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Abstract

A basic nilsequence is a sequence of the form ¢ (n) = f(T"x), where z is a point of a
compact nilmanifold X, T is a translation on X, and f € C(X); a nilsequence is a uniform
limit of basic nilsequences. Let X = G/I' be a compact nilmanifold, Y be a subnilmanifold

of X, g(n) be a polynomial sequence in G, and f € C(X); we show that the sequence
fg(n)Y f, n € Z, is the sum of a basic nilsequence and a sequence that converges to 0 in
uniform density. This implies that, given an ergodic invertible measure preserving system
(W,B,u,T), with (W) < oo, polynomials p1,...,pr € Zln|, and sets Aj,...,Ap € B,

the sequence H(Tpl(")Al N...N Tpk(")Ak) is the sum of a nilsequence and a sequence that
converges to 0 in uniform density. We also get a version of this result for the case where p;
are polynomials in several variables.

0. Introduction

A (d-step) milmanifold is a compact homogeneous space of a (d-step) nilpotent Lie
group; one can show that any d-step nilmanifold has the form G/T’, where G is a d-step
nilpotent (not necessarily connected) Lie group and I is a discrete co-compact subgroup of
G. Elements of G act on X by translations; a (d-step) nilsystem is a (d-step) nilmanifold
X = G/I' with a translation a € G on it. Nilsystems play an important role in studying
“non-conventional”, or “multiple”, ergodic averages % Zﬁ;l TP py - TP(Mp, where
T is a transformation of a finite measure space (W, ), p1,...,pr € Z[n|, and hq,..., hj €
L (W). (See [HK1], [Z], [HK2].)

Let X = G/I' be a nilmanifold and Y be a subnilmanifold of X. Let g be a poly-
nomial sequence in G, that is, a sequences of the form g(n) = a’fl(n) ) ..afr(n), where
ai,...,a. € G and p1,...,p, are polynomials taking on integer values on the inte-
gers. It is shown in [L1] that the closure of the sequence g(n)Y, X' = (J, oz 9(n)Y,
is a disjoint finite union of subnilmanifolds of X, and, if X’ is a single subnilmani-
fold, the sequence g(n)Y is well distributed in X’. (That is, for every f € C(X’),
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malized Haar measures on Y and on X' respectively.)

We were inspired by the following example. Let X be the 2-dimensional torus
T? = (R/Z)? and G be the group generated by the ordinary rotations of X and by the
transformation a(x,y) = (z,y+z); then G is a nilpotent Lie group acting on X transitively,
which turns X to a nilmanifold. Choose an irrational o € T and put b(z,y) = (z+a,y+x),
thenb € G. Let Y1 = {(0,t), t € T} and Y5 = {(¢,0), t € T}. Then b"Y; = {(no,t), t € T}
and b"Y5 = {(t-l—na, nt + @O&), te T}, n € Z. Both sequences b"Y7 and b"Y5, n € 7Z,
are dense in X, but their behaviors are different: the sequence b™Y; consists of congruent
subtori that simply “rotate” along X, whereas the members of the sequence b"Y5, n € Z,
become more and more dense in X. We can say that the sequence b"Y> converges to X:
fg(n)y2 fduy, — fX fdux for any f € C(X), whereas the sequence b™Y; converges to

X only in average: N;Nl ZgiNlH omyvs £ Ay, — Jx fdux for any f e C(X). It is
clear what difference between Y; and Y5 causes this effect: Y7 is a normal subgroup of G
whereas Y5 is not.

Our goal was to show that in the general situation the sequence g(n)Y has a “mixed”
behavior: g(n)Y converges to a subnilmanifold Z (the normal closure of Y'), which, in its
turn, rotates along X. We, however, have been unable to prove this, and only prove the
weaker fact that g(n)Y converges to Z “in uniform density” (see Proposition 2.1). Our
proof essentially uses a result from a recent paper by Green and Tao ([GT]) about the
“uniform distribution” of subnilmanifolds (see Appendix).

In the terminology introduced in [BHK], a basic d-step nilsequence is a sequence of
the form ¢ (n) = h(R"w), where w is a point of a d-step nilmanifold M, R is a translation
on M, and h € C(M); a d-step nilsequence is a uniform limit of basic d-step nilsequences.
The algebra of nilsequences is a natural generalization of Weyl’s algebra of almost periodic
sequences, which are just 1-step nilsequences. We obtain, as a corollary, that for any
f € C(X) the sequence fg(n)y J dpig(nyy is a sum of a basic nilsequence and a sequence that

tends to 0 in uniform density (Theorem 2.5 below). We apply this fact to show that for any
ergodic invertible measure preserving system (W, B, u,T) with u(W) < oo, polynomials
Pi,y..., Pk € Z[n], and sets Ay, ..., Ay € B, the “multiple polynomial correlation sequence”
p(n) = M(Tfl(n)Al N...N T,f’“(n)Ak), n € 7Z, is a sum of a nilsequence and a sequence
that tends to 0 in uniform density (Theorem 3.1 below). (A special case of this theorem,
when p;(n) = in, i = 1,...,k, was established in [BHK].) The question whether this
is true for non-ergodic systems remains open to us. We also formulate and sketch the
proof of a “multiparameter” version of this result: when pq,...,p; are polynomials of m
integer variables, then the sequence p(n) = ,u(Tfl(n)Al N...N T,f’“(n)Ak), n€Zm is a
sum of an (m-parameter) nilsequence and a sequence that tends to 0 in (ordinary) density
(Theorem 4.3).

1. Nilmanifolds and subnilmanifolds

We will now give necessary definitions and list some facts that we will need below;
details and proofs can be found in [M], [L1], [L2], [L4], and [L5]. Throughout the paper, let
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X = G/T be a compact nilmanifold, where G is a nilpotent Lie group and T is a discrete
subgroup of GG, and let m: G — X be the natural projection. By 1x we will denote the
point w(1¢g) of X.

By G° we will denote the identity component of G. We will assume that the group
G/G° is finitely generated (which is enough for our goals).

Note that if G is disconnected, X can be interpreted as a nilmanifold, X = G’/T", in
different ways; for example, if X is connected, X = G°/(I'NG°). If X is connected and we
study the action on X of a sequence g(n) in GG, we may always assume that G is generated
by G° and the elements of g.

Every nilpotent Lie group G is a factor of a simply-connected (not necessarily con-
nected) torsion free nilpotent Lie group. (As such, a suitable “free nilpotent Lie group” F
can be taken. If G° has l; generators, G/G° has ls generators, and G is d-step nilpotent,
then F' = F/F441, where F is the free product of /; copies of R and l5 copies of Z, and
Fay1 is the (d+ 1)st term of the lower central series of F.) Thus, we may and will assume
that G is simply connected and torsion-free. The identity component G° of G is then an
exponential Lie group, which means that for every element a € G° there exists a (unique)
one-parametric subgroup a’ such that a! = a.

A Malcev basis of G is a finite set {el, ..., ek} of elements of ', with e, ..., ex, € G°
and eg, +1,...,ex € G, that generates I' and is such that every element a € G can be
uniquely written in the form a = e ...e}* with ui,...,ug, € R and up,41,...,ux € Z;
we call uy,...,u the coordinates of a. Thus, Malcev coordinates define a homeomorphism
G ~RFM x ZF-k1 g (ug,...,ux), and we may identify G with Rt x ZF—F1,

If L is a connected closed normal subgroup of GG of dimension [ such that the lattice
L NT is co-compact in L, the Malcev coordinates on GG can be chosen so that ey,...,e; €
L NT; then e ...ep* € L iff wyqq,...,ur = 0, and L is identified with the subspace
R! x {0}F~! C Rkt x ZF=F1. We will call such coordinates on G compatible with L.

Let X be connected. Then, under the identification G° « R¥1 the cube [0,1)* is
the fundamental domain of X. We will call the closed cube Q = [0, 1]** the fundamental
cube of X in G° and identify X with (). When X is identified with its fundamental cube
Q, the normalized Haar measure pux on X coincides with the standard Lebesgue measure

pg on Q.
In Malcev coordinates, multiplication in G is a polynomial operation: there are poly-
nomials qi,...,qr in 2k variables with rational coefficients such that for a = e’ ...ep"

and b = e’ ...e" we have ab = e (v vk) ezk(ul’vl"“’u’“’v’“). This implies that
“life is polynomial” in nilpotent Lie groups: homomorphisms are polynomial mappings,
connected closed subgroups are images of polynomial mappings and are defined by systems
of polynomial equations.

A subnilmanifold Y of X is a closed subset of the form Y = Hx, where H is a closed
subgroup of G and x € X. For a closed subgroup H of G, the set m(H) = H1x is closed,
and so is a subnilmanifold, iff the subgroup I' N H is co-compact in H; we will call the
subgroup H with this property rational.

If Y is a subnilmanifold of X such that 1y € Y, then H = 7~ }(Y) is a closed subgroup
of G, and Y = n(H) = Hlx. H, however, does not have to be the minimal subgroup
with this property: if Y is connected, then the identity component H? of H also satisfies
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Y =n(H°).

Given a subnilmanifold Y of X, by py we will denote the normalized Haar measure
on Y; we have auy = pqy for all a € G.

Let Z be a subnilmanifold of X, Z = Lz, where L is a closed subgroup of G. We
say that Z is normal if L is normal. In this case the nilmanifold X = X/Z = G/(LI) is
defined, and X splits into a disjoint union of fibers of the projection mapping X — X.
(Note that if L is normal in G° only, then the factor X/Z = G°/(LT") is also defined, but
the elements of G\ G° do not act on it.)

One can show that a subgroup L is normal iff yLy~! = L for all ¥ € T'; hence,
Z =m(L) is normal iff vZ = Z for all v € T".

If H is a closed rational subgroup of G then its normal closure L (the minimal normal
subgroup of G containing H) is also closed and rational, thus Z = (L) is a subnilmanifold
of X. We will call Z the normal closure of the subnilmanifold Y = w(H). If L is normal
then the identity component of L is also normal; this implies that the normal closure of a
connected subnilmanifold is connected.

Let X be connected and k-dimensional, and let Z be an [-dimensional connected
normal subnilmanifold of X. Let L be the connected normal closed subgroup of G' such
that Z = Lx; choose Malcev coordinates on GG compatible with L, and let ) be the
fundamental cube of X in G associated with these coordinates. Then the fundamental
cube of Z is the subcube [0,1]" x {0}*~! of Q, and the fundamental cube of X/Z is the
orthogonal projection of @ to the (k — l)-dimensional subspace associated with the last
k — [ coordinates on Q).

Let X be connected. We will need the fact that “almost all” subnilmanifolds of X
are “quite uniformly” distributed in X. (This is in complete analogy with the situation
on tori: if X is a torus, for any € > 0 there are only finitely many subtori Vi,...,V,., of
codimension 1 in X, such that any subtorus Y of X that contains 0 and is not contained
in J;_, V; is e-dense and “c-uniformly distributed” in X.) The following proposition is a
corollary (of a special case) of the result obtained in [GT] (see Appendix for details):

Proposition 1.1. For any f € C(X) and any € > 0 there are finitely many subnilmani-
folds V1, ...V, of X, connected, of codimension 1, and containing 1x, such that for any
connected subnilmanifold Y of X with 1x € Y, either Y € V; for some i € {1,...,r}, or

| [y fduy — [y fdux| <e, (or both).

Identifying a subnilmanifold Y of X with the measure py on X, we introduce the
weak™ topology on the set of subnilmanifolds of X; in this topology, given subnilmanifolds
Z,Y1,Yo,... of X, we write Y;, — Z if [\, fduy, — [, fduz for every f € C(X). Tt
now follows from Proposition 1.1 that if connected subnilmanifolds Y7, Ys, ... of X, with
1x € Y, for all n, are such that for any proper subnilmanifold V' of X (connected, of

codimension 1, and with 1x € V) the set {n eZ:Y, C V} is finite, then Y,, — X.

For aset S € Z, the uniform (or Banach) density of S is D(S) = limp, - N, — oo %

(if it exists). We will say that a sequence of points (wy,)nez of a topological space
Q converges to w € € in uniform density if for every neighborhood U of w one has
D({n €Z:w, ¢ U}) = 0. It follows from Proposition 1.1 that, given connected subnil-
manifolds Y7, Y5, ... of X with 1x €Y, for all n, if for any proper subnilmanifold V' of X
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(connected, of codimension 1, and with 1x € V) one has D({n € Z : Y,, C V}) = 0, then
Y,, — X in uniform density.

2. Polynomial orbits of subnilmanifolds and nilsequences

Our main technical result is the following proposition.

Proposition 2.1. Let X be connected and let Y = w(H) be a connected subnilmanifold
of X, where H is a connected closed subgroup of G. Let g be a polynomial sequence in G
with g(0) = 1g such that g(Z)Y is dense in X, and assume that G is generated by G° and
the elements of g. Let Z be the normal closure of Y in X; then g(n)Y —g(n)Z — 0 in
uniform density.

Remark. We believe that, actually, g(n)Y — g(n)Z — 0 (that is, for any f € C(X),
Ug(n)Y fdprgnyy — fg(n)Z fd,u’g(n)Z‘ — 0 asn — o0).

Proof. Let L be the identity component of 77!(Z). Choose Malcev’s coordinates in
G° compatible with L, and let () be the corresponding fundamental cube in G°. @Q is
compact, and is as well compact with respect to the uniform norm when elements of G are
interpreted as transformations of X. Represent g(n) = t,,7y, so that v, € I" and ¢, € Q,
n € Z. Since Z is normal, v, Z = Z for all n, so that g(n)Z = t,v.Z = t,Z, n € Z.
We have g(n)Y = t,7,Y, n € Z, and since @ is compact, we only have to show that
VoY — Z in uniform density.

Let @' be the fundamental cube of X/Z and let 7: Q — @’ be the natural projection.
Since the sequence (g(n)Z) is well distributed in X, the sequence (7(¢,,)) is well distributed
in @', which means that for any measurable subset U of @)’ whose boundary is a null-set,
D({ne€Z:7(ty) € U}) = pg (U).

Let V' be a subnilmanifold of Z, connected, of codimension 1 in Z, and with 1x € V;
based on Proposition 1.1, we only need to show that the set {n el :vY C V} has zero
uniform density. Let K be the identity component of 7=1(V); we have v, Hy, ! C L for
all n € Z, and have to prove that the set S = {n €7 : v, Hy, ! C K} has zero uniform
density.

Since K is a proper subgroup of L, there exists b € G such that bHb~' ¢ K. By
assumption, G is generated by G° and g. The group G° is generated by Q, thus tHt~ ' ¢ K
for some t € Q or g(n)Hg(n)™* ¢ K for some n € Z. So, there exists a € H such that
tat™! ¢ K for some t € Q or g(n)ag(n)~' ¢ K for some n € Z. Let S’ = {n € Z :
Ymav,' € K}; since S C 8, it suffices to show that D(S’) = 0. (This would not be a
problem if v,, were a polynomial sequence, but it is not.)

Consider the mapping n(n,t) = t~!g(n)ag(n)t from Z™ x G° to L; this is a polynomial
mapping. Let x be a homomorphism L — R such that K = {x = 0}. Let § = xon; then
f is a polynomial, and it is shown above that § # 0. Since K has codimension 1 in
L, it contains [L, L], and so, is normal in L; hence, for any s € L we have 0(n,ts) =
x(s7't7tg(n)ag(n)~1ts) = x(t"tg(n)ag(n)~tt) = O(n,t) for all t € G°, n € Z. Thus, 0 is
defined on Z x (G°/L): there exists a polynomial ¢ on Z x (G°/L) such that 0(n,t) =
0'(n,7(t)), t € G°, n € Z. Let P be the restriction of ' to Z x Q'. Now, n € S’ iff

5



Ynay,t =t tg(n)ag(n)~t, € K, iff (n,t,) =0, iff P(n,7(t,)) = 0.

Write P in coordinates on Q', P(n,u) = > c 4 qa(n)u®, n € Z, u € Q', where A is
a set of multiindices and for each a@ € A, g,(n) is a polynomial in n. We want to show
that the set of zeroes of the polynomials P, (u) = P(n,u) in Q" “converges”, as n — oo,
to a set of zero measure. Let d = max{deg Qo, O E A}. Then for any a € A, a finite limit
bo = lim,, oo n %, (n) exists, and is nonzero for some .. Thus, as n — oo, the polynomials
n~%P,(u) converge uniformly on @’ to the nonzero polynomial p(u) = Y 4 bau®. The
set N = {u € Q' : p(u) = 0} has zero measure. Given € > 0, find § > 0 such that the set
Ns = {u € Q" : |p(u)| < ¢} has measure < €. Let ng be such that |P(n,u) — p(u)| < ¢
on Q' for |n| > ng; then for [n| > ng the set D, = {u € Q" : P(n,u) = 0} is contained in
Ns. The sequence u,, = 7(t,), n € Z, is well distributed in " and the boundary of Ny is
a null-set, so D{n el :u, € N5} = g’ (Ns) < e. Now,

S':{nGZ:P(n,un):0}g{nEZ:unGDn}g{—no,...,no}u{nEZ:unEN(;},

thus D(S’) < e. Hence, D(S') =0. g

Corollary 2.2. Let X be connected, let Y be a connected subnilmanifold of X, let g
be a polynomials sequence in G, let g(Z)Y be dense in X, and let f € C(X). There
exists a factor-nilmanifold X of X, a point T € )A(, and a function f € C()A() such that
fg(n)Y fdpgmy — f(g(n):%) — 0 in uniform density.

Proof. We may assume that g(0) = 1g, that G is generated by G° and the elements of
g, and that Y 5 1x. Let Z be the normal closure of Y in X, then fg(n)y Jdpgmy —

fg(n)zfdug(n)z — 0 in uniform density. Let X = X/Z, & = {Z} € X’, and f _
E(fp?) < C()?); then fg(n)Y fdpgmyy — fg(n)Zfd,ug(n)Z —— 0 in uniform density, and
fg(n)Z fdlu“g(n)Z = f(g(n)i’) for all n. m

We now involve nilsequences into our consideration. Recall that a basic d-step nilse-
quence is a sequence of the form 1 (n) = h(R"w), where w is a point of a d-step nilmanifold

M, R is a translation on M, and h € C(M). We find it worthy to expand this notion.
Given a polynomial sequence g(n) = a}" () .af’“(n) in a nilpotent group with degp; < s for
all i, we will say that g has naive degree < s. (The term “degree” had already been re-
served for another parameter of a polynomial sequence.) Let us call a sequence of the form
¥(n) = h(g(n)w), where w is a point of a d-step nilmanifold M = J/A, g is a polynomial
sequence of naive degree < s in J, and h € C(M), a basic polynomial d-step nilsequence
of degree < s. Actually, any basic polynomial nilsequence is a basic nilsequence, as the
following proposition says; the reason why we introduce this notion is that we do not want
to loose the valuable information about the way a nilsequence was produced.

Proposition 2.3. (See [L1], Proposition 3.14) Any basic polynomial d-step nilsequence of
degree < s is a ds-step basic nilsequence.

Clearly, basic polynomial d-step nilsequences of degree < s form an algebra; we will
also need the following fact:



Lemma 2.4. Let g, ..., 1,1 be basic polynomial d-step nilsequences of degree < s. Then

the sequence (..., 00(0),...,%m—-1(0),%0(1),..., ¥m-1(1),%0(2),...,¥m-1(2),...) is also

a basic polynomial d-step nilsequence of degree < s.

Proof. For each i = 0,...,m — 1, let M; = J;/A; be the d-step nilmanifold, g; be the
polynomial sequence in J;, w; € M; be the point, and h; € C(M;) be the function such
that ¥;(n) = h(gi(n)w;), n € Z. If, for some i, J; is not connected, it is a factor-group of
a free d-step nilpotent group with continuous and discrete generators, which , in its turn,
is a subgroup of a free d-step nilpotent group with only continuous generators (see [L1]);
thus after replacing, if needed, M; by a larger nilmanifold and extending h; to a continuous
function on this nilmanifold we may assume that every .J; is connected. In this case for any
element b € J; and any r € N a r-th root b'/" exists in .J;, and thus the polynomial sequence
b*(™) in .J; makes sense even if a polynomial p has non-integer rational coefficients. Thus,
for each i, we may construct a polynomial sequence g. in J;, of the same naive degree as g;,
such that gj(mn+1) = g;(n) for alln € Z. Put M = Zy,, x [[12g Mi, g = (1,905, Gon—1)
w = (0,wp,w1,...,Wm—1) € M, and h(i,vo,...,0m—1) = hi(v;), (i,v0,...,0m-1) € M.
Then M is a d-step nilmanifold, h € C(M), and the basic polynomial nilsequence ¥ (n) =
h(g(n)w) = hi(g;(n)w;) = hi(gi(k)w;) = ¥;(k) whenever n = km+i,i=0,1,....,m—1. g

We now get:

Theorem 2.5. Let X = G/T be a d-step nilmanifold, let Y be a subnilmanifold of
X, let g be a polynomial sequence in G of naive degree < s, let f € C(X), and let
p(n) = fg(n)yfd,ug(n)y, n € Z. There exists a basic polynomial d-step nilsequence 1 of
degree < s such that p(n) — 1 (n) — 0 in uniform density.

Proof. If both Y and ¢g(Z)Y are connected (in which case g(Z)Y is a nilmanifold), the
assertion follows from Corollary 2.2.

Now assume that Y is connected but g(Z)Y is not. Then, by Theorem B in [L1],
there exists m € N such that g(mZ + 7)Y is connected for every i = 0,...,m — 1. Thus,
for every i = 0,...,m — 1, there exists a basic polynomial d-step nilsequence 1); of degree
< s such that ¢(mn + i) — 1;(n) — 0 in uniform density, and the assertion follows from
Lemma 2.4.

Finally, if Y is disconnected and Y7,...,Y; are the connected components of Y, then
fg(n)y fdpginy = 22:1 g(n)Ys Jdignyy;, n € Z, and the result holds since it holds for

Yi,....Y.. m

3. Multiple polynomial correlation sequences and nilsequences

Now let (W, B, i) be a probability measure space and let T" be an ergodic invertible
measure preserving transformation of W. Let pq, ..., pr be polynomials taking on integer
values on the integers. Let Ay,..., Ax € B and let p(n) = u(Tpl(”)Al N...N Tpk(")Ak),
n € Z; or, more generally, let hy, ..., hy € L®(W) and ¢p(n) = fW TPy TPy dp,
n € Z. Using results from [HK?2] it can be shown (see the argument in [BHK], Corollary 4.5)
that, given ¢ > 0, there exist a d-step nilsystem (X,a), X = G/T', a € G, and functions
fi,---, fr € L®(X) such that, for ¢(n) = [ aP ™ o aP (M) fduy, D({n € Z :
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|¢(n) — o(n)| < e}) = 0; after replacing f; by L'-close continuous functions, we may
assume that fq,..., fr € C(X). Moreover, there is a universal integer d that works for
all systems (W, B, u, T'), functions h;, and e, and depends only on the polynomials p;; the
minimal integer ¢ for which d = ¢ + 1 has this property is called the complexity of the
system {p1,...,pr} (see [L6]). Applying Theorem 2.5 to the nilmanifold X* = G*¥/T'*,
the diagonal subnilmanifold Y = {(x, .ox), r € X } C XF*, the polynomial sequence
g(n) = (1g,a” ™, ... aP*™)) n € Z, in G* and the function f(zq,x1,...,2x) = fi(z1) -
oo fre(xr) € C(XF*), we establish the existence of a basic polynomial d-step nilsequence 1
of degree < s = max;(deg p;) such that ¢(n)—1(n) — 0 in uniform density. Summarizing,
we get that o(n) = ¢(n) + d(n) = ¥(n) + A(n) + d(n), where ¥(n) is a basic polynomial
d-step nilsequence of degree < s, A\(n) — 0 in uniform density, and |§| < e.

We will say that a numerical sequence v is a polynomial d-step nilsequence of degree
< s if it is a uniform limit of basic polynomial d-step nilsequences of degree < s. (It
follows from Proposition 2.3 that any polynomial d-step nilsequence of degree < s is a
ds-step nilsequence.)

We obtain:

Theorem 3.1. Let (W,B,u,T) be an ergodic invertible measure preserving system with
u(W) < oo, let hy, ..., hy € L>®(W), let p1,...,pr be polynomials taking on integer values
on the integers, and let o(n) = [y, ey TP dp, no€ 7. Let the complexity
of {p1,...,pr} be ¢ and s = max;(degp;); then there exists a polynomial (¢ + 1)-step
nilsequence ¥ of degree < s such that p(n) — 1(n) — 0 in uniform density.

Proof. We copy the proof of Theorem 1.9 in [BHK]. For each [ € N, let ¢; be a basic
polynomial d-step nilsequence of degree < s, A\; be a sequence that tends to 0 in uniform
density, and 9; be a sequence with |§;| < 1/I, such that ¢ = ¢, + A; + §;. Then for any
L, [Wr— ] < 741+ N =N, thus [¢(n) — ¢(n)| < 2(7 +2) for all n € Z but a
set of zero uniform density. Nilsystems are distal systems, each point of a nilsystem is
uniformly recurrent (which means that it returns to any its neighborhood regularly, see
[F] and [L1]), thus any nilsequence visits any interval in R for n € Z from a set of positive
uniform density, — or never. Hence, the (polynomial, and just ordinary) nilsequence v; — 1,
satisfies |1;(n) — ¥r(n)| < 2(+ + 1) for all n € Z. Hence, the sequence ()72, of basic
polynomial (¢ + 1)-step nilsequences of degree < s is Cauchy in [°°(Z), and has a limit 1)
that is a polynomial (¢ + 1)-step nilsequence of degree < s. The sequence ¢ — 1) is the
uniform limit of the sequences );, and thus tends to zero in uniform density. g

Remark. We believe that Theorem 3.1 remains true without the assumption that 7T is
ergodic, but do not see how to prove this. The problem is to show that “an integral of
nilsequences is a nilsequence plus a negligible sequence”, that is, given a finite measure
space {2 and a measurable function ¥: QxZ — C such that for each w € Q, ¥(n) = ¥(w,n)
is a nilsequence, the sequence ¢(n) = [, ¥(w,n) dw is a sum of a nilsequence and a sequence
that tends to 0 in uniform density.

4. The multiparameter case

We now switch to the multiparameter case, that is, to the situation where p; are
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polynomials of m > 1 integer variables. We say that a mapping ¢g:Z™ — G is an
(m-parameter) polynomial sequence in G if g(n) = a]fl(rf)..afr(n), where aq,...,a, € G
and p1,...,p, are polynomials Z™ — Z. It is shown in [L2] that, if g is an m-
parameter polynomial sequence in G and Y is a connected subnilmanifold of X, then
the closure of the sequence g(n)Y, X' = U, czm 9(n)Y, is a disjoint finite union of sub-
nilmanifolds of X, and, if X’ is a single subnilmanifold, the sequence g(n)Y is well dis-

tributed in X’. (That is, for every f € C(X’) and any Fglner sequence (®y) in Z™,
limy oo @_1N| Zn€q>N fg(n)Y fd'ug(”)y - fX’ deX/)

For a subset S C Z™, we define the density d(S) of S by d(S) = limy_ %,
if it exists, and say that a sequence of points (wy,)nezm of a topological space §) converges
to w € Q in density if for every neighborhood U of w, d({n EL™ :wy, & U}) =0.

For the case of multiparameter sequences we get a result similar to Proposition 2.1,
but weaker since the “ordinary” density instead of the uniform density D appears in it:

Proposition 4.1. Let X = G/T" be a connected nilmanifold and let Y = w(H) be a con-
nected subnilmanifold of X, where H is a connected closed subgroup of G. Let g: 2™ — G
be a polynomial sequence with g(0) = 1g such that g(Z™)Y is dense in X, and assume
that G s generated by G° and the elements of g. Let Z be the normal closure of Y in X;
then g(n)Y — g(n)Z — 0 in density.

Proof. The beginning of the proof is the same as for Proposition 2.1, but we will repeat it.
Let L be the identity component of 7~1(Z). Choose Malcev coordinates in G° compatible
with L, and let ) be the corresponding fundamental cube in G°. @ is compact, and is
as well compact with respect to the uniform norm when elements of G are interpreted
as transformations of X. Represent g(n) = t,7, so that 7, € I" and ¢, € Q, n € Z™.
Since Z is normal, v,Z = Z for all n, so that g(n)Z = t,v.Z = t,Z, n € Z™. We have
g(n)Y = t,y,Y, n € Z, and since @ is compact, we only have to show that ~,Y — Z
in density. Let @’ be the fundamental cube of X/Z and let 7: Q) — @’ be the natural
projection. Since the sequence (g(n)Z) is well distributed in X, the sequence (7(t,)) is
well distributed in Q’.

Let V' be a subnilmanifold of Z, connected, of codimension 1 in Z, and with 1x € V;
based on Proposition 1.1, we only need to show that the set {n eZ™m™ :v,Y C V} has
zero density. Let K be the identity component of m=1(V); we have v, H~, ! C L for all
n € Z™, and have to prove that the set S = {n €™y, Hy 1 C K} has zero density.

Since K is a proper subgroup of L and L is the normal closure of H in G there exists
b € G such that bHb~! ¢ K. By assumption, G is generated by G° and g. The group
G° is generated by Q, thus tHt ! ¢ K for some t € Q or g(n)Hg(n)™! ¢ K for some
n € Z™. So, there exists a € H such that tat™! ¢ K for some t € Q or g(n)ag(n)™! ¢ K
for some n € Z™. Let S" = {n EL™ :ypay,t € K}; since S C ', it suffices to show that
d(S’) = 0.

Consider the mapping n(n,t) = t~g(n)ag(n)~'t from Z™ x G° to L; this is a polyno-
mial mapping. Let x be a homomorphism L — R such that K = {x = 0}. Let 6 = yon;
then # is a polynomial, and it is shown above that § # 0. Since K is normal in L, for
any s € L we have 0(n,ts) = x(s7 't 1g(n)ag(n)~1ts) = x(t"tg(n)ag(n)~1t) = O(n,t) for
all t € G°, n € Z'™. Thus, 6 is defined on Z™ x (G°/L): there exists a polynomial §' on
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Z™ x (G°/L) such that 6(n,t) = 0'(n,7(t)), t € G°, n € Z™. Let P be the restriction
of 0 to Z™ x Q'. Now, n € S iff y,avy, ' = t;'g(n)ag(n)~t, € K, iff (n,t,) = 0, iff
P(n,7(t,)) = 0.

Extend P to a polynomial on R™ x @Q'. Write P in coordinates: P(w,u) =
Y aca Qa(w)u®, where A is a set of multiindices and for each a € A, g is a polyno-
mial on R™. Let d = max{deg o, O € A}. For each a € A, let ¢! be the homogeneous
part of g, of degree d. Let ¥ be the sphere {£ € R™ : |¢| = 1} and let = = {5 S
q.(€) # 0 for some a € A}. For every £ € ¥ and a € A, lim,_.o s7%a(s§) = ¢(8),
thus the polynomials Ps(&,u) = s~ ¢P(sf,u) converge as s — oo to the polynomial
pe(u) = 3 caqh(§u® uniformly on ¥ x Q. (Example: for P((wq,ws), (u1,u2)) =
(w3 +wa)u? +waugus + 2wy waus we have pe(u1, uz) = wiud +2wiwaug, & = (w1, ws) € X,
and 2 ={£ € ¥ :pe # 0} = {(w1,w2) € ¥ : w1 # 0}.)

Fix e > 0. For £ € E, let Ne = {u € Q" : pe(u) = 0} and let §¢ > 0 be such that the
set Ne s, = {u € Q" : |pe(u)| < d¢ } has measure < e. Let Ug C E be an open neighborhood
of £ such that [pe(u) — pe(u)| < d¢/2 for all ¢ € Ug and u € Q. Let s¢ > 0 be such that
|s7IP(s¢, u)(u) — pe(u)| < 6¢/2 for all s > s¢, ¢ € Ug, and u € Q. Then for any s > s¢
and ¢ € Ug, {u € Q" : P(sC,u) =0} C Nes,.

Since the sequence u,, = 7(t,,), n € Z™, is well distributed in @', for every £ € E there
exists M¢ € N such that for any M > M, and any v € R™, ﬁ‘{n cev+ [, M™:u, €
Ne s }| < 2e. Ifv € R™ and M € N are such that [v] > s¢++/mM and v+[1, M]™ C R, Uk,
then for any w € v+[1, M]™ we have {u € Q" : P(w,u) = 0} C N¢ 5.. Thus, for such v and
M, 5f=|{n € v+[1,M]™ : P(n,u,) = 0}| < 2¢, and hence, 5= |5’ N (v+[1, M]™)| < 2e.

E =¥\ E is a proper algebraic subvariety of X, therefore there exists a compact set
D C = such that Rt DNZ™) > 1—¢. (Indeed, E can be represented as a finite union
of smooth submanifolds of ¥ of dimension < m — 2, thus it can be covered by a finite
union &£ of open balls with ¢(€) < e0(X), where o is the standard (m — 1)-dimensional
volume on ¥. For such a set £ we have (R ENZ™) =0(E)/0(¥) < e, and for D =X\ E
we have dRyD NZ™) > 1 —¢e.) Let &,...,& be such that Ué‘:1 Ug; 2 D and let
§ = maxi<j<i S¢;, M = maxyj<j< Me,. Let r > s+ vmM be such that for any cube
C=v+[1,M]™ C Ry D with [v| > r we have C C R, U, for some j. Then for any such
cube C' we have ﬁ|5’ NC| < 2e. Thus, d(S’) < 3¢. Hence, d(5') =0. g

Remark. The proof of Proposition 4.1 gives more information about the set S = {n €
YA Ug(n)y f— fg(n)Z f‘ > 5} than just the fact that S has zero density. Actually, the

uniform density of S'is zero, — if we ignore a small set £ of “bad” directions in R™; indeed,
S has uniform density 0 in R (X \ £) NZ™, whereas 0(&) < eo(X).

We say that a mapping ¢: Z™ — C is a basic polynomial d-step m-parameter nilse-
quence of degree < s if there exist a d-step nilmanifold M = J/A, a polynomial mapping
g: 2™ — J of naive degree < s, a function h € C(M), and a point w € M such that
Y(n) = h(g(n)w), n € Z™, and we will say that an m-parameter numerical sequence is
a polynomial d-step nilsequence of degree < s if it is a uniform limit of basic polynomial
d-step m-parameter nilsequences of degree < s. The definitions and facts related to one-
parameter polynomial sequences and nilsequences are translated almost literally to the
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multiparameter case; one only has to use results from [L2] and [L3] instead of the corre-
sponding results from [L1] and [HK2]. (In particular, any (basic) polynomial m-parameter
nilsequence is a (basic) m-parameter nilsequence; see the proof of Theorem B* in [L.2].) In
the same way as we got Theorems 2.5 and 3.1, we now obtain:

Theorem 4.2. Let X = G/T be a d-step nilmanifold, let Y be a subnilmanifold of
X, let g: 2™ — G be a polynomials sequence of naive degree < s, let f € C(X), let
o(n) = fg(n)yfd,ug(n)Y: n € Z™. There exists a basic polynomial d-step m-parameter
nilsequence ¥ of degree < s such that ¢(n) —1(n) — 0 in density.

Theorem 4.3. Let (W,B,u,T) be an ergodic invertible measure preserving system with
(W) < oo, let hy,...,hy € L®(W), let p1,...,pr be polynomials 7™ — 7, and let
o(n) = fW TP Why - TP M hydp, n € ZM. Let the complexity of {p1,...,pr} be c and
let s = max;(degp;); then there ezists a (¢ + 1)-step m-parameter polynomial nilsequence
Y of degree < s such that p(n) —(n) — 0 in density.

5. Appendix

We will show here how Proposition 1.1 can be derived from Green-Tao’s result in
[GT].

We first need to introduce some terminology from [GT]. Let G be a connected nilpo-
tent Lie group with a discrete cocompact subgroup I', and let X = G/T".

A filtration G on G is a finite decreasing sequence of subgroups G = G; 2 G5 D
... 2 Gq 2 Ggq1 = {1¢} with the property that [G;, G;] C G;4; for all 4, j.

For a sequence g: Z — G, “the derivative” dg is defined by (9g)(n) = g(n) " tg(n+1),
n € Z. Given a filtration Go = (G1 2 G2 2 ... 2 Gy) on G, poly(Z,G,) denotes the
group of polynomial sequences g in G with the property that, for each i = 1,...,d, g
takes values in G,

Given a filtration Go = (G1 2 G2 2 ... D G4) on G, a Malcev basis M adapted to
this filtration can be constructed (which means that for any i, M N G; is a basis in G;),
and this basis naturally defines a locally Euclidean metric p on X.

A (horizontal) character on X is a mapping x: X — R/Z induced by a character
on the torus T' = [G, G]\X (or equivalently, by a continuous homomorphism G — R/Z
trivial on I'). A Malcev basis in G defines coordinates (t1,...,%) on T, and in these
coordinates any character x on X has the form mqt; + ...+ myty, (t1,...,t;) € T, with
mi,...,my € Z; the modulus || of y is defined by |x| = |m1| + ... + |my].

Given 6 > 0, a finite sequence (x1,...,xnN) is said to be d-equidistributed in X if
| % ij:l f(@n) = [ fdux| < 8| fllLip for any Lipschitz function f on X, where || f||Lip =

sup| f| + sup, , 2LELW).

The following theorem was obtained in [GT]:

Theorem 5.1. ([GT] Theorem 1.16) Let G4 be a filtration on G and let g € poly(Z,G.).
There exist constants C' and ¢, which only depend on X, such that for any 6 > 0 small
enough and any N € N, either the sequence (g(n))N_, is 6-equidistributed in X, or there is

a nontrivial character x on X with |x| < C6~° such that |X(g(n)) —x(g(n—1)| < Cé6~¢/N
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for allne{1,...,N}.

(In this theorem and below, the “either ... or ...” expression should be understood in the
“Inclusive” sense, that is, that both possibilities may also occur simultaneously.)

(We skipped some details; in particular, there is also a condition on the Malcev basis
chosen in G and so, on the metric on X; this condition is satisfied if § is small enough.)

We do not need much from this very strong “quantitative” theorem. Let X be
connected but G not necessarily connected; represent X as X = G°/(I' N G°). De-
fine the filtrations G = {G1 2 G2 2 ...} on G and G = {G{ O G§ DO ...}
on G° by G; = G, G; = [Gi—1,G] for i > 2, and G¢ = G; NG° ¢ € N. Let
f € C(X), and let ¢ > 0. Choose a Lipschitz function h on X with |h — f|] < /3.
Choose 6 > 0 small enough to satisfy Theorem 5.1 and such that §f||rLip < €/3. Let
X1,---,Xr be the nontrivial characters on X satisfying |x;| < Cd=° Then for any
g € poly(Z,G?) and N € N, either there exists i such that ‘Xi(g(n)lx)—Xi(g(n—l)lx)} <
C6=¢/N for all n = 1,...,N, or | ZnNzl h(g(n)1x) — [y hdux| < 6|/ f|Lip, and
then ’% 25:1 flg(n)lx) — fX fduX} < e. Sending N to infinity, we get that either
Xi(g(n)1x) =1 for some i, or limsupy_ .|+ SN flg(n)ix) — [x fdux| <e.

Now let Y be a connected subnilmanifold of X with 1x € Y. Choose an element a € G
such that the sequence (a™1x)nen is dense in Y. Choose v € I such that ay~! € G°. (Such
v exists since X = G/I" is connected.) Put g(n) = a™y~", n € N; then g(n)lxy = a"1x
for all n, and since g € poly(Z,G,) and g(n) € G° for all n, we have g € poly(Z,GS).
Let x1,...,Xxr be as above, let V! = {x € X : x;(z) = 0}, i = 1,...,r, and for each i,
let V; be the connected component of the nilmanifold V; that contains 1x. We have that
either x;(a™1x) = 1 for some i, or limsupy_, o |+ 25:1 fla™1x)— [y fdux| <e. Inthe
first case, Y C V/, and so, Y C V;; in the second case, since limy_, o % 27]2;1 fla"1x) =
Jy fduy by [L1] (or by one more application of Theorem 5.1), we get that UY fduy —
foduX‘ < . We obtain

Corollary (Proposition 1.1). Let X be a connected nilmanifold. For any f € C(X)
and any € > 0 there are subnilmanifolds V1, ..., V,. of X, connected, of codimension 1, and
containing 1x, such that for any connected subnilmanifold Y of X with 1x € Y, either

Y €V; for somei€ {1,...,r}, or|[, fduy — [y fdux| <e.
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