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Abstract

Let T be an invertible measure preserving transformation of a probability measure
space X. Generalizing a recent result of Host and Kra, we prove that the averages

@ > ucdn TP (@ gy o7Pr (W) £ converge in LY(X) for any f1,..., fr € L%(X),
any polynomials p1,...,pr: Z% — 7 and any Fglner sequence {Pn}N= In VA

Throughout the paper, (X, u) is a probability measure space and T is an invertible
measure preserving transformation of X. Our goal is to prove the following:

Theorem 1. For any f1,...,fr € L®(X), any polynomials p, ... ,p.: 2% — 7 and any
Folner sequence {®N}5_, in Z¢ the averages

1

- 1(uw) £ p2(u) £ . pr(w)
By 2 T A T T, (1)

ued N

converge in L'(X) as N — oo.

The “multiple ergodic averages”

1 Myn+N
~ T T o T e, fie fr € LX), (2)
n=My-+1

were introduced by H. Furstenberg in his ergodic theoretical proof of Szemerédi’s theorem
([F]). In the situation where T is weakly mixing the L'-convergence of the averages (2) as
N — oo was proved in [F]. For general T, the L!-convergence of these averages was proved
for r = 2 in [F]; for r = 3 in the case of a totally ergodic T" by Conze and Lesigne ([CL1],
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[CL2]), in the case of general T by Furstenberg and Weiss ([FW]), and by Host and Kra

([HK1)); for » = 4 by Ziegler ([Z1]). Finally, the L!-convergence of the averages (2) for

arbitrary r was proved by Host and Kra ([HK3]), and independently by Ziegler ([Z2]).
The L'-convergence of the “polynomial” multiple ergodic averages

1 My+N
N Z Tpl(n)fl'Tp2(n)f2'---'Tpr(n)fT7 fl;"'va'ELOO(X)v p17p27"'7p7"€Z[n]7
n:MN+1

(3)
in the case of a weakly mixing T" was established by Bergelson in [B1]. For general T, the
convergence of the simplest nonlinear multiple ergodic averages % Ziﬁvj\}rgﬂ ™ f1-T"™fo
was proved by Furstenberg and Weiss ([FW]). The 2-parameter multiple ergodic averages
ﬁ Z%ZE;SMNH fo.0-T™ f1,0-T" fo,1-T"™ "2 f1 ;1 were introduced and proven to converge
by Bergelson ([B2]). Host and Kra proved the convergence of the d-parameter averages of
this sort, ﬁ ZuebN Hee{o,l}d Tevf., where & C Z% is a sequence of rectangles whose
sizes tend to infinity in all directions, for d = 3 in [HK2] and for arbitrary d in [HK3]. The
theory of “nilpotent factors” established by Host and Kra in [HK3] allowed the authors
to prove in [HK4] the L!-convergence of the polynomial (one-parameter) multiple ergodic
averages (3) (in the case T is totally ergodic, or under some negligible restrictions on the
system of polynomials {p1,...,p,}.)

Our proof of Theorem 1 is very similar to the proof in [HK4]; dealing with the multi-
parameter situation simplifies it a little bit and allows one to extend it to the cases missed
in [HK4].

We first remind the reader some elements of the Host-Kra theory from [HK3]. The
measure preserving systems (X (K], ,u[k],T[k]), k =0,1,2,..., are constructed inductively;
one puts (X, O 7O = (X, 4, T). When (X ¥, ul¥l, T¥l) has already been defined for
certain k, let Z;, be the o-algebra of measurable subsets of X*! invariant under the action
of T and let I, be the factor of X associated with Zj. Then (XPF+1 k1) is the
relative product (XF pFh) s (XK ylF) with T+ = T 5 T paturally acting on
X1 For F,G € L>(X*) this means that

/ F®Gdu*t = | E(F|IL,) - E(G|I},) dul*l.
X [k+1] I

For £ > 0, let Z; be the minimal g-algebra on X such that Z; C Z,‘?Qk. The k-th
Host-Kra factor Zj is the factor of X associated with Zi. In particular, Z; is the trivial
(one-point) factor and Z; is the Kronecker factor of X. The factors Z; form an increasing
sequence: for any k > 1, Z, is an extension of Z_1. A k-step nilmanifold is a homogeneous
space of a nilpotent Lie group of nilpotency class k equipped with the Haar measure, and
a k-step pro-nilmanifold is the inverse limit of a sequence of k-step nilmanifolds. The
central result of the Host-Kra theory is that, for any k, Z; possesses a natural structure
of a compact k-step pro-nilmanifold such that T" acts on Z; as a translation.

For a bounded measurable real-valued function f on X and k£ =0,1,2,... one defines

. 1/2"
1= ([ 1o )
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In particular, ||f|l, = [y fdu. The seminorms ||f[, form a nondecreasing sequence:

Ifllg < WFIly and O < Ifll, < Wflly <o < If HL“’k(X), and are T-invariant: ||Tf[], =
ok+1

for any k. By the definition of p**+ || f = E(£%% |1, 2dulk, Thus,
A1 y y p e I 1
I£llsy = 0 if E(f|Z) = 0, that is, if f | L(Zy) in L2(X).

For k£ > 0 and n € Z one has

n k k n k
T = [ e

By the ergodic theorem, limy_,oo 2 Zgzl(T[k})”f(mk: E(f®2k 1) in L' (X¥), and thus

N N
. 1 noen2® 1 @2k [k]\n p®2% ;5 (k]
i,y ST = S [ty

N—
k 2 ok+1
= [ B ) ) =
Iy,
This provides one with an inductive definition of the seminorms || - ||, that is extremely

convenient in applications.

Let us return to Theorem 1. Fix K € N. Because of the multilinearity of the expression
in (1), it suffices to prove the theorem only in the case where each f; either belongs to
L?(Z) or is orthogonal to this space in L*(X). If all fi,..., f, € L?(Zk) one may replace
X by Zi and assume that X is a pro-nilmanifold, or even a nilmanifold. In this situation
Theorem 1 is a corollary of the following fact:

Theorem 2. ([Lel]) Let N be a compact homogeneous space of a nilpotent Lie group G, let
Ti,...,T. € G and let p1,...,pr be polynomials Z* — 7Z. Then as N — oo the averages

@ > oy Tlpl(qf). TP f converge pointwise for any f € C(X) and any Folner sequence
{ON}F_, in Z4.

Applying Theorem 2 to N = X", T} = TxIdx x...xIdx,..., T, =Idx x...xIdx xT
and f = f1®...® f, we obtain the pointwise convergence of the averages (1) for continuous
fi,-- ., fr; the Ll-convergence of the averages (1) for arbitrary fi,..., f, € L>(X) follows.

The problem is therefore reduced to the case where one of f;, say fi1, is orthogonal
to L?(Zk); we then have || fi||5,, = 0. Clearly, we may assume that the polynomials
Pi,-..,p, in the formulation of Theorem 1 are nonconstant and essentially distinct, that
is, p; — pj # const for ¢ # j. We will prove the following:

Theorem 3. For any r,b € N there exists k € N such that for any system of nonconstant
essentially distinct polynomials p1,...,pr:Z% — 7 of degree < b and any fi,...,fr €
L>(X) with || fi|l, =0 one has limy_ M,—1N| Y ucon TP TP f =0 in LY(X)

for any Folner sequence {®x1}35_, in Z°.

Remark. The integer £ in Theorem 3 depends on neither the measure preserving system
(X,T) nor d.

In the proof of Theorem 3 we will use the following version of the van der Corput
lemma:



Lemma 4. (Cf. [BMQ)|, Lemma 4.2) Let {g,}uec be a bounded family of elements of a
Hilbert space indezed by elements of a finitely generated abelian group G and let {®n}F_;
be a Folner sequence in G.

(i) For any finite set F' C G,

) 1
lim supH m uezq) Ju
N

N—o00

<hmsu wtvs Jutw) € R.

(ii) There exists a Folner sequence {Op}55_, in G* such that

2
< lim sup
M—oo |Onm|

Z <9u+v7 gu+w> eR.

(u,v,w)EB

i 1
lim supH W UGZ{) Ju
N

N—o0

Proof. (i) Let F C G, |F| < oo. For every u € Z¢ and v € F put g,, = g,. For any
N € N we have

1 1
P |Fr 2 Tonl rcbm 2 o= ﬁé@u;@ﬂ”’“) Ay

ued N

where Ay = |F| ZveF BT Zuegg Jutv and By = |F| ZveF BT zu€¢g Juiv. Since
’LL U

{®n}F_, is a Folner sequence and {g, }ueqis a bounded set, ||An||, || Bn| — 0 as N — oc.

Thus,
hmsupH Gutv
|F| 4 Z |<I>N| Z

N —o00

1
ucedn

N —o0

And by the Cauchy-Schwarz inequality,
1 1 2 1 H 1 2
v u€Ed N ucPy vel

1 1 2 1 1
= |F|? |Dn| Z Hzguﬁ - |F|2 |Dy] Z Z (Gutvs Gutw)-
Nl weon ver N Con vaeF

(i) Put S = limsupy_, || ﬁ Y oucon guH2 Choose any Fglner sequence {U/}3_; in G
and, using (i), find an increasing sequence Ny, Na, ... € N such that for each M € N

1 1 1
W Z F Z <gu+vagu+w> >S5 — e

v, wWEW pr NM| u€<I>NM

Define Oy = @y, x V2, M =1,2,.... Then {O)/}35_, is a Folner sequence in G® and

. 1
lim sup m Z <gu+vagu—|—w> hmsup ‘\If ’2 ‘QD ‘ Z <gu+v7gu+w> Z S.
M=o M (u,U,w)G@M M N v, weW pr
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Agreement. For simplicity, starting from this point we will assume all functions on X
we deal with to be real-valued.

We first prove Theorem 3 for polynomials of degree 1, which we will call linear func-
tions.

Proposition 5. Let p1,...,p.: Z% — 7 be nonconstant essentially distinct linear func-
tions. There exists a constant C' such that

1
; _ 1(u) £, . TPr
thUPH|<I>N| GE(I) TP\ fy. .. TP
u N

N—o00

(%) < Cllfill, 1 H | fill oo (x)
1=2

for any fi,..., fr € L®(X) and any Folner sequence {®n1}35_, in Z°.

Corollary 6. Letpi,...,pr: Z% — 7 be nonconstant essentially distinct linear functions.
For any f1,..., fr € L>°(X) with || f1]],, = 0 one has limy ﬁ Y ucon TP fr

TP f. =0 in LY(X) for any Folner sequence {®N}_, in Z°.

Remark. Actually, if » > 2, for limy_, @—1N| Zuech e f o TP = 0 it s

enough that [|f1]|,, = 0, but proving this fact requires a more careful investigation. (See
[Le2].)

Lemma 7. Let p:Z% — 7 be a nonconstant linear function. There exists a con-
stant ¢ such that for any f € L>=(X) and any Folner sequence {®x}35_, in Z¢ one has

th_moH ﬁ ZUG‘I’N Tp(u)f||L2(X) S C|||f|||2

Proof. In coordinates, let p(u) = ajuy + ... + agug + ap, u = (uy,...,uq) € Z¢, with
ai,...,aq € Z. After replacing f by T f we may assume that a9 = 0. Put a =
ged(ay, ... aq). Then, in LY(X), limy_ oo ﬁzue@v TP f = E(f|J,) where J, is
the factor of X associated with the o-algebra of T“-invariant measurable subsets of X.
Recalling that || - [l <[] - I, and [| - |, = 0, we get

1
1 I (u — an

= lim_ NZIHf T flly < Jim —me Ty < a lim —me Tfll,

<af lim — rrp2) T = 2
—a<A}gnooN;|||f 1) " = all 1.

Lemma 8. Let p: Z¢ — Z be a nonconstant linear function. There exists a constant c
such that for any feL>®X), any k > 1 and any Folner sequence {®n}S_, in Z one

has Ky o0 157 Yucany IIF - T F12 < ol £
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Proof. Let, again, p(u) = aju1 + ... + aquq and a = ged(ay, ..., aq). Denote by Jj o the
factor of X ¥ associated with the o-algebra of (T!*])®-invariant measurable subsets of X [*.
We have

1 k 1 k k
lim — TP P = lim —— / ©2" . (rlklyp(w) p@2° g, k]
B 2 TS = i o 3 [ e it o

N—o00
ucedn ued N

N
1 k k
— E ®2F T 2d k] _ lim — / ®2% T[k] an £®2° g (K]
/X o B V) = im 557 [ O () £
N

N
gk+1

. 1 an rn2F . 1 n 2" _
:]\}flmﬁzl\]|f.T fII2 gangnOONZlH!f-T Flly = all flless -

Proof of Proposition 5. We proceed by induction on r. For r = 1 the statement is given
by Lemma 7. Let » > 2, let f1,..., f, € L>(X) and let {®x}3F_; be a Fglner sequence in
Z4. We will assume that |fa], ..., |f-| < 1. We will also assume that p;(0) = ... = p,(0) =
0. By Lemma 4(i), applied to the elements g, = TP f; .....TPr(W f o € Z4, of L?*(X),
for any finite F' C Z¢ we get

2
L2(X)

glimsupi Z @ Z /)(ﬁTpi(u+v)fi‘ﬁTpi(qH—w)fid,UJ
weF i=1 i=1

N [FE 2

1 T
limsupH(I)— E | |Tpi(u)fz"
PN ,
u€<1>N =1

N—o0

uedn
1 1 -
= limsup —— - / sz‘(u) Tpi(v) Zsz(w) ) d

r—1
1 1
sy / (] et (2ri) g, ) )
Nowo [FT? wZF |¢>N|u§N x 13 (s )
(TP g, TP )

r—1
< GE Z limsuPH@% Z H T(pi—pr)(u) (Tpi(”)fi . sz‘(w)fi)’
N N i=1

L2(X)

By the induction hypothesis there exists a constant C’, independent on fi,..., f, and
{®PN}F_q, such that

oy SCNTP O T

r—1
s 1 E | | i — u Cl‘ i (U C!Y i (W

N—roo wED N i=1



for all v,w € Z%. Thus, for any finite set F' C Z¢,

‘ 1 r . C’ ; w 1/2
el 32 T4l 2 (g 2 1575l
u N 1= v

N—o0 WEF
1 - 1/2
- C’/1/2(|F|2 ZF |Hf1 AR )le\T) (4)
v, we
1 ey (1/2)7F1
< Cll/2<‘F|2 Z |Hf1 'Tpl(w_v)flmi )
v,weF

Let {U,}55_, be any Fglner sequence in Z¢. Then {¥2,13_, is a Fglner sequence in Z2¢,
and since (v, w) > pi(w —v) is a nonconstant linear function on Z2¢, by Lemma 8 we have

27'+1

—— 3 AT B < ellal

with ¢ independent on f;. Substituting the sets ¥;, M € N, for F' in (4) we obtain

/2 (1/2)"+
o SO Al -

N —o00

1 T
limsup”— g | | Tpi(“)fi‘
[P :
ucedy 1=1

We now turn to the case of nonlinear p;. We will call a system any finite set of
polynomials on a space Z%. The degree, deg P, of a system P is the maximum of the
degrees of its elements. The weight, w(P), of a system P is defined in the following way.
We will say that polynomials p, ¢ are equivalent if degp = deg ¢ and deg(p—q) < degp; the
degree of a class of equivalent polynomials is the degree of its elements. P is partitioned
into equivalence classes; for each positive integer [ < deg P let w; be the number of classes
of degree [ in P. Then w(P) is the vector (wl, e ,wdegp). For two integer vectors w =
(Wi,..., W) and W’ = (W], ...,w),) we will write w < w’ if either m < m/, or m = m’ and
there is n < m such that w, < w], and w; = wj for l = n+1,...,m. Under this relation
the set of weights of systems of polynomials becomes well ordered. The PET-induction,
introduced in [B1], is an induction on this well ordered set.

An ordered system P = {p1,...,p,} will be said to be standard if all p; are nonconstant
and essentially distinct (that is, p; — p; # const for i # j), and degp; = deg P. We will be
proving the following:

Proposition 9. For any r € N and any integer vector w = (wy,...,w;) there is k € N
such that for any standard system {pl, R N/ Z} of weight w and any f1,..., fr €
L>(X) with || fill, = 0 one has limy_— o0 @—11\” > TP g TP f =0 in LY(X)

for any Folner sequence {®x1}35_, in Z°.

uedn

We will say that a certain property holds for almost all v € Z¢ if the set of elements
of Z% for which it does not hold is contained in the set of zeroes of a nontrivial polynomial
on Z® (or in the union of such sets, which is the same). Note that the set of zeroes of a
nontrivial polynomial has zero density with respect to any Fglner sequence in Z2.
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Proof of Proposition 9. We will proceed by PET-induction. For systems of degree 1 the
proposition is given by Corollary 6. Let P = {p1, ..., pr: Z* — Z} be a standard system of
degree > 2 and of weight w. There are only finitely many integer vectors w’ < w which are
the weights of systems with s < 2r elements. By our PET-induction hypothesis there exists
k € N such that for any standard system {ql, Qs 2 — Z} with s < 2r of weight w’ <
w and any hi,...,hs € L™(X) with [|h]], = 0 one has limy o0 gy Dyeay T hi -

o TEWh o =0in LY(X) for any Fglner sequence {®y}3%_, in Z.

Let [y = {i € {1,...,r} : degp; =1} and I = {i € {1,...,r} : degp; > 2}. Choose
iop € {2,...,r} such that p;, has the minimal degree in P; if all polynomials in P have
the same degree, choose i so that p;, is not equivalent to p;; if all polynomials in P are
equivalent, choose i arbitrarily. For each v, w € Z¢ define

P,y = {pl(u +v),pi(u+w) i€ Ig} U{pi(u+ w) i€ Il}

(where p;(u + v),p;(u + w) are considered as polynomials in ), and order the system
Pv,w = {QU,w,h o 7Q’U,w,s} so that qu,w,l(“) =D (u + U) and Q'v,w,s(u) = Pig (u + w) Then
P, . is a standard system for almost all (v,w) € Z2?. Since for any v,w € Z¢ and
i € {1,...,r} the polynomials p;(u + v) and p;(u + w) are equivalent to p;(u), we have
w(Py.w) = w(P) = w for all v,w € Z%.

For v,w € Z% define

/
P@,w = {QU,w,l - QU,w,87 reey QU,w,s—l - QU,w,s}-

Then for almost all (v,w) € Z%, P}, is a standard system. (Indeed, the polynomials
Qv,w,j — Quw,ss J = 1,...,5 — 1, are nonconstant and essentially distinct whenever g, .. ;
are. If p;, is not equivalent to p;, then deg(qy w1 — Guw,s) = deg(p1 (u+v)—pi, (u+w)) =
degp; = deg P, ,, for all v, w; otherwise deg(qy.w,1 — Gv.w,s) = degpr —1 = deg P, ,, for
almost all (v,w).) Also, for all (v,w) € Z*%, w(P},) < w. (Indeed, the equivalence
classes in P{)’w and their degrees remain the same as in P, ,,, except that the class in P, ,,
containing g5 splits into several new classes of less degree.)

Now let f1,..., fr € L>=(X) with || f1[|, = 0, and let {®x}F7_; be a Fglner sequence
in Z%. We will assume that |fs],...,|f.| < 1. By Lemma 4(i), for any finite set F' C Z% we

8



get

vl 3 ]

N —o0 L2(X)
< hmsup ]F|2 Z | Z / Hsz(u+v)f Hsz(w—w)f du
u€dy
— hm su / pi(utv) i (utw)
p,F|2 Z N‘uezé ZIE_I[ fi- Zl;[f2 fir
H sz(u-‘r"w)(fi . Tpl(’u) pl(w)fl) d/,L
i€l
= lim su Tqij(u)h o i
N—)oop ’F|2 Z |ueZ<I> / H J
= limsu T(Gw.w.5— qvws)(u)hvw )'hvwsd
NP [P rF|2 2 |<I>N| p> / H ; i
1
S T hl’nsupH T(qU’LUj qvws)(u)hvw ‘
|72 v,wZeF Y uezé ]1_[1 Iy’
where, for v,w € Z% quuw1,---,quws are the elements of the system P, ., and hy

is either f; for certain i € I, or f; - TPi(")=Pi(w) f. for certain ¢ € I;; note that, since
degp; = degP > 2,1 € I and hy,,1 = fi. By the induction hypothesis applied to the

systems P,

s—1
1
] - (Qv,w,jfﬁh),w,s)(u) ‘
NILHéoH|q>N| 2 117 o x)

uedy j=1

for all (v,w) € Z*® for which P}, is standard, that is, for almost all (v,w). Since for all

other (v, w) this norm is bounded by 1,

1 ) u
111f ol Fp Z hmsupH’q)N| Z HTqva Qo w,s)( )hvw,‘7

(vwyer N7 u€dy j=1

L)

Proof of Theorem 3. Proposition 9 implies Theorem 3 for standard systems, and our goal
is to reduce the general case to this one. Let P = {p1,...,p,} be a (nonstandard) system
of nonconstant essentially distinct polynomials Z¢ — Z of degree < b, let fi,...,f, €
L>(X) and let {®n}5_, be a Fglner sequence in Z?. By Lemma 4(ii) there exists a Fglner

9



sequence {0/}55_, in Z3¢ such that

1 " 2
lim sup)| —— 77 |
N—oo |CI)N|u€Z{>NH L2(X)
1 " r
< limsu / TPilutv) £, TPilutw) £ g
u,v,w M 1= 1=
1 r r
= limsup —— / Tpi(utv)+q(u) . Tpi(utw)+q(u) - d
M—>oop ’@M| (U,v,wz)e@M 11:[1 f zl;[l f H

. 1 T prsutorat) ;. T gwstutw)rata
< hmsupHm S L erree g T e >fz-‘
i=1

M—o0 (u,v,w)EBOr 1=1

LY(X)

where ¢ is any polynomial Z? — Z of degree b. The set

{prlu+v) +q(u),...,pr(u+0v) +q(w), pr(u+w) + qu), ..., pr(u+w) + q(u) }

of polynomials Z3¢ — 7 is a standard system of degree b with 2r elements, thus there
exists k € N (depending on r and b only) such that

1 ™ T

: pi(utv)+q(u) £, pi(utw)+q(u) £ _

gm e > I fi- 117 fi=0
(u,v,w)€EB p i=1 =1

in LY(X). m
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