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Abstract

We introduce methods that allow to derive continuous-time versions of various
discrete-time ergodic theorems. We then illustrate these methods by giving simple proofs
and refinements of some known results as well as establishing new results of interest.

0. Introduction

The goal of this paper is to introduce methods that allow one to obtain continuous-time versions of
various discrete-time ergodic results. While the classical von Neumann’s and Birkhoff’s ergodic theorems
were dealing with continuous families of invertible measure preserving transformations, it was very soon
observed that ergodic theorems for Z-actions hold true as well, are somewhat easier to handle, and, moreover,
can be used as an auxiliary tool for the derivation of the corresponding continuous-time results. (See, for
example, the formulation of the so-called Birkhoft’s fundamental lemma in [BiKo]. See also [Ko] and [H],
Section 8.) Moreover, since not every measure preserving Z-action imbeds in a continuous measure preserving
R-flow, and since there are various important classes of non-invertible measure-preserving transformations,
it became, over the years, more fashionable to study ergodic theorems for measure preserving Z- and N-
actions. Numerous multiple recurrence and convergence results obtained in the framework of the ergodic
Ramsey theory also focused (mainly due to combinatorial and number theoretical applications) on Z-actions
and, more generally, actions of various discrete semigroups.

There are, however, questions in modern ergodic theory pertaining to measure preserving R-actions that
naturally present themselves and are connected with interesting applications but do not seem to easily follow
from the corresponding results for Z-actions. To better explain our point, let us consider some examples.
We start with the R-version of the von Neumann’s ergodic theorem ([vN]): if 7%, t € R, is an ergodic
1-parameter group of measure preserving transformations of a probability measure space (X, ), then for
any f € L*(X), limp_q—oo 5 f: T'fdt = [y fdp @ in L?(X). An easy trick shows that this result
immediately follows from the corresponding theorem for Z-actions, which says that if 7" is an invertible
ergodic measure preserving transformation of a probability measure space (X, ), then for any f € L*(X),
limy_ a7 oo ﬁ 22[:M+1 ™ f = fX fdp in L?(X). Indeed, all one has to do is to apply the Z-version of
von Neumann’s theorem to the function f = fol Tt fdt and the transformation T, utilizing the fact that,
for any a,b € R, f; TUfdt = Zg’]:_[;] ™f — f[Z] TUf dt + f[l;] Ttfdt. (The R-version of Birkhoff’s pointwise
ergodic theorem can be derived from its Z-version in a similar way.) This argument is no longer applicable
to “multiple ergodic averages”

1
b—a/,

b
Tt fo Tt L, (0.1)

where r > 2, a; € R, and f; € L°°(X); however, it can be modified so that one is still able to show that the
averages (0.1) converge in L?-norm as b —a — oo as long as it is known that for arbitrarily small u > 0 the
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(1) Here and below, T! f(w) = f(T'w), t € R, w € X, and the integral f; Tt f dt is understood in the sense of
Bochner.



averages 7 ZQIZMH Tovun fy. L Torun f converge as N — M — oo. (See, for example, [Aul].) Indeed,
given ¢ > 0, find § > 0 such that |T*f — f|| < e for all t € (0,4), | = I - llz2(x); then, assuming
w.Lo.g. that sup |f;| <1,7=1,...,r, we have, for any ¢t € R, ||Taitfi — To‘i‘s[t/‘s]fiH <egi=1,...,r,and so
||H::1 Tt — 11—, To‘i‘s[t/‘s]fiH < re. Hence,
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Since limy_p/— oo ﬁ ZTJLMH [I/_, 7" f; exists in L?(X), and since ¢ is arbitrary, we get that
limy— o0 5 f: [T;_, T f; dt also exists.

However, even this argument stops working if we consider, say, the “polynomial averages” ﬁ f; TP f dt,
where p is a polynomial, or, more generally, the “polynomial multiple averages”

dt+b_a/b/6 HHTC‘ | at) < re.
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where p; are polynomials, since in this case the function ¢(t) = TP® f from R to L?(X) is no longer uniformly
continuous. The convergence of the corresponding discrete-time averages
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is known (see [HoK2] and [L3]), but to establish the convergence in L?(X) of the averages (0.2) one either
has to go through all the main stages of the proof of the convegrence of averages (0.3) and verify the validity
of the corresponding R-statements (see, for example, [P], where the existence of the non-uniform limits
% f(f TP M fy . TP £ dt is established), or may try to find some alternative general method connecting
the convergence of discrete- and of continuous-time averages. (Yet another approach to proving convergence
of multiple polynomial averages, utilized in [Au2], is based on a “change of variables” trick and usage of

equivalent methods of summation; this method allows one to treat expressions like % fob H§:1 Tf 51() fi-

. Hle T;.’ 5.0 (1) frdt, where T; are commuting measure preserving transformations. However, this method
gives no information about what the limits of such averages are, and, also, it is not clear whether it can be
extended to obtain convergence of uniform averages (0.2).)

As another example where a passage from discrete to continuous setup is desirable but not apriori
obvious let us mention the problem of the study of the distribution of values of generalized polynomials. A
generalized polynomial is a function that is obtained from conventional polynomials of one or several variables
by applying the operations of taking the integer part, addition and multiplication; for example, if p;(x) are
conventional polynomials, then u(z) = [[p1(z)]p2(z) + ps(z)|pa(z) + [p5(m)[p6(x)]]2p7(x) is a generalized
polynomial. It was shown in [BL] that the values of any bounded vector-valued generalized polynomial of
integer argument are well distributed on a piecewise polynomial surface, with respect to a natural measure on
this surface. The proof was based on the theorem on well-distribution of polynomial orbits on nilmanifolds;
since such a theorem for continuous polynomial flows on nilmanifolds was not known at the time of writing
[BL], we could not prove that bounded generalized polynomials of continuous argument are well distributed
on piecewise polynomial surfaces. (See [BL], Theorem B.. As a matter of fact, the problem of extending the
results from [BL] to the case of continuous parameter served as an impetus for the present paper.)
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In this paper we introduce two simple but quite general methods that allow one to deduce continuous-
time ergodic theorems from their discrete-time couterparts. To deliver the zest of these methods we will
formulate now two easy to state theorems. Let F(¢) be a bounded measurable function from [0,00) to a
Banach space. (In our applications, F' will usually be “an ergodic expression” that depends on a continuous
parameter ¢ and takes values in a functional space, say F(t) = Tif1 ... - Tife € L'(X), t € [0,00), where
T; are 1-parameter groups of measure preserving transformations of a measure space X and f; € L>®(X)).

Proposition 0.1. (Additive method) If the limit impy_, 00 11[ ZN_l F(t+n) = A; exists for a.e. t € [0,1)
then the limit limy oo ¢ fo t)dt also exists, and equals fo A, dt.

Proposition 0.2. (Multiplicative method) If the limit imy o 3 > Nt o F(nt) = Ly exists for a.e. t € (0,1),
then the limit L = limy_ o + 3 fo t)dt also exists, and, moreover, Ly = L for a.e. t € (0,1].

Each of these “methods” has its pros and cons. The “additive” method is very easy to substantiate.
However, it has the disadvatage that, being non-homogeneous, it “desinchronizes” the expression F'(t), which

may be an obstacle for certain applications. Consider, for example, the expression F(t) = T{f -... - T}f,
appearing in the formulation of the R-version of the ergodic Szemerédi theorem (see subsection 7.4 below).
In this case F(t +n) = T{"f1 - ... - T fx, where f; = T} f, i = 1,...,k are, generally speaking, distinct

functions, which complicates application of the “discrete” ergodic Szemerédi theorem. The “multiplicative
method” is quite a bit harder to establish, but it preserves the “structure” of F(t): for F(¢t) =T{f-...-TLf
we now have F(nt) = (T1)"f -...- (T{)" f. An additional advantage of the multiplicative method is that it
guarantees the equality of almost all “discrete” limits L;, and therefore gives more information about the
“continuous” limit L. (See Theorem 7.11 below.)

When it comes to convergence on average, there are many types of it (uniform, strong Cesaro, etc.)
which naturally appear in various situations in classical analysis, number theory, and ergodic theory, and
for each of them one can provide a statement that connects discrete and continuous averages. We therefore
present several similar results; their proofs are based on similar ideas, but utilizing these ideas in diverse
situations we obtain a variety of useful theorems. Here is the descriptive list of various kinds of averaging
schemes we will be dealing with. (In what follows V' stands for an abstract Banach space.)

e One-parameter standard Cesaro limits: The Cesaro limit of a sequence (vy,) in V is limy_, o % Zgzl Un,
and for a measurable function f:[0,00) — Vit is lim_.oc 3 fo x) dz.
e One-parameter uniform Cesaro limits: The uniform Cesaro limit for asequence (v,,) in Vis imy— a7 00 ﬁ

ZQLMH vy, and for a measurable function f:[0,00) — Vit is limp—q—00 50 fab f(z)dx.

(The “one-parameter averaging schemes” above is, of course, a special case of the corresponding “multipa-

rameter schemes” below, but we start with the one-parameter case to make our proofs more transparent.)
An Ne-sequence (v,,) in V is a mapping N? —d> V, n+— v,. For a parallelepiped P = Hl 1lai, bi] C R4

we define [(P) = minj<ij<q(b; — a;) and w(P) = [];_, (b; — a;).

o Multiparameter standard Cesaro limits: The Cesaro limit of an Nd—sequence (vn) in V' is limy(py oo ﬁ

> nendnp Un, and for a measurable function f: [0,00)* — Vit is limy(p)—oo =5y o fp x) dx, where, in both

cases, P runs over the set of parallelepipeds of the form Hizl[O, b;] in [0, 00)9.

e Multiparameter uniform Cesaro limits: The uniform Cesaro limit of an N%-sequence (Un) in V is
limyp)—oo ﬁ Y nezdnp Un, and for a measurable function f: [0, 00)? — Vit is limy(p)—oo w(P) Ip fz)dz,

where, in both cases, P runs over the set of parallelepipeds of the form Hle[a,-, b;] in [0, 00)4.

o Two-sided (or, rather, all sided) standard and uniform Cesaro limits: Instead of N%-sequences, functions
on [0,00)%, and parallelepipeds in [0, 00)%, we deal with Z?-sequences, functions on R?, and parallelepipeds
in R%,

e Limits of averages along general Fglner sequences: Instead of averaging over parallelepipeds of the
form P = Hle[ai,bi], we consider averages over elements of a general Fglner sequence (®n)_, in RY,
limy oo m fdw f(x) dz, where w stands for the Lebesgue measure on R%.

o Liminf and limsup versions for standard and uniform averages: When the limits above do not (or are
not known to) exist, but (v,) is a real-valued sequence and f is a real-valued function, we consider the
corresponding liminfs and limsups.



o Lim-limsup versions: If the limits limy_, % Zg;ol F(nt) do not, or are not known to exist, it may still
be possible that for some L € V, lim;_ g+ lim supNﬁooH% Zg;ol F(nt) — L|| = 0; it turns out that this
suffices for the multiplicative method to work.

After proving several versions of Propositions 0.1 and 0.2 corresponding to different averaging schemes,
we will apply them to re-prove some known and establish some new ergodic-theoretical results; here is a list
of the applications that we obtain in Section 7:

o In section 7.1, we show that characteristic factors for averages of the form

1
w(®N)

/ VAION N LA (0.4)
PN

where T, t € R, is a continuous 1-parameter group of measure preserving transformations of a probability
measure space X, p; are polynomials R — R, f; € L>®(X), and (®y) is a Fglner sequence in R?, are
Host-Kra-Ziegler factors of X. (A non-uniform version of this result is obtained in [P].)

o In section 7.2, we prove that, for any d € N, a d-parameter polynomial flow on a nilmanifold X is well
distributed on a subnilmanifold of X. (This result is new and refines the fact that any such flow is uniformly
distributed in a subnilmanifold of X.)

o In section 7.3, we prove the convergence of averages (0.4). (This result is new, strengthening the results
obtained in [P] and the one-parameter case of the results obtained in [Au2].) We also prove that the averages

ﬁ f: Ttfy-...-Ttdt converge, where T; are pairwise commuting measure preserving transformations. (This
strengthens the linear case of the results obrained in [Au2].)

o In section 7.4, we obtain a continuous-time version of the polynomial ergodic Szemerédi theorem.

o In section 7.5, we prove that the values of bounded vector-valued generalized polynomials are well-
distributed on a piecewise polynomial surface. This establishes the continuous version of the well-distribution
result from [BL] that we discussed above.

o In section 7.6, we derive, from the corresponding discrete-time results in [F] and [BK], convergence of
multiple averages (0.2) with p; being functions of polynomial growth.

o Finally, in section 7.7, we apply our methods to obtain continuous-time theorems dealing with almost
everywhere convergence of certain ergodic averages.

Acknowledgment. We thank the referee for many useful comments and corrections.

1. A Fatou lemma and a dominated convergence theorem

Throughout Sections 1 — 6, V' stands for a separable Banach space. We will repeatedly use the following
Fatou-like lemma and its corollary:

Lemma 1.1. Let (X, u) be a finite measure space and let (f,) be a sequence of uniformly bounded measurable
functions from X to V. Then limsup,, || [x fndy|| < [ limsup, o || /o]l dp.

Proof. Let M > 0 be such that || f,(x)|| < M for all z € X and n € N, and let s(x) = limsup,,_, . || fn(2)],
z € X. Fix € > 0. For each x € X let n(x) € N be such that ||f,,(z)|| < s(z) + ¢ for all n > n(x). For each
neN,let A, = {x € X :n(x) < n} Then A; € A3 C ... and Ufbozl A, =X, s0 limy, oo (X \ A4,) = 0.
Let N be such that u(X \ Ax) < e. Then for any n > N,

| feanll < [ usaan= [ g [ gl [ e ve < [ sdpreux) an,

AN X

Since this is true for any positive €, || [ fndp| < [y sdp. m
As a corollary, we get:
Lemma 1.2. Let (X,u) be a finite measure space. If a sequence (fyn) of uniformly bounded measurable

functions from X to 'V converges to a function f: X — V a.e. on X, then fX fndy — fX fdp.

4



Remark. Of course, a more general dominated convergence theorem, where ||f,|| are not assumed to be
bounded but only dominated by an integrable function, like in the case of real-valued functions, also holds,
but we will only need its special case given by Lemma 1.2.

2. Additive method

When a and b are positive real numbers, we define Z { Z:ne(a BN Un ifa<b

0if a > 0.

n>a

2.1. Standard Cesaro limits

Theorem 2.1. Let f:][0,00) — V be a bounded measurable function such that the limit

exists for a.e. t € [0,1]. Then limp_o 7 fo x)dx also exists and is equal to fo A, dt.

Proof. We may assume that the parameter b is integer. For any b € N we have

1 b 1b71 1 11b71
i/ f(x)dx—b;)/o fe+myar= [ PMWLERL

Since for a.e. t € [0, 1], %Zf;:% ft+n)dt — A; as b — oo, by Lemma 1.2,

1 b 1
lim 7/ f(x)dx:/ A dt.
b—oo b 0 0
|

Remark. Of course, in the formulation of Theorem 2.1 the interval [0, 1] and the expression f(t+mn) can be
replaced by the interval [0, 4] and the expression f(¢ + nd) for any positive §.

2.2. Uniform Cesaro limits

Theorem 2.2. Let f:[0,00) — V be a bounded measurable function such that the limit

N I

n>a

exists for a.e. t € [0,1]. Then limp_q— o 3 f; f(z)dx also exists and is equal to fol Ay dt.

Proof. We may assume that the parameters a, b are integer. For any sequences (ay), (bx) of nonnegative
integers with by — ar — +00 we have

1 br—1 1 1 brp—1
t+n)dt = / t+n)dt
b — ag f( ) d bk —ag nza:k 0 o bk —ag ,;k # )

Since for a.e. t € [0,1], 5 ZZZ& f(t+n)dt — A as k — oo, by Lemma 1.2,

k,_ak

lim
k—oo bk —



2.3. Multiparameter standard Cesaro limits

Let d € N. We will call a mapping N¥ — V| n + v,, Né-sequence in V. We write R, for [0,00). We
will now introduce notation that will allow us to formulate and prove the d-parameter versions of the above
theorems in complete analogy with the case d = 1.

For a,b € R‘i, a = (a1y...,aq), b = (b1,...,bq), we write a < b if a; < b; for all ¢ = 1,...,d and

a < bif a; < b; for all i. Under min(a, b) and max(a,b) we will understand (min(as,b1), ..., min(aq,bg)) and
(max(al, b1),...,max(aq, bd)) respectively. For a = (ai,...,aq) € Ri and b = (by,...,bq) € Ri, we define
ab = (a1b1,...,aqbq), and if b > 0, a/b = (a1/b1,...,aq/bq), and b* = (b7,...,03), a € R.

For a = (ay,...,aq) € R% we define w(a) = a; - - - a4 and l(a) = min{ay, ..., aq}. Note that if a,b € R%

and 0 < a < b, then w(a)/w(b) <i(a)/l(b).
ForabER‘fHa<bwedeﬁnemtervalsab {xER agxgb}and(a,b]:{xeR‘i:a<x§b}.

For a,b € R+, under Zb

neq Vn we will understand Z eNdn(a,b] Un if @ < b and 0 otherwise, under

Zf»a vy, we will understand ZnENdﬂ(a b Un if a < b and 0 otherwise, and under f x) dz we will understand

f[ab]v:r dx

Finally, for ¢ € Ry, by ¢ we will denote (c,...,c) € R,

Theorem 2.3. Let f:Ri — V' be a bounded measurable function such that the limit

At: hm th+n

(b)—o0 U}

exists for a.e. t € [0,1]%. Then limy () 00 w(b) fo x)dx also exists and is equal to f[o 174 . Ay dt.

Proof. We may assume that b € N%. Let (b) be a sequence in N¢ with [(b;) — oo as k — oco. For any
k € N we have

1 b
i @

Since for a.e. t € [0, 1]4,

bkl bkl

t+n)dt= /
o, 1]d 0,1]¢ w(

Zb’“ ! (t+n)dt — A; as k — oo, by Lemma 1.2,

bk)

by
flx)de = / A dt.
[0,1]¢

m —-—
k—oo ’w(bk) 0

2.4. Multiparameter uniform Cesaro limits

Theorem 2.4. Let f:R‘_f_ — V be a bounded measurable function such that the limit

b
A=  lim Z fEt+mn)

1(b— H.)*)O()w b—a oy

exists for a.e. t € [0,1]%. Then lim(p_q)— oo m fa f(x)dz also exists and is equal to f[o 14 Ay dt.

Proof. We may assume that a,b € N%. Let (ax), (by) be sequences in N with ay < by and I(by — aj) — oo
as k — oo. For any k € N we have

1 b b1 1 bl
—_— xr)dr = flt+n)dt = / —_— t+n)dt.
w(by — ax) /ak fiz) bk ) Z /0 14 .12 w(bs = ax) n;k ft )

Since for a.e. t € [0, 1], m fo:jf (t+n)dt — Ay as k — oo, by Lemma 1.2,

1 b
lim ———— f(z)dx = / A dt.
ak [0,1]4

k—o0 w(bk — ak)



2.5. Liminf and limsup versions

In the case f is a real-valued function we may obtain similar results involving liminfs of limsups, even
if the limits A; do not exist:

Theorem 2.5. If f:R‘_f_ — R is a bounded measurable function, then

lim inf 1 f— t
i gy [, Sz [ it o Zf +n)d
and

1 b
limsup —— < li (t
im sup o) /. f(z)de < /[( imsup — Z ft+n)

1(b)—o0 ),1]¢ 1(b)—o0 W

Proof. After adding a constant to f we may assume that f > 0. We may also assume that b € N%. Let (by)
be a sequence in N¢ with [(by) — oo as k — oo. For any k € N we have

1 br—1 1 br—1
f / ft+n)dt = / ft+n)dt.
w(br) Jo (@) bk nZO 0,1]¢ 0,172 w(bk) ,;0 ( )

By (the classical, real-valued) Fatou’s theorem,

by —1

I 1
liminf —— x)dr > / lim inf t+n)dt = / liminf —— (t+n)

[0, = 0,14 ko0 w( bk

And similarly,

Theorem 2.6. If f:R‘_f_ — R is a bounded measurable function, then

b

it g [ @z [ et Gl e na

0,1]4 l(b—a)—o0 w oy

and
b

lim sup wib a/f dx</ limsup ——— Z ft+n)d
- [

l(b—a)—oo W 0,1]¢ I(b—a)—oo W n>a
3. Multiplicative method — the one-parameter case

3.1. Standard Cesaro limits
Theorem 3.1. Let a bounded measurable function f:]0,00) — V be such that for some ¢ > 0, the limit
Ly = limy_ o0 1 b wao f(nt) exists for a.e. t € [0,¢c]. Then Ly is a.e. constant, Ly = L € V a.e. on [0,¢], and
limp_ o0 3 fo x)dx exists and equals L.

Following the referee’s suggestion we will derive Theorem 3.1 from the following classical fact. The

proof of this result which we provide for reader’s convenience has an advantage of being easily extendible to
multiparameter case (Lemma 4.2 below).

Lemma 3.2. Let (v,) be a sequence in V such that ||vp4+1 — vp| = O(1/n) and the Cesdro limit L =
limpy oo % ZnN:1 vy, exists. Then lim, _ . v, = L.



Proof. We may assume that L = 0, that is, limy_. % 22;1 v, = 0. Assume that v, /4 0; let € > 0 be
such that for any N € N there exists n > N such that an|| > e. Let @ > 0 be such that ||[v,+1 — ] < a/n

for all n; put § = m Find N € N such that H 70 U,LH < ¢ for all M > N. Find M > N such
that |lvas]] > € and 1/M < €/4a. Let, by the Hahn-Banach theorem, ¢ € V* be such that |p(v)| < ||v|| for
all v € V and ¢(vpr) = ||vasr]|. Then for any n > M,

n—1 n—1
«
P(vn) = p(vm) + PWmt1 = vm) > [loarl = D Vs — vml| > e = (n - M)+,
m=M m=M

which is > ¢/2 when % < §, that is, when M <n < M +eM/2a. Put K = M + [eM/2a], then
@(vn) > 5 forn=M+1,...,K. Thus

)2 (el 3 w)-oar) = (3 etu-our)

n=1 n=M+1 = =M+ n=M+1
1 5 1 eM 5 1 € 1\¢
“((x-Mm 7—5M) > 7((7—1)7—51\4) > 7((7_7)7_5)
L )5 = MAve20) W20 )2 “T1e/2a\\2a ~21/2
2
: =9,
(1+4+¢/2a)
which contradicts the choice of N. g
Proof of Theorem 3.1. Let v, = - [ f(z) dz, n € N. Then for any n,
(”“)C cnsup || fl| | esup|lf]]

— - = )dr + —— x)dz H 1
lonts = val = H n+1 / Ut x—!— en(n+1)  cen+1) oQ/n).
Also we have, for any N € N|

1 N-l N-1§ e N-14 c 1 N=

I O L DL NLCLE o
Since EnN 01 f(nt) — Ly as N — oo for a.e. t € [0,c], by Lemma 1.2, Zn o vy, — L[V Lydt.
By Lemma 3.2, v, — lfo L;dt. On the other hand, lim,_ oo v, = limp_ e 3 fo x)dx. So, L =

limy o0 7 fo r) dx exists and equals * fo L, dt.
Next, for any z € (0, ¢) we also have L= % foz Ly dt. So, for any z € [0, ¢], foz Ly dt = zL, which implies
that Ly = L a.e. on [0,c]. g

3.2. Uniform Cesaro limits

Theorem 3.3. Let a bounded measurable function f:[0,00) — V be such that for some ¢ > 0, for a.e.

t € (0,c] the limit Ly = limp_q— 00 ﬁ Zi>a f(nt) exists. Then Ly is constant a.e. on (0,c], Ly = L € V for

a.e. t € (0,c], and limp_q—00 577 ff f(z)dx exists and equals L.

Lemma 3.4. Let (v,) be a bounded sequence in V. such that limp_q—.co 57 S =0, let (bg) be a

n>a
sequence of positive real numbers with by — oo, and let (ay), (Br) be sequences of real numbers such that

0< Br —ag <bg for all k. Then limg_, o i P vy, = 0.

n>oag

Proof. Assume that ||v,]| <1 for all n. Let € > 0. Let B > 1 be such that Hﬁ Zf»a ”nH < € whenever

b—a > B. Let K be such that by > (B + 1)/e for all k > K. Then for any k£ > K, if 8y — ax > B, then
||b;C Zn>0¢k U"H < ||[31C ay Zn>ak v”” <&, and if ﬂk —Qk < B then also Hb Zn>ak U”H S 5k_b(1k+1 <e. |
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Proof of Theorem 3.3. Since, in particular, L; = lim,_, %Zf»o f(nt) for a.e. t € (0,c], we have L; =
const = L for a.e. t € (0,c] by Theorem 3.1. Replacing f by f— L, we may assume that L = 0. After replacing

f(z) by f(cx/2), we assume that ¢ = 2. Let a > 0, b > a+ 1. For any n € N, %fabf(x)dx = fb/n f(nt)dt.

a/n
Adding these equalitieb for all n € (b/2,b], and taking into account that b/n < 2 for n > b/2, we get
)\fab flz)d fo Zg(;ab(;)bt f(nt)dt, where A\ = Z:,>b/27lz > ;, and for every t € (0,2], ala,b,t) =

max{b/2, a/t} and ((a,b,t) = min{b, b/t}. Thus,

Hbia /ab f(z) de < 2‘1H/02 fan(t) dtH (3.1)

where fo5(t) = 3= Zi(;ab(;)bt f(nt), t € (0,2].

We will now show that the functions f, 5, for a > 0, b > a + 1, are uniformly bounded. Let us assume
that sup,e(o,00) I/ (@) < 1. If a < b/2, then b — a > b/2, and since B(a,b,t) — a(a,b,t) < b/2, for any
t € (0,2] we have || fap(t)] < b/Q(b/2+ 1) < 3. If a > b/2, then for any ¢t € (0,1/2] we have a(a,b,t) >
aft >2a>b > B(a,b,t), so foau(t) = 0; and since, for any ¢ € (0,2], B(a, b, t) — a(a, b, t) < (b—a)/t, we have
[fap (DIl < 525 (0 —a)/t+1) < 3 for t € [1/2,2].

For a.e. t E (0,2], since B(a,b,t) — ala,b,t) < (b—a)/t for alla >0, b > a + 1, by Lemma 3.4,

I t
b ltimoo fa b( ) g bflrililoo b—a Z f(nt) =0

n>a(a,b,t)
Hence, by Lemma 1.2, fo Jap(t)dt — 0 as b—a — oco. So, by (3.1), 5 fbf(x)d:ﬂ—>0asb—a—>oo. n

3.3. Liminf and limsup versions for uniform averages

In the case f is a real-valued function and the limits L; do not exist we have liminf/limsup versions of
the above theorems. We start with the uniform case:

Theorem 3.5. For any bounded measurable function f:[0,00) — R and any ¢ > 0,

hrglinogb_ /f dx > — /gnlrllinogb_ ant dt

n>a

and

b
1
lim su / )dxr < — / lim su nt) dt
bfagrolo) f 0 b— aﬂolc)u —a Z f( )

n>a
. . . - b
Proof. We will only prove the first inequality. We may assume that f > 0. Let L = ggE inof; ﬁ fa f(z)dx

find a sequence of intervals [ay, by] with by — ar, — oo such that L = limy_., ﬁ f;: f(x)dz. We may
assume that a; — oo (after replacing each aj, by max{ay,vbr}), and that by/ar, — 1 (after replacing
each interval [ag, bg] by a suitable subinterval).

For any t > 0 we have

bk/t

1
li f t) <li f—r— t),
blrzllnoob— nz>af n lmln b/t — ant >Z f(nt)
n>ay/t
SO

1 re b 1 br/t
— 1 f t)dt < — li f—-— t) dt.
c/o blr{zlinoob—agf(n) - c/o lkniloro} bk/t—ak/t ;/tf "



By (the classical) Fatou’s lemma we have

bk/t c bk/t

1 [ 1 1
liminf ———— (nt)dt < — hm inf (nt)d
C/O k—oo b/t —ag/t >Z/tf k—oo Jo b/t —ap/t >Z/tf
and
1 c 1 bk/t bk/t
fliminf/ _— f(nt)dt = fhm lnf / tf(nt)d
C k—oo Jo bk/t — ak/t ;/t k—oo by — ay n>zak:/t
1 bk/n
<= likm inf 5 / tf(nt) dt.
€ koo Uk — Gk n>ay/c ak/n
For every k € N, for each n we have
br/n b, b
In:/ tf —/ zf(x —2ak f(z)dzx
ar/n ak

with ay, € [ag, bg], so
1 O
Z I, = ak/ f(z)dx — = QiSk f(x)dx
n>ay/c n>ak/c n Ak

where s =Y
get

n>ay e n—lz satisfies spap/c — 1 as k — oo. Since, by our assumption, also ay/ar — 1, we

1 1 bi/n 1 b
= lim Z / tf(nt)dt = lim UL f(z)dx =
a ag

C k—oo by, — ay, noan/c o/n k—oo C by, — ay,

So, 4 [y liminf 71230 f(t)dt < L. w

3.4. Liminf and limsup versions for standard averages

Theorem 3.6. For any bounded measurable function f:[0,00) — R and any ¢ > 0,

hmlnf / flx)de > - / hmlnf Z f(nt)d

and
li 1/bf()d<1/1 th
imsup — x)dr < = imsup — n
b—oo b 0 Cc Jo b—oo b n>0
Proof. We may assume that f > 0. Let L = liminf, o ¢ fo x) dx; choose a sequence (b), with by — oo
as k — oo, such that limy_ o 7 o fo (z)dx = L. Then also limy_ bk-*ak f;: f(z)dx = L, where aj, =

Vbi, k € N. For all t > 0 we have

hmlnff nt) —hmlnf (nt) <hm1nf nt),
> L g <t 3

n>0 n>vb n>ag

and as in the proof of Theorem 3.5, by Fatou’s lemma,

, bi/t
1 /°
- lim inf flnt)dt < fhm mf / tf(nt)d
Cc Jg k—oo n; C k—oo k — Qg n>§a;/f
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so it suffices to show that this last expression is < L.
For every k € N put M, = Lbi/ ?| and subdivide the interval lak, b] into M}, equal parts: put by j =
ai + j(bg —ag)/My, 3 =0,..., Mg. As in the proof of Theorem 3.5, for any k and j we have

br,;/t Sk br,j
Z t f(nt) dt < 1 f(x)da, (3.2)
bk,g bk,] 1 n>bi k,j bk,jfl br,j—1

where vy, j € [bgj—1,bk5] and s j = >, -, i1/e 2. Since the function ¢(t) = 2 with § > 0 is decreasing,

for any k and any j we have

| by mct /M b b 1)
a;wskj b 1 1 =C 1/2 =ITk,
(br,j—1 —1)/c ak b/? —1

which tends to ¢ as k — o0. Replacing oy, ;s ; by 7, and taking the average of both sides of the inequality
(3.2) for a fixed k and j = 1,..., My we get

by /t br
/ Z tf(nt) dt< fz)dx
b — ak n>ay/t Uk Jax
SO
bk/t

by
/ Z tf(nt)dt < hm S — f(x)dz = L.
ar

¢ k—oo —a ~ c(by —a
—oo by —ap Jo L k—oo c(by — ay)

4. Multiplicative method — the multiparameter case

4.1. Standard Cesaro limits
We will use the notation introduced in subsection 2.3.

Theorem 4.1. Let a bounded measurable function f:Ri — V be such that for some c € R‘i, c >0, the
limiat Ly = limy(p) 00 w%b) wao f(nt) exists for a.e. t € [0,c]. Then L; is a.e. constant, Ly = L € V a.e. on

[0,c], and limy() o =y o0 fo x)dx exists and equals L.

Let e; = (1,0,...,0,0), ..., eq = (0,0,...,0,1).
Lemma 4.2. Let (v,) be an Ne-sequence in V such that the limit v = lim; () — o0 ﬁ ZnSN Uy, exists
and for some a > 0, for any n = (ni,...,n4) € N and for any i one has |[vyte, — Vn|| < an;. Then
hml(n)ﬂoo Up = 0.

Proof. We may assume that v = 0, that is, lim;n) oo ﬁ Y n<n Un = 0. Assume that v, / 0asl(n) — oo;

let € > 0 be such that for any N € N? there exists n > N such that |v,| > e. Put § = %.

Find N € N? such that HWETLSMU”H < dforall M > N. Find M = (M,,...,M;) > N, such that

|lvar|] > € and 1/M; < e/4ad for all i. Let, by the Hahn-Banach theorem, ¢ € V* be such that |p(v)] < ||v]|
for all v € V and p(var) = ||var||- Then for any n = (nq,...,nq) > M,

n;—1
QD( UM + Z Z U(nl,...,n,;_l,m+1,M7¢+1,...,Md) - U(nl,...,n,;_l,m,MH_l,...,Md))
i=1 m=M,
n—1
> HUMH - Z Hv(nlwuani—l,m+17Mi+1w~aMd) - U(nlwuanifl,m’M'H»lwuaMd)H
m=M
d [0
>e— Z(nl - M;)—,
i=1 M;
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which is > /2 when (M2 < £ for all 4, that is, when M; < n; < M; +eM;/2ad for all i. Put K; =
M; + [eM;/2ad] and K = (K, ..., Kg), then p(v,) > 5 for M <n < K and w(K) < w(M)(1 +¢/2ad)?,
w(K—M) > w(M) Hle(E/Qad—l/Mi) > w(M)(e/4ad)?. Now, we can represent > n<k Un as an alternating
sum

241 K
Soa=3 (X w)+ Y v
n<K j=1 n<R; n>M

where for each j, for every i, the ith entry of R; is either equal to M; or to K;. (For d = 2, for instance,

. K .
the formula is 35, < x 0n = 2pc(ay,k2) Un T 2onc (kM) Un = 2on<(My, M) Un  2psar Une) For each j,
HanRj Un || < w(R;)6 < w(K)§, thus

1 1 < d - d
Hw(K),g(”“ (K)(Hn;[“n %) > oy (Z Ok “‘7— 2 wlow) =2

=M+1 +1
wK-M) ¢ _, w(M)(€/4ad) € .4 e(e/4ad)? d
— .2 925> -——26:7—25:5
T TwE) 2 = wM)(1 +/2ad)d 2 2(1 + £/2ad)d !
which contradicts the choice of N. g
Proof of Theorem 4.1. Let v, = (n ) f x)dx, n € N¢. Then for any n = (nq,...,n4) € N¢ and any
ie{l,...,d},
(n+e7)c
[vnte; —vnll = H( win+e)  win) / flx)de + ——— win +62) /n f(z dl‘H
w(cn) sup || f]| w(c)sup || f]|

= wlewln)wln +e;)  wlc)w(n + e;)) = 2sup || f[|/(n; +1).

Also we have, for any N € N,

Zvn: ( nc/ flx /fntdt /C ant

n<N

Since oixy Yoy f(nt) — Ly as l( ) — oo for a.e. t € [0,c], by Lemma 1.2, w(lN) Zn<an —
fOC L, dt. By Lemma 4.2, v, — (C) fo Ly dt. On the other hand, limy(,,) o0 Un = hml(b)ﬂoo 0} fo x)dx.
So L = limy(p) o0 7 o0 fo x) dz exists and equals w( 5 fo L., dt.

Next, for any z € (0, ¢), we also have L = .7 fo Ly dt. So, for any z € (0,¢], [, Lt dt = w(2)L, which
implies that Ly = L a.e. on [0,¢]. g

4.2. Uniform Cesaro limits
Theorem 4.3. Let a bounded measurable function f: Rd — V' be such that for some c € R , ¢>0, for
a.e. t € (0,¢] the limit Ly = limp_ g0 32— S f(nt) exists. Then Ly is constant a.e. on (0, c], Li=LeV

n>a
for a.e. t € (0,c], and limp_q— o0 32 fbf (z) dx exists and equals L.

Lemma 4.4. Let (v,) be a bounded N?-sequence in V such that limy(p—a)— oo w(b ) Zn>a =0, and
let (br), (ax) and (Bx) be sequences in RY such that 0 < By — ay, < by for all k and I(by) — oo. Then

: 1 k _
llmk*}m m n>ay Up = 0.

Proof. Assume that ||v,|| < 1 for all n. Let ¢ > 0. Let B > 1 be such that ||w(b 2 Zn>a vnl|| < €
whenever [(b —a) > B. Let K be such that l(bk) (B +1)/e for all k > K. Then for any & > K, if

[(Br — ax) > B, then Hw (ok) Zn>o¢k vn” Hw (Br—on) ank UnH < g, and if I(Bx — ax) < B, then also
l [e% 1
||w(bk) Zn>ak vn” = % <& m

12



Proof of Theorem 4.3. Since, in particular, L; = lim) o ﬁ wao f(nt) for a.e. t € (0,c|, we have
L; = const = L for a.e. t € (0,¢] by Theorem 4.1. Replacing f by f — L, we may assume that L = 0. After
replacing f(z) by f(cz/2), we assume that ¢ = 2. Let a > 0, b > a + 1. For any n € N, ﬁ f: flx)dz =

f;//: f(nt)dt. Adding these equalities for all n € (b/2,b], and taking into account that b/n < 2 for n > b/2,
we get )\f: flx)d fo Eg:;((?b p f(nt) dt, where A = Zn>b/2 vy 2 77, and for every ¢t € (0,2]%,
ala,b,t) = max{b/Z,a/t} and ((a,b,t) = min{b, b/t}. Thus,

s | e <2 [ oo w

where fo5(t) = wrimy Yo, o F(nt), t € (0,2]7.
We will now show that the functions f, 3, for @ > 0, b > a + 1, are uniformly bounded. Let us assume
that sup,e(o,00) If(@)| < 1. Ifa < b/2, then b — a > b/2, and since B(a,b,t) — a(a,b,t) < b/2, for any
€ (0,2]% we have || f,5(t)|| < b/2 w(b/2 4+ 1) < 3% If a > b/2, then for any ¢ € (0,2]¢ with t; < 1/2
for some i we have a(a,b,t); > a;/t; > 2a; > b; > B(a,b,t);, so fap(t) = 0; and since, for any t € (0,2]¢,
B(a,b,t) — ala,b,t) < (b—a)/t, we have || fop(t)| < mw((b —a)/t+1)<3%forall t € [1/2,2]%
For a.e. t € (0,2]¢, since 8(a,b,t) — a(a,b,t) < (b—a)/t for all a,b € Ri, b>a-+1, by Lemma 4.4,

X . Blab.t)
lim t) = lim 7 nt
1(b—a)—oo Jab(t) w(t) 16-a)—o0 w((b — a) /1) n>(§1:b ) )=

Hence, by Lemma 1.2, fo fap(t)dt — 0 as (b —a) — oo. So, by (4.1), = a)f f(z)dx — 0 as
Il(b—a) —o00. m
4.3. Liminf and limsup versions for uniform limits

Theorem 4.5. For any bounded measurable function f:Rff_ — R and any c € Ri, ¢ >0, one has

b

1 f lim inf
(bm;)lgoowb—a/f ()/l(bla)lgoowb—a Z

n>a

and
b

b c
lim sup ﬁ/@ f(z)dx < wzc)/o lim sup ﬁZf(nt) dt.

I(b—a)—oo W I(b—a)—oo W n>a

Proof. We will only prove the first inequality. We may assume that f > 0. Let L = l(})im)inf ﬁ fab f(z)dx

find a sequence of intervals [ag, bx] C Ri with [(bg — ar) — oo such that L = limy_, m f;}f f(z)dx

We may assume that [(ay) — oo (after replacing each ay by max{ay,/bx}), and that w(bg)/w(ar) — 1
(after replacing each interval [ag, b;] by a suitable subinterval).
For any ¢t > 0 we have

bk/t

1 1
liminf ———— t) <l 'f— t
o) oo w(b — a) D fnt) <limin Wb/t — ap/t) > Ji)
n>a n>ay/t
SO
1 c by /t

— lim inf (nt)dt < / hmmf— (nt) dt.
w(c)/0 l(b—a)—oo w(b — a) Z}f w(e) Jo k—oo w(by/t — ax/t) gﬂf
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By (the classical) Fatou’s lemma we have

1 c 1 bk/t c 1 bk/t
—_— liminf ——FM—— (nt)dt < lim inf —_— (nt)d
w(c) /0 k—oo w(bg/t — ag/t) ;/ff ( ) k—oo Jo w(bg/t —ag/t) gl:/ff
and
1 c 1 bk/t 1 bk/t
—— liminf _— (nt)dt = liminf ——— / tf(nt)d
'LU(C) k—o0 /0 (bk/t — ak/t Z f ( ) k—o0 ’LU bk — ak Z f
>a;€/t n>ak/t
1 1 bk/n
< liminf ———— / tf(nt)dt.
T w(e) koo w(by —ak) L= Jam J

For every k € N, for each n we have

br/n br br
I, = / tf(nt)dt = L xf(z)dx = ﬁw(ak) f(z)dz

k/TL 'LU(TL2) ar ar

with ay, € [ag, bg], so

by
Z I, = w(ayg) f(x)dzx Z % = w(ay)sk f(z)dz,
n>ay/c @k n>ay/c UJ(?’l ) @k

where s, = Zn>ak/0m satisfies spw(ar/c) — 1 as k — oo. Since, by our assumption, also

w(ag)/w(ag) — 1, we get

bi/n by
lim ! Z /a tf(nt)dt = lim wlak)sk 1 )/ak f(z)dx = L.

( ) k—o0 w(bk — ak) noan/c /n k—o0 w(c) w(bk — ag

So, %foc (hmmf w(bl_a) Zf»a ft)dt<L. g

a)—oo

4.4. Liminf and limsup versions for standard averages

Theorem 4.6. For any bounded measurable function f: Rd — R and any c € RY Y, ¢>0, one has

liminf —— / / nt)d
1(b)—o0 w(b f w(e) Jo l(b)—»oow Zf

and
lim sup ——~ / flx / msup fnt)d
1(b)—oco W ( ) 0 l(b —00 Z
Proof. We may assume that f > 0. Let L = liminf, .o + 5 fo x) dx; choose a sequence (b) in R+, with

l(bk) —ooask — o0, such that 11mk~>oo w(bk) bk f( )diﬁ = L. Then also hmkﬁoo m f;: f )dx =

L, where ay = /by, k € N. For all t > 0 we have

1
hm inf —— (nt) = liminf ——— (nt) < hm inf ———— (nt),
1(b)—o0 w( Zf 1(b)—oc w(b — \/b) Z ut w( bk — ag) Z ut

k—o00
n>Vvb n>ag
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and as in the proof of Theorem 4.5, by Fatou’s lemma,

1 e 1 1 I
—_— liminf ——— (nt)dt < hrn inf / tf(nt)d
w(c)/o k—oo w(by — ag) n; H w(c) k—oo w b;c —ay) ngk:/t g

so it suffices to show that this last expression is < L.
For every k € N put My = Lbi/?’j and subdivide the interval [ak,bk] into w(Mjy) equal parts: put
brj = ar + (b —ag) /My, j € ({0} UN)?N [0, Mg]. As in the proof of Theorem 4.5, for any k and j we have

br,j/t

c Vs b,
! )/0 ST tf(ntydt < m/ f(z)dz, (4.2)

Wbk = brj-1) Jo o~ w(bk,j = brj-1) Jo; 4
where ay ; € [bgj—1,bk ;] and si ; = Zn>bk o1/e w(nQ) For any k and any j,

w(b,) N (i VAL )
< w(e) DI (o) T
Wby — D w(o) wlag — 1) w®? —1)
which tends to w(c) as k — oo. Replacing w(oy ;)sk,; by r, and taking the average of both sides of the
inequality (4.2) for a fixed k and j =1,..., M}, we get

w(ay + by /My)

w(ag,j)sk,; < =Tk

1 c bx/t e br
w(by — ag) / ngk:/t tf(nt) dt < w(by — ar) Ja, J(@)de
S0 e ) 5
) hkn—{gfwbkfak / Z tf(nt)dt < lingom o f(x)dx =

n>ay/t

4.5. A lim-limsup version for standard averages
It turns out that if the limits lim;) o0 ﬁ Z:}Do f(nt), t > 0, do not exist, but, for some L € V, one
ﬁ ZZ,>0 f(nt) —LH = 0, we still have the result. For a function h: (0,7)? — V/,

r >0, we write ess-lim;_+ h(t) = ho if for any ¢ > 0 there exists § € R% such that [|h(t) — hol| < € for a.e.
€ (0,4].

Theorem 4.7. Let f:Ri — V be a bounded measurable function satisfying, for some L € V,

has lim;_,q+ lim SUD;(b) 00

lim H H-L| =0
e?i 01+rn ll(rbn sup Z f(nt)

Then limy ) — oo w(b fo x)dr =

Lemma 4.8. Let (v,) be a bounded N%-sequence in V and let (by), (Bk) be sequences in RL with 0 <
Bk < by for all k and l(by) — oo. Then hmsupkHOOHw o) Zn>0 vn| < hmsupl(b)ﬁoon Zf»o Unl|, and
lim supy,_, oo || 578 won) Zn>bk/2 va | < 271im Supl(b)HOOH w(b) Z:I:L>0 v
Proof. Assume that ||v,|| <1 for all n. Let s = lim Supl(b)—>oo||ﬁ ZZ>0 vnH Let € > 0, and let B > 1 be
such that || O] Zn>0 Un|| < s+ € whenever I(b) > B. Let K be such that I(by) > B/e for all k > K. Then
for any k > K, if I(8x) > B, then Hw o) Zn>0 vnl| < Hw ) Zn>0 Un|| < s+ ¢, and if [(B)) < B, then also
H ) En>0 UnH < ZUU((fz)) < ll((fk)) <e<s+e. So, hmsupk_,oon o) Zn>0 vnH <s.

For any S C {1,...,d} and a = (a1,...,aq4), b = (b1,...,bq) € R% let og(a,b) = (c1,...,cq) where
for each i, ¢; = a; 1fz€Sand ¢; =b; if i ¢ S. Then for any a, bEIRd Wltha<bwehavezn>a =
ZSC{I ( 1)ISl ZUS(G b) V. Since, for any S C {1,...,d}, hmsupk_wOH Zas<bk/2 B)

n>0
also get that limsupy, o || 5y Zn>bk/2 vp|| < 29s. g

I vnH < s, we
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Proof of Theorem 4.7. We may assume that L = 0. Fix ¢ > 0. Find 6 € Ri, 6 > 0, such
that limsuprOOH%ZfDO f(nt)| < e for ae. t € [0,0], and define g(z) = f(42), = € RL. Then
1imsupb_,ooH% Z>Og nt) H < e forae. te|o, 2]

Let b € R%, b > 1. For any n € N%, w(n) fO z)dr = [, o/m g(nt)dt. Adding these equalities for all
n € (b/2,b], and taking into account that b/n < 2 for n > b/2, we get /\f0 x)dx = fo Zﬁ(b ) g(nt) dt,

n>b/2
where A = 3 Lo > and for every ¢ € (0,2]4, 3(b,t) = min{b,b/t}. Thus,

n>b/2 w(n) 2d )

= [ s@ad] <21 [ ot (43)
Hw(b) 0 0
bt
where gy(t) = 55y SohCiy 9(nt), ¢ € (0,2]%,
Let us assume that SUperd lg(x)]] = SUp,erd |f(x)]|] < 1. Then for any b > 1, for every

€ (0,2]% we have [|gy(t)|| < ﬁw(ﬁ(h t)) < 1, so the functions g, are uniformly bounded. For a.e.
t € (0,2]%, since B(b,t) < b, by Lemma 4.8 we have lim sup; ) oo lgp ()] < 29e. Hence, by Lemma 1.1,
1irnsupb_)oono2 gb dtH 22d : So by (4.3), 1imsupb_,ocHll7f0b (z)dz|| < 23%. Since for any b € Ry,

b5/2 ¢
b > 0, we have W fo dr = w(b6/2) f

this is true for any positive e, liml(b)ﬂoo Ol fo z)der=0. g

x) dz, we get hmbupl(b)_)oon(b fo dx” < 23d¢. Since

4.6. A lim-limsup version for uniform averages

Theorem 4.9. Let f:Ri — V be a bounded measurable function satisfying, for some L € V,

ess-lim hmsup H Zf (nt) LH =0.
—a)

t—0+ I(b—a)—o0

. b
Then limyp_q)—oo m [, f(x)dz =L
Lemma 4.10. Let (v,) be a bounded N%-sequence in V and let (by), (ax), and (Bx) be sequences in
]Ri such that 0 < ﬁk —ap < by for all k and 1(by) — oo. Then hmsupk_,OOHw(bk Zn>ak UnH <

lim SUP(b—a)— o0 H w(b—a) Zn>a Un || :

Proof. Assume that ||v,|| <1 for all n. Let s = thUPl(b—a)—»oon Zi>a vn||. Let & > 0. Let B > 1be

such that || w(b 2 Z Un|| < s+e whenever [(b—a) > B. Let K be such that [(b) > (B+1)/e forall k > K.

n>a
Then for any k > K, if l(ﬂk — ag) > B, then Hw o) Zn>ak vnH < ||m Zn>ak vnH < s+e¢, and if
1(Bx—au) < B, then also || — o Zn>ak on || < ﬁk(bial;)‘*‘l < e < s+e. So, thUPkHoon o) Zn>ak Up| < s
|

Proof of Theorem 4.9. We may assume that L = 0. Fix ¢ > 0. Find § € Ri, 6 > 0 such that

1imsupl(b7a)ﬂoo"@ waa f(nt)|| < e for ae. t € [0,6], and define g(z) = f(3z), 2 € RZ. Then

lim supl(bfa)aoouﬁ Zf»a g(nt)|| < e for ae. t € [0,2]°.

Let a,b € RY, a > 0, b > a+ 1. For any n € N w(ln) f:g( dxr = fb/n nt)dt. Adding these
equalities for all n € (b/2,b], and taking into account that b/n < 2 for n > b/2, we get )\f;g(m) dx =
fo Zi:ab(;)b t)g(nt) dt, where A\ = ZZ>b/2 ﬁ > o7, and for every t € (0,2]%, a(a,b,t) = max{b/2,a/t}
and (3(a,b,t) = min{b, b/t}. Thus,

Hw(bl_a)/ab g(z) dx” < QdH/: Ga,b(1) dtH (4.4)
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where Ya, b( ) w(b a) Zi;ab(;)bt ( t)7 te (07 2]d

We will now show that the functions g, 4, for a,b € R‘j_, b > a+1, are uniformly bounded. Let us assume
that SUpP Rt lg(x)]| = SUP Rt IIf(z)]] <1.Ifa <b/2, then b—a > b/2, and since 3(a, b, t) —a(a,b,t) < b/2,
for any t € (0, 2]¢ we have ||ga,b( ) < w(b/2) w(b/2+1) < 3% If a > b/2, then for any t = (¢4,...,tq) € (0,2]¢
with ¢; < 1/2 for some ¢ we have a(a,b,t); > a;/t; > 2a; > b; > B(a,b,t);, so fop(t) = 0; and since, for
any t € (0,2]¢, B(a,b,t) — a(a,b,t) < (b—a)/t, we have || furs(t)] < ﬁw((b —a)/t +1) < 3¢ for all
te[1/2,2)4.

For a.e. t € (0,2]%, since 3(a,b,t) — a(a,b,t) < (b—a)/t for all a,b € R%, b > a + 1, by Lemma 4.10,

B(a,b,t)
1 1 €
limsup ||gap(t)|| £ ——= limsup Hi g g(nt H < —.
I(b—a)—oo o] w(t) i(p-a)—ooll w((b —a)/t) = ) w(t)

Since also lim sup;y_q) oo [19a,6(?)]| < 3¢, we obtain that

3
/ limsup ||ga.(t)| dt < / 3% dt +/  _dt= Ce,
0 i(b—a)—oo [0,2]4\[¢,2]4 [e,2]4 W(t)

where c. < de29713% + ¢(log(2/¢))¢. Hence, by Lemma 1.1, limsupl(b_a)_)ooHfoi Jap(t)dt|| < ce. So,

by (4 4), limsup,_ a)_)oon fbg )dz|| < 2%c.. Since for any 0 < a < b, mf:g(x)dx =
b5 /2 . .

w(b6/2 579 fé//Q x)dzx, we get limsup;;_ a)_,oon(b ) f f(z)dz| < 2%.. Since this is true for any

positive € and ¢. — 0 as ¢ — 0™, we obtain that lim;;_q)—co m ff f(z)dz=0. g

5. Two-sided limits and limits with respect to Fglner sequences

5.1. Two-sided multiparameter limits

We will now pass from the (Nd,Ri) setup to the (Z?,R?) setup. We adapt the notation introduced
above to this new situation: for a,b € R%, a = (a1,...,aq), b = (by,...,bq), we write a < b if a; < b; for all
t=1,...,d,and a < b if a; < b; for all i. When writing I(b) or w(b), we will always assume that b > 0. As

before, under waa vp, we understand ) | ;4 v, and under f; v(z) dr we understand [ _ _, v(z)dz.
a<n<b -
Theorem 2.3 clearly implies:

Theorem 5.1. Let f:R?* — V be a bounded measurable function such that the limit

b

A= 1 f(t
¢ l(blgloo’w ; +n

exists for a.e. t € [0,1]4. Then limy(p)_ o0 m ffb f(x)dx also exists and is equal to f[ Ay dt.

0,1]4
Theorem 2.4 can also be easily adapted to the R? case:

Theorem 5.2. Let f:R?* — V be a bounded measurable function such that the limit
b

. 1
Ay = lim ﬂZf(t—Fn)

l(b—a)—oo W
n>a

exists for a.e. t € [0,1]%. Then limyp—q)—oo m f: f(x)dx also exists and is equal to f[o 14 Ay dt.

The derivation of Theorem 5.2 from Theorem 2.4 is based on the following fact:
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Lemma 5.3. For any s = (s1,...,8q4) € {+,—}? =S, let R = R,, x ... x R,,. Let fiRT — V be a
bounded function and let L be an element of V such that for any s € S, im 4 per, w(b o) f flz)dz =
)

l(b—a)—o0

. b
Then limyp—q)— oo ﬁ [, f(x)dx = L.

Proof. We will assume that sup|f| < 1 and that L = 0. Given ¢ > 0, find [ € R such that
||m fab f(z) dz|| < & whenever a,b € R for some s € S and (b —a) > 1.

Now let a,b € R% b > a and I(b — a) > l/e. Let a = (a1,...,aq) and b = (by,...,bs). For each i
such that a; < 0 < b;, partition the interval [a;,b;] into subintervals [a;,0] and [0,b;], and thus partition
the d-dimensional interval [a,b] = {z : a < < b} into < 2¢ d-dimensional subintervals [p;, ¢;] such that
for each j, [p;,q;] € R? for some s € S. Then, for each j, if I(g; — pj) > I, then Hﬁa) qu dxH <
||w(qj17pj) quj f(z) d:ch < e, and if (g, —pj) < 1, then Hw ) q’ f d:z:H < w(qg Zg) < l(;(z;) Z;) < l/s

50, |y Ju 1@ dal| = |y Jyy S(@) do| < 2%

In the case f is a real-valued functlon, the same proof gives a stronger result:

=&

Lemma 5.4. For any bounded measurable function f:R? — R,

. . 1 b
i e b— 3 / f(w) v = min (%],%le;n%f wlh—a) / f(@)dx
l(b—a)—oo

and
1 b
lim sup / flx da:—max lim sup 7/ f(z)dx
—a) wb—a) J,

I(b—a)—oo W a,beR,
l(b—a)— oo

Lemma 5.4 allows us to derive the “two-sided” version of Theorems 2.5 and 2.6:
Theorem 5.5. If f:RY — R is a bounded measurable function, then

b

liminf —— li f(t
ot [ 16 wz [ it o g 2, S+ md
and
b
limsup —— f ) dx </ limsup ——— Z ft+n)d
l(b—a)—oo W 0,1]¢ I(b)—ooc W n>_

Theorem 5.6. If f:RY — R is a bounded measurable function, then

>
lim inf =) / f(z)dx /o lim inf Zf +n)d

l(b—a)—oo w 14 l(b—a)—o0 w n>a

and

. Lo . RS
lim sup ﬂ/a f(av)davg/[o1 lim sup mgf(t—i—n)dt

l(b—a)—oo W 1] I(b—a)—oo W

For a,b € RY with a < 0 < b, let us call “the interval” (a,b) = {t € R?: a <t < b} a P-neighborhood of
0 in R, and for b € R% with b > 0 let us call “the interval” [0,0) = {t € R% : ¢ < b} a P-neighborhood of 0
in RY.

+

The “multiplicative” theorems for Z% and R%-actions take the following form:

Theorem 5.7. Let a bounded measurable function f:R% — V be such that for some P-neighborhood of 0
in R, for a.e. t € P the limit Ly = limy) o0 ﬁ ZZ>—I; f(nt) exists. Then L; = const = L a.e. on P

. b
and limy) o0 ﬁ Jo, f(x)de =L
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Theorem 5.8. Let a bounded measurable function f R? — V be such that for some P-neighborhood of 0
in R, for a.e. t € P the limit L, = hml(b a)—oo w( b w00y Z f(nt) exists. Then Ly = const = L a.e. on P

n>a

and limy_q)—oo m fa f(z)dx =

Theorem 5.9. For any bounded measurable function f:R? — R and any c € R%, ¢ > 0,

1 b 1 c b
liminf ——— de > ——
z%?f_lﬂo w(2b) /_b fla)de > w(c)/ l(b)—>oow 2b ;

and
b

1 I 1
limsupi/ flz)dx < —/ limsup —— f(nt)dt
1()—oo W(20) J_p (=) w(c) Jo i(b)—oo w(2D) Zb (

n>

Theorem 5.10. For any bounded measurable function f:R* — R and any c € R%, ¢ > 0,

b

c
li f
l(blIr;)IEoow bfa / f ()/0 l(b a)—»ocw b—a Z

n>a

and
b

1 b 1 c
lim sup m f(z)dx < w(c)/o lim sup b—a Z

w
I(b—a)—o0 l(b—a)—oo W n>a

Theorem 5.11. Let f:RY — V be a bounded measurable function satisfying

ess-lim hmsup” Z fln H

=0t 1(p)—

Then limyp) oo m ffb flz)dz = 0.

Theorem 5.12. Let f:R? — V be a bounded measurable function satisfying, for some L € V,

b
1
ess-lim lim sup H G ] E f(nt) _LH =0.
—a
n>a

t—07 l(b—a)—oo

Then hml(b,a)*,oo m f: f(I) dx = L.

5.2. Limits with respect to an arbitrary Fglner sequence

Let us denote by w the standard Lebesgue measure on R? (this agrees with the notation used in the

previous sections). A Fglner sequence in R? is a sequence (®x)_, of subsets of finite mesure such that for
R, w(eNn A (PN +Y))

w0 (@) —0as N — oo.

any y €

Lemma 5.13. Let f:RY — V be a bounded measurable function with the property that limy (p—a)— oo
m fab f(x)dx = L € V. Then for any Folner sequence (®x) in R, limy_. o m f<I>N flx)dz =L
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Proof. We will assume that L = 0 and that sup|f| < 1. Let € > 0, and let Q be a d-dimensional interval
{z € R": 0 < 2 < ¢} with [(c) large enough so that Hﬁ fQ+y f(z) da:H < ¢ for any y € R%. Let (®x) be

a Fglner sequence in R?. For any y € Q we have
U, swslel] o)
(PN+y)\ON SN\ (PN+Y)

w(PNA (PN +y))
- w(®y)

fatnde= [ s@al < g

w(Py) H .

—0as N — oo.
So, by Lemma 1.2,

M/Q( <I>Nf(a:+y)dgc— <I>Nf(gg)d:c)dy—maszv_wo_

But chg Jo, f(x)dvdy = w(<I>N) Jo, f(x)dx for all N, whereas

Hw(Q)if(cpN)/Q AR drdy| < w(;)N) /biVHw(lQ) /Qf(“y)ddem 1
= v oo [, ol s gy [ cae =

for all N. Hence, limsupN_,oon Jo, f(2) dr|| <e. m

Lemma 5.13 allows to strengthen Theorems 5.2, 5.8, and 5.12:
Theorem 5.14. Let f:R? — V be a bounded measurable function such that the limit

b
1
A= i _— t
K l(b—lar)n—mo w(b—a) ; f(t+n)

ezists for a.e. t € [0,1]%. Then for any Folner sequence (®y) in RY, limy_ m&w f(z)dz =
f[O,l]d A dt.

Theorem 5.15. Let f:RY — V be a bounded measumble functwn such that for some P neighborhood P
of 0 in R?, for a.e. t € P the limit L, = 1im; () — oo w(b a) Z (nt) exists. Then L; = const = L a.e.
on P and for any Folner sequence (®x) in R, limy_ o0 w(<I>N) f<I>N x)dx =1L

n>a
Theorem 5.16. Let f:R? — V be a bounded measurable function satisfying, for some L € V,

b
1
ess-lim lim sup H G ] E f(nt) _LH =0.
—a
n>a

t—07F l(b—a)—oo

Then for any Folner sequence (®x) in RY, limy o m fbe f(z)dx =1L
In the case f is a real-valued function we can get the following version of Lemma 5.13:

Lemma 5.17. For any bounded measurable function f:R? — R, for any Folner sequence (®x) in R?,

liminf# f(z)dx > liminf / f(z

N—oco w(<I>N) Dy 1(b— aﬂoow b—a

and

1
lim sup ———— f(z)dx < limsup / f(x
N—oo w((I)N) PN ( ) I(b— a)~>oo b—(l

Using Lemma 5.17, we may also strengthen Theorems 5.6 and 5.10:
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Theorem 5.18. For any bounded measurable function f:RY — R and any Folner sequence (®y) in R,

b

lim inf 1 f(z)dzx / lim inf Z flt+n)
[

N —o0 w(@N) Dy Ol]dl(b a)—>oow sa
and

lim su
N w(® ) on

f(z)dx §/ limsup ——— Zf (t+n)d

[0,1]4 l(b—a)—>oo n>a

Theorem 5.19. For any bounded measurable function f:RY — R, any ¢ € Ri, c > 0, and any Folner
sequence (Py) in R,
b

1 1 ¢
liminf ——— dx > li
Neoo w(®N) Jay, f(@)dw > w(c) / l(bm;)ﬁoc w( b —a) ;

and

lim sup
Neoo W(PN) Joy

1o 1
f(z)dx < w/o lhmsup ﬂ;f(nt)dt'

(b—a)—oo W

6. Density of sets and convergence in density

We will now formulate some special cases of the theorems above. For a set S C N? the density
of S is D(S) = hml(b)ﬁoo ﬁ‘S N (O,b]|, if it exists; for a measurable set S C Ri, the density of S is
D(S) = liml(b)_)oo Ok w(S N[0,0]), if it exists. (As before, w stands for the standard Lebesgue measure on
R%). The lower density D(S) and the upper density D(S) of a set S C N? or S C R% are defined as the
liminf and, respectively, the lim sup of the above expressions.

Taking f = 1g in Theorems 2.5, 2.3 and in Theorems 4.6, 4.1, we get, respectively:

Theorem 6.1. Let S be a measumble subset of R%, and for each t € [0,1]% let Sy = {n € N : ¢t + n € S}.
Then D(S) > fo 132 D(Sy) dt and D(9) < f[o 14 D(S;)dt. If D(S;) exists for a.e. t € [0,1]¢, then D(S) also
exists and equals f[ o D(S;) dt.

Theorem 6.2. Let S be a measumble subset of R+, and for each t € Rd let Sy = {n eN?:ntc S’} Then
for any c € R, ¢ > 0, one has D(S f D(S;)dt and D(S) < fo d D(S;)dt. If D(S;) emists for a.e. t in
a P-neighborhood P of 0 in R%, then D(S( )) = const = D for a.e. t € P and D(S) = D.

The uniform (or Banach) density of a set S C N¢ is UD(S) = limy(p—a)—oo mwﬂ (a, b]|, if it exists;
for a measurable set S C Ri the uniform density of S is UD(S) = lim;p_q)—oo ﬁw(S N [a,b]), if it
exists. (And it follows from (an R -version) of Lemma 5.13 that for S C R%, if UD(S) exists, then for any
Folner sequence (®x) in RY, limy_.oo ﬁw(S N®y) = UD(S).) The lower uniform density UD(S) and
the upper uniform density UD(S) of a set S C N or S C Rff_ is the liminf and, respectively, the limsup of
the above expressions.

From Theorems 2.6, 2.4, 4.5, and Theorem 4.3 we get, respectively:

Theorem 6.3. Let S be a measurable subset of RL, and for each t € [0,1]¢ let S; = {n eNt:n+te S}.
Then UD(S) > f[o,1]d@(5t) dt and UD(S) < f[o,l]d UD(S;)dt. If UD(S;) ewists for a.e. t € [0,1]¢, then
UD(S) also exists and equals f[o&]d UD(S;) dt.

Theorem 6.4. Let S be a measurable subset of R+, and for each t 6 Rd let Sy = {n eN?:ntc S} Then,
for any ¢ € RL, ¢ > 0, one has D(S) > w(c) Jio.q D(St) dt and D(S) < — C) Jo.q D(Se) dt. If UD(Sy) ewists
for a.e. t in a P-neighborhood P of 0 in R%, then UD(S(t)) = const =D in P and UD(S) = D.

Of course, the “two-sided” versions of Theorems 6.1 — 6.4, where one deals with Z%-sequences and functions
on R? instead of N%-sequences and functions on Ri, are also true.
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We will now bring two theorems that deal with limits in density instead of Cesaro limits. We say that an
N?-sequence (v,) in V' converges in density to L € V if for any £ > 0, the set S = {n € N*: ||lv,, — L[| > ¢}
has zero density, D(S;) = 0, and converges to L in uniform density if for any e > 0, UD(S:) = 0. We
say that a (measurable) function f:R%? — V converges to L € V in density if for any ¢ > 0, the set
Se ={z €RL:||f(z) — L|| > e} has zero density, D(S.) = 0, and converges to L in uniform density if for
any € > 0, UD(S;) = 0. Applying Theorems 6.1 — 6.4 to the real-valued function || f(z) — L|| we obtain:

Theorem 6.5. Let f:Ri — V be a bounded measurable function such that for some L € V, for a.e.
t € [0,1]¢ the Ne-sequence f(n +t), n € N¢, converges to L in density (respectively, in uniform density).
Then f converges to L in density (respectively, in uniform density).

Theorem 6.6. Let f:]Ri — V be a bounded measurable function such that for some L € V, for a.e. t
in a P-neighborhood of 0 in Ri the Né-sequence f(nt), n € N¢, converges to L in density (respectively, in
uniform density). Then f converges to L in density (respectively, in uniform density).

Of course, the two-sided versions of Theorems 6.5 and 6.6 also hold.

7. Applications

7.1. Characteristic factors for multiple averages along polynomials

Let X be a probability measure space; we will always assume that X is sufficiently regular so that L!(X)
is separable.

Let G be a group of measure preserving transformations of X and let gi(n),...,g.(n), n € Z%, be
(d-parameter) sequences of elements of G. A factor Z of the system (X,G) is said to be characteristic
for the averages ﬁzneqw gi(n)f1 - ... g-(n)f., where (Uy) is a Folner sequence in Z?, if for any

fl)"'7fr GLOO(X),

lim ﬁ S (9 g )y~ g ERIZ) - g () E(f:12)) =0

N—o0
new N

in L'(X) (where E(f|Z) stands for the conditional expectation of f with respect to Z). An analogous notion
can be introduced for averages m f<I>N g1(x)f1- ... g-(2)f-dx, where g1,...,g, are functions R? — G

and (@) is a Fglner sequence in RY.

Let T be an ergodic invertible measure preserving transformation of X. The k-th Host-Kra-Ziegler factor
Zi(T) of (X, T) is the minimal characteristic factor for the averages ﬁ Yonewy Hozocqo,. iy T fo, where
No =Y ;ep i, and (V) are Folner sequences in Z¥1. Z;(T) is the maximal factor of (X, T) isomorphic to
a k-step pro-nilmanifold (an inverse limit of compact k-step nilmanifolds) on which T" acts as a translation.
(See [HoK1] and [Z].) The factors Zi(T) turn out to be characteristic for any system of polynomial powers
of T:

Theorem 7.1. ([L3]) For any system of polynomials py,...,p.: 2% — 7 there ervists k € N such that for
any measure preserving transformation of a probability measure space X, Zy(T') is a characteristic factor for
the averages ﬁ > TP fy TP f,

nedy

It is easy to see (see, for example, [FK]) that if S is another ergodic transformation of X commuting
with T then for all k, Z;(S) = Z,(T). Thus, if T is a family of pairwise commuting ergodic transformations
of X, we may denote by Zi(T') the k-th Host-Kra-Ziegler factor of any (and so, of every) element of T'. This
allows one to generalize Theorem 7.1 in the following way:

Theorem 7.2. ([J]) For any finite system of polynomials p;: 2% — Z¢, i = 1,...,r, there exists k € N
such that, given any totally ergodic® discrete c-parameter commutative group T™, m € Z°, of measure
preserving transformations T of a probability measure space X, the factor Zy(T) is characteristic for the
averages |T11v| Y onewy TP fy TP L where () are Folner sequences in 79

@) A group G of measure preserving transformations of a measure space is totally ergodic if every nonidentical
element of G is totally ergodic
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Now let T%, t € R, be a continuous l-parameter group of measure preserving transformations of X
and assume that it is ergodic on X. Then for almost all (actually, for all but countably many) ¢ € R the
transformation T is ergodic, so for any k, Z,(T*) coinside for a.e. t; we will denote this factor by Zy(T).
We can now prove the following fact (obtained in [P] for non-uniform averages).

Theorem 7.3. For any system of polynomials p1,...,pr: R* — R there exists k € N such that for any
continuous 1-parameter group T?, t € R, of measure preserving transformations of a probability measure
space X, Zi(T) is a characteristic factor for the averages ﬁ f<I>N T @) f T f d

N)

Proof. Given polynomials pi,...,p, on R? find monomials gy (z) = cxz®, A = 1,...,A, where ¢y € R and
a are multi-indices, that are Q-linearly independent and such that each of the polynomials p; is a sum of
the monomials ¢ with integer coefficients, p; = Zf\\:l bi gy, bix € Z. Then for any z € R?, any n € Z%, and
any i, TPi(n?) = H;\=1 T;’i;\w% where T, y = T%*"* | and since T* is ergodic for a.e. t € R, the A-parameter
group generated by the transformations Tex, A=1,..., A, satisfies the assumptions of Theorem 7.2 for a.e.
x € R?. Find k which, by Theorem 7.2, corresponds to the polynomials bian®, i=1,...,r, A=1,... A,
so that for a.e. z € R?,

1
l S (TR fy e T f TR B | Z(T)) - T B Z(T)) ) = 0

N—oo
new N

for any Fglner sequence (¥y) in Z?¢. Then by Theorem 5.15,

1
: - pi(z) £ . Coe(x) ¢ i) . . pr(x) _
A}lm w(®n) /N<T fi-...-T fr =T E(fil2x(T))-...- T E(]r|Zk(T))) dr =0

for any Fglner sequence (®y) in R, which proves Theorem 7.3. n

7.2. Polynomial orbits on nilmanifolds

Let X be a topological space with a probability Borel measure u. We say that a d-parameter sequence
g(n), n € Z%, is well distributed with respect to p if for any h € C(X) and any Fglner sequence (¥y) in
Z% one has limy_. o ﬁ Yonewy Mg(n)) = [ hdp. We also say that a measurable function g(t), t € R?,

in X is well distributed with respect to u if for any h € C(X) and any Fglner sequence (®y) in RY,
The following proposition is an immediate corollary of Theorem 5.14, applied to the functions hog,
h e C(X).

Proposition 7.4. Let X be a topological space and let g:RY — X be a function such that for a.e. t € [0,1]%
the sequence g(n +t), n € Z%, is well distributed in X with respect to a probability Borel measure ;. Then
g is well distributed with respect to the measure p = f[o 17 H dt.

From Theorem 5.15 we get:

Proposition 7.5. Let X be a compact Hausdorff space for which C(X) is separable and let R — X
be a function such that for a.e. t in a P-neighborhood P of 0 in Ri the sequence g(nt), n € Z4, is well
distributed in X with respect to a probability Radon measure py. Then p, = const = p for a.e. t € P and g
is well distributed with respect to the measure (.

Proof. By Theorem 5.15, apllied to the function hog, for any h € C(X) we have pi(h) = const = u(h)
for a.e. t € P and limy_,o m Jo,, Mg(t))dt = p(h) for any Felner sequence (@) in R?. Excluding

those ¢ for which p:(h) # p(h) for all functions h from a fixed countable subset of C(X), we obtain that
ut = const = pu for a.e. t € P and g is well distributed with respect to u. (The assumption that p; are Radon
measures allows us to identify them with continuous linear functionals on C(X).) g
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We will apply these propositions in the following situation. Let X be a compact nilmanifold, that is,
a homogeneous space of a nilpotent Lie group G, and let g:R?* — X be a polynomial mapping, that is,
g(t) = azfl(t) . ai’“(t)w, t € RY, where ay,...,ar € G, p1,...,p are polynomials R — R, and w € X. Let
Y ={g(¢), t € R¢}. It follows from a general result obtained in [Sh] that Y is a connected sub-nilmanifold of
X (that is, a closed subset of X of the form Hw where H is a connected closed subgroup of G and w € X), and
g is uniformly distributed in Y in the following sense: for any h € C(Y), limp_,c @ fBR h(g(t)) dw(t) =
Jy hdp, where w is the Lebesgue measure on RY, Br, R > 0, is the ball {t € R : |t| < R}, and y is the Haar
measure on Y. We would like to have a stronger result which states that g is not only uniformly distributed,
but is well distributed in Y. A discrete analogue of this fact, which we will presently formulate, was obtained
in [L2] and [L4], but before formulating it we need to introduce some terminology. We call a finite disjoint
union of connected subnilmanifolds of X a FU subnilmanifold. We say that an element w’ of X is rational
with respect to an element w € X if w’ = aw for some a € G such that ¢™w = w for some m € N. We say
that a subnilmanifold Y of X is rational with respect to w if Y contains an element w’ rational with respect
to w. (Then such elements w’ are dense in Y.) Finally, we say that a FU subnilmanifold of X is rational
with respect to w if all connected components of Y are subnilmanifolds rational with respect to w.

Proposition 7.6. (See [L2] and [L4].) Let g be a d-parameter polynomial sequence in X, that is, g(n) =

afl(”) - ai’“(n)w where ay,...,ax € G, p1,...,Dk are polynomials Z¢ — R, and w € X. Then the closure

Y = {g(n), n € Z} of g is a FU subnilmanifold of X rational with respect to the point g(0). IfY is
connected, then the sequence g(n), n € 74, is well distributed in'Y (with respect to the Haar measure on'Y ).

We may now use Theorem 5.15 or Theorem 5.14 to deduce from Proposition 7.6 its continuous analogue.
We will also need the following fact:

Proposition 7.7. (|[L5], Theorem 2.1) Let M be a set and let p:R? x M — X be a mapping such that
for every m € M, o(-,m) is a polynomial mapping R — X, and there exists w € X such that for each
t € RY the set Yy = @(t, M) is a FU subnilmanifold of X rational with respect to w. Then there exists a
FU subnilmanifold Y of X such that Y; CY for allt € R andY; =Y for a.e. t € R,

Now let g:R? — X be a polynomial mapping. By Proposition 7.6, the mapping ¢:R¢ x Z¢ — X
defined by ¢(t,n) = g(nt) satisfies the assumptions of Proposition 7.7 (with w = ¢(0)), thus there exists
a FU subnilmanifold Y such that {g(nt), n € Z4} C Y for all t and = Y for a.e. t € R But then
Y = {g(t), t € R}, and so Y is a connected subnilmanifold; by the second part of Proposition 7.6, the
sequence g(nt), n € Z¢, is well distributed in Y for a.e. ¢t € R%. Applying Proposition 7.5, we get:

Theorem 7.8. Let X be a compact nilmanifold and g:R?* — X be a polynomial mapping. Then Y =
{g(t), t € R} is a connected subnilmanifold of X and g(t) is well distributed in'Y (with respect to the Haar
measure in'Y ).

Remark. If we were only interested in proving the well distribution of g in a subnilmanifold Y, we could
avoid the usage of Proposition 7.7; we need it to show that g(t) € Y for all ¢.

7.3. Convergence of multiple averages
Combining Theorem 7.3 and Theorem 7.8, we can now get the following theorem:
Theorem 7.9. Let T!, t € R, be a continuous 1-parameter group of measure preserving transformations of

a probability measure space X, and let py, . ..,p, be polynomials R — R. Then for any fi,..., fr € L>(X)
and any Folner sequence (®x) in R? the limit

lim

@ f TP @ f dg
N—oo w(Py) LN h /

exists in L'-norm.

(In [P] a version of Theorem 7.9 was obtained for “standard” Cesaro averages (that is, for the case &y =
H?:1[Ov b;n], N € N, with b v — 00 as N — oo for all i = 1,...,d). In [Au2], a multidimensional (that
is, for T:RY — R with ¢ > 1) version of this result was obtained, again, for the standard Cesaro averages.)

24



Proof. We may assume that T is ergodic. Applying Theorem 7.3 we can then replace (X,T) by a pro-
nilmanifold Z(T). Now, given the functions f1,..., f, € L°(X), we can approximate them in L'-norm by
functions that come from a factor Y of Z;(T') which is a nilmanifold, and replace Zx(T) by Y and T by a
nilrotation a on it. Next, we note that it is enough to assume that fi,..., f,. are continuous functions on Y.

Then an application of Theorem 7.8 to the polynomial flow (apl(c”)y, ceey afT(m)y), x € R%, on the nilmanifold
Y" and the function fi(y1)-...- fr(yr) € C(Y") proves that the limit limy_, o m fbe fi(aPr®y) -

fr(aPr®y)dt exists for all y € Y, and so, in L'(Y). g

Another way to prove Theorem 7.9 is to deduce it, with the help of either Theorem 5.14 or Theorem 5.15,
from the following discrete-time theorem:

Theorem 7.10. ([J]) For any totally ergodic discrete c-parameter commutative group T™, m € Z°, of
measure preserving transformations of a probability measure space X, any finite system of polynomials
pii 24— 7Z° i=1,....r, any f1,..., fr € L=(X), and any Folner sequence (V) in Z2, the limit

1
lim —— TP p e f
Tl 2
exists in L*-norm.
Applying Theorem 5.15, we obtain from Theorem 7.10 the following refinement of Theorem 7.9:
Theorem 7.11. Under the assumptions of Theorem 7.9,
1
lim 44444]/) @ TP @ f de = lim Tt et f
N—o00 w((I)N) oy N—»oo nez\I/:N
for a.e. t € R? and any Folner sequences (@) in R and (V) in Z4.

As for the actions of several commuting operators, the following “linear” result has been recently ob-
tained:

Theorem 7.12. ([Aul]; see also [Hol]) Let T1,..., T, be pairwise commuting measure preserving transfor-
mations of a probability measure space X. Then for any fi,..., fr € L®(X) the limit

b

1
lim —— M T¢fi-.. - T0,

b—a—oco b — a

n=a+1
exists in L'-norm.
Applying Theorem 5.15 we obtain:
Theorem 7.13. Let TE,... T, t € R, be pairwise commuting continuous 1-parameter groups of measure
preserving transformations of a probability measure space X. Then for any fi1,..., fr € L (X) the limit
1 b
li — | T f1-... T frd
A el 7 frda
exists in L*-norm, and equals limy_q— o0 37— wa:aJrl TP fy - - TR f, for ace. t € R.

7.4. The polynomial Szemerédi theorem

The “multiparameter multidimensional polynomial ergodic Szemerédi theorem” says:
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Theorem 7.14. (See [BM] or [BLM].) Let T™, m € Z°, be a discrete c-parameter commutative group of
measure preserving transformations of a probability measure space (X, ), let pi: 2% — Z¢, i =1,...,r, be
a system of polynomials with p;(0) = 0 for all i, and let A C X, u(A) > 0. Then for any Folner sequence
(\I/N) mn Zd,
1

lim inf —— ™M (A) . TP M (A)) > 0.

i g 3 kT (4))
nevy

Since the convergence of the averages limn_, ﬁ Snewy #(TP(A)N...ATP (M (A)) is unknown,

we cannot apply Theorem 5.14 or Theorem 5.15 to get a continuous-time version of Theorem 7.14; however
it can be obtained with the help of either Theorem 5.18 or Theorem 5.19:

Theorem 7.15. Let T, t € R, be a c-parameter commutative group of measure preserving transformations
of a probability measure space (X, 1), let p;: RY — R¢, i =1,...,7, be a system of polynomials with p;(0) = 0
for all i, and let A C X, u(A) > 0. Then for any Folner sequence (®y) in R,

1
liminfi/ TP @AY AL AT (A)) de > 0.

A (d-parameter) polynomial sequence in a group G is a sequence of the form g(n) = H§:1 vfj(n), where
v; are elements of G and p; are integer-valued polynomials on Z4. Theorem 7.14 was extended in [L1] to

the nilpotent set-up:

Theorem 7.16. Let G be a nilpotent group of measure preserving transformations of a probability measure
space (X, ), let g2 Z% — G, i = 1,...,r, be a system of d-parameter polynomial sequences in G with
gi(0) = 1¢ for all i, and let A C X, u(A) > 0. Then

b
liminf — > u((gr()(A) N0 (ge(n))(A)) > 0.

l(b—a)—o0 w(b — a) oyt

If G a connected nilpotent Lie group, then for any v € G there exists a one-parameter subgroup v¢,
t € R, of G such that v' = v; this allows one to define v* for all ¢ € R. Let us call a polynomial mapping
g:R?Y — G a mapping of the form g(z) = H;?:l v?" (x), where v; are elements of G and p; are polynomials
on R%. Applying one of Theorems 5.18 or 5.19, we get the following “continuous-time nilpotent polynomial

Szemerédi theorem”:

Theorem 7.17. Let G be a nilpotent Lie group of measure preserving transformations of a probability
measure space (X, ), let g;: R — G, i =1,...,7r, be a system of polynomial mappings with g;(0) = 1g for
all i, and let A C X, u(A) > 0. Then for any Folner sequence (®y) in RY,

lim n m /@N (1 (@) (A) N ... N (g0 (2))(A) d > 0.

7.5. Distribution of values of generalized polynomials

Another application of Theorem 7.8 is a sharpening of the results from [BL] about the distribution
of values of bounded generalized polynomials. Recall that a generalized polynomial is a function from R?
or from Z? to R that is constructed from conventional polynomals by applying the operaions of addition,
multiplication, and taking the integer part. We call a function u:R? — R a generalized polynomial
mapping if all components of u are generalized polynomials. Under a piecewise polynomial surface S C R°
we understand the image S = S(Q) of the cube Q = [0, 1]* where S is a piecewise polynomial mapping, which
means that ) can partitioned into a finite union @) = Ué:l Q; of subsets so that for each i, ; is defined
by a system of polynomial inequalities and S lo, is a polynomial mapping. We endow S with the measure
s = Si«(w), the push-forward of the standard Lebesgue measure w on Q. In [BL], the following theorem
was proved:
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Theorem 7.18. ([BL]) Let u: Z% — R® be a bounded generalized polynomial mapping. Then the sequence
u(n), n € Z% is well distributed with respect to pus on a piecewise polynomial surface S C RE.

(Note that it is not claimed in this theorem that u(n) € S for all n; it follows however that the set {n :
u(n) ¢ S} has zero uniform density in Z%.)
Applying Proposition 7.5, we may now obtain the R-version of Theorem 7.18:

Theorem 7.19. Any bounded generalized polynomial mapping u: R4 — R¢ is well distributed on a piecewise
polynomial surface S C R€.

An application of the spectral theorem gives, as a corollary, the following proposition:

Proposition 7.20. Let Ut, t € R®, be a continuous c-parameter group of unitary operators on a Hilbert
space H, and let w:R?* — R® be a generalized polynomial mapping. Then for any v € H and any Folner
sequence (Pn) in RE, the limit limy _ o m f<1>N U9y dx erxists.

7.6. Ergodic theorems along functions from Hardy fields

We will now deal with a situation where our “uniform Cesdro theorems” are not applicable, but the
“standard Cesaro” Theorem 3.1 is; namely, we will deal with multiple ergodic averages along (not necessarily)
polynomial functions of polynomial growth. Such averages for functions of integer argument were considered
in [BK] and [F].

To state the results obtained in [BK] we first need to introduce some notation:

T is the set of real-valued C*° functions g defined on intervals [a,00), a € R, such that a finite
limy 4 oo g1 (2)/gV) (z) exists for all j € N and there exists an integer i > 0 and a € (i, + 1] such that
lim, 400 g’ (2)/9(2) = @ and lim, ., o ¢"+V(2) = 0;

P is the set of real-valued C* functions g defined on intervals [a, 00), a € R such that for some integer
i > 0 a finite nonzero lim,_, o, g0t () exists and lim,_, oo 27 g0+ (2) = 0 for all j € N;

G=TUP;

L is the Hardy field of logarithmico-exponential functions, that is, the minimal field of real-valued
functions defined on intervals [a, 00), a € R, that contains polynomials and is closed under the operations of
taking exponent and logarithm-of-modulus;

for @ > 0, G(a) is the set of functions g € G with lim,_ 1 2¢'(x)/g(x) = «, T («) is the set of functions
g € T with lim, o zg'(x)/g(z) = o, and for any G C G, G(a) = GNG(a);

a finite family G C G with g1 — g2 € G for all g1, g2 € G is said to have R-property if for any o > 0, any
91,92 € (G(a) U (G(e) — G())) \ {0}, any integer I > 0 and § € (0, «) such that ggl)7gg € 7(f), a finite

nonzero lim, o gy g +l+1)(az)/gé[’6]+1)(x) exists.

The following theorem was proved in [BK]:

Theorem 7.21. ([BK]) Let g1,...,9- € G be such that g;—g; € G for alli # j, and also either g1,...,g, € L
or the family {g1,...,g-} has the R-property. Then for any invertible weakly mizing transformation T of a
probability measure space (X, p) and any fi, ..., fr € L=(X), the sequence F,, = Tlorlf . .rlo-tlf
n € N, tends in density in L*-norm to [[;_, [ fi du.

The statement “F}, tends in density in L'-norm” means that limy_, o % Zﬁ;l HT[gl(”)]fln . .~T[9T(")]fr—
i, J fi d,u||L1(X) = 0. From this and Theorem 3.1 we get that, under the assumptions of Theorem 7.21,
limy oo § Jo [T @1y - Tl @ f de — T, [ fidp| s ) de =0, that s, the function F, = Tn(@1f, .
o Tlor@f 2 € [0,00), (whose range is in L*(X)) tends in density in L'-norm to [[}_, [ fi du. Hence,

we obtain:

Theorem 7.22. Let g1,...,9- € G be such that g; — g; € G for all i # j, and also either g1,...,g» € L
or the family {¢1,...,gr} has the R-property. Then for any invertible weakly mizing transformation T of a
probability measure space (X, ) and any fi,..., fr € L(X), the function F, = Tlor@lf . . Tlor@]f
z € [0,00), tends in density in L*-norm to [._, [ fi du.
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Actually, one can eliminate the brackets appearing in the exponents in the expression for F,. Indeed,
put G, = T9@f ... . T9@f 2 € [0,00), and let L = [[_, [ fidu. Assume that [|f;|| < 1 for
all 3. Fix any ¢ > 0 and for each ¢ = 1,...,r choose functions ¢; ; € L*(X), j = 1,...,k, that form
an e-net in the (compact) set {T'f;, t € [0,1]} < LY(X). For any J = (j1,...,5-) € {1,...,k}" the
function (Fjy), = Tor@lf, ;. Tlor@lf . tends in density to L, and for any x € [0,00) there exists
J = (j1,--,jr) € {1,...,k}" such that |79 f; — Tlo:@]f, | = |T19:@)} £, — £, .|| < e for all i and so,
|Gz — (Fy)z|| < 2%"e. This implies that limsupy_, o %Zf[ |Gz — L|| < 2*e. Since this holds for any
positive €, we see that G, also tends in density to L. So, we have the following result:

Theorem 7.23. Let g1,...,9- € G be such that g;—g; € G for alli # j, and also either gi1,...,g, € L or the
family {g1,...,g-} has the R-property. Then for any weakly mizing continuous 1-parameter group T*, t € R,
of measure preserving transformations of a probability measure space (X, pn) and any fi,..., fr € L>®(X),
the function Gy = T @) fy ... T9@) f, 2 €[0,00), tends in density in L*-norm to [[;_, [ fidu.

Another paper dealing with multiple-ergodic averages along non-polynomial functions of polynomial
growth is [F]. Let H denote the union of all Hardy fields of real-valued functions.

Theorem 7.24. ([F]) Let g € H satisfy lim,— o0 g(x)/2? = 0 for some j € N, and assume that one
of the following is true: either lim, ,4o0(g9(x) — cp(x))/logx = oo for all ¢ € R and p € Z[z]; or
lim, 1 o(g(z) — ep(z)) = d for some ¢,d € R and p € Z[z]; or (g(x) — z/m)/logz is bounded on [2,00)
for some m € Z. Then for any invertible measure preserving transformation of a probability measure
space X, limy_.0c ij:l Tl g p2lel gy .o 7rle@f, - exists in LY(X) for any r € N and any
fla"'afr ELOO(X)

Theorem 7.25. ([F]) Let g1, . . ., gr € L be logarithmico-exponential functions satisfying lim,_ | « g;(z)/x*+1
= limy 400 2% /g;(2) = 0 for some integer k; >0 and g; >0, i =1,...,7, and lim,— 4 gi(x)/gj(x) =0
or oo for any i # j. Then for any invertible ergodic measure preserving transformation of a proba-
bility measure space X, limy_ o0 25:1 Tlonmlg oo Ty = 110 [y fidp in LY(X) for any
fiyooo, fr € L™(X).

From this and Theorem 3.1 we get

Theorem 7.26. Let g € H satisfy lim, .o g(x)/27 = 0 for some j € N, and assume that one of the
following is true: either lim,_, 1o (g(x) — cp(x))/logx = oo for all ¢ € R and p € Zx]; or limy_, 400 (g(x) —
ep(x)) = d for some c,d € R and p € Z[z]; or (9(x)—x/m)/log x is bounded on [2,00) for some m € Z. Then
for any invertible measure preserving transformation of a probability measure space X, limy_, o % fé’ Tlo@)] g, .
T9@Nfy T W@If da exists in LY(X) for any r € N and any f1,..., fr € L®(X).

Theorem 7.27. Let g1,...,9, € L be logarithmico-exponential functions satisfying lim,_, o gi(x)/z*¥+! =
limy ., oo %751 /g;(x) = O for some integer k; >0 ande; > 0,i=1,...,7, and lim, 4 gi(x)/g;(x) =0 or
oo for any i # j. Then for any invertible ergodic measure preserving transformation of a probability measure
space X, limp_, o0 § fob Tlon@lf . Tlor@lf de =T]7_, [y fidp in LY(X) for any fi,..., fr € L%(X).

7.7. Pointwise ergodic theorems

Here are two theorems of Bourgain dealing with the pointwise convergence:

Theorem 7.28. ([Bol]) Let T be a measure preserving transformation of a probability measure space X.
Then for any fi, fo € L*(X), the sequence % ZN T"f, - T?"fy, N € N, converges a.e..

n=1

Theorem 7.29. ([Bo2]) Let Ti,...,T, be commuting invertible measure preserving transformations of a
probability measure space X. Then for any f € L?(X) and any polynomials p1, ..., p,: Z — Z, the sequence

+ 27]:[:1 (IT—, Tip"’("))f, N € N, converges a.e..

We now have:
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Theorem 7.30. Let T', t € R, be a continuous action of the semigroup [0,00) by measure preserving

transformations on a probability measure space X. Then for any f1, fa € L*(X), limp_ o0 % fob Tt -T? fodt
erists a.e..

Proof. By Theorem 7.28, for every t € R, the sequence % 25:1 T f1(w) - T?™ fo(w), N € N, converges for
a.e. w € X; let Sy C X be the set of points w for which this is not so. Then {(t,w) : w € S;} is a null-subset

of R x X, thus for a.e. w € X, the limit limy_.c & 27]:[:1 T f1(w) - T?™ fo(w) exists for a.e. t € R. By (the
scalar version of) Theorem 3.1, the limit limp_ o0 %fé) Tt f1(w) - T? fo(w) dt exists for ae. w € X. g

In the same way, from Theorem 7.29 we get:

Theorem 7.31. Let T, t € R¢, be a continuous c-parameter group of measure preserving transfor-
mations of a probability measure space X. Then for any f € L?(X) and any polynomial p:R — R€,

limy o0 7 f; TP fdt exists a.e..
Here are two more pointwise theorems, established by Assani:

Theorem 7.32. ([A]) Let T be a weakly mizing measure preserving transformation of a probability measure
space X, let (P,S) be the Pinsker factor of (X,T), and assume that the spectrum of S is singular. Then for
any f1,..., fr € L®(X), the sequence % EnN:1 T"fi-...-T™f., N € N, converges to [[\_, [ fidp a.e. on
X.

Theorem 7.33. ([A]) Let T be a weakly mizing measure preserving transformation of a probability measure
space X, let (P,S) be the Pinsker factor of (X,T), let L C L?(P) be the space of functions on P whose
spectral measure under the action of S is absolutely continuous with respect to the Lebesque measure. For
any function f € L*(X) let f denote the projection of E(f|P) to L. Then for any f1, fa, f3 € L=(X),

N N
. 1 n 2n 3n 1 n £ 2n f 3n £ _
NIEHOO(N;T fi T fy T fg—Nn}:le fi Ty T fy) = 0 ace.

Let T%, t € R, be a continuous action of R by measure preserving transformations on a measure space
X. Then, with the help of either Theorem 2.1 or Theorem 3.1, repeating (the first two phrases from) the
proof of Theorem 7.30, and taking into account that (i) if 7" is weakly mixing then T is weakly mixing for
all ¢ # 0; (ii) the Pinsker algebra of T is the Pinsker algebra of T* for all ¢ # 0; and (iii) if the spectrum of T'
is singular (respectively, absolutely continuous), then the spectrum of T* is singular (respectively, absolutely
continuous) for all ¢ # 0; we obtain:

Theorem 7.34. Let T be a continuous action of R on a probability measure space X by weakly mizing
measure preserving transformations, let (P,S) be the Pinsker factor of (X,T), and assume that the spectrum
of S is singular. Then for any fi,..., fr € L°(X) one has limy_o + fob T'fy ... T fpdt =TT, [ fidp

a.e..

Theorem 7.35. Let T be a continuos action of R on a probability measure space X by weakly mizing
measure preserving transformations let (P,S) be the Pinsker factor of (X,T), let L C L?(P) be the space
of functions on P whose spectral measure under the action of S is absolutely continuous with respect to the
Lebesgue measure. For any function f € L?(X) let f denote the projection of E(f|P) to L. Then for any

J1, f2, f3 € L(X),

b—oo

1 1 . .
Tim (5/ thl-thfQ-TQtfgdt—g/ thl-TQtfg-T?’tf;;dt):Oa,e.
0 0
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