounded generalized polynomial is representable as a piecewise polynomial function of
these basic ones. Such a representation is unique up to a function vanishing almost everywhere, which solves the
problem of determining whether two generalized polynomials are equal a.e. The basic generalized polynomials
are jointly equidistributed, thus we also obtain an effective algorithm of finding the limiting distribution of values
of one or several generalized polynomials.

0. Introduction

A generalized polynomial is a function constructed from ordinary real-valued polynomials (of one or
several variables) with the help of the operations of taking the integer part, addition and multiplication, like
p1[p2 + ps[pal][ps] + pe, where p; are ordinary polynomials of one or several variables. (It would be more
natural to call generalized polynomials “bracket polynomials” (as it is done in [GT]), but unfortunately
the term “bracket polynomial” is already reserved in knots theory.) We will call generalized polynomials
gen-polynomials. Gen-polynomials with a common domain form an algebra, and a composition of gen-
polynomials is again a gen-polynomial. The “fractional part” function {} and the “distance to the nearest
integer” function (z) are also gen-polynomials: {o} = z—[z], and (z) = (1—[3+{z}]) {a}+ 3 +{z}] 1—{z}).

We will mainly be interested in gen-polynomials of one or several integer variables, that is, gen-
polynomials Z¢ — R; we will explain later why gen-polynomials of real variables are easier to deal with.

Gen-polynomials are very natural objects, and often appear in literature in this or that form. Wide
classes of gen-polynomials were studied and many nice results were obtained in [Hal], [Ha2], [Ha3], [HaK],
and [BH&]. In [GO’B], interesting questions about the uniqueness of a representation of a gen-polynomial in
a certain form are asked and answered for some special classes of gen-polynomials.

RR 77
It was noticed in [AGH] that if X = G/T', where G is the Heisenberg group (é(l)]ll%) and I' = (éé%) c G,

is identified with the subset of G of matrices whose all entries are in [0, 1), then for any a € G the upper-right
entry of the sequence a” mod T, n € Z, is a gen-polynomial of the form a;nlasn] + azn® + ayn, a; € R. The
space X above is a nilmanifold, a compact homogeneous space of a nilpotent Lie group. It was V. Bergelson
who asked what gen-polynomials can be obtained in a similar way, that is, can be read off from a nilmanifold.
In [BL] it is proven that any bounded gen-polynomial can: for any bounded gen-polynomial u: Z¢ — R there
exists a nilmanifold X = G/T', a point € X, a piecewise polynomial function 7 on X, and a polynomial
mapping P:Z¢ — G such that P(Z%)x = X and u(n) = 7(P(n)x) for all n € Z%. (There is also a version
of this theorem for gen-polynomials on R%.) Various properties of bounded gen-polynomials can be derived
from this result; in particular, it follows that any bounded vector-valued gen-polynomial u has “a limiting
distribution of values”: the values of w are uniformly distributed on a piecewise polynomial surface. The
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proof of this fact given in [BL] is long and difficult; we give here a simpler proof (see Theorems 7.2 and 8.1;
yet another simple proof is outlined in Section 9.)

In connection with gen-polynomials, the following two problems naturally appear:

1. “The word problem”: given two gen-polynomials, determine whether they represent the same function.
2. “The distribution problem”: given a (vector-valued) gen-polynomial u, determine whether the values of
u are equidistributed in the range of u; more generally, find the limiting distribution of the values of u.

To solve these problems we describe a “canonical form” to which every gen-polynomial can be reduced. We
introduce a system of “basic gen-polynomials”, which are highly independent (jointly equidistributed, to be
exact), and show that every bounded gen-polynomial is representable as a piecewise polynomial function of
these basic ones. (As to the unbounded gen-polynomials, they can be represented as “polynomials” with
bounded gen-polynomials as coefficients.) The independence of basic gen-polynomials implies that, for every
bounded gen-polynomial, such a representation is unique up to a piecewise polynomial function vanishing
a.e.; this solves the “word problem” for gen-polynomials — modulo gen-polynomials vanishing a.e. Also, the
independence of basic gen-polynomials implies that the values of the composition of a function f and the
basic gen-polynomials are distributed uniformly with respect to the measure f(u), where p is the Lebesgue
measure on a unit cube, which solves the “distribution problem” for gen-polynomials.

For some technical reasons, we find it more convenient to construct gen-polynomials using the fractional
part function {x} = x — [z] instead of the integer part function [z]. (We will use this unusual notation for
the fractional part in order not to mix it up with the set-theoretical parentheses “{...}”.) As the reader
will see, our construction of “basic gen-polynomials” is related to commutator calculus in free groups. Let
A be a well-ordered set. We define a well-ordered “index set” B = B(A) in the following way: B is the
minimal set that contains all elements of A and all expressions of the form [y,mf] with 8,7 € B, m € N,
such that § < 7 and either v € A or v = [\, kd] with § < 3, and where the order on B\ A is defined by
A < (B\A) and [y1,m101] < [y2, mafs] if (61,71, m1) < (82,72, m2) lexicographically. (Thus, to verify
whether an expression « belongs to B one has to perform finitely many tests.) Less formally, 5 is constructed
in the following way: we start with B = A; then, beginning with the first element of A, for each successive

element (3 of B we add at the end of B the set (J~es U, —;[v, mf]; this way we obtain B = AU Uzep s
v>B8

&= U Ubmsl
7€U5<ﬁ85 m=t

>0

where

(Actually, we could finitize this definition by taking a finite A, limiting m by a constant ¢, and limiting the
length of elements of B, — we then obtain a finite set B that would suffice for our goals. The only reason we
do not do this is that we do not want to permanently keep these limits in mind; but the reader may always
assume that B is finite.)

Example. Let A = {a,b,c}, with a < b < ¢. Then the beginning elements of B = B(A) are:

a, b7 &
& [bymal, m eN;  [c,ma], m €N;
& [e,mb], meN; [[b,ma],kb], k,m € N; [[c,mal],kb], k,m € N;
Ee: [[b,ma],l ] I,meN; [[e,mal],lc, I,meN; [[c,mbl],lc], I,meN,;
[[[b, ma], kb], lc], ILk,meN; [[[c,mal], kb],lc], I,k,m eN;
Eya) = [[b, mal, [b all, ,meN, m>2; [le,mal,r[b,a]], r,m eN; [[c,mb],r[b,a]], r,m eN;
[[[b,mal, kb], r[b,a]], r,k,m € N; [[[c, ma], kD], r[b,a]], r,k,m € N;
[[[b, mal, ! ] [b all, r,l,m eN; [[[e,ma],lc],rb,al], r,l,m e N; [[[c,mb],lc],r[b,a]], r,l,m € N;
[[[[b, ma], kb],lc], b, a]], 1, k,m eN; [[[[c,na], kb],lc],r[b,a]], r,l,k,m € N;
Ew,2a) ¢ [[b,ma],r[b,2a]], r,m €N, m >3; [[c,ma],r[b,2a]], ,m € N;
where we assume [b, a] = [b, la].



We define gen-polynomials v, = v,(P), a € B, in the variables x5, § € A, in the following way: we put
Vo = Za, @ € A, and for a = [y,mp], 7,8 € B, m € N, we put v, = vy{vg}"™. We call the gen-polynomials
{va} basic gen-polynomials.
Examples. 1. For a,b,c,d,e € A and m,k,r,l € N, we have vgmy = Zpfza}”s Vemalry =

m k m k r
il'c{(Ea} {xb} y  V[[[e,mal],kb],r[d,le]] :xc{xa} {xb} {md{xe}} .

2. For A = {a,b,c}, assuming a < b < ¢, the beginning basic gen-polynomials are
{va}l = {za}, {ve} = {ze}, {oc} = {zc};

{U[bﬂna]} = {xb{xa}m}a m € N;
fviema} = {rcfza} ™}, meN;

{U[c,mb]} = {xc{xb}m}a me N;
{vip,ma) k)t = {{xb{xa}m{xb}k}a k,m e N;
{U[[c,ma],kb]} = {xc{ma}m{wb}k}» k,m € N;

{U[[b ma},lc]} = {xb{xa}m{xc}i}’ l,m S N,
{ [[c ma},lc}} = ‘{xc'{{xa}m{xc}l}, Z,m S N,
{vgempic} = {zefz "z} ), Lm e N;
[
[

{vi,mal ke, } = {xb{xa}m{xb}k{xc}l}, I,k,meN;
{U [[e ma],kb],lc]} = {xc{xa}m{xb}k{xc}l}y l, k; m e N7

{U[[b malrba)} = {zefza} " {zef{zad} }, rom e N, m > 2;

e malrivan} = frefza} " {oofz Y}, rom e N;

{01c,mo)rpan} = {{xc{xb}m{xb{ma}}}’”} rom € N;

{oibmar kel opan} = oo foad " {o} oz} Y, rkom e N;

{o1ttemal ki, an}} = {rcfead "{m} o foa} ), rkmeN;

o1 magid .t = frofzad ™ {ze }l{wb{xa}}r}} r,l,meN;

(o marimrpan} = frefzad™ fae } {eofza}} ), rlmeN;
fotempidopan}t = {refed e} fofed} ), rlm e N

{vi,mal kel e} = {{!Bb{wa}m{xb}k{xc}l{xb{xa}}}r}} rl, k,meN;
o116, ma ko) ic et = {zedzad™ {e} {z o} {oo{za}} Vol kmeN,;

{U[[b,ma],r[b,2a]]} = {rpfr} " {ro{e} Y}, rom eN, m > 3;
m 27
{v[[c,ma],r[b,Qa]]} = {’,Cc{l'a} {.Tb{l'a} } }7 r,m S N;

We will now give several definitions. Let ¢ be a mapping from a countable abelian group H to a
topological space X equipped with a probability Borel measure v. A Fglner sequence in H is a sequence
(®y) of finite subsets of H such that for every n € H, ﬁ‘(@]\r +n)APy| — 0 as N — oo. we will
say that ¢ is (or the values of ¢ are) well distributed in X with respect to v if for any h € C(X) and any
Fglner sequence (®y) in H we have limy_ @—1N| Yoncay P(@(n) = [y hdv. Let uq, a € A, be a family
of functions H — [0,1]; we will say that the functions wu, are jointly well distributed if for any finite
subsystem {a,...,ar} C A the function (ug,, .- - ,Ua,) from H to [0,1]* is well distributed with respect to
the Lebesgue measure on [0, 1]*.

If v is a function in real variables z,, a € A, and P{p, : a € A} is a system of real-valued functions
with common domain Z, we will denote by v(P) the function v(ps(n): a € A), n € Z.

By Q[n] we will denote the space of polynomials of one or several integer variables with rational coeffi-
cients. Our first main result is the following:



Theorem 0.1. Let P = {p, : a € A}, be a well-ordered system of real-valued polynomials on Z2, Q-linearly
independent modulo Q[n] + R. Then the gen-polynomials {v,(P)}, a € B(A), are jointly well distributed.

Remark. The well-order on the system P appearing in the formulation of Theorem 0.1 and below, is
arbitrary, and is simply used to construct the gen-polynomials {v,(P)}. This order may not be anyhow
related to the degree of the polynomials in P.

We call a piecewise polynomial function, or a pp-function, any function f on @ C R™ such that @) can
be partitioned into finitely many subsets, QQ = Ule Q;, with the property that, for each i, Q; is defined by
a system of polynomial inequalities and f 3 is a polynomial.

zy+1, if y<a®, z<y?®

2 f 2 . 2
z”+3y, I y<z*, x>y

3 2_g if 2
r°42xy -3, 1l y>z=, =
5, if y>a2, 2>y°

Example. f(z,y) = <y is a pp-function on R2.

Let u be a bounded gen-polynomial. Let R be the set of ordinary polynomials from which « is constructed
(that is, the polynomials occurring in the expression defining u), let R be the Q-algebra generated by R, and
let P = {po : @ € A} be a system of polynomials such that span? O R. We would now like to state that
u can be represented as a pp-function of the gen-polynomials v,, but there are two obstacles that prevent
this from being true. The first obstacle is the problem of rational coefficients: the gen-polynomial {{%p}
is not a function of the gen-polynomial {p}, so we cannot avoid dealing with {%p}, and more generally,
with {M~1p} with M “divisible enough”. The second obstacle is related to rational polynomials: the gen-
polynomials u(n) = {{%n}}, n € Z, cannot be represented in the desirable form. We could overcome this
second problem by adding rational basic gen-polynomials to our scheme, but for simplicity we have preferred
to trivialize rational polynomials by passing to a suitable sublattice of Z%: for u(n) = {%n}}, Uy, =0 and
U|y oy = 1.

Given a system of functions P = {p, : a € A}, we will write M ~P for the system {M~!p, : a € A}.
The “true” formulation of our second main result is the following:

Theorem 0.2. Let u be a bounded gen-polynomial on Z%, and let P = {p : o € A} be a well-ordered system
of polynomials spanning the Q-algebra R generated by the polynomials occurring in u. There exist M € N
and a cofinite sublattice A in Z% such that for any translation A' = ng + A of A there exist distinct indices
ai,...,a; € B(A), and a pp-function f on [0,1])! such that uly, = f({va, MP)}, ..o {va, (M 1P} e
If the system P is Q-linearly independent modulo Q[n] + R and the constant M is fized, then, for any A, f
is defined uniquely up to a (piecewise polynomial) function vanishing a.e. in [0,1].

Remarks. 1. Since the gen-polynomials v,,, j = 1,...,l, only depend on finitely many variables, we really
need only a finite subset of P, and so, only a system of polynomials that spans not the whole algebra R but
only the space R<. = {g(ql7 ..., qk), k € N, ¢; are polynomials occurring in u, g € Q[z1,...,zx], degg < c}
for some ¢ € N. Moreover, the integer ¢ can be estimated by analyzing the structure of u (it does not exceed
the complexity of u; see below), but we do not prove such an estimate.

2. What polynomial “occur” in u depends, of course, on a concrete expression defining u, thus the algebra
R appearing in the formulation of Theorem 0.2 is not well defined. What we mean is that we can choose
any representation of u as a gen-polynomial and take R to be the algebra generated by the polynomials that
occur in this representation.

3. The constraint that our canonical form is only defined up to a pp-function f; vanishing a.e. is unavoidable,
since the sequence fo({vaj (M=1PMn)} :5=1,..., l), n € Z%, may be identically zero for such a function

fo. For example, for the function fo(z,y) = x{0} (%) — X {0} (¥) we have fo({v2n}, {V/3n}) =0 for all n. As

1, n=0
=90 nto Z can be represented as (o} ({v2n})

and also as X{O}({{ﬁn}}), though the polynomials v/2n and v/3n are Q-linearly independent.

a result, the gen-polynomial u(n) = 1+ [—{v2n}]

4. Note also that when a pp-function vanishes a.e. in [0,1]!, it is only nonzero on a (polynomially defined)
subset of a proper algebraic subvariety of [0, 1]’



Examples. 1. Let u(n) = {[\/in] \/gn}, n € Z. The gen-polynomial u “is constructed” from the polynomials
p(n) = v2n and q(n) = v/3n; we also add the polynomial r(n) = p(n)q(n) = v/6n? from the algebra generated
by p and q. We have

u={pla} = {pa — afpt} = {r — alp}} = {{r} - {alph}} = {{vs} — {va}} = F({os} {opad),
where vs =7, v2.1] = ¢{p}, and [ is the pp-function f(z,y) = {z —y} = {i - z’+x1,_:zr/§3(j)< 0

Since p, q,r are Q-linearly independent modulo Q[n] + R, the gen-polynomials {vs} and {vj1)} are jointly
well distributed; since the image by f of the Lebesgue measure on [0, 1)? is the Lebesgue measure on [0, 1],
it follows that u is also well distributed on [0, 1] with respect to the Lebesgue measure.

2. Let u(n) = {V2n{V3n{v2n}} — V3n{v2n}[v2n]}. Put p = v2n, ¢ = V/3n, and transform v in the
following way:
u(n) = {plaip}} — alp}pl} = {{pHalp}} + PHadp}} — alp}el} = {{pHalp}} + PI{adp}} - ofrh}

= {{rHalr}} - ) [adp}]} = {{rHalr}}} = fpHalr}} = {vHvn}

where v, = p and vy, = qfp}. It follows that the values of u are well distributed in [0, 1] with respect
to the image of the Lebesgue measure on [0,1]? under the function f(x1,z2) = 2179, namely, the measure
—log tdt.

on [0, 1]2.

3. To demonstrate a situation where “passing to a sublattice” is needed, let u(n) = {\/gn[g]}} Then
u(n) = {@nﬂ} for n € 27 and

{807} — {Bn} if L2} — {Ln} >0

“(">:‘{{§”2_¢T§"}:{ V3,21 _ g3 T SV W oV
{0} — {290} +1if {Fn?} — {Fn} <0

for n € 27Z + 1.

4. To demonstrate a situation where “passing to M ~'.A” is needed, let u = {v2n{v2n}}. We take M = 2,
and p = 271(v/2n). Then

w = Ppp}} = { fapft ity <3 _ [ WPy} <3 [P ity <t
fapfd -2} it o} = 5 | ROY 20 i > 5 | 200} 20} + 1 {0} > 4,

(where we used the identity {2v2n{v2n}} = {— [v2n]* + 2n* + {ﬁn}f}} = {V2n}?). 1t follows that the

, %] and to

values of u are well-distributed in [0, 1] with respect to the measure that is equal to 25/% on [0
2\/% on [3,1].

In our proof of Theorems 0.1 and 0.2 we exploit the mentioned above connection between bounded gen-
polynomials and nilmanifolds. Actually, the existence of a natural family of basic gen-polynomials satisfying
the assertions of these theorems follows from a general argument, — these are the gen-polynomials “read off”
from distinct coordinates of a free nilmanifold (see Proposition 2.5). The problem is that these “natural”
basic gen-polynomials are too complicated to be explicitly written out and used; our task is therefore to
“simplify” them so that they would not loose their independence. As for Theorem 0.2, its first, “existence”
part is proved directly, by describing an algorithm of reducing a gen-polynomial to the desired form, and its
second, “uniqueness” part is a simple corollary of Theorem 0.1.

We focus on gen-polynomials of integer variables. Dealing with gen-polynomials of real variables is
easier, since the closure of the orbit of any point in a nilmanifold under a continuous flow is always connected,
whereas such a closure under the action of a discrete group may be disconnected; or, without referring to
nilmanifolds, since the gen-polynomial {q(x)}, = € RY, is equidistributed in [0,1] even if a nonconstant
polynomial g has all rational coefficients. For the case of gen-polynomials of real variables Theorems 0.1 and
0.2 can be adapted in the following way. Let w be the Lebesgue measure on R?. A Fglner sequence in R?
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is a sequence (®y) of measurable subsets of R? such that for every n € R @w((q)]v +n)APy) — 0
as N — co. We say that the values of a function : R? — [0, 1]* are well distributed in [0, 1]* if for any
h € C([0,1]*) and any Fglner sequence (®y) in R? we have limy_.oc m Jo, Mep(t) dt = f[Oyl]’“ h(zx)dz,
and we say that a family u,, o € A, of functions R? — [0,1] is jointly well distributed if for any finite

subsystem {a,...,a;} C A the values of the function (ug,, ..., us, ) are well distributed in [0, 1]*.

Theorem 0.3. Let P = {p, : a € A}, be a well-ordered system of real-valued polynomials on R, Q-linearly
independent modulo R. Then the gen-polynomials {v,(P)}, o € B(A), are jointly well distributed.

In the formulation of Theorem 0.2 there is no more need in passing to sublattices:

Theorem 0.4. Let u be a bounded gen-polynomial on R?, and let P = {po : a € A} be a well-ordered
system of polynomials spanning the Q-algebra generated by the polynomials occurring in uw. There exist
M € N, distinct indices vy, . ..,a; € B(A), and a pp-function f on [0,1]" such that u = f({vaj(M_l’P)}} :
j=1,..., l). If the system P is Q-linearly independent modulo R and M is fized, then f is defined uniquely
up to a (piecewise polynomial) function vanishing a.e. in [0,1]".

Here is the plan of the paper. In Section 1 we discuss a relation between gen-polynomials and pp-
function. In Section 2 we discuss relations between bounded gen-polynomials and nilmanifolds. In Section 3
we introduce certain technical characteristics of gen-polynomials. In Section 4 we recall the commutator
calculus in free groups and introduce what we call “free coordinate gen-polynomials”. In Section 5 we
establish the identities, involving the operation { -}, that we will use to transform gen-polynomials. In
Section 6 we prove the first part of Theorem 0.2 and describe an algorithm of reduction of any bounded gen-
polynomial to its canonical form. In Section 7 we prove Theorem 0.1 and the second part of Theorem 0.2. In
Section 8 we describe how the limiting distribution of values of one or several bounded gen-polynomials can
be computed. In Section 9 we very briefly discuss two special classes of bounded gen-polynomials. Finally,
in Section 10 and Section 11 we, also very briefly, discuss unbounded gen-polynomials and gen-polynomials
of real arguments.

1. Gen-polynomials and pp-functions

We call a function f on a set Q@ C R™ piecewise polynomial, or a pp-function, if Q) can be partitioned,
Q = Q1U...UQy, into finitely many subsets so that for each j = 1,...,k the set Q; is defined by a system
of polynomial inequalities,

Qj = {IE S Q : QDj’l(l'), ey Pis; (iE) > 0, ¢j71($), e a"/}j,rj (LU) > 0} (].1)

where @;;, ¥;,; are polynomials, and f|, is also a polynomial. We will call the polynomials ¢; i, 1 the
J
conditions of f and the polynomials f Y the variants of f. Clearly, pp-functions on a set ) form an algebra,
J

and a composition of pp-functions is a pp-function.

Since the function {z} is piecewise polynomial (or rather, piecewise linear) on any bounded subset of R,
and since gen-polynomials are bounded on bounded sets, it is clear that the restriction of any gen-polynomial
on a bounded set @ C R™ is a pp-function. The converse is also true:

Lemma 1.1. Any pp-function f:QQ — R on a bounded subset Q C R™ 1is the restriction on Q of a
gen-polynomial u: RF — R.

Proof. Let Q = Q1 U ... U Qy with Q; defined by (1.1) so that f|Qj = f; is a polynomial. Let M be
such that |¢;(x)|, [¢;:(z)] < M for all j, i and all z € Q. For any number ¢ with [t| < M one has

—[=t/M] = {é’ i z 8 and 1+ [t/M] = {é’ i i 8 Thus, if we define a gen-polynomial u as
k S rj
u= Z(H(_[—%‘,i/M])) (H(1 + Wm'/M]))fj’
j=1 i=1 i=1

then for any j =1,...,k and = € Q; we get u(z) = f;(z). m

6



It follows that the composition fou of a bounded gen-polynomial u and of a pp-function f is a gen-
polynomial.

2. Nilmanifolds and coordinate gen-polynomials

In this section we will describe relations between bounded gen-polynomials and nilmanifolds, and explain
why “basic gen-polynomials” exist.

We first list some facts about nilpotent Lie groups and nilmanifolds; for more details see [Mal]. Let G
be a c-step nilpotent Lie group and let T" be a discrete cocompact subgroup of G; we will assume that G is
connected and simply-connected, which will suffice for our goals. The compact homogeneous space X = G/T’
is called a c-step nilmanifold.

For any a € G there exists a unique one-parameter subgroup {a’};cg in G such that a' = a; we are
therefore allowed to raise elements of G to non-integer powers.

If ay,...,a; € G and py,...,p;: Z¢ — R are polynomials, we call the (d-parameter) sequence g(n) =
afl(") . afl(n), n € Z4, a polynomial sequence in G.

We will denote by 7 the natural projection G — X. A (connected) subnilmanifold of X is a closed
subset of X of the form w(bH), where H is a closed connected subgroup of G and b € G. The following
theorem was proved in [L3]:

Theorem 2.1. Let g:Z¢ — G be a polynomial sequence. Then the closure of the range w(g(Z%)) of g is a
finite union of subnilmanifolds Yy, ...,Ys of X, and there is a cofinite sublattice A C Z% such that for any
no € Z4, w(g(ng + A)) = Y; for some i; moreover, the sequence I|ngsn 15 well distributed in Y; with respect
to the Haar measure.

Let G=G1 2 G2 D ... 2 Ge 2 Geyq1 = {1} be the lower central series of G, that is, G411 = [G;, G]
for all j. The factor-space T = G5\ X is a torus, called the mazimal factor-torus of X. The following theorem
is also proved in [L3]:

Theorem 2.2. Let g:Z% — G be a polynomial sequence. Then the sequence m(g(n)), n € Z%, is well
distributed in X if and only if the projection of this sequence to T is dense (and then, well distributed) in T

For each j, G;/Gj+1 is a connected simply-connected commutative Lie group, and so, a finite dimensional
R-vector space. Put ro = 0, and for each j = 1,..., c choose elements e, ,11,...,¢e,;, € 'NG; whose classes
modulo G4 generate (I'N G;)/(I' N G41) and form a basis in G;j/Gj41; put r = r.. The set {e1,...,e,}
is called @ Malcev basis of G (compatible with T'); it has the property that every element a € G is uniquely
representable in the form a = e7* ... e*r, where the coordinates x1,...,x, of a are real numbers, and one has
a €T iff x1,...,2,. € Z. The coordinate mapping n(a) = (x1,...,x,) is a diffeomorphism G — R", with
n(I") = Z". The image of the Haar measure on G under 7 is, up to scaling, the Lebesgue measure on R".

In coordinates, the multiplication in G is polynomial: for a = e'...e%" and b = e} ...eY", we have
ab — 601c1+y16§2+y2+P2(z1,y1) o 6?i+yi+Pi($l ,,,,, Tim1Y1sYio1) efr"l'yr"l'Pr(xly---yrr—l7y17~»-7y7‘—1). (Notice that
P = ... =P, =0, since G/Gy is a vector space.) We can also make an estimate of the degrees of
the polynomials P;, but we first need to introduce a notion of the “weighted degree”. Given a monomial
w =z ...z and nonnegative integers dy, ..., d,, we will call the integer Y ._, m;d; the weighted degree
of w assuming x; has degree d;, i = 1,...,r; the weighted degree of a polynomial is the maximum of the
weighted degrees of its monomials. Returning to the polynomial mappings that define the multiplication in
G in coordinates, assume that for each j and each ¢ € [rj_1 + 1,7;] the degree of z; and of y; is j; then for
any j € {1,...,c} and any [ € [r;j_1 + 1, r;], the weighted degree of the polynomial P, is < j. (See [L1].)

“The cube” @ = n~'([0,1)") C G is the fundamental domain for X, which means that for any a € G
there exists a unique v € I" such that n(ay) € [0,1)". Indeed, put 7o = 1g, and if 7;,_1 € T is such that
[v;] —[vi]

Then ay; = avy;—1e =

i

Ui—1 05 Ve

ayi—1 = ejt..e el o oielr with wy, ..., u;mq € [0,1), put v = yi—1e;

!’
Ui—1 _u; YVit1

eft el e el ...eﬁi‘, where u; = {v;} € [0,1). Applying this operation r times, we get v = ~, € T
such that ay = e}*...e¥ with all uy,...,u, € [0,1). On the other hand, for any § € I' we have () € Z",

T
s0, if 0 = el ... el with w; # 0, then ayd = e}'...eft™ .. eV, and, since u; € [0,1) and w; € Z, the

i-th coordinate u; + w; of ayd does not belong to [0,1). Thus, Tl is a bijection between @ and X; we call
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the mapping 7 = 77071"@_1: X — [0,1)" a coordinate mapping on X. T is a diffeomorphism on 7! ((O7 1)T)7
but is discontinuous at the points of 771([0,1)" \ (0,1)"). It is easy to see that the image under 7 of the
normalized Haar measure on X coincides with the Lebesgue measure on [0, 1)".

For a = ej*...€¥" € @G, let v € T be such that ay € @, and let uq,...,u, be the coordi-
nates of a7y, considered as functions of the coordinates x1,...,x, of a; the mapping #(z1,...,2,) =
(u1 (T1,.e oy r)y ey up (2, ... ,xr)) from R" to [0,1)" is the coordinate representation of the projection 7
from G to X. It is easy to see, by induction on 4, that the functions w1, ..., u, are gen-polynomials; we will
call them coordinate gen-polynomials (associated with G, I', and a Malcev basis in G).

Example. For the Heisenberg group G = R® with multiplication given by (z1,22,%3)(y1,¥2,y3) = (21 +
Y1,%T2 + Y2,73 + Y3 + x1y2), [ = Z* C G, and the standard Malcev basis {(1,0,0),(0,1,0),(0,0,1)}, the
coordinate gen-polynomials are uy = {21}, uz = {w2}, and uz = {3 — 21 [z2]}.

Now let g(n), n € Z%, be a polynomial sequence in G. Then g can be “written in coordinates” as
g(n) = e’fl(") .. effT'(n), n € Z4, where p; are polynomials Z? — R. Taking the ith coordinate 7;(7(g(n))
of the sequence 7(g(n)) in X, we get the gen-polynomial u;(p1(n),...,p,(n)), n € Z%, where u; is the i-th
coordinate gen-polynomial of G. It is proven in [BL] that any bounded gen-polynomial can be obtained this
way:

Theorem 2.3. Let u be a gen-polynomial Z¢ — [0,1). There exists a nilmanifold X = G /T, a polynomial
sequence g: Z¢ — G, and a coordinate 7; on X such that u(n) = 7;(w(g(n))). Thus, there exists a coordinate
gen-polynomial w; and polynomials py,. .., py: 2% — R such that u(n) = u; (p1 (n),... 7pr(n)), n e Z4.

(We will not use this result in this paper.)

Now let wuq,...,u, be the coordinate gen-polynomials associated with G, I', and a Malcev basis in G
compatible with I'. Let r = dim G/G2, then w;(z1,...,2,) = {z;}, 1 <i <ry. Let g(n) = elfl(n) . ef"’(n),
n € Z%, be a polynomial sequence in G. The projection of g(n) to the maximal torus 7~ R™ /Z™ of X
is the sequence t(n) = ({{pl}, ce {prl}}). If the polynomials p1,...,p,, are linearly independent modulo
Q[n]+R, then t(n) is well distributed in T', thus, by Theorem 2.2, the sequence 7(g(n)) is well distributed in
X, and so, the sequence u(n) = (u1(p1(n),...,pr(n)),...,ur(p1(n),...,py(n))) is well distributed in [0,1)"
(with respect to the Lebesgue measure). We obtain the following fact:

Proposition 2.4. Let uy,...,u, be coordinate gen-polynomials associated with a nilpotent Lie group G, a
discrete cocompact subgroup T' of G, and a Malcev basis in G, and let r; = dim G/Gs. Let p1,...,p, be a
system of polynomials on Z such that the polynomials p1, ..., pr, are linearly independent modulo Q[n] + R.
Then the gen-polynomials ui(p1(n),...,pr(n)), ..., ur(p1(n),...,pr(n)) are jointly well distributed.

(A similar argument was used in [Hal].)

Let F be the free product of m copies of R, and let 7 = F; D F D ... be the lower central series
of F. Let ¢ € N, and F = F/F.41; then F is a c-step nilpotent Lie group. We will refer to F' as to the
free c-step nilpotent Lie group (with m generators); clearly, any connected c-step nilpotent Lie group with
m generators is a factor-group of F. The image A in F of the free product of m copies of Z is a cocompact
subgroup of F'; we call the nilmanifold W = F/A the free c-step nilmanifold (with m generators). Clearly,
any connected nilmanifold X = G/T is a factor of a free nilmanifold W = F/A. We will call the coordinate
gen-polynomials associated with a free nilpotent group free coordinate gen-polynomials.

Homomorphisms of nilpotent Lie groups are given, in coordinates, by polynomial mappings: if ¢: FF —
G is such a homomorphism and ng: F — R® and 1: G — R” are coordinate mappings, then the composition
@ ’r]ogpon;l: R®* — R" is a polynomial mapping. If A and I' are discrete cocompact subgroups of F' and G
respectively with ¢p(A) C T, then ¢ induces a mapping ¢ from the nilmanifold W = F/A to the nilmanifold
X = G/T', which we also call a homomorphism. If 1) is surjective, it turns X into a factor of W. In coordinates,
1 is given by gen-polynomials; indeed, if 7y and 7 are coordinate mappings of W and X respectively, then
the mapping ¢ = To’lpoT;Vl from [0,1)® to [0,1)" can be represented as the composition of the restriction on
[0,1)® of the polynomial mapping ¢: R® — R” and of the “projection” mapping #: R" — [0,1)" given by
gen-polynomials. Since @[AJ is defined on a bounded set, it is a pp-function.

Now let u be a bounded generalized polynomial. By Theorem 2.3, there exists a nilmanifold X = G/T’
with projections m: G — X, a polynomial sequence g(n), n € Z%, in G, and a coordinate 7; on X such
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that u(n) = 7i(7(g(n))), n € Z¢. Let W = F/A be a free nilmanifold, for which surjective homomorphisms
p: F— G and : W — X commuting with the projections 7p: FF — W and m: G — X exist:

F2.G LA R® -2, R"
ﬂpl lﬂ' 7:l'F\l, N \Lﬁ'
WY x JLilie [0,1)*~5[0,1)"

Lift g to a polynomial sequence h in F, so that g(n) = p(h(n)), and so, 7(g(n)) = ¥ (7r(h(n))), n € Z%. Let
nr(h(n)) = (p1(n),...,ps(n)), n € Z%. Then

u(n) = Tl(ﬂ—(g(n)) = TZ(¢(7TF(h(n)))) = %(ﬁF(Ph v 7p5)) = q[}i(ul(plv' .- ap8)7' . "us(plv' .. 7p5))7 ne Zd7

where u1,...,us are free coordinate gen-polynomials. Since v; is a pp-function, we obtain:

Proposition 2.5. Any bounded gen-polynomial v on Z% can be written in the form

u(n) = f(ul(pl(n)v s aps(n))a < ~aus(pl(n)7 cee 7]75(”))); ne Zda

where uy,...,us are free coordinate gen-polynomials, p1,...,ps are polynomials, and f is a pp-function.

Notice that we derived this proposition from results in [BL]; we will reprove this proposition below (see
Theorem 7.2) using different methods.

So, we see that the free coordinate gen-polynomials can play the role of basic gen-polynomials. However,
it is hard to deal with these gen-polynomials because they are too cumbersome, and it is practically impossible
to write them out explicitly; what we will use as basic gen-polynomials are, roughly speaking, the “principal
monomials” of free coordinate gen-polynomials. Our goal is to show that these “monomials” also satisfy
Proposition 2.4 and Proposition 2.5.

3. Gen-monomials and the complexity of gen-polynomials

In this section we will introduce some technical notions and notation related to gen-polynomials and
used below. Actually, under the term “generalized polynomial” we understand two different things: it is
either a function, or a formal expression, “a word”, constructed with the help of the “{-}” brackets and the
“+” and “—” signs from symbols standing for ordinary polynomials and constants, like A\1p1 {\ap2} {ps{ps} +
A3{p1}}. (We will also use, for shortening, the raising-to-a-power expressions, like w*.) We should distinguish
between gen-polynomials as “functions” and gen-polynomials as formal expressions, but this would make
our exposition unreasonably formalistic. We will call a gen-polynomial-formal expression that represents a
gen-polynomial-function u a representation of u. In Section 5 below we will establish certain “identities”
that will allow us to change a representation of v while preserving u as a function, and, in Sections 6 and 7,
we will use these identities to reduce the representation of u to a desired form.

The parameters of a gen-polynomial u that we introduce below are related to representations of u; when
we treat u as a function, we assume that a representation of u has been fixed.
We will call a gen-polynomial u closed if it has the form u = {u'} for some gen-polynomial w’.

We will call gen-monomials the gen-polynomials constructed from ordinary polynomials without using
the operation of addition, that is, the gen-polynomials whose formal expression does not contain the “+”
and “—” signs.

Eiample- pi{paHps {2043}, {piHp2Hps {2043}, {p1 {23 {p3{2p4}}} are gen-monomials, pi {p2 + {ps}pa} is



Sub-gen-monomials of a gen-polynomial u are the gen-monomials that can be “extracted” from wu.
Formally, we define two sets of gen-monomials, Mon(u) and Moc(u), with Moc(u) € Mon(u), inductively on
the construction of u:

Mon(u) = u and Moc(u) = @ if w is a polynomial;

Mon({u}) {{Mon u)} and Moc({u}) = {Mon(u)};

Mon(uy + ug) = Mon(uq) UMon(us) and Moc(u1 + uz) = Moc(ui) U Moc(ug);

Mon(ujus) = Mon(u;) Mon(uz) U Mon(u;) UMon(ug) and Moc(ujug) = Moc(uz) U Moc(ug).

We will call the elements of Mon(u) sub-gen-monomials of u. Notice that the sub-gen-monomials of u from
Moc(u) are always closed, and the sub-gen-monomials of u from Mon(u) are closed iff u is closed.

Example. The sub-gen-monomials of u = p1{p2 + ps{pa}H{ps} + ps are p1, {p2}, {ps}, {pa}, {ps{prs}},
pii{pa}, pidps}, pidpa}, pidps{pad}, {os}, {p2Hps), {psHps}, {patps}, {ps{padi{ps), pidps}, pi{p2Hps}
pl{({ip?{f}{f’)}a pi{paps}, pi{ps{pa}Hps}, and ps. The set Moc(u) consists of {p2}, {ps}, {ra}, {pa{ps}}
arn P5y-

Lemma 3.1. Any gen-polynomial u is a piecewise linear function of its sub-gen-monomials, whose vari-
ants are piecewise linear functions, with integer coefficients, of Mon(u) and conditions are piecewise linear
functions of Moc(u).

Proof. This is clear by induction on the construction of u. If the assertion of the lemma is true for gen-
polynomials u; and wus, then u; + wuy is a piecewise linear function whose variants are piecewise linear
functions, with integer coefficients, of Mon(u1) U Mon(us), and conditions are piecewise linear functions of
Moc(u1) U Moc(ug); uiug is a piecewise linear function whose variants are piecewise linear functions, with
integer coefficients, of Mon(u;) Mon(usz) UMon(u;) UMon(ug) and conditions are piecewise linear functions
of Moc(u1) UMoc(uz), so the assertion of the lemma holds for u; + us and for ujus.

For any f = M fi+ ...+ A fk, with A\,...; A\ € Z, we have {f} = M {f1i} + ... + \e{fe} + C, where
C' is an integer-valued piecewise linear function, with integer coefficients, of {f;}, ¢ = 1,...,k. Thus if the
assertion of the lemma holds for a gen-polynomial u, then {u} is a piecewise linear function whose variants
are piecewise linear functions, with integer coefficients, of {{Mon(u)}}, and whose conditions are piecewise
linear functions of Moc(u) U {{Mon b m

The complezity cmp(u) of a gen-polynomial « is the maximal number of pairs of brackets {} appearing
in the expressions for the sub-gen-monomials of u; we define it formally in the following way:

cmp(u) = 0 if w is a polynomial;

cmp(fu}) = emp(u) +1;

cmp(uiuz) = cmp(uy) + cmp(uz);
(

cmp(ug + ug) = max{cmp(ul),cmp(ug)}.

Examples. cmp(pi{p2}) =1, cmp(p?{p2}) =1, cmp(pifp2}’) =2, cmp(pi{p2{ps}}) = 2,
cmp (p1{po{pshHpa}) =3, cop(pifp2{ps} + paHps} + {ps}) = 3.

We will call any sub-gen-monomial w of a gen-polynomial u with cmp(w) = cmp(u) a principal sub-
gen-monomial of u.

Example. The ounly principal sub-gen-monomial of the gen-polynomial pi{ps + ps{ps}}{ps} + ps is
pi{ps{pa}{ps}-

From the definition of complexity, we get:

Lemma 3.2. If uy,...,u; are gen-polynomials and u = ui" ...u;"*, then cmp(u) = Zle m; emp(u;).

Thus, if q(x1,...,z) is a monomial of weighted degree d assuming that the degree of the variable x; is d;,
i =1,...,k, and u; are gen-polynomials with cmp(u;) = d;, i = 1,...,k, then cmp(q(uq,...,ux)) = d;
if emp(uy) < dy — 1, ecmp(w;) < di, @ = 2,...,k, and q has degree my with respect to w1, then
cmp(q(ug, ..., uk)) < d—mql.
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The parameter depth, dep(u), of a gen-polynomial u is defined in the following way:

dep(u) = 0 if u is a polynomial;
dep({u}) = dep(u) + 1;
dep(uruz) = dep(ur + uz) = max{dep(ul), dep(ug)}.

Examples. dep(pi{p2}) = 1, dep(pi{p2}’) = 1, dep(pi{p2ips}}) = 2. dep(pi{po{psiipa}) = 2,
dep (p1{p2{ps{pa}Hps}) =3, dep(pifp2{ps} + pad{ps} + {ps}) = 2.

We will say that a gen-polynomial v occurs in u if the expression for u contains the expression for v as
a subword; we will call such a subword an occurrence of v in wu.

Let S be a set of gen-polynomials; we will say that u is constructed from elements of S if u is obtained
from elements of S by applying the operations of addition, multiplication, and {-}.

Examples. Any gen-polynomial is constructed from the (ordinary) polynomials occurring in it; for instance,
u = p1{p2 + psfps}}H{ps} + ps is constructed from the polynomials py,...,ps. Also, this u is constructed
from the sub-gen-monomials p1, p2, psf{ps}, {ps}, and pg; or from the gen-polynomials p1{p2 + ps{pa}}, ps
and pg.

4. Commutator calculus in free groups and free coordinate gen-polynomials

In this section, we will find the principal sub-gen-monomials of the free coordinate gen-polynomials.
Our computations will be based on commutator calculus in free groups; see [MKS] for details.

Let A be a well-ordered set. Let F be the free product of |A| copies of R, generated by the elements of
A. (F consists of the empty word e, playing the role of a neutral element, and words of the form a{* ... aZm,
where m € N, oq,...,0m € A, 21,..., T, € R, with the relations o = e and a®a? = o*1¥ for all « € A
and x,y € R; the operation on F is concatenation of words.) For a,b € F let [a,b] = [a,1b] = a~'b~ab and
[a, (m + 1)b] = [[a, mb],b], m € N.

Let a,b € F and «z,t € R. Using commutator calculus and induction, or with the help of the Campbell-
Hausdorff formula, one can establish the following formula:

boal =
atb® H b, ma]rm(z,t) H (b, mal, kb]r;n,k(z,t) H Hb’ mal, [b, a]]rﬁﬁ,z(xvt) H [[[b, ma), kb], 1[b, a]]ﬂff,k,z(%f)“
m>1 m,k>1 m>2 m,l>1
>1 k>0

(4.1)
where the expression in the right hand side is the product of “basic commutators” in the variables a, b, that
is, elements of the set B({a,b}) defined in Introduction, raised to polynomials degrees. The polynomials
r.,r’ ... appearing in (4.1) have rational coefficients and zero constant term. Moreover, the polynomial
r.,r’ ... arising in the exponent of a commutator expression having k occurrences of a and | occurrences
of b (counting each sub-commutator m times if it appears with coefficient m) has degree < k with respect

to t and <[ with respect to x.

Example. The initial piece of (4.1) is

vt = a't (T (b, mal* () (TT TT 6, mal, k)60 ) (b, 2], [, al) 52 (16, a), 8], b, al] H00 0

m>1 m>1k>1

(4.2)
where 4 (,1) = (2)£(2) + 2(%) and 1, ; (z, £) = £22@=DCe=D)
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The set B = B(A) of basic commutators in F is defined in the following way: B is the minimal set that
contains all elements of A and all elements of F of the form [y, mS] with 3, € B, m € N, such that § <~
and either v € A or v = [\, kd] with § < 3, and where the order on B\ A is defined by A < (B\ A), and
[vi,ma1B1] < [v2, ma2fa] if (B1,71,m1) < (82,72, m2) lexicographically. Thus, B =AU gz Es where

&= U U [v.ms

m=1
'yGAUU6<ﬁ Es
v>pB

Notice that this construction of B(.A) is the same as the construction of the “abstract” set B(A) in Intro-
duction, we now only define B(.A) as a subset of F. For o € B we define || inductively: we put |a| =1 for
a € A, and |a| = |y| + m|8| for a = [y, mg].

Let F = F; 2 F2 D ... be the lower central series of F, that is, F;11 = [F;, F], ¢ € N.

Theorem 4.1. (See [MKS].) For every i € N, the basic commutators o € B with |a| =i form a basis in the
vector space F;/Fiv1. Thus, given ¢ € N, every element a € F is uniquely representable modulo F.y1 as a
product a =[] aen a®, with x, € R, where multiplication is performed in accordance with the order on B.
lel<e

(Actually, the fact that any element a of F is representable modulo F.y; in this form is clear: let a =
aft ... afm, with a; € A, and, with the help of formula (4.1), start pushing the elements of A, and then the
nascent elements of B, in accordance with the order on B, to their places; then the basic commutators are
exactly the elements that arise during this process.)

In the representation a = [], .z a”, the numbers z, play the role of coordinates of a in the basis B of
F; if we factorize F by F.11 for some ¢ to get the free c-step nilpotent Lie group F = F/F.11, then the set
B. ={a € B: |a] < c} is a Malcev basis in F, and x, with a € B, are the coordinates of a in this basis.
It these coordinates, the multiplication in F is given by polynomials: if a =[] cza® and b = [, .z,
then ab = [],ci a®etVetze " where the exponents z, are polynomial functions in the variables 23, yz with
B3 < a, and the weighted degree of z, is ||, assuming the degree of xz and of yg is |3|.

For 8 € B, define Bg = AU s 45 E and By = ;. 3Es. Let B € B and t € R. Then, applying formula

(4.1) to push B to its place in the expression ([T cza®), we get ([Toesa®™)B" = [Taep @V, where

o for a < G;
zg +1t for a = f;
Yo = 4 Ta for a € Bg, a > 3 (4.3)

-1
To+ 2y (L) + 0y 2ka () for a € Es, = [y, mf);
ZTa + qa(t,zy 1 f <7y <a)for a € Bj, where g, is a polynomial over Q.

Moreover, for any « € B’ﬁ, any principal (that is, of weighted degree |a|) monomial of the polynomial g,
either contains at least two factors x, with v € Bg, v > 3, or a factor ., with v € £ U B; (or both).

We will now compute the principal sub-gen-monomials of the free coordinate gen-polynomials corre-
sponding to the basis B in F. We start with the product [],. 4 @® and multiply it from the right by a
(uniquely defined) product [],.pza" with ne € Z, a € B, to get [, 5 al*e}; the gen-polynomials {u.}
in variables x, that we obtain this way are the free coordinate gen-polynomials we introduced earlier. Our
goal is to show the following;:

Proposition 4.2. u, = z, for a« € A, and for any o = [y,mpB] € B\ A, cap(u,) = |a] — 1 and
U = uyfugl™ + wa with cmp(w,) < |of — 2.

Proof. We will multiply the product [],. 4 a® from the right successively by elements 5", 3 € B, with
ng € Z. Right before the step 3 we have the expression ],z a"*#~ where we assume by induction that
o = {uta} and emp(fua}) = || for a <
ug g~ = ug and cmp(ug) = || — 1;
U g- = Uq and cmp(uq) = |a| — 1 for o € By, a > 3;
cmp(uq p-) < |af =2 for a € E5 U By,

12



Making the step 3 we multiply this expression from the right by 3-[#s] = glust—us and obtain [Toena®?;
using (4.3), we see that
Ua,3 = {ua} for a < f;
ug.p = {usk;
Ua,3 = Ug,g- = Uq foraGBg,a>ﬂ,
Ua,B = Ug G- + Uy ({{“ﬁ}} )+ 3 U%k/g]({ ush— 0 for o € €, a = [y, mf];
Ua,f = Uq g~ + a,p for a € By, where g 5 is a polynomial over Q
in the variables [ug] and u., -, 3 <7 < a.
For a € &3, a = [y, mf], uq,p will remain unchanged until the very « step, thus

Ua = tap = U, +uy (B 700) £ 550 g s (V350) = T fug)™ + wa,
where w,, is the remaining part of u,. Since, by induction hypothesis, cmp(u, g-) < |a|=2, cmp(uy) = |v|—1,
cmp(upy kg) < |y|+k|B]—2for k € N, and cmp({ug}) = |8, we have cmp (uq fug}™) = |7|—1+m|8] = |o|—
and the complexity of w, is strictly less than this.

For a € B, qa,p is a polynomial of weighted degree < |a| in variables ug and {ug}, assumed to be of
degree |3|, and in variables u. 3~ with 3 < 7 < «, assumed to be of degree |y|; moreover, any principal
monomial of the polynomial g, either contains at least two factors w., g- with v € Bg, v > (3, or a factor
U, g- with v € EgU Bg, or both; any non-principal monomial contains at least one factor u, g- with v > (.
Since emp(u,,3-) < |y| — 1 for each v € Bg, v > 3, and emp(u,,3-) < |y| — 2 for each v € &5 U B}, we get
cmp(ga,g) < |a| — 2 by Lemma 3.2. Hence, cmp(uq,5) < |a| — 2 for a € Bj;, which justifies the induction
step. m

Example. Even the simplest examples are very cumbersome if one tries to make explicit computations. Let
us take A = {a,b} and confine ourselves to commutators from Bs only, ignoring all commutators of depth
> 6; that is, let us make our computations in the group F' = F/Fs. The basic commutators of depth < 5
are
a, b, [b,al, [b,2a], [b,3a], [b,4a], [[b, a],b], [[b,a],20], [[b, a], 30], [[b, 2a],b], [[b,2a], 20], [b, 3a], ],

[[b,2d], [b,a]], [[[b,al,b],[b,d]].

Let go(x,y) = a®b¥. (For convenience, we will use the variables x and y instead of x; and z.)
Step a. We multiply go by a® = and, by (4.2), get

ga(@,y) = 9(0)(w,y)a®¥=* = a¥¥p0[p, o U4 =20[p, 20] ("4 [y, 3) (5 [p, 4] ()
{1b, al, o] 4F =) 1, o], 26 EF=2 ) 1y, ], 36 EF=2 D 1, 2], 5]( ) ) 1p, 2], 20)(*% )
13055700 [, 20, ] ¥R IE D 0, ) #HTE

Step b. We now multiply g, by b ¥ and get
9 (2,y) = golz,y)b By = o BB [ o) (EB=2)v[p, ] b] ek —2)y (b —v)[[p, o], 26) -2 (V")
b, a), 36] =2 () (116, a] 1], [b, @] 2 VEED [ 90) (V7 T)y[[b 2a],b p)(“")ued—v)
{16, 2a], 20] (7% D), 3) (750 ub,saLb]({I”s‘“”ﬂ(%*y) b.4a] ([, a] ) 3 -()
[[b, a], 26) ¥ = )(4 )({y}—y)[[b’ a]73b]({{fv}}—%)(%’)({{y}}{y)[[b7 a],%]({w}—ﬂ(g)[[b a]’gb}({w}}—w)(g)({y}—y)
{1t a, 30) 4= b, 20), 5 () E)[[b, 20], 20] (I E -0, 2], 26) (=) E)[[b, 3a), 5] (75 ) )
. @~y (v - )2 =D (2y=1)
[[b, 2&], [b, a]]({{} ( 2 )(z)+y( 3 )[[[b, a],b], [b, aH({{} ) S )
Since in our group F' any two commutators of depth > 3 commute, we can “collect similar terms” and rewrite
gy as
9u(w,9) = ga(w, )WY = a¥hplh b, o) (EF=2Iwy, 20] (50, 30 (v, 40 (T
[[b, al, b]({{w}}fw)y({{y}}fu)ﬂﬁw}}fx)(y)Hb, a]’2b]({{a:}}fz)y({{y}}{y)+({{w}} 2) () b )+ (fzh —2) (3)
[[b, a], 36 =2 (V7 )+ (b —a) (3) (V) + (b =) (8) (b =)+ (b =) (3) [[p, 2], ) (% “Jw(BB-0+(“77) ()
{1b,2],2 ]0@} Yo () () 2) A+ () () [, 3], 4D+ () ()
Y {{T}} z) (y ) — )2 8= Qy=1) | () -2)y _
(b, 2a], [b, o) ¥~ )(77) (5)+u (M )[[[b,a],b], b, a)] ¥ o+ (M) ()

{{T}}B - ) — T)

Y
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Step [b,a]. Finally, we multiply g, by [b, a]{d—2)ub=Uz=2)y and  after permutation of (commuting in F)
terms get

{lt — JL) fa

a(@,y) = ga(z,y)b B Y = oW pER[p o) {HB 01y, 2a]( v[b, 3a]( 3’w)y[b da ](
[[b, a], b] b =) (Esb =)+ (Hab =) () [p, o], 20] b= (P )+ (b =) (2) (b —)+ (b —2) ()
(b, a], 35) e - =)y (W) + (e —2) (3) (W) +({h—2) (5) b —v)+ (b —=) (4 )Hb 2, b]({{}} Ny —v)+(7)(Y)
[[b 2@] ]({{r}} r) ({{y}} y)+({{z}} z)( )({{y} )+ ({z}} z)( )[[b, 30,]717}({1}} I)y({{y} )+ ({r}} r)(z)
(b, 24], ]({w}} o) (,77) (9) +y () + (77 y (U — o) B — (f} —2)w)

‘[[[b» al, b], i, aH (fa}—= )2WN(@};I”)({{y}}*y)+(({{I}}*I)y({{y}*y)ﬂ{w}*m)(Z’))({{({{m}}*w)y}}*({{w}}*I)y).

{JL}) z ) y

Further steps do not affect the gen-polynomials that we have already obtained in the exponents (except
that they conclude them into the {-} brackets), and we obtain that

u(l = x?
up, =Y,
ba] = ({2} —2)y = {o}y — 2y = wefua} + ..,
Ufp,2q) = (- = 1Py + . = Jupfudd’ + ..,
Ulp,3q] = ({{x}g_x)y = %{x}dy +...= %ub{{ua}g +...,
upaa) = () y = Loty + . = Juwfuad* + ..,

upae = ({2} —2)y({u} —v) + ({2} —2)(3) = {2} - 2)pfu} + .. = up.afw} +

U[[b,a],26] = ({x}—x)y({{y}};y)—k({{x}—x)(y)({y} y)+({z}—z ( ) % ({2} -z y{y} T lu[b,a]{ub}2+-u,
i = ({a} — D) + (o} — ) () (¥ + (e} — ) () ({ob — ) + (e} — )1

= %({ }_I)y{y} +.o= gu[b,a]{ub}ﬁ + ...,
upas = (5 )y —v) + (579 @) = (B 9y ud + . = wpoalws + .
uip 20,20 = (F57)y (M570) + (V579 (4) (o — ) + (M )(3) = 1(f3- )y{y}} o= bugsag G+
upsay = (5 )yyd - ) + () (@) = (B )l +. . =u M{ub%_,_,
wippza) g = (2} — 2) (572 () + w(¥2) + (B9 y({({e} — 2)9} — ({2} — 2)y)

= (M) y{({a} — o)y} + ... = upoafupa} +- -
U[[[b,a],b],[b,a]] =

(fa} —z)? Le=DCu=D o (o)) (fu} — )+ (fa} —2)y({y} —y) + {2} —2) () {2} - 2)y} — (fa} —2)y)
= (({«} — )y} —v) + {=} — ) (O {Hz} — )} + ... = vpa fupad + - -

stands for summands of smaller complexity.

where “...”

5. Identities

In this section we will treat gen-polynomials as “functions” (see the discussion in the beginning of

Section 3).
Let w,uq,...,ur be any real numbers or functions. In subsequent sections we will pass from one repre-
sentation of a given gen-polynomial to another with the help of the following identities:

w1} + fus} if fu} + {us 1
{ur +u2} = { %ul}}t 4 Lj - 1{ if}{ul}{r{ +}{§2} >1 >

For any positive A € R,
Mu} if {u} < 5
Mu} —1if + < {u} < 2
P} = 2 A (5.2)

Mud — [N i B < fu}
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and
o

For any k € N,
k k
{1143} =TT twd (5.4)
=1 i=1

Next, for any k € N, k > 2,

k k
[Tl = ] = fud) kH{u}+ )Et UJH{U}+Z oy [T w [T el
i=1 i=1 j=1 i#£] Sclgll;i,k} €S ¢S
(5.5)
Thus

{u H {ud} = {{H fu} - Zuj I twd + Z > as [JHud}. (5.6)

=2 i#j =2 Sc{1,...k} ¢S
|S|= !

where, for each S, g5 = +[[,cgu;. (For k= 2 the formula is

{ur fuad} = {{uaH{uo} — uafur} + wruaf,
for k=31t is

{ur {uo} {us}}
= {{u{uo} {us} — wo i} {us} — usfuiHuo} + wruofus} + wrug fus} + vousfur} — uiugus}.)

For any m < k, taking u1 = us = ... = u,, in (5.5), we get

k
nfud™ ™ ] {{ui}f—(H{w}f S wlled+y Y as [T fui}) + H[ i)

i=m-+1 j=m+1 i#£] =2 Sc{1,...,k} iZS z:l
|S]=l

and so,

Pantd™ [t} = {2 HM“ S w2y Y wllw) |

i=m+1 j=m+1 4] =2 Sc{1,....,k} ¢S
|S|=l

for any A € Z divisible by m.

Proving Theorem 0.2, we will show that with the help of identities (5.1) — (5.7) every gen-polynomial can
be reduced to its unique (up to the choice of a basis in a space of polynomials, and up to a gen-polynomial
vanishing on a set of zero density) canonical form. This means that, in some sense, all relations between
gen-polynomials can be derived from these identities. We do not try to formalize this statement.
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6. The canonical representation of bounded gen-polynomials

In this section we will prove the “existence” part of Theorem 0.2, namely, that any bounded gen-
polynomial can be represented as a pp-function of the basic ones; we will do this by describing an algorithm
that transforms (any representation of) any gen-polynomial into this form. In this and the next section we
will consider gen-polynomials both as functions and as formal expressions: given a gen-polynomial u “as a
formal expression”, using the identities from Section 5 we will change the representation of v “as a function”.

Let A be a well-ordered set and let B = B(A). Recall that the gen-polynomials v,, o € B, in the
variables z,, a € A, are defined in the following way: v, = z, for a € A, and for a = [y, mf], va = v,{vg}".
We call the gen-polynomials v, (open) basic gen-polynomials, and the gen-polynomials {v,} (closed) basic
gen-polynomials. By induction, we have cmp(v,) = |a| — 1.

If f(x1,...,2x) is a pp-function with conditions ¢; and variants f;, and wg,...,u; are bounded gen-
polynomials, under the complexity, cmp(f(ul7 . ,uk)), of f(uq,...,ux) we will understand the maximum
of cmp(api(ul, . ,uk)) and cmp(fj(ul, e ,uk)) for all 7, j. (So defined complexity may differ from the
complexity of f;(u1,...,ug) if it is interpreted as a gen-polynomial. The depth, dep(f;(u1,...,ux)), of
fi(u1, ..., ug)is equal to the maximum of dep(u1), . .., dep(uy), and is the same if f;(uq,. .., ux) is interpreted
as a gen-polynomial.)

We will say that a statement, depending on M, holds for M divisible enough if there exists My € N
such that the statement holds whenever M € N is divisible by M.

The first part of Theorem 0.2 follows from the following theorem:

Theorem 6.1. Letu be a closed gen-polynomial over Z¢. Let R be the Q-algebra generated by the polynomials
occurring in u and let P = {pa : a € A} be a system of polynomials such that spang P + Q[n] + R D R. If
M € N is divisible enough, then there exists a sublattice A in Z¢ such that for any translate A’ = ng + A of
A one has u|,, = f({va(M~'P)} :a € B)|A, where [ is a pp-function, cmp(f({va} : @ € B)) < cmp(u)
and dep(f({va} : a € B)) < dep(u).

(Under a pp-function of infinitely many arguments we understand a pp-function that only depends on finitely
many of these arguments.)

Remarks. 1. Instead of passing to sublattices of Z¢, we could add one more argument to f and write u as
u(n) = f(nmod A, {va (M~'P)} : a € B).

2. We, actually, do not need P to span the whole algebra R; it suffices if spang P + Q[n] + R contains the
products of any ¢ polynomials occurring in u, where ¢ = cmp(u). In particular, we may assume that P (and
so, A) is a finite set.

To deduce Theorem 0.2 from Theorem 6.1, given a non-closed bounded gen-polynomial u, after proper
scaling we may assume that 0 < u < 1, and replace u by {u}; this makes u closed but increases cmp(u)
by 1. Another possibility is to notice that any non-closed bounded gen-polynomial u is representable in the
form u = P(uy,...,ux)+w, where P is a polynomial, u; are closed gen-polynomials, and w(n) is a bounded
gen-polynomial vanishing for all n but a set of zero density (see Section 10); thus, if we ignore a set of n of
zero density, we may assume that wu is closed.

For technical needs, we will now introduce one more notion. Let Z% = U?Zl Z; be a finite partition
of Z% where each Z; is defined by a finite system of inequalities w;; > 0 or w;; > 0, ¢ = 1,...,1;, where
wj; are bounded gen-polynomials, and let ¢ be a function on 7% such that for every j, |z, is a bounded
gen-polynomial. We call ¢ constructed this way a piecewise gen-polynomial, and call the polynomials w; ;
the conditions of ¢ and the gen-polynomials Pz, j=1,... k, the variants of . We define cmp(p) =
max; cmp(| Z]_) and cme(p) = max; ; cmp(w, ;). Of course, any piecewise gen-polynomial is a pp-function of
its variants and conditions, and so, a gen-polynomial; however, if a piecewise gen-polynomial is interpreted
this way, the parameter cmp thereof may be different. It is clear that piecewise gen-polynomials form
an algebra, and that a composition of piecewise gen-polynomials is a piecewise gen-polynomial. For two
piecewise gen-polynomials ¢ and @2, cmp(p1 + ¢2) < max{cmp(¢1),cmp(p2)}, cmp(p192) < cmp(pr) +
cmp(p2), and cme(py + 2), cme(prps) < max{cme(p; ), cme(psz)}-
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Proof of Theorem 6.1. We will use induction on ¢ = emp(u). All the gen-polynomials we will deal with
will have complexity < ¢, thus the index set B below may be replaced by {« € B : |a| < ¢} and assumed to
be finite.

Step 1. Represent all the polynomials occurring in u as linear combinations with rational coefficients of
polynomials p,, polynomials from Q[n], and constants. Then the sub-gen-monomials of u are constructed
from rational multiples of polynomials p,, polynomials from Q[r], and constants; moreover, no products
p1p2 of two polynomials occur in u.

If a rational polynomial p € Q[n| occurs in u and is closed in u, then {p} takes on only finitely many
values; after passing to any translate of a suitable sublattice of Z¢ we convert {p} to a rational constant. If
there is a non-closed occurrence of a polynomial p € Q[n] in «, we apply the transformation (5.6) to close p,
and then eliminate it. (The second term in (5.6) has excessive complexity, but an application of (5.1) and
(5.4) reduces it by 1.) Thus, we now assume that no rational polynomials occur in w.

If a constant occurs in u, by applying the identities (5.2), (5.3), and (5.4) we reduce the complexity of u
and use induction. So, assume that no constants occur in u, except rational coefficients before polynomials
Pa- Now, u is constructed from polynomials Ap,, with coefficients A\ € Q. Let ry be the least common
multiple of the denominators of the coefficients \.

By Lemma 3.1, u is a piecewise linear function of its monomials, so if the assertion of the theorem holds
for the sub-gen-monomials of u, it holds for u; thus, we may assume that u is a gen-monomial.

Take M € N divisible enough, to be specified. We will write v,, a € B, for v,(M~'P). Since
Vo(M~YP) = M~'p,, a € A, u is constructed from the gen-polynomials \v,, o € A, with coefficients
A€ Mro_lZ; assuming that M is divisible by rg, we will have all \ € Z.

We will eliminate occurrences of gen-polynomials vg, 8 € B, successively from the expression for w;
since B is assumed to be finite, this will be a finite process. Assume by induction on 8 that u is constructed
from gen-polynomials Av, with o € Bg, @ > 3, and coeflicient A € M!*ly=17, where r depends only on r(,
¢ = cmp(u) and G; assuming that M is divisible by r, we will have all A € Z. We will now eliminate vg from
U.

Using (5.2) and (5.3), and taking only the principal sub-gen-monomial of the obtained expression, we
replace each occurrence of {Avg} with A # 1 by A{vg}. If there is a non-closed occurrence of vg in w, it
appears in an expression A = {)\’vg)\”{vg}mfl{ul} o Aw}} withm >1,1>0, and u; # vg, i =1,...,1
We apply the transformation (5.7) to close vg; we assume here that M is divisible enough for A = XA to
be divisible by m. In each principal sub-gen-monomial of the new representation of u, the expression A is
replaced either by one of the expressions A; = {{_W)\UJ {vs}™ [Tiz; {ui}}, or by Ag = {{% {vs}™ H§=1 {ui}};
the complexity of Ay is larger by 1 than the complexity of A, but an application of (5.2), (5.3) and (5.4)
fixes this problem. We now represent u as a piecewise linear function of its sub-gen-monomials, and deal
with the principal sub-gen-monomials of u separately. Notice also that m < ¢, so that if X’ € MPlr=17Z and
N e Mm=DIBlp=m7, then the new coefficient £ before {vg}™ is contained in M™Plr=<(cl)~1Z.

Now assume that all occurrences of vz in u are closed. If {ug} occurs on the upper level of u, that is,
if u=Mog} " {ui} ... {w} with m > 1,1 > 0, then we replace u by the gen-polynomials {u,}, ..., {u;} and
use induction on cmp(u). Otherwise, vg occurs in an expression {Nv, X" {vg} " {ui} ... {fw}} with v € Bg,
v>pB,m>1,1>0,and u; # vg,i=1,...,1. We then replace N'v,A"{vg}™ by Av, where a = [3,my] € &5,
eliminating thereby m occurrences of {vg}. Notice also that if X' € MIIr=1Z and X' € M™Plr="Z, then
A= NN € Mlelp=e=17, Thus, after the “closing” of all gen-monomials vz in u, the coefficient A before
every gen-monomial v, is contained in M!¢lr=17Z, where this (new) r only depends on rg, ¢ and .

Step 2. In the process of closing the gen-monomial vz in u, we have got, in addition to the principal sub-gen-
monomials of the new representation of u, a new gen-polynomial w of smaller complexity. We cannot apply
our induction assumption to w immediately since w can contain products of non-closed sub-gen-monomials,
and so, we have to start all the process of reduction of w from the beginning. However, the coefficients with
which the polynomials p,, occur in w may now contain the factor M1, thus the canonical form of w will be
a pp-function in the variables v, (M7 179) with M; depending on M. So, what we can state now is only that
u is representable as a pp-function in the variables v, (M j_lp), a € B, j € N. If we want to have a universal
M, we have to reconstruct w from polynomials Ap, with A € r~!Z with  not depending on M.

The gen-polynomial w is constructed from gen-monomials \ve (M ~'P) with A € M!®lr=1Z, where r
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does not depend on M. We will decompose these gen-monomials back to an expression in polynomials p,,
a € A, with the help of the identity (5.2), from which it follows that for any o = [y, mf3],

Moy, = M8l fys3™ = M‘V‘UW({MWIUQ} + C)m, (6.1)

where C' is an integer-valued piecewise linear function of {vg}. Applying this transformation inductively,
and taking into account that Muv,(M~1P) = MM~'p, = p, for a € A, we represent w as a piecewise
gen-polynomial whose conditions are constructed from gen-polynomials {vg(M~*P)}, 3 € B, and variants
from the polynomials A\p,, @ € A, A € r~1Z. We can now apply the induction hypothesis to the variants of
w and also represent each of them as a pp-function of {us(M~1P)}, B € B; this gives us a representation of
w as a pp-function in the variables {vg(M~1P)}, 3 € B.

Notice also that during the whole process we increased neither the complexity nor the depth of our
gen-polynomials, so the complexity and the depth of the resulting gen-polynomial will be < cmp(u) and
< dep(u) respectively. g

Examples. 1. Let u = {p{q¢{p{q}}}}; to demonstrate the method, we will only find the principal sub-gen-
monomials of the canonical form of u and ignore all gen-monomials of complexity less than 4. Let us use
the same symbols p and ¢ for indices, so that A = {p,q}. We will assume p < ¢ (although the canonical
form would be found easier if we assumed that ¢ < p). Take M = 2, put v, = v,{27'A} = 1p and

vy = v {271 A} = 1q. Rewrite u as {2v, {2v {20, {20, }}}}-
We use (5.6) to close “the deeper” occurrence of v, in wu, then the principal monomials of the new
expression for u will be

ur = {2vp{dvg{vpH{2v, 3} and uz = {2v, {20, {dv {v,}}}}-

Next, we transform u; into a combination of

uz = {opHog{vp g}t = {Up}{{v[[q,p],q]} and ug = {Uq{vp}}Q{Uq}} = {U[[q,2p],q]}v

and us to a combination of

us = {opH2v {4v {vp}}t = {”p}{QUq{4U[q,p]}}} and ug = {dvg{vpH{4v {vp}t} = {4U[q,p] {4”[q,p]}}-

The gen-polynomials uz and uy are already in the final form. In us, closing vy, we transform {2v,{4v,{v,}}
into a combination of

{fvaHv v}t = {vq}{v[q,p]}} and {vg{v,Hogb} = {U[[q,p],q]}~

Finally, using (5.7), we transform wug into 8{{1}[(171,]}2.

2. We will now transform, in whole details, the gen-polynomial u = {¢{p{¢}}} into its canonical form. In
addition to p and g we will need the polynomials » = pq, s = ¢2, and t = rq = pg?. We will assume that the
polynomials p, g, r, s,t are Q-linearly independent modulo Q[n] + R; if this is not so, the canonical form will
change. We take A = {p,q,r,s,t} with p < ¢ < r < s <t (although, again, this order is not optimal), and
put v, =p, vy =¢q, v =7, Vs = 8, and v; = t to start with, so that u = {v,{v,{v.}}}-

By (5.6), we have u = {vg {{vp} v} — vefvp} + vpva}} = {ve{{vpHvg} — vigp + r}}, and so,

{vefoot{vs} - vefvigp} + velr} + ve} = {”[[q,p],q] — vg{vigp} + vedrk + vg}
if =1 < {op{vg} — {opmt + {r} <0
{Uq{vp}{vq} — g} + ”q{r}}} = {{U[[%PLQ] — vgfvpg i} + vg {T}}

‘e if 0 < {o, oo} — fvigm} + {1} <1
{”q{vp}{”q} = Vg fvigm} + velrt — ”q}} = {”[[q,p],q] — Vg fvigm} +vedr} — ”q}}
if 1 < {vpH{vg} — v} + {r} <2
Next,

{vq{{r}}} = {{vq}{r} —rfug} + rvq} = {{vq}{r} — Vfp,q + rq}} = {{fuq}{r} — Vfp,q] + t}}
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and

{valvmt} = vdHowm} — vigp{vad +vgpve} = oo} — vigp.g + velvstvg}
= {{vaHvwm} — vigpa + v}

Combining, we get

{otvoi0m.a} — ot — {oppd + Lo} — fopad + £ + {o}}

if 1 < fopHogk — {og b + {r} <0
Ltvigp.at — oMot — foie b + o} — fop} + 3}

if 0°< oo} — foigp} + £} < 1
Lotvigp.al — oot — {oimb + o} — fopa} + £ — {0} }

if 1< {o,vgd — ot + 7} <2

(We do not open the outer brackets in order to avoid, in each case, considering 8 different sub-cases, depen-
dently on the value of the integer part of the expression inside the brackets.)

7. Independence of basic gen-polynomials

In this section we will prove Theorem 0.1, namely, that if P = {p, : « € A} is a system of polynomials
on Z¢ which is Q-linearly independent modulo Q[n] + R, then the gen-polynomials {v,(P)}, a € B(A), are
jointly well distributed.

Let {us}, a € B = B(A), be the free coordinate gen-polynomials. By definition, u, are gen-polynomials
in the variables x5 with 5 € B, but, starting from this point, we will assume that zg = 0 for § ¢ A, and
consider u, as gen-polynomials in the variables g with 8 € A only. We know from Proposition 2.4 that the
gen-polynomials {u,(P)}, a € B, are jointly well distributed; moreover, for any sublattice A of Z¢ and any
no € Z% the restrictions of {u,(P)}, @ € B, on ng + A are also jointly well distributed.

Our goal is now to compare u, and v,.

Lemma 7.1. For any a € B, vy = Myl + P, where my, € N and @4 is a piecewise gen-polynomial with
cmp(pq) < o] —2 and eme(pq) < |af — 1.

Proof. We use induction on |al; if |a| =0, vq = uq = po. Let a = [y, mf]. By induction, vy, = m,u, + ¢,
and vg = mgug + @3, where m., mg € N and ¢, g are piecewise gen-polynomials with cmp(¢~) < |y| -2,
eme(py) < [y =1, emp(pp) < [B] — 2, and eme(pp) < |4 — 1. Thus,
Vo = vp{vs}" = (myuy + 0y ) {mpus + 0}
{mpus+ps} = me{ug}+{ps}+n, where 5 is an (integer-valued) piecewise gen-polynomial with cmp(n) =0
and cme(n) = max{cmp({ug}), cmp({ps}), cme(pp) } = |A]. So,
{mpus +e}™ = mp{us}™ + 4
where 1 is a piecewise gen-polynomial with cmp(¢)) < m|8| — 1 and cmc(¢)) = |3]. Hence,
Vo = (Mytly + @) (Mg {us}™ +¢) = mympu{us}™ + pa = mympmlua + ¢a,
where o = mau,P+mp o, {us}™ +o, is a piecewise gen-polynomial with cmp(¢a) < [y|+m|B|—-2 = |a|-2
and cme(pq) = max{|f],[y] -1} <[a| - 1. m
We will also need the version of Theorem 6.1 that deals with gen-polynomials u, instead of v,:

Theorem 7.2. Let u be a bounded gen-polynomial over Z%. Let R be the algebra generated by the polynomials
that occur in u and let P = {p, : o € A} be a system of polynomials such that spang P + Q[n] + R 2 R. If
M € N is divisible enough, then there exists a sublattice A in Z¢ such that for any translate A' = ng+ A of A
one has u|,, = f({ua(M~'P)} : a € B) o where [ is a pp-function and cmp(f ({ua} : @ € B)) < cmp(u).
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Proof. We copy Step 1 of the proof of Theorem 6.1: passing to a sublattice of Z¢, taking M divisible
enough, and dealing with the principal sub-gen-monomials of u only, we represent u in the form of u =
9(({fua(M~'P)} : a € B),w) where g is a pp-function and w is a gen-polynomial with cmp(w) < cmp(u).
As for Step 2, we cannot copy it since we have no control on the non-principal sub-gen-monomials of the gen-
polynomials u,. We can, however, apply induction on cmp(u) and represent w in a similar form, but with a
different M. This way we obtain a representation of u of the form u = f({ua(Mj*l”P)} ca€B, j=1,...,k),
where f is a pp-function, with My, ..., M € N.
We may now utilize the natural origination of the gen-polynomials u,:

Lemma 7.3. For any M € N and any o € B there ezists a pp-function h such that {{ua(xl, . ,ZL'T)} =
h({us(M Ty, .., M~ 2,)} £ 8] < |al), and cmp(h(fug} : 8] < |al)) = conp(u).

Proof. Let X = F/A be a free nilmanifold large enough so that u, is a coordinate gen-polynomial coming
from X. Letey,...,e. € A be the free generators of A (and of F'), and let A,/ be the discrete group generated
by eM ... eM. Then Ay is a free group cocompact in F, so X3r = F/Ayy is also a free nilmanifold, for
which X is a factor; let m: F — X, mp: F — Xy, and (: X3y — X be the natural projections.

F
O\
Xy = X
Let z1,...,2,,... be the coordinates on F' with respect to the basis e1,...,e,,..., and let y1,...,y,,... be
the coordinates on F with respect to the basis e} ... eM .. then y; = M ~'x;, i = 1,...,7. In these
coordinates, the a-component of the projection 7 is the gen-polynomial {{ua(xl, . ,a:r)}, the B-component

of the projection s is {u5(y1, e ,yr)}, B € B. The projection ( is given in coordinates on X, and on X
by pp-functions; let h be the a-component of this mapping. Then uq (21, ..., 2,) = h(ug(y1, ..., y) : |8] <
la|) = h(ug(M'ay,...,M~'z,) : || < |a). Since the weighted degree of h({ys} : |8] < |a) is equal to
|a| assuming yg has degree |3], 3 € B, we also have cmp (h({us} : |8 < |a])) = cmp(u). g

Now, for M being a common multiple of Mj, ..., M}, Theorem 7.2 follows. g

Example. We will demonstrate how Lemma 7.3 works on the case where F' is the free 3-step nilpotent group
with only two (continuous) generators a and b. The basic commutators in F' are

a, b, [b,a], [b,2a], and [[b,a],b]. (7.1)
Let M € N. Let Ay be the group generated by a™ and ™. The basic commutators in Ay, are

aM, WM M oM = [b,a]’[b, 2] )M [b,a], 5] ()M [pM | 26M) = [b, 2a]M”

and [[b™, a™], bM] _ (b, a], ). (7.2)

)

A point in F with coordinates (yi,...,ys) with respect to the basis (7.2) is

(a™)ys (bM)%2 ([b, a) ™ [b, 2a) ()M (b, a], 5] (2) M) ([b, 2a)M° ¥4 ([[b, a], 6] ¥
= gMuripMuap, a]M2y3 b, 2a](1‘§)Mys+M3y4Hb, a, b](”;)MwaSys’

and hence has coordinates
21 =My, @2 =Mys, z3=M?ys, x4=(Y)Mys+ My, andas= ()Mys+ M3y;

with respect to the the basis (7.1). Next, one can check that the projection to X of a point with coordinates
Z1,...,25 in F has coordinates

{fi}, {2}, {{o} — 21)22 + 23}, {{({{ml};wl)xz + (fz1} — 21)zs + 24},
and {({z1} — 21)zo ({2} — z2) + ({21} — 1) (3) + ({22} — 22)w3 + 25}
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in X. Combining, we find that, in the coordinates on Xj; and on X,

C(yr, Y2, Y3, Ya, ys) = ({Myl}}, {Mys}, {{My} — My )My + M3ys},
{({Myl}}g_Myl)Myz + ({Mys} — Myy) M?ys + () Mys + M3y4},
{({Myl}]’ — My1)Mys({My=} — Mys) + ({Myr} — My1) (M¥2) + ({My2} — Mya) M?ys + () Mys + M3y5})

(which is a pp-function since y1,...,ys are assumed to belong to [0, 1]). Finally, replacing in this formula
Y1, -, Ys respectively by u, (M ~txy, M~ txy), ..., Ulb,a) b] (M~1zy, M~12,), we obtain that

{ua(z1,22)} = {M{{ua(M_lxl,M_lxg)}}}»

{us(z1,22)} = {M{up(M 2y, M~ o)} }

{up,a) (@1, 22)} = {{M {ua(M oy, M7 2o)}} — M{ua(M ™ oy, M~ o) )M fup (M~ 2y, M~ as)}
+M2{u[b,a] (M_lil'h M_l.’l,'z)}}

{up.2q(z1,22)} = . ..

{up,ap(z1,22)} = ...

Proof of Theorem 0.1. By Lemma 7.1, for any « € B we have

{vo} = mafual} + {pa} mod1

with emp({@a}), cme({pa}) < |a| — 1. By Theorem 7.2, there exists a sublattice A of Z? such that for every
translate A’ = ng + A of A one has {pa}|,, = f({ug} : [8] < |al)|,,, where f is a pp-function. Since {uq}|,,,
a € B, are jointly well distributed for every translate A’ of A, {va}‘ A are also jointly well distributed for
every translate A’ of A, and thus {v,} are jointly well distributed. g

We now have the uniqueness part of Theorem 0.2:

Corollary 7.4. In the formulation of Theorem 0.2 or Theorem 6.1, if M € N and a family P are fized
and P is Q-linearly independent modulo Q[n] + R, the pp-function f is defined uniquely up to a pp-function
vanishing a.e.

Proof. Indeed, let a pp-function f on [0, 1], a sublattice A’ of A, and distinct indices o, ..., a; € B be such
that f({va, (M~'P)}, ..., {va, (M~ P)})|,, = 0. Let [0,1) = UY_, Qi, where Q; are defined by polynomial
inequalities and f o, is a polynomial for every i. Then, since the gen-polynomials {v,, (M ’1’P)}| A J =
1,...,l, are jointly well distributed in [0, 1]*, it must be that f|Qi = 0 for every ¢ such that @; has positive
measure. Thus, f =0 a.e. on [0,1]!. g

8. Finding the limiting distribution of values of bounded gen-polynomials

Given one or several bounded gen-polynomials uy, ..., ug, to find the limiting distribution of values of
the vector gen-polynomial u = (uq,...,ux) we choose a system P = {p, : a € A) of ordinary polynomials
that spans, modulo Q[n] + R, the algebra generated by the polynomials occurring in uq, ..., u, and write
u in the form u = F(ve, (M~'P),...,vq,(M~'P)), where aq,...,a; € B(A), M € N, and F is a vector-
valued pp-function; since the gen-polynomials v, (M ~1P), a € B(A), are jointly well distributed in [0, 1),
the limiting distribution of u will be given by F. As a corollary, we obtain the following theorem, proved in
[BL]:

Theorem 8.1. Let uy, ..., uy: Z* — R be bounded gen-polynomials. There exist | € N and a pp-function
F:[0,1)" — R such that the values of the function u = (u1, ..., ux) are well distributed in the set F([0,1]')
with respect to the measure F(u), where p is the Lebesque measure on [0, 1]
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Example. Let p,q be polynomials Q-linearly independent modulo Q[n] + R and let the R2-valued gen-
polynomial u have the canonical form

) ({U,,}{vqmv[q,p]} + 2o, HugHob, .3 B {og} — 4{0[[(1@],@}) it 0 < {o,} + fo Hopm} < 1
(540n¥* foad = 640 Hook T} o} + 8800 .} +9) if 1< {op} + {oHopa} < 2

where v, = p, vy = q, viq,p = ¢{p}, and vy ). = a{pHa}. Define

(xlmgxg + 2wy 2013, 32309 — 4x4) f0<x+mzox3<1

F =
(1, 2, 25, 24) {(5;10%952 — 6x122, Ta3as + 824 +9) if 1 <@y + 2023 < 2,

21,2, 23,24 € [0,1]. Then the values of u are well distributed on the surface F([0,1]%).

The following proposition can be used to simplify the process of finding the distribution of values of
bounded gen-polynomials:

Proposition 8.2. Let A be a well-ordered set, and let gen-polynomials ws, o € B = B(A), be such that for
every « the only principal sub-gen-monomial of we equals Ao with Ao € Q\{0}. Let P = {p(, o€ .A} be
a system of polynomials on Z, Q-linearly independent modulo Q[n]+R. Then the gen-polynomials {wa(P)},
a € B, are jointly well distributed.

Proof. Let a1,...,a; € B. Let M be divisible enough; represent the gen-polynomials {wq, (P)},. ..,
{wa,(P)} as pp-functions of the gen-polynomials {v,(M~1P)}, a € B; then, since the only prin-
cipal gen-monomial of wg, i8S Ay, Va,;, it follows from (the proof of) Theorem 6.1 that {w,,(P)} =
Mol o, (M71P)} + fo, ({0a(P)} + @ € B, |a| < |au])}, i = 1,...,1. Since {vo(M~'P)}, a € B,
are jointly well distributed and \; M1l € 7 \ {0}, ¢ =1,...,1, if M is divisible enough, we obtain that the
gen-polynomials {w,, (P)}, ¢ =1,...,1, are also jointly well distributed. g

Example. The assumption (and so, the conclusion) of Proposition 8.2 holds for the gen-polynomials w,,
defined inductively by: w, = 24 for a € A, wo = Aqw,[ws]™, with 0 # A, € Q, for a = [y, mf] € B.

9. Nested gen-polynomials, and gen-polynomials of the product type.

Nested gen-polynomials are those in which no products of closed gen-polynomials occur: p;{p2{ps} +
pafps{pe}}}+p7 is nested, p1 {p2f{ps}+pa{ps}H{pe}} is not. Nested gen-monomials, in the variables 21, . .., z,,
have the form x;, {z:, {. .. {z:_,{=:,}}...}}, and the corresponding commutators in the free group F with
generators ey, ..., e, are [e;, [€i, .-+, [€ii_1s€4]]--]]. It is well known that the set N of commutators of
this form “spans” F, in the sense that for any j the set N'N F; spans F; modulo Fj41. In accordance with
this fact, nested gen-monomials also “generate” the space of all bounded gen-polynomials: using identities
(5.1)=(5.7), one can show that any bounded gen-polynomial is expressible as a pp-function of bounded nested
gen-monomials. (This gives another proof of Theorem 2.3, since, as it is also easy to show, any nested gen-
polynomial can be read off from of a nilmanifold.) However, it is hard to describe a basis consisting of
“nested” commutator expressions, and thus to choose a basis consisting of nested gen-monomials; we do not
try to do this.

Gen-polynomials of the product type are gen-polynomials of depth 1, that is, linear combinations of
gen-polynomials of the form po{p1}{p2} ... {pr}, & > 0. The basic gen-polynomials of the product type can
be described very easily: these are the gen-monomials of the form x;, {z;, }"" {z:,}"* ... {ws, }"" with iy <
e <ig, k>0,mq,...,mi €N and ig > i1. (These gen-monomials are the principal sub-gen-monomials of
the coordinate gen-polynomials corresponding to the group F/[Fz, F2].) It follows from Theorem 6.1 that if
u = {u'} where v’ is a gen-polynomial of the product type, then the basic gen-polynomials v, occurring in
the canonical representation u = f({vo} : @ € B) of u have depth < 1, and so, are of the product type only.
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10. Unbounded gen-polynomials

Any (unbounded) gen-polynomial u:Z% — R can be rewritten in the form u(n) = i uin + ug,
where v; are different nontrivial multiindices, and “the coefficients” u; have the form 7, Aj{w;1} ... {w; .},
A; € R, and so, are bounded gen-polynomials.

Example.
(n® + 2n + 3){v2n} + (V3n — D {VEn* {VTn}}{V11n*}
= {V2n}n? + (2{\/571} + V3{Vsn?{VTn}} {\/ﬁn?’}>n + (3{{\/571} — {V5n2 {VTn}} {\/ﬁn?’})

Next, using Theorem 0.2, we can represent the gen-polynomials u;, i = 0,...,7, in the form w; =
fi(Vay (M7IP), ..., vq,(M~'P)), where P = {p, : a € A} is a system of polynomials Q-linearly independent
modulo Q[n] + R, M € N, ay,...,a; € B(A), and fy,..., f. are pp-functions on [0,1]'. So, we get a
representation of u in the form

u= Z filfva, (M7 P} e, (M7 P + fo(fva, (MTIP)Y, .. {va, (M7 P)}) (10.1)

For a set S C Z4, the density D(S) of S is imy o0 %, if it exists.

Lemma 10.1. Let f(z,n) be a polynomial on [0,1]' x Z¢ of degree > 1 with respect to n, and let a sequence

(Tp)nezae be well distributed in [0,1)'. Then the sequence f(xn,n), n € Z%, tends to infinity in density, that
is, for any N > 0, the set S = {n € Z% : |f(xn,n)| < N} has zero density.

Proof. Extend f to a polynomial on [0,1]" x RY. Write f in coordinates: f(z,z) = 3 .4 ha(2)z®, where
A is a set of multiindices and for each a € A, h, is a polynomial on R%. Let r = max{deg ha, a € A}. For
each a € A, let hy be the homogeneous part of h of degree 7. Let & be the sphere {¢ € R9: €] =1} and let
E={¢ex: ha(€) # 0 for some a € A}. For every £ € ¥ and o € A, limy o0 t7"ho (t€) = ha(€), thus the
polynomials f;(x,&) = t~" f(x,t§) converge as t — oo to the polynomial fe(x) = > 4 ho(€)z® uniformly
on [0,1]" x X.

Fix e > 0. For & € E, let Re = {z € [0,1]' : fe(z) = 0} and let 6¢ > 0 be such that the set
Res. = {z € [0,1]" : |fe(x)| < J¢} has measure < €. Let U C Z be an open neighborhood of ¢ such that
|fe(@) — fe(x)| < 0¢/3 for all ¢ € Ug and z € [0, 1], then |f¢(x)| > 26¢/3 for all ¢ € Ug and € [0,1]"\ R s, -
Let t¢ > 0 be such that t7 > 3N/d¢ and [t f(z, tQ)(x) — fe(x)| < 0¢/3 for all t > t¢, ¢ € Ug, and z € [0,1]".
Then |t=" f(x,t¢)(x)| > 8¢ /3, and so | f(z, () (x)| = t"0¢/3 > N, for all t > t¢, ¢ € Ug, and x € [0,1]"\ Re 5, .
Thus, for any ¢ > t¢ and ¢ € Ug, {z € [0,1]" : |f(2, ()] < N} C Res,.

Since the sequence (z,) is well distributed in [0, 1]%, for every £ € = there exists K¢ € N such that for
any K > K¢ and any m € RY, %Hn em+[,K|*:x, € R&gs}‘ < 2. If m € R? and K € N are such
that |m| > t¢ +VdK and m + [1, K]* C R, U, then for any n € m + [1, K]¢ we have {x € [0,1]" : | f(x,n)| <
N} C Res,. Thus, for such m and K, with K > K¢, #2z[{n € m + [1, K] : |f(zn,n)| < N}| < 2¢, and
hence, 7SN (m+ [1, K]?)| < 2e.

The set E = X\ 2 is a proper algebraic subvariety of ¥, therefore there exists a compact set ' C =
such that D(RyFNZ4) > 1—¢. Let &,...,& be such that U§:1 Ug;, 2 F and let T' = max;<j< te; and
K = maxi<j<x K¢;. Let t > T + VdK be such that for any cube C' = m + [1, K]¢ C R_F with |m| > ¢
we have C' C R, U, for some j. Then for any such cube C, \_é||5 NC| < 2e. Thus, D(S) < 3e. Hence,
D(S)=0. m

As a corollary, we get the following proposition:

Proposition 10.2. For the representation of u in the form (10.1) (assuming that the system P is Q-linearly
independent modulo Q[n] +R), let Q be a subset of [0,1]" defined by a system of polynomial inequalities and
such that fi|, are polynomials, 1 =0,...,r, and let P = {nez: (fva,(n)},. ... {va,(n)}) € Q}. If filg is

nonzero for at least one i € {1,...,d}, then the sequence u(n), n € P, tends to infinity in density.
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Corollary 10.3. If u is bounded, then, in formula (10.1), f; =0 a.e. fori=1,...,r.
It now follows from Corollary 10.3 and from (the second part of) Theorem 0.2 that

Corollary 10.4. If P and M are chosen and P is Q-linearly independent modulo Q[n]+R, then, in formula
(10.1), the pp-functions f; are defined uniquely up to a pp-function vanishing a.e.

We also get information about the distribution of values of an unbounded gen-polynomial:

Corollary 10.5. Let u be a (vector-valued) generalized polynomial Z¢ — RF; write u in the form (10.1).
Then for any set B C R* with 0 < u(B) < oo and p(0B) = 0 the density in Z¢ of the set u='(B) is equal
to the measure of the set {z € [0,1]': fi(z) = ... = fu(z) =0, fo(z) € B}.

Example. Let u(n) = [v/2n][v/3n] — [V/6n?], n € Z. Then

u(n) = [Van][v/3n] — [Von®] = —/an{vEn} — VEn{v/In} + (30} {30} + (Vo)
= —(V2{V3n} + V3{V2n})n + ({V2n}{V3n} + {V6n?}),

and this is the canonical representation of u. “The coefficient” before n in this representation is v/2{v/3n} +

V3{v2n} = fi({v2n}, {V/3n}), where f(z1,72) = V221 + V/3z2. Since f does not vanish on a subset of

positive measure in [0, 1]?, u(n) tends to infinity in density as n — oc.

11. Gen-polynomials of real arguments

When, instead of Z¢ — R, we deal with gen-polynomials R — R:
1. We need a version of Theorem 2.2 that deals with “d-dimensional polynomial flows”, that is, continuous
polynomial actions of R?, instead of polynomial actions of Z%; such a theorem is established in [BLM].

2. The values of any nonconstant polynomial R — R are always well distributed modulo 1, — in contrast
with polynomials Z¢ — R, which must have a non-rational coefficient to be well distributed. It follows that
polynomials R — R are jointly well distributed iff they are Q-rationally independent modulo constants.
Thus, we do not have to exclude polynomials with rational coefficients from our consideration, and, in the
proof of Theorem 6.1, do not have to pass to “sublattices”. Therefore, dealing with gen-polynomials of
continuous variables, we no longer meet all the problems appearing when we pass from variables x; to the
variables M ~'z;; this essentially simplifies the proofs.

As a result, we get Theorems 0.3 and 0.4.
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