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Abstract

A (d-parameter) basic nilsequence is a sequence of the form ¥(n) = f(a"z), n € Z4,
where x is a point of a compact nilmanifold X, a is a translation on X, and f € C(X); a
nilsequence is a uniform limit of basic nilsequences. If X = G//T" be a compact nilmanifold,
Y is a subnilmanifold of X, (g(n)),cz« is a polynomial sequence in G, and f € C(X), we
show that the sequence p(n) = fg(n)y f is the sum of a basic nilsequence and a sequence
that converges to zero in uniform density (a null-sequence). We also show that an integral
of a family of nilsequences is a nilsequence plus a null-sequence. We deduce that for any
invertible finite measure preserving system (W, B, i, T'), polynomials p1, ..., px: Z¢ — Z,
and sets Ay, ..., A, € B, the sequence p(n) = u(TP*MA; N...NTPMAL), n € Z4, is the
sum of a nilsequence and a null-sequence.

0. Introduction

Throughout the whole paper we will deal with “multiparameter sequences”, — we fix
d € N and under “a sequence” will usually understand “a two-sided d-parameter sequence”,
that is, a mapping with domain Z¢.

A (compact) r-step nilmanifold X is a factor space G/I", where G is an r-step nilpo-
tent (not necessarily connected) Lie group and I is a discrete co-compact subgroup of G.
Elements of G act on X by translations; an (r-step) nilsystem is an (r-step) nilmanifold
X = G/T with a translation a € G on it.

A basic r-step nilsequence is a sequence of the form ¢(n) = f(n(n)z), n € Z%, where
x is a point of an r-step nilmanifold X = G/T, n is a homomorphism Z¢ — G, and
f € C(X); an r-step nilsequence is a uniform limit of basic r-step nilsequences. The
algebra of nilsequences is a natural generalization of Weyl’s algebra of almost periodic
sequences, which are just 1-step nilsequences. An “inner” characterization of nilsequences,
in terms of their properties, is obtained in [HKM]; see also [HK2].

The term “nilsequence” was introduced in [BHK], where it was proved that for
any ergodic finite measure preserving system (W, B, u,T'), positive integer k, and sets

Supported by NSF grants DMS-0901106 and DMS-1162073.

1



A1, ..., A € B the multiple correlation sequence p(n) = ,LL(TnAl N...N T’mAk), n € N,
is a sum of a nilsequence and of a sequence that tends to zero in uniform density in Z¢, a
null-sequence. Our goal in this paper is to generalize this result to multiparameter poly-
nomial multiple correlation sequences and general (non-ergodic) systems. We prove (in
Section 5):

Theorem 0.1. Let (W, B, u,T) be an invertible measure preserving system with p(W) <
00, let pi,...,pr be polynomials Z¢ — 7, and let Ay, ..., A, € B. Then the “multiple
polynomial correlation sequence” p(n) = M(Tpl(”)Al N...N Tpk(”)Ak), n e Z% is a sum
of a nilsequence and a null-sequence.

(In [L6] this theorem was proved in the case d = 1 and ergodic T'.)

Based on the theory of nil-factors developed in [HK1] and, independently, in [Z],
it is shown in [L3] that nilsystems are characteristic for multiple polynomial correlation
sequences induced by ergodic systems, in the sense that, up to a null-sequence and an
arbitrarily small sequence, any such correlation sequence comes from a nilsystem. This
reduces the problem of studying “ergodic” multiple polynomial correlation sequences to
nilsystems.

Let X = G//T be a connected nilmanifold, let Y be a connected subnilmanifold of X,
and let g be a polynomial sequence in G, that is, a mapping Z¢ — G of the form g(n) =
a]fl(n) ...afr(n), n € Z¢, where ai,...,a, € G and p1,...,p, are polynomials Z¢ — Z.
We investigate (in Section 3) the behavior of the sequence g(n)Y of subnilmanifolds of
X: we show that there is a subnilmanifold Z of X, containing Y, such that the sequence
g(n) only shifts Z along X, without distorting it, whereas, outside of a null-set of n € Z¢,
g(n)Y becomes more and more “dense” in g(n)Z:

Proposition 0.2. Assume (as we can) that the orbit g(n)Y, n € Z49, is dense in X, and
let Z be the normal closure (in the algebraic sense; see below) of Y in X. Then for any
f € C(X), the sequence A(n) = fg(n)y /- fg(n)Z f,n €Z% is a null-sequence.

We have fg(n)Z f=gn)f(g(n)e), n € Z% where f = E(f|X/Z) and e = Z/Z € X/Z.
(Here and below, E(f|X’) stands for the conditional expectation of a function f € L!(X)
with respect to a factor X’ of X.) So, the sequence fg(n) , [ is a basic nilseqeunce, and we
obtain:

Theorem 0.3. For any f € C(X) the sequence o(n) = [

g(n)Y f, n €7, is the sum of a

basic nilsequence and a null-sequence.

Applying this result to the diagonal Y of the power X* of the nilmanifold X, the
polynomial sequence g(n) = (a?*™,... aP*™) n € Z? in G*, and the function f =
1a, ®...®14,, we obtain Theorem 0.1 in the ergodic case.

Our next step (Section 4) is to extend this result to the case of a non-ergodic T'. Using
the ergodic decomposition W — ) of T' we obtain a measurable mapping from 2 to the
space of nilsequences—plus—null-sequences, which we then have to integrate over 2. The
integral of a family of null-sequences is a null-sequence, and creates no trouble. As for
nilsequences, when we integrate them we arrive at the following problem: if X = G/T is a
nilmanifold, with 7m: G — X being the factor mapping, and p(a), a € G, is a finite Borel
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measure on G, what is the limiting behavior of the measures m.(p(a™)) on X7 (This is
the question corresponding to the case d = 1; for d > 2 it is slightly more complicated.)
We show that this sequence of measures tends to a linear combination of Haar measures
on (countably many) subnilmanifolds of X, which are normal (and so travel, without
distortion) in the closure of their orbits, and we again obtain:

Proposition 0.4. For any f € C(X), the sequence o(n) = [ f(m(a™))dp(a), n € Z, is
a sum of a basic nilsequence and a null-sequence.

(This proposition is a “nilpotent” extension of the following classical fact: if p is a fi-
nite Borel measure on the 1-dimensional torus T, then its Fourier transform ¢(n) =
fT e 2™ dp(x) is the sum of an almost periodic sequence (a 1-step nilsequence; it corre-
sponds to the atomic part of p) and a null-sequence (that corresponds to the non-atomic

part of p).)
As a corollary, we obtain the remaining ingredient of the proof of Theorem 0.1:

Theorem 0.5. Let ) be a measure space and let p,, w € ), be an integrable family of
nilsequences; then the sequence (n) = [, ¢w(n) is a sum of a nilsequence and a null-
sequence.

Let us also mention generalized (or bracket) polynomials, — the functions constructed
from ordinary polynomials using the operations of addition, multiplication, and taking the
integer part, [|. (For example, pi[p2[ps] + pa], where p; are ordinary polynomials, is a
generalized polynomial.) Generalized polynomials (gps) appear quite often (for example,
the fractional part, and the distance to the nearest integer, of an ordinary polynomial
are gps); they were systematically studied in [Hal], [Ha2], [BL], and [L7]. Because of
their simple definition, gps are nice objects to deal with. On the other hand, similarly to
nilsequences, gps come from nilsystems: bounded gps (on Z<, in our case) are exactly the
sequences of the form h(g(n)z), n € Z%, where h is a piecewise polynomial function on
a nilmanifold X = G/T", = € X, and ¢ is a polynomial sequence in G (see [BL] or [L7]).
Since any continuous function is uniformly approximable by piecewise polynomial functions
(this follows by an application of the Weierstrass theorem in the fundamental domain of
X)), nilsequences are uniformly approximable by generalized polynomials. We obtain as
a corollary that any multiple polynomial correlation sequence is, up to a null-sequence,
uniformly approximable by generalized polynomials.

Acknowledgment. I am grateful to Vitaly Bergelson for his interest and advice.

1. Nilmanifolds

In this section we collect the facts about nilmanifolds that we will need below; details
and proofs can be found in [M], [L1], [L2], [L4].

Throughout the paper, X = G/T will be a compact nilmanifold, where G is a nilpotent
Lie group and I is a discrete subgroup of GG, and 7 will denote the factor mapping G — X.
By 1x we will denote the point m(1g) of X. By pux we will denote the normalized Haar
measure on X.

By G¢ we will denote the identity component of G. Note that if G is disconnected,
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X can be interpreted as a nilmanifold, X = G'/I”, in different ways: if, for example, X
is connected, then also X = G°/(I' N G*). If X is connected and we study the action on
X of a sequence g(n), g: Z* — G, we may always assume that G is generated by G¢ and
the range g(Z?) of g. Thus, we may (and will) assume that the group G/G¢ is finitely
generated.

Every nilpotent Lie group G is a factor of a torsion free nilpotent Lie group. (As such,
a suitable “free nilpotent Lie group” F' can be taken. If G¢ has k; generators, G/G¢ has
ko generators, and G is r-step nilpotent, then F' = F/F, 1, where F is the free product of
k1 copies of R and ko copies of Z, and F,.y1 is the (r+ 1)st term of the lower central series
of F.) Thus, we may always assume that G is torsion-free. The identity component G¢ of
G is then an exponential Lie group, and for every element a € G¢ there exists a (unique)
one-parametric subgroup a’ such that a! = a.

If G is torsion free, it possesses a Malcev basis compatible with ', which is a finite set
{e1,...,er} of elements of ', with ey, ..., e, € G and e, +1,...,ex € G, such that every
element a € G can be uniquely written in the form a = €] ... e;* with uy, ..., u;, € R and
Uky+1,---,Uk € Z, and with a € I" iff uy,...,ux € Z; we call uy,...,ux the coordinates of
a. Thus, Malcev coordinates define a homeomorphism G ~ R¥t x Z¥=%1 g 5 (uy,. .., up),
which maps I" onto ZF.

The multiplication in G is defined by the (finite) multiplication table for the Malcev
basis of G, whose entries are integers; it follows that there are only countably many non-
isomorphic nilpotent Lie groups with cocompact discrete subgroups, and countably many
non-isomorphic compact nilmanifolds.

Let X be connected. Then, under the identification G¢ <+ R*1, the cube [0, 1)1 is the
fundamental domain of X. We will call the closed cube Q = [0,1]¥* the fundamental cube
of X in G¢ and simetimes identify X with Q. When X is identified with its fundamental
cube @, the measure p1x corresponds to the standard Lebesgue measure pg on Q.

In Malcev coordinates, multiplication in GG is a polynomial operation: there are poly-

nomials q1, ..., i in 2k variables with rational coefficients such that for a = e ... e;* and

b=e]"...e;" we have ab = e‘fl(ul’vl""’u’“’v’“) . eZk(ul’vl"”’u’“’v’“). This implies that “life is
polynomial” in nilpotent Lie groups: in coordinates, homomorphisms between these groups
are polynomial mappings, and connected closed subgroups of such groups are images of
polynomial mappings and are defined by systems of polynomial equations.

A subnilmanifold Y of X is a closed subset of the form Y = Hx, where H is a closed
subgroup of G and = € X. For a closed subgroup H of G, the set 7(H) = H1x is closed
(and so, is a subnilmanifold) iff the subgroup I' N H is co-compact in H; we will call
the subgroup H with this property rational. Any subnilmanifold Y of X has the form
m(aH) = aw(H), where H is a closed rational subgroup of G.

If Y is a subnilmanifold of X with 1x € Y, then H = 7=%(Y) is a closed subgroup
of G, and Y = n(H) = Hlx. H, however, does not have to be the minimal subgroup
with this property: if Y is connected, then the identity component H¢ of H also satisfies
m(H®) =Y.

The intersection of two subnilmanifolds is a subnilmanifold (if nonempty).

Given a subnilmanifold Y of X, by uy we will denote the normalized Haar measure
on Y. Translations of subnilmanifods are measure preserving: we have a,puy = pqy for all
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ac .

Let Z be a subnilmanifold of X, Z = Lz, where L is a closed subgroup of G. We
say that Z is normal if L is normal. In this case the nilmanifold X = X/Z = G/(LT") is
defined, and X splits into a disjoint union of fibers of the factor mapping X — X. (Note
that if L is normal in G¢ only, then the factor X/Z = G¢/(LT") is also defined, but the
elements of G\ G° do not act on it.)

One can show that a subgroup L is normal iff yLy~! = L for all v € T; hence,
Z =m7(L) is normal iff vZ = Z for all v € T".

If H is a closed rational subgroup of G then its normal closure L (the minimal normal
subgroup of G containing H) is also closed and rational, thus Z = 7(L) is a subnilmanifold
of X. We will call Z the normal closure of the subnilmanifold Y = w(H). If L is normal
then the identity component of L is also normal; this implies that the normal closure of a
connected subnilmanifold is connected.

If X is connected, the mazimal factor-torus of X is the torus [G¢, GC]\X , and the nil-
maximal factor-torus is G, G]\X . The nil-maximal factor-torus is a factor of the maximal
one.

If : Z¢ — G is a homomorphism, then for any point 2 € X the closure of the orbit
n(Z%)z of  in X is a subnilmanifold V of X (not necessarily connected), and the sequence
n(n)x, n € Z4, is well distributed in V. (This means that for any function f € C(V)
and any Fglner sequence (®y) in Z%, limpy_ oo ﬁ Yoneay f((n)x) = [ fduy.) If X is
connected, the sequence n(n)x, n € Z4, is dense, and so, well distributed in X iff the image
of this sequence is dense in the nil-maximal factor-torus of X. All the same is true for the
orbit of any subnilmanifold Y of X: the closure of | J,,c;4 7(n)Y is a subnilmanifold W of X;
the sequence 1(n)Y, n € Z¢, is well distributed in W (this means that for any function f €
C(W) and any Fglner sequence (®y) in Z¢, limy_ o0 @—1N| Y oncdn fn(n)Y f(x) dpiynyy =
Jy fdpy); and, in the case X is connected, the sequence n(n)Y is well distributed in X
iff its image is dense in the nil-maximal factor-torus of X.

A polynomial sequence in G is a sequence of the form g(n) = azln(r_z)‘ . ai’“(n), n € 74,
where a1,...,a; € G and pi,...,p; are polynomials Z? — Z. Let g be a polynomial
sequence in G and let * € X. Then the closure V of the orbit g(Z%)z is a finite disjoint
union of connected subnilmanifolds of X, and g(n)x visits these subnilmanifolds periodi-
cally: there exists [ € N such that for any i € Z?, all the elements g(im + i)z, m € Z4,
belong to the same connected component of V. If V is connected, then the sequence
g(n)x, n € Z4, is well distributed in V. In the case X is connected, the sequence g(n)z,
n € Z%, is dense, and so, well distributed in X iff the image of this sequence is dense in
the maximal factor-torus of X. All the same is true for the orbit g(Z9)Y of any connected
subnilmanifold Y of X under the action of g: its closure W is a finite disjoint union of
connected subnilmanifolds of X, visited periodically; if W is connected, then the sequence
g(n)Y, n € Z4, is well distributed in W; and, if X is connected, the sequence g(n)Y is well
distributed in X iff its image is dense in the maximal factor-torus of X.

The following proposition, which is a corollary (of a special case) of the result obtained

in [GT], says that “almost every” subnilmanifold of X is distributed in X “quite uniformly”.
(See Appendix in [L6] for details.)



Proposition 1.1. Let X be connected. For any C' > 0 and any € > 0 there are finitely
many subnilmanifolds Vi,...,V,. of X, connected and containing 1x, such that for any
connected subnilmanifold Y of X with 1x € Y, if Y € V; for all i € {1,...,r}, then

}Ofy fduy — [« fd,uX’ < ¢ for all functions f on X with sup,_, |f(z) — f(y)|/ dist(x,y) <

(This is in complete analogy with the situation on tori: if X is a torus, for any € > 0 there
are only finitely many subtori Vi,...,V, such that any subtorus Y of X that contains 0
and is not contained in | J;_, V; is e-dense and “c-uniformly distributed” in X.)

2. Nilsequences, null-sequences, and generalized polynomials

We will deal with the space [*° = [°°(Z?) of bounded sequences ¢: Z¢ — C, with the
norm ||¢|| = sup,, ez [¢(n)].

A basic r-step nilsequence is an element of [*° of the form (n) = f(n(n)z), n € Z,
where 7 is a point of an r-step nilmanifold X = G/T, 7 is a homomorphism Z¢ — G, and
f € C(X). We will denote the algebra of basic r-step nilsequences by N2, and the algebra
U,en Ny of all basic nilsequences by A°. We will denote the closure of N2, r € N, in [*°
by N,, and the closure of N° by N; the elements of these algebras will be called r-step

nilsequences and, respectively, nilsequences.

Given a polynomial sequence g(n) = afl(@. : ai’“(n), n € Z4, in a nilpotent group with

degp; < s for all i, we will say that g has naive degree < s. (The term “degree” was
already reserved for another parameter of a polynomial sequence.) We will call a sequence
of the form ¢ (n) = f(g(n)x), where x is a point of an r-step nilmanifold X = G/I, ¢
is a polynomial sequence of naive degree < s in G, and f € C(X), a basic polynomial
r-step nilsequence of degree < s. We will denote the algebra of basic polynomial r-step
nilsequences of degree < s by Nﬁs and the closure of this algebra in I*° by N, . It is
shown in [L2] (see proof of Theorem B*) that any basic polynomial r-step nilsequence of
degree < s is a basic [-step nilsequence, where [ = 2rs; we introduce this notion here only
in order to keep trace of the parameters r, s of the “origination” of a nilsequence. So, for
any r and s, Ni?; C N3, ; since also N2 C N2y, we have |, oy N7, = N

We will also need the following lemma, saying, informally, that the operation of “al-
ternation” of sequences preserves the algebras of nilsequences:

Lemma 2.1. Let k € N and let o; € N, (respectively, N?), i € {0,... .,k — 1}, Then
the sequence 1 defined by (n) = ;(m) for n = km +1i with m € Z¢, i € {0,..., k — 1},
is also in N, (respectively, N?)).

Proof. Put I ={0,...,k—1}%. Foreachi € I, let X; = G;/T'; be the r-step nilmanifold,
g; be the polynomial sequence in G; of naive degree < s, x; € X; be the point, and
fi € C(X;) be the function such that ¥;(n) = f(g;(n)x;), n € Z9. If, for some i, G; is not
connected, it is a factor-group of a free r-step nilpotent group with both continuous and
discrete generators, which, in its turn, is a subgroup of a free r-step nilpotent group with
only continuous generators; thus after replacing, if needed, X; by a larger nilmanifold and
extending f; to a continuous function on this nilmanifold we may assume that every G;
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is connected and simply-connected. In this case for any element b € G; and any [ € N
an I-th root b'/! exists in G;, and thus the polynomial sequence b?(™ in G; makes sense
even if a polynomial p has non-integer rational coefficients. Thus, for each ¢ € I we
may construct a polynomial sequence g, in G;, of the same naive degree as g;, such that
gi(km + i) = g;(m) for all m € Z9. Put G = Z* x [[,c; Gi, X = (Z/(KZ))* x [L;e; Xis
g(n) = ( ,(gi(n), i€ I)) forn e 2%,z = (O (2,1 € I)) € X, and f(i,(yz‘, 1€ I)) = fi(yi)
for (7, (y;, i € I)) € X. Then X is an r-step nilmanifold, f € C'(X), and thus the sequence
b(n) = flgn)a) = filghm)z:) = Fi(gi(m)a;) = Y(m), n = km +i, m € Z%, i € I, is in

N r,s* [ ]

A set S C Z% is said to be of uniform (or Banach) density zero if for any Fglner
sequence (P n)F_, in Z9, limy o0 [SNPN|/|® x| = 0. A sequence (wy, ),eze in a topological
space §2 converges to w € € in uniform density if for every neighborhood U of w the set
({n €2 : w, ¢ U}) is of uniform density zero.

We will say that a sequence A € [*° is a null-sequence if it tends to zero in uniform
density. This is equivalent to limy_,c @ > |IA(n)| = 0 for any Fglner sequence
nedy IANM)[? = 0 for any Folner
sequence (®n)F_; in Z%. We will denote the set of (bounded) null-sequences by Z. Z is
a closed ideal in [*°.

The algebra Z is orthogonal to the algebra N in the following sense:

Lemma 2.2. For any iy € N and A € Z, || + || > [|¢].

nedy
(®n)_; in Z%, and is also equivalent to lim oo |<I’1N| 5

Proof. Let ¢ > ||v» + A||. Nilsystems are distal systems (see, for example, [L1]), which
implies that every point returns to any its neighborhood regularly. It follows that if
1(n)| > ¢ for some n, then the set {n € Z% : [¢(n) > c|} has positive lower density, and
then 1 (n) + A(n) > c for some n, contradiction. Hence, |[¢)(n)| < cfor alln. g

It follows that A'N Z = 0.
We will denote the algebras N2 +Z, N, + Z, N2+ Z, N, s + Z, N°+ Z, and N + Z
by M7, My, M7 o, M, s, M, and M respectively.

Lemma 2.2 implies:

Lemma 2.3. The algebras M, M,, and M, 5, r,s € N, are all closed, and the projections
M — N, M — Z are continuous.

Proof. If a sequence (¢, + \,,) with ¢, € N, \,, € Z, converges to ¢ € [°°, then since
|Yn]l < ||thn + An|| for all n, the sequence (1,,) is Cauchy, and so converges to some ) € N.
Then (A,) also converges, to some A € Z, and so ¢ = 1+ A € M. All the same is true for
M, and M, g, instead of M, for all » and s.

For o1 = 1 + A1 and @5 = 1y + Ay with ¥1,95 € N and A\, A2 € Z we have
|91 — 2| < |l¢1 — @2, so the projection M — N, ¥ + X\ — 1, is continuous, and so the
projection M — Z, 1) + A — A, is also continuous. g

Generalized polynomials on Z% are the functions on Z? constructed from ordinary
polynomials using the operations of addition, multiplication, and the operation of taking
the integer part. A function h on a nilmanifold X is said to be piecewise polynomial if it
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can be represented in the form h(z) = ¢;(x), v € Q;, i = 1,...,k, where X = Ule Q;is a
finite partition of X and, in Malcev coordinates on X, for every ¢ the set QQ; is defined by
a system of polynomial inequalities and ¢; is a polynomial function. (Since multiplication
in a nilpotent Lie group is polynomial, this definition does not depend on the choice of
coordinates on X; see [BL].) It was shown in [BL] (and also, in a simpler way, in [LT7]),
that a sequence v € [* is a generalized polynomial iff there is a nilmanifold X = G/T, a
piecewise polynomial function A on X, a polynomial sequence g in G, and a point x € X
such that v(n) = h(g(n)z), n € Z4.

Let P° be the algebra of bounded generalized polynomials on Z? and P be the closure
of P°in [*°. Since (by the Weierstrass approximation theorem) any continuous function on
a compact nilmanifold X is uniformly approximable by piecewise polynomial functions, any
basic nilsequence is uniformly approximable by bounded generalized polynomials, and so,
is contained in P. Hence, N'C P, and M C P + Z. The inverse inclusion does not hold,
since not all piecewise polynomial functions are uniformly approximable by continuous
functions; however, they are — on the complement of a set of arbitrarily small measure,
which implies that generalized polynomials are also approximable by nilsequences, — in a
certain weaker topology in [°°.

3. Distribution of a polynomial sequence of subnilmanifolds

Let Y be a connected subnilmanifold of the (connected) nilmanifold X, and let g(n),
n € Z4, be a polynomials sequence in G. We will investigate how the sequence g(n)Y of
sunilmanifolds of X is distributed in X.

Proposition 3.1. Let X = G/T" be a connected nilmanifold, let Y be a connected sub-
nilmanifold of X, and let g: Z% — G be a polynomial sequence in G with g(0) = 1g.
Assume that g(Z4)Y is dense in X, and that G is generated by G¢ and the range g(Z?
of g. Let Z be the normal closure of Y in X; then for any f € C(X), A(n) =

fg(n)y fdpgmyy — fg(n)Z fdpgmyz, n € 2%, is a null-sequence.

Proof. Let f € C(X) and let ¢ > 0; we have to show that the set {n c 74 .
}fg(n)y fdpgny — fg(n)z fdug(n)z‘ > ¢} has zero uniform density in Z¢. After replacing
f by a close function we may assume that f is Lipschitz, so that C' = sup,, |f(7) —
f(y)|/ dist(z,y) is finite. Choose Malcev’s coordinates in G¢, and let Q C G be the cor-
responding fundamental cube. Since Z is normal in X, aZ = bZ whenever a = bmod T,
and |J,co aZ is a partition of X.

We first want to determine for which a € G one has Uay fay dpay — fd,uaz‘ > e,
For every b € @), by Proposition 1.1, applied to the nilmanifold bZ, there exist proper
subnilmanifolds Vj 1,...,Vp,, of Z such that UW fdpw — [, foz dubz| < ¢/2 whenever
W is a subnilmanifold of bZ with b € W € bV, ;, i = 1,..., 7. By continuity, for each b €
there exists a neighborhood U, of b such that for all a € Uy, UW fduw — faZ fd,uaz‘ <e
whenever a € W C aZ and W € aVy;, 1 =1,..., 1. Using the compactness of the closure
of @, we can choose by,...,b € Q such that Q C Uézl Up,; let V =1J j=1,..1 Vb,,i- Then

1=1,..., T

for any b € @, for any subnilmanifold W of bZ with b € W & V one has UW fduw —
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befd/LbZ} < e. Now let a € G, and let b € @ be such that a = bmodI'. Then aY C
aZ = bZ, thus, if aY € bV, then |[ . fduay — [, ,
fazfdMaZ| > ¢ only if (alx,aY) C (blx,bV) for some b € Q.

Let N = {(le,bV), b € Q}, we have to prove that the the set {n e 7% .
(9(n)1x,g(n)Y) € N} has zero uniform density in Z%. For this purpose we are going
to find the closure of the sequence Y, = (g(n)lx,g(n)Y), n € Z%, (more exactly, of the
union J,,cza Y,), the orbit of the subnilmanifold ¥ = (1x,Y) of X x X under the poly-
nomial action (g(n),g(n)), n € Z%. Assume for simplicity that the closure R of the orbit
{g(n)1x, n € Z} is connected, and let P be the closed connected subgroup of G such
that 7(P) = R. (If R is disconnected we pass to a sublattice of Z¢ and its cosets to deal
with individual connected components of R.) We will also assume that Y > 1x.

Lemma 3.2. The closure of the sequence (17“) is the subnilmanifold D = {(alX, aZ), a €
P} ={(alx,aZ), a€ PNQ} of X x X.

Proof. Let L be the closed connected subgroup of G such that w(L) = Z, and let
K = {(a, au), a € P, u € L}; since L is normal in G, K is a (closed rational) subgroup of
G x G, and we have D = K/((I' x ') N K).

For any n € Z% we have Y,, C D (since g(n)lx € R, so g(n) € PT, so g(n)L C PTL =
PLT), and we have to show that the sequence (Y,,) is dense in D. For this it suffices to
prove that the image of this sequence is dense in the maximal torus 7' = [K, K ]\D of D.
Since L is normal, we have [K, K| = {(a,au), a € [P, P], u € [P, L][L, L]}, and the torus
T is the factor of the commutative group K/[K, K] by the image A in this group of the
lattice I' x I'. Let H be the closed connected subgroup of G such that 7(H) = Y; then
L =H[H,G], so

K/IK,K] = {(a,avw), a € P, ve H, w e [H,G]}/{(a,au), a € [P,P], ue [P,L][L,L]}.

By assumption, G is generated by G° and g. Since the orbit {g(n)Z, n € Z%} is dense
in X and Z is normal, the orbit {g(n)1x,z, n € Z%} is dense in X/Z, so P/(PNL) = G°/L,
so G° = PL. Hence, [H,G] = [H,g|[H, P][H, L]. For any n, g(n) = u,7y, for some u,, € P
and v, € I, thus, modulo [P, L][L, L], the group [H, G| is generated by {[H,~,], n € Z%}.

The closure B of the image of the sequence (}N/n) in 7" is a subtorus of 7T'. Since the
sequence g(n)lx is dense in R = 7w(P), the subtorus T3 = {(a,a), a € P}/([K, K]A) of
T is the closure of the image of the sequence (g(n)lx,g(n)lx) and so, is contained in B.
Also, the subtorus Ty = {(1x,u), u € H}/([K, K]A) is contained in B. Finally, for n € Z4
and c € H we have

(9(n), g(n)e) = (un, upyne) = (unlx, uncle, v, 1yn)-
Taken modulo [K, K]A, these elements of B generate 7" modulo T} +T5,s0 B=T. g

It follows that the sequence }7”, n € Z4% is well distributed in D. The set N =
{(le,bV b e Q} is a compact subset of D of zero measure, thus, the set {n SWAR
(9(n)lx,g(n)Y) C N} has zero uniform density in Z¢. g
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Theorem 3.3. Let X = G/T be an r-step nilmanifold, let Y be a subnilmanifold of X,
let g be a polynomial sequence in G of naive degree < s, let f € C(X). Then the sequence
p(n) = fg(n)y fdpgyy, n € 24, is contained in Mg,

Proof. We may assume that Y 5 1x. After replacing f by f(g(0)z), x € X, we may
assume that g(0) = 1x. We may also replace X by the closure of the orbit g(Z4)Y, and
we may assume that G is generated by G¢ and the range of g.

First, let X and Y be both connected. Let Z be the normal closure of Y i in X; then
by Proposition 3.1, p(n) = fg(n)Z fdug(n)z + A\, n € Z%, with X\ € Z. Define X = X/Z,

i={2Z}e X, and f = E(f|X) € C(X); then fg(n)zfd,ug(n)z:f(g(n)A),HEZd, and
the sequence f(g(n)i), n € Z%, is in /\/’,‘,’S, s0 p € M7

Now assume that Y is connected but X is not. Then, by [L2], there exists k € N
such that g(kZ? +1)Y is connected for every i € {0,...,k — 1}¢. Thus, for every i €
{0,...,k—1}¢, p(kn +1) € M7, and the assertion follows from Lemma 2.1.

Finally, if Y is disconnected and Y7,...,Y, are the connected components of Y, then
fg(n)y fdpgmy =375, o(m)Y; fdpig(nyy,, n € Z%, and the result holds since it holds for
Yi,....Ys. m

4. Integrals of null- and of nil-sequences

On [*° and, thus, on N, Z and M we will assume the Borel o-algebra induced by the
weak topology.
We start with integration of null-sequences:

Lemma 4.1. Let (Q,v) be a measumble space and let Q — Z, w — A, be an integrable
mapping. Then the sequence A\(n fQ n)dv is in Z as well

(We say that a mapping W: Q) — [°° is integrable if it is measurable and [, ||¥]| dv < oc.)

Proof. For each w € Q, limy_, ﬁznefbw |Aw(n)| = 0 for any Fglner sequence

(®n)X_; in Z%. By the dominated convergence theorem,

lim sup —— @N‘ Z IA(n \—hmsupM)N’ Z ‘/

N—o0 N—o0

1
< im —— = 0.
< i o ZM v = /QNI;I%O@NMZ Aol =0

SO, )\ c Z. [
For nilsequences we have:

Proposition 4.2. Let (Q,v) be a measure space and let @ — N, w — ¢, be an
integrable mapping. Then the sequence o(n) = [, ¢ (n) dv belongs to M. (If, for some r,
0, €N, for all w, then ¢ € M,..)
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To simplify notation, let us start with the case d = 1. We are going to reduce Propo-
sition 4.2 to a statement concerning a sequence of measures on a nilmanifold.! Since M
is closed in [°°, we are allowed to replace the mapping ¢, from Q to N by a close map-
ping ¢/,: we are done if for any € > 0 we can find a mapping Q@ — N, w — ¢/, with
| Jo lew — @0l dv < € and such that the assertion of Proposition 4.2 holds for ¢/,. Fix
e > 0. First, after replacing 2 by Q' C Q with v(Q’) < oo such that fQ\Q, |owlliee dv < €,

we may assume that v(€2) < oco. Next, since the set N'° of basic nilsequences is dense
in V, we may replace the nilsequences ¢,, by close basic nilsequences, if we manage to
do this in a measurable way. We will, as we may, deal with R-valued nilsequences. Let
X = G/T be a nilmanifold where G is a simply connected nilpotent Lie group and T is a
lattice in G, and let m: G — X be the projection. We may assume that G has the same
number of connected components as X, then G is homeomorphic to R™& x F where
F is a finite set, with T' corresponding to Zd™¢: this homeomorphism induces a natural
metric on G and on X. For k € N let (; be the set of elements of G at the distance < k
from 14 and let Lj be the set of Lipschitz functions on X with Lipshitz constant k& and
of modulus < k. The subset Qp x Ly of G x C(X) is compact; the “nilsequence reading”
mapping V: Gy, x C(Xy) — N, ¥(a,h)(n) = h(mw(a™)), is continuous with respect to the
weak topology on N; thus the set Lx , = VU(Qk X L) C N° is compact in this topology.
Fix a countable set S dense in Lx i in the weak topology and enumerate it. Let ¢ € N.
For each j € N let ¢; be the element of S for which
(i) the sum >/ —_jlp(n) —1;(n)| is minimal;
(ii) among the elements of S for which (i) holds, the vector (¢(0),¥(—1),%(1),...,¥(—j),¥(5))
is minimal for 1 = 1); with respect to the lexicographic order;
(iii) and among the elements of S for which (i) and (ii) hold, ; has the minimal number
under the ordering of S.
Put (x k. ;(¢) = 9;; then (x j ; is a measurable mapping N' — Lx ;. For any ¢ € N the
sequence 1; = (x k() converges in Lj: indeed, Lx  is compact, and any convergent
subsequence of this sequence converges to the same element of Lx j, namely, to ¢ € Q4
which is closest to ¢ in the [*°-norm, and among such, which is minimal with respect to
the lexicographic order of its entries. Put (x x(p) = lim;_ Cx k,;(¢), ¢ € N; then (x i
is a measurable mapping N' — Lx j that maps each nilsequence to a closest in {*°-norm
element of Lx . It also follows that the function Ox x(¢) = mingery, |l — Y[~ is
measurable on N

In each class of isomorphic nilmanifolds choose a representative X (along with G, T,
a homeomorphism G — RY™E x F and a metric on G and X); let X be the set of these
representatives. Since there exists only countably many nonisomorphic nilmanifolds, X
is countable. Introduce a well ordering of X satisfying X’ < X when dim X’ < dim X.
For every X € X put Qx ) = {w € Q: Oxr(pw) < 5/1/(9)} and Qx = Uge; Qx
these are measurable subsets of Q. The union Jycy Upeq Lx,k is dense in N, thus
Uxer Urer Qxx = Q. Next define Oy = Qx \ Uy y Qx/, X € X; these are disjoint
sets that partition Q. Finally, for each X € & and k € N put Q@ ; = Q% \ Uy, Vx -

! The argument that follows has been changed; I thank B. Host for pointing to me out
a mistake in the previos version of the paper.
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Now, for w € € define ¢, = (x x(¢pw) Wwhen w € QXk, X e X, k € N; then w +— 9, is
a measurable mapping Q@ — N with ||, — @ullie < €/v( ) for all w € Q. We may
now replace ¢, by 1, w € Q; moreover, we may also deal with the sets {2 separately,
and therefore assume that ¢, w € Q, are all read off the same nilmanifod X = G/I":
¢, = ¥Y(a,h) with a € G and h being a Lipschitz function on X. (And, in addition, by
our construction, ¢, is not readable off any nilmanifold X’ with X’ < X.)

We now claim that for each w € €2, ¢, has only countably many preimages under this
mapping; by Lusin’s theorem about the existence of a measurable section, this will imply
that we can choose elements a,, € Qk, h, € Li with ¢, = ¥(a,,h,), w € Q, such that
the mapping w — (aw, h,,) is measurable. We get use of the following fact:

Lemma 4.2a. Let nilmanifolds X; = G;/T;, elements a; € G;, and functions h; €
C(X;), i = 1,2, be such that the orbits {m;(a}')}nez, where w; are the projections G; —»
X, are dense in X;, i = 1,2, and the triples (X1,a1,h1) and (Xa,a2,hs) produce the
same nilsequence: p(n) = hy(m(ay)) = ha(m2(ay)), n € Z. Then there exists a common
factor (X, a, h) of (X1,a1,h) and (Xa, as, ho) such that o(n) = h(#(a™)) (where # is the
projection G —» )?)

Proof. Let é = Gl X GQ, )} = X1 X Xz, T =m X ngé — )? Let a = (al,ag) S é,
and let Y be the closure of the orbit of @ in X, Y = {m(a™), n € Z}. Let p; and py be the
projections of Y to X7 and to X5 respectively. Let Y7 C X7 and Y5 C X5 be “the fibers” of
the projections py and p; respectively: py ' (1x,) = Y1 x {1x,}and p;'(1x,) = Yo x {1x, }.

For any n € Z we have ¢(n) = hy(p1(7(a™))) = ha(p2(7(a™))); since the orbit {7 (a™)}nez
is dense in Y, this implies that hiop; = hoops, so hy is constant on the fibers b;Y7, by € Gy,
of ps and hy is constant on the fibers boY5, by € G, of p1, and therefore we may factorize
X1 by Y1 and X5 by Y2 (and Y by Y7 X Y3) to get the same factor (X a, h) -

Now, assume that for some w € Q, ¢, = V(ay,h1) = ¥Y(ag, hs), a1,a2 € G and
h1, ho are Lipschitz functions on X. Let, by Lemma 4.2a, ()A(, a, ﬁ) be a common factor of
(X, ai, hi) and (X az, ho) such that ¢, = ¥(a, h) Since ¢, cannot be read off a nilmani-
fold X with dim X < dim X, there must be dim X = dim X. However, for any pair (X a),

“nilmanifold with a translatlon” there are only Countably many (up to isomorphism) pairs
(X, a) extending (X @) and with dim X = dim X.

Thus, we arrive at the following situation: we have a nilmanifold X = G/I' and
a measurable function Q@ — G x C(X), w — (ay,hy), such that for every w € Q
one has gpw( ) = hw(w(ag)), n € Z. Let Hw,z) = hy(z), w € Q, x € X; then

= [oH "))dv(w), n € Z. Choose a basis fi, fa,... in C(X); the function H is
representable in the form H(w,z) = > ;2 0;(w) fi(x), where convergence is uniform with
respect to x for any w; we are done if we prove the assertion for the functions 6;(w) f;(z)
instead of H. So let 6 € LY(Q) and f € C(X); we have to show that the sequence

= [ 0w a)) dv(w) is in M. We may also assume that § > 0. Let 7: Q) — G
be the mappmg deﬁned by 7(w) = ay, and let p = 7. (0v); then p is a finite measure on G
and p(n) = [, f )) dp(a). Thus, Proposition 4.2 will follow from the following:

Prop081t10n 4.3. Let X = G/T be a m’lmam’fald let p be a finite Borel measure on G,
and let f € C(X). Then the sequence o(n) = [, f( Ydp(a), n € Z, is in M°. (If X
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is an r-step nilmanifold, then ¢ € M2.)

Proof. We may and will assume that X is connected. Let p = m.(p); we decompose p in
the following way:

Lemma 4.4. There exists an at most countable collection V of connected subnilmaniolds
of X (which may include X itself and singletons) and finite Borel measures py, V €V,
on G such that p =) o\, pv and for every V- €V, supp(py) C V and py (W) = 0 for
any proper subnilmanifold W of V', where py = m.(pv).

Proof. Let V, be the (at most countable) set of the singletons V' = {z} in X (connected
O-dimensional subnilmanifolds of X') for which p(V') > 0. For each V' € V, let py be the
restriction of p to 7=1(V) (that is, gy (A) = p(AN7~1(V)) for measurable subsets A of G),
and let p1 = p— ) 1 ¢y, pv and p1 = m.(p1). Now let Vi be the (at most countable) set of
connected 1-dimensional subnilmanifolds of X for which p; (V') > 0, for each V' € V; let py
be the restriction of p; to 7= (V), and py = p — > ¢y, PV, P2 = Tu(p2). (Note that for
Vi, Vo € V), the subnilmanifold V3 N Vs, if nonempty, has dimension 0, so p1 (V3 NVa2) = 0.)
And so on, by induction on the dimension of the subnilmanifolds; at the end, we put

Y = Udlm X “ -

By Lemma 2.3, it suffices to prove the assertion for each of py instead fo p. So, we
will assume that the measure p is supported by a connected subnilmanifold V' of X and
p(W) = 0 for any proper subnilmanifold W of V.

First, let V = X:

Lemma 4.5. Let p be a finite Borel measure on G such that for p = m.(p) one has
,5(W) =0 for any pmper subnilmanifold W of X. Then for any f € C(X) the sequence
= [ f( )dp(a), n € Z, converges to [y fdux in uniform density.

Proof. We may assume that | « [ dpx = 0; we then have to show that ¢ is a null-sequence.
Let (®Py) be a Fglner sequence in Z. By the dominated convergence theorem we have

| 1 N

Gy 2 bl = i 5 30 [ sty dota) [ Fenlv))dotty
. 1 o .

" fo Z /Gng (r(a™ NI (=) dlp x p)(a;)

:/ lim —— Z f @ F(r*%(a™, b)) dp*2(a, b)
-/ Flah) a2 (o)
GxG

where 772 =7 x m, p*? = p x p, and F(a,b) = limy_, ﬁ Doncaoy f @ f(m*2(a™, b)),
a,b € G. For a,b € G, if the sequence u,, = 7%%(a",b"), n € Z, is well distributed in

X x X then F(a,b) = [y x [ ® fduxxx = [y fdu [y fdu = 0. So, F(a,b) # 0 only
if the sequence (u,) is not well distributed in X x X, which only happens if the point
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7*%(a,b) is contained in a proper subnilmanifold D of X x X with 1xxx € D. So,

X2
dm e 3 ks> [ (a,0)] dp™*(a,),

nedy pep/ (m*?)~ 1(D)

where D is the (countable) set of proper subnilmanifolds of X x X containing 1xxx. Let
D € D; then either for any € X the fiber W, = {y € X : (z,y) € D} of D over z is a
proper subnilmanifold of X, or for any y € X the fiber W) = {z € X : (z,y) € D} of D
over y is a proper subnilmanifold of X, (or both). Since, by our assumption, p(W) = 0 for
any proper subnilmanifold W of X, in either case p*2(D) = 0, so p*2((x*?)~1(D)) = 0.
Hence, limy_ @—IN| > oncay [©(n)[> =0, which means that p € Z. g

Thus, in this case, ¢ is a constant plus a null-sequence, that is, ¢ € M°.

Let now V be of the form V = ¢Y, where Y is a (proper) connected subnilmanifold
of X with 1x € Y and ¢ € G°. We may and will assume that the orbit {¢"Y, n € Z} of
Y is dense in X. Let Z be the normal closure of Y in X. In this situation the following
generalization of Lemma 4.5 does the job:

Lemma 4.6. Let Z be a normal subnilmanifold of X and let ¢ € G be such that {c"Z, n €
7} is dense in X. Let p be a finite Borel measure on G such that for p = mw.(p) one has
supp(p) - cZ and p(cW) =0 for any proper normal submlmamfald %% of Z. Let o(n) =

Jo f( Ydp(a), n € Z, let X = X/Z, and let f = E(f|X). Then ¢ — f(x(c")) € Z.

Proof. After replacing f by f — f we will assume that E(f|X) = 0; we then have to
prove that ¢ is a null-sequence. Let L = 7~ 1(Z). Let (®x) be a Fglner sequence in Z; as
in Lemma 4.5, we obtain

1

i o S P = [ Fabdah) = [ Fab)dpa),
N—oo [P ] ot GxG (cL)x (cL)

where F'(a,b) = limy o0 ﬁ Yoncay f @ f(@*2(a™,b™)), a,b € L. Let us “shift” p to the

origin, by replacing it by c¢;'p(a), a € G, so that now supp(p) C L, supp(p) C Z, and

fim 5 3 e = [ Flab)dpa),

where F'(a,b) = limpy_ o0 @—lm Yoncay /@ f(@*2((ca)™, (cb)™)), a,b € L.

For a,b € L, the sequence u,, = 7*%((ca)™, (cb)"), n € Z, is contained in X xe X =
{(z,y) : 6(z) = 6(y)}, where 6 is the factor mapping X — X. If this 5 sequence is well
distributed in X x & X, then F(a, b) fXXAXf@)fd/,LXXAX IR E f|X f|X) dug =
0. So, F(a,b) #0 only if the sequence (un) is not well distributed in X x & X, which only

happens if the image (i) of (u,) is not well distributed in the nil-maximal factor-torus
T of X X% X. Using additive notation on T" we have u,, = n¢ + na + nb, n € Z, where T

contains the direct sum S & S of two copies of a torus S, a € S @ {0}, b € {0} & S, and
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the sequence (n¢) is dense in the factor-torus 7/(S & S). The sequence (@,,) is not dense
in T only if the point (a, l;) is contained in a proper subtorus R of S & S, and either for
each Z € S the fiber {g € S : (Z,7) € R} is a proper subtorus of S, or for each § € S the
fiber { € S : (Z,7) € R} is a proper subtorus of S (or both). Without loss of generality,
assume that the first possibility holds. Then, returning back to X X X, we obtain
that the sequence (u,) is not well distributed in this space only if the point 7*?(a,b) is
contained in a subnilmanifold D (the preimage of the torus R) in Z x Z with D 5 1 XxoX

such that for every x € Z the fiber W, = {y € Z : (z,y) € D} is a proper normal
subnilmanifold of Z. Since, by our assumption, p(W,) = 0 for all z, we have p*2(D) = 0,
so p*2((m*%)~Y(D)) = 0. The function F(a,b) may only be nonzero on the union of
a countable collection of the subnilmanifolds D like this, so [, , F(a,b)dp**(a,b) = 0.

Hence, limy_,o0 @ Y oncdn lo(n)]? = 0, which means that p € Z. g

Since, in the notation of Lemma 4.6, the sequence f(ﬂ(c”)) = f(c"lx), n € Z,is a
basic nilsequence, ¢ is a sum of a nilsequence and a null-sequence, so ¢ € M? in this case
as well. g

The proof of Proposition 4.2 in the case d > 2 is not much harder than in the case
d = 1, and we will only sketch it. For each w € (2, instead of a single element a, €
G, we now have d commuting elements ay 1,...,a0u.qd € G,. After passing to a single
nilmanifold X = G/I', we obtain d mappings 7;: Q0 — G, w — ayi, ¢ = 1,...,d, and so,
the mapping 7 = (71,...,74): Q — G%. We define a measure p on G by p = 7,(6v); then
Proposition 4.2 follows from the following modification of Proposition 4.3:

Proposition 4.7. Let X = G/T be a nilmanifold, let p be a finite Borel measure on G¢,
and let f € C(X). Then the sequence p(nq,...,ng) = de f(m(at .. .ay"))dp(as, ..., aq),
(n1,...,nq) € Z%, is in M°. (If X is an r-step nilmanifold, then @ € M?.)

The proof of this proposition is the same as of Proposition 4.3, with a” replaced by
af'...a}*, and the mapping G — X, a — (a), replaced by the mapping G4 — X,
(a1,...,aq) — w(ay...aq).

Uniting Proposition 4.2 with Lemma 4.1, we obtain:

Theorem 4.8. Let (2,v) be a measure space and let Q@ — M, w +— ¢, be an integrable
mapping. Then the sequence p(n) = [, pu(n)dv is in M as well. If, for somer, ¢, € M,
for all w, then ¢ € M,..

5. Multiple polynomial correlation sequences and nilsequences

Now let (W, B, 1) be a probability measure space and let 7" be an ergodic invertible
measure preserving transformation of W. Let p1,...,pr be polynomials Z¢ — Z. Let
Aq,..., A € Bandlet p(n) = ,u(Tpl(”)Alﬂ. : .ﬁTp’f(”)Ak), n € Z%; or, more generally, let
fi,s fr € L°(W) and p(n) = [, T £ TP frdy, noe Z. Then, given € > 0,
there exist an r-step nilsystem (X, a), X = G/I', a € G, and functions fiyooo fo € L°(X)
such that, for ¢(n) = [, aPr™ fraPe ™ frdpx, n € Z4, theset {n € Z4 1 |¢p(n)—p(n)| >
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.z-:} has zero uniform density. Moreover, there is a universal integer r that works for all
systems (W, B, u, T), functions h;, and ¢, and depends only on the polynomials p;; for the
minimal such r, the integer ¢ = r — 1 is called the complexity of the system {p1,...,px}
(see [L5]).

(Here is a sketch of the proof, for completeness; for more details see [HK1] and [BHK].
By [L3], there exists ¢ € N, which only depends on the polynomials p;, such that, if (V, v, S)
is an ergodic probability measure preserving system and Z.(V') is the c-th Host-Kra-Ziegler
factor of V and hq,...,hy € L (V) are such that E(h;|Z.(V)) = 0 for some i, then for any
Fglner sequence (@) in Z% one has limy_, o0 F‘I’_lzvl Znedw fv SPi(mpy .. 8P b, dy = 0.
Applying this to the ergodic components of the system (W x W, u x u,T x T') and the
functions h; = fi ® f;, i = 1,...,k, we obtain that for any Fglner sequence (®y) in Z<,

2
lim ’/ Tpl(n)fl ) Tpk(n)fkd’u‘
WxW

N—o0 |(I)N|
= lim g / Tpl(n) L) £ o

TP £ () - TP i (y)d(p(x) x p(y)) =0

whenever, for some i, the function f; ® f; has zero conditional expectation with respect
to almost all ergodic components of Z.(W x W). This is so if E(f;|Z.+1(W)) = 0, and
we obtain that the sequence fW TP £ TP £ dy tends to zero in uniform density
whenever E(f;|Z,(W)) = 0 for some i, where r = ¢+ 1. It follows that for any fi,..., fr €
L>° (W) the sequence

/ TP fy TP fdp— / TP E(f1] Zo (W) - TP E(fi| Ze (W) dpz, (w)
w Zn (W)

tends to zero in uniform density. Now, Z,. (W) has the structure of the inverse limit of a
sequence of r-step nilmanifolds on which 7" acts as a translation; given € > 0, we can there-
fore find an r-step nilmanifold factor X of W such that || E(f;|Z,(W)) = E(fi|X)| pew) <
e/ H§:1 | fill Loe (wy for all i. Putting fi = E(fi|X),i=1,...,k, and denoting the trans-
lation induced by T on X by a, we then have

)/ TP E(f1]Z.(W)) - ... Tpk(n)E(fHZr(W))d“Zr(W)
70 (W)
_/ L A O I R
X

for all n, which implies the assertion.)

So, there exists A € Z such that [ — (¢ + A)|| < €. After replacing fi by L'-close
continuous functions, we may assume that fq,..., fr € C(X), and still ||p — (¥ + )| < e.
Applying Theorem 3.3 to the nilmanifold X* = G*/T'*, the diagonal subnilmanifold Y =
{(30, co,), T E X} C X*, the polynomial sequence g( ) = (a”™) .. aPx(M) n e 79,
in G*, and the function f(z1,...,2x) = fi(z1) - ... fe(zk) € C’(Xk), we obtain that
e M°(r,s), so also ¢ + X € M°(r,s). Since ¢ is arbitrary and, by Lemma 2.3, M, ; is

the closure of M7 , we obtain:
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Proposition 5.1. Let (W, B,u,T) be an ergodic invertible probability measure preserving
system, let fi,..., fx € L®(W), and let pq,...,pr be polynomials Z¢ — 7. Then the
sequence ©(n) = [, Ter) TP frdp, noe 794, s in M. If the complexity of the
system {p1,...,pr} is c and degp; < s for all i, then v, € Mct1 5.

Let now (W, B, u,T) be a non-ergodic (or, rather, not necessarily ergodic) system.
Let p = [, ptwdv(w) be the ergodic decomposition of p. For each w € Q, let ¢, (n) =
fW TP f TP fdp no€ Z4; then w — @, is a measurable mapping Q — [,

and p(n) = [, ¢u(n)dv(w), n € Z*. By Proposition 5.1, for each w € Q we have ¢, €
Mi1,s € Mg, where [ = 2(c+ 1)s. By Theorem 4.8 we obtain:

Theorem 5.2. Let (W,B,u,T) be an invertible probability measure preserving system,
let fi,...,fr € L=(W), and let py,...,pr be polynomials Z¢* — Z. Then the sequence
p(n) = fW T TP frdy no€ Z2, s in M. If the complexity of the system
{p1,-..,pk} is c and degp; < s for all i, then v, € M, wherel = 2(c+ 1)s.

Since M C P+ Z, where P is the closure in [*° of the algebra of bounded generalized
polynomials (see the last paragraph of Section 2), we get as a corollary:

Corollary 5.3. Up to a null-sequence, the sequence ¢ s uniformly approximable by
generalized polynomials.

Bibliography
[BHK] V. Bergelson, B. Host and B. Kra, Multiple recurrence and nilsequences., Inventiones
Math. 160 (2005), no. 2, 261-303.

[BL] V. Bergelson and A. Leibman, Distribution of values of bounded generalized polynomials,
Acta Math. 198 (2007), 155-230.

[F] H. Furstenberg, Recurrence in Ergodic Theory and Combinatorial Number Theory,
Princeton Univ. Press, 1981.

[GT] B. Green and T. Tao, The quantitative behaviour of polynomial orbits on nilmanifolds,

Annals of Math. 175 (2012), no. 2, 465-540.

[Hal] I.J. Haland (Knutson), Uniform distribution of generalized polynomials, J. Number The-
ory 45 (1993), 327-366.

[Ha2] I.J. Haland (Knutson), Uniform distribution of generalized polynomials of the product
type, Acta Arith. 67 (1994), 13-27.

[HK1] B. Host and B. Kra, Non-conventional ergodic averages and nilmanifolds, Annals of Math.
161 (2005), no. 1, 397-488.

[HK2] B. Host and B. Kra, Nil-Bohr sets of integers, Frgodic Theory and Dynam. Systems 31
(2011), 113-142.

[HKM] B. Host, B.Kra, and A. Maass, Nilsequences and a structure theorem for topological
dynamical systems, Adv. in Math. 224 (2010), 103-129.

[L1] A. Leibman, Pointwise convergence of ergodic averages for polynomial sequences of trans-
lations on a nilmanifold, Ergodic Theory and Dynam. Systems 25 (2005), 201-213.

17



[L.2]
[L3]

[L4]

A. Leibman, Pointwise convergence of ergodic averages for polynomial actions of Z4 by
translations on a nilmanifold, Ergodic Theory and Dynam. Systems 25 (2005), 215-225.

A. Leibman, Convergence of multiple ergodic averages along polynomials of several vari-
ables, Israel J. of Math. 146 (2005), 303-315.

A. Leibman, Rational sub-nilmanifolds of a compact nilmanifold, Ergodic Theory and
Dynam. Systems 26 (2006), 787-798.

A. Leibman, Orbit of the diagonal in the power of a nilmanifold, Trans. AMS 362 (2010),
1619-1658.

A. Leibman, Multiple polynomial correlation sequences and nilsequences, Ergodic Theory
and Dynam. Systems 30 (2010), 841-854.

A. Leibman, A canonical form and the distribution of values of generalized polynomials,
Israel J. Math 188 (2012), 131-176.

A. Malcev, On a class of homogeneous spaces, Amer. Math. Soc. Transl. 9 (1962),
276-307.

T. Ziegler, Universal characteristic factors and Furstenberg averages, J. Amer. Math.
Soc. 20 (2007), no. 1, 53-97.

18



