Multiple recurrence theorem
for measure preserving actions of a nilpotent group

A. Leibman

ABSTRACT

The multidimensional ergodic Szemerédi theorem of Furstenberg
and Katznelson, which deals with commuting transformations, is ex-
tended to the case where the transformations generate a nilpotent

group:
Theorem. Let (X,B, 1) be a measure space with u(X) < oo and let
T1,...,T, be measure preserving transformations of X generating a

nilpotent group. Then for any A € B with u(A) > 0,

N-1
liminf% > u(Ttan.. T mA) >0,

N
— 00 n—0

Our main result also generalizes the polynomial Szemerédi The-
orem in [BL1]. In the course of the proof we describe a relatively
simple form to which any unitary action of a finitely generated nilpo-
tent group on a Hilbert space and any measure preserving action of
a finitely generated nilpotent group on a probability space can be
reduced.

0. Introduction

0.1. We were inspired by the following two theorems:

Theorem T. ([FW]) Let (X, p) be a compact metric space and let Ty, ..., Ty be commuting
homeomorphisms of X. Then for any € > 0 there exist x € X and n € N such that

p(Ti":c,x) <e foreveryi=1,...,k.

Theorem M. ([FK1]) Let (X,B, 1) be a measure space with u(X) < oo, let Ty, ..., Ty be
commuting measure preserving transformations of X and let A € B with u(A) > 0. Then

N-1
s 1 —-n —-n
1]1VH1>1£lofN E_OM<T1 An...NT, A) > 0.
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Theorems T and M are both statements about recurrence. Theorem T asserts that,
given a finite collection of commuting transformations of a compact metric space X, a
point x € X returns to any its neighborhood simultaneously under the action of these
transformations (topological recurrence). It follows from Theorem M that, given a finite
collection of commuting transformations of a probability space X, every set A C X of
positive measure contains a subset of positive measure returning into A simultaneously
under the action of these transformations (measurable recurrence). Since every compact
metric space with an amenable group acting on it possesses an invariant Borel measure,
Theorem T is a corollary of Theorem M. At the same time, Theorem T is an important
component of the proof of Theorem M. Note also that both theorems are well known
classical results in the “single recurrence” case k = 1.

0.2. A natural question is whether multiple recurrence theorems, Theorems T and M,
hold true if the requirement that Ti,...,7T; commute is omitted. An elegant example
of Furstenberg ([F2], Ch. 2) shows that, generally speaking, it is not so even if T3, ..., T}
generate a metabelian group (i.e. a group whose commutator is a commutative group). The
class of nilpotent groups is in a sense closest to that of commutative groups. The following
theorem, extending Theorem T to the case where T1, ..., Tk, generate a nilpotent group,
was proved in [L]:

Theorem NT. Let (X,p) be a compact metric space, let G be a nilpotent group of
homeomorphisms of X, let Ty,..., T, € G and let p; j:7Z — 7 be polynomials satisfying
pij(0)=0,i=1,...,I,j=1,...,t. For anye >0 there exist x € X andn € N such that

p(Ttpi’t(n) .. .Tfi’l(n)x,x> <e foreveryi=1,...,1I.

0.3. Our purpose is to obtain an analogous generalization of Theorem M. We prove:

Theorem NM'. Let (X,B,u) be a measure space with u(X) < oo, let G be a nilpo-
tent group of measure preserving transformations of X (acting on X from the right), let
Ti,...,T; € G, and let p; j:Z — 7Z be polynomials satisfying p; ;(0) =0, i = 1,...,1,
j=1,...,t. Then for any A € B with u(A) > 0,

N-1 I
. 1 i,¢(n) i,1(n)y—1
lleIglilofN ngzo ,u(zl_1| A(TY LTyt ) > 0.

Remark. When dealing with an action of a noncommutative group G on a measure space
X, we will follow the convention that G acts on X from the right. Such an action induces
a natural action of G on functions on X from the left. Clearly, Theorem NM’ remains true
if in the formulation of this theorem G is assumed to act on X from the left.

0.4. Some new, polynomial expressions of the form T} (7 H (") arise in the formula-

tions of Theorems NT and NM’ as compared with Theorems T and M. The “commutative
polynomial” multiple recurrence theorems, where the transformations 71, ...,7T; commute
and such polynomial expressions are present, that is Theorems NT and NM’ with commu-
tative GG, were obtained in [BL1].



0.5. As a matter of fact, we will prove the “uniform and multiparameter” version of

Theorem NM':

Theorem NM. Let (X,B,u) be a measure space with u(X) < oo, let G be a nilpo-
tent group of measure preserving transformations of X (acting on X from the right), let
Ti,....,T; € G, let d € N and let p; ;: Z¢ — 7 be polynomials satisfying p; ;(0) = 0,
i=1,...,1,j=1,...,t. Then, for any A € B with u(A) > 0, there exists ¢ > 0 such that
the set

I
S = {TL € Zd : M(ﬂ A(szt(n) B .T1Pi,1(n)>—1> N C}
=1

is syndetic (that is, has bounded gaps) in Z2.

The commutative version of Theorem NM (that is, Theorem NM with commutative G)
was proved in [BM]. To derive Theorem NM’ from Theorem NM, note that in the case

d =1 one has s = liminfw > (0 and so,

N-1 I
.. 1 i,t(n) i,1(n)y—1
ljl\gglofﬁ nE_O u(!:1| A(TY CLTY ) ) > sc > 0.

0.6. The proof of Theorem NM runs along the lines similar to those of the proof of The-
orem M provided in [FK1] (and the proof of its uniform generalization in [BM]). Namely,
given a measure space X = (X,, 1) and a finitely generated nilpotent group G of mea-
sure preserving transformations of X, we represent X as a transfinite tower of G-invariant
factors:

Xo= (X, {0, X},pu)«— X1 =(X,B1,u) «— ... +— X =(X,Bo,1) «— ... +— X

where for every limit ordinal « the o-algebra 9B, is generated by |J s<a Bp and for every
ordinal « the extension (X,,G) «— (Xqo+1,G) is primitive (see below). Theorem NM is
proved by transfinite induction: we show that if Theorem NM holds for (X,,G) then it
holds for (X,+1,G). This allows us to deal with relatively simple primitive extensions of
dynamical systems only. To clarify what a primitive extension is, let us first consider a
unitary action of a group on a Hilbert space.

0.7. Let G be a finitely generated commutative group. Following [F2], we call a unitary
action of G on a Hilbert space M primitive if a subgroup H of G acts compactly on M
(that is, the orbit Hu of every u € M is precompact in M) and the action on M of every
element of G\ H is weakly mixing (that is, it has pure continuous spectrum). It is easy
to see that for any unitary action of G on a Hilbert space M, M is decomposable into a
direct sum of pairwise orthogonal G-invariant subspaces with a primitive action of G on
each of them. In the case where G is generated by a single operator 7', this decomposition
is M = M(T) ® M™(T), where T has discrete spectrum on M¢(T') and pure continuous
spectrum on M™(T). In the general case, let H be the maximal subgroup of G with
the property that the space M°(H) = {u € M : Hu is precompact} is nontrivial. Then
M¢(H) is closed and G-invariant, and every element 7" of G \ H is weakly mixing on
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M¢(H): otherwise, we could pass to the nontrivial subspace M¢(H) N M€¢(T) and add T
to H. So, the action of G on M¢(H) is primitive; passing to M¢(H )" and using transfinite
induction we can decompose M into the direct sum of such subspaces.

One could expect that the same holds for a nilpotent group G of unitary operators
on a Hilbert space M. The ideal picture would be as follows: M contains a G-invariant
subspace M’ such that a normal subgroup H C G acts compactly on M and for every
T € G\ H the action of T on M’ is weakly mixing. However, some difficulties arise here.
First, it is not obvious that the elements of G acting compactly on a subspace M’ of M
form a group. (It is so, see Theorem 9.10.) Second, the space M¢(T") of vectors on which
an element T' € G acts compactly is not, generally speaking, invariant with respect to G.

0.8. Nevertheless, the following theorem shows that the real situation is quite close to the
ideal one described above (see Theorem 9.4):

Theorem. Given a finitely generated nilpotent group G of unitary operators acting on
a Hilbert space M, one can find a G-invariant subspace M’ C M on which the action of
G is primitive in the following sense: there exists a (not necessarily G-invariant) closed
subspace L C M’ such that the subgroup G, of the elements of G preserving L contains a
normal subgroup H so that

1) H acts compactly on L,

2) every T € G, \ H is weakly mixing on L,

3) the elements of the orbit of L under the action of G (they are in a natural one-to-one

correspondence with the set of left cosets of Gy, in G) are pairwise orthogonal and span
M'.

The action of G on the orbit of L may have cycles. By passing to a normal subgroup
G* of finite index in G we can kill them; then the action on L of every element of G* \ G,
has pure Lebesgue spectrum (see Lemma 9.6).

0.9. Example. Let us give an example of “a primitive action” of a nilpotent group on a
Hilbert space. It is a simple example, but Theorem 0.8 above says that it is quite typical.
Let L be a Hilbert space and let P be a unitary transformation of L with pure
continuous spectrum. Define M as the Hilbert space generated by a family of pairwise
orthogonal copies of L, indexed by Z: M = @, ., Ly, Lr L Ly, for all k # m € Z,
or: Ly == L, k € Z. Lift P to M by P]Lk = ¢; 'oPoyy, k € Z. Let S be “the coordinate
shift” in M: S‘Lk = <p,;i1 o @i, k € Z, and let T be defined by T|Lk = Pk’Lk. Then the
commutator [T, S] = T71S~!TS = P and T, S commute with P, so the group G generated
by 7', S is nilpotent of class 2. The action of G on M is primitive: the subgroup G, of
the elements of G preserving subspace Lg is (T, P) (the subgroup generated by 7" and P),
1) its normal subgroup H = (T') acts identically on L,
2) every element of (T, P) outside of H coincides on Ly with some P™, n # 0, and hence,
is weakly mixing on Ly,
3) and finally, for every element S*T"P™ outside of (T, P) (that is, with k # 0) we have
SkTnP™(Lg) = Ly, L Ly.

0.10. A similar picture can be observed if a nilpotent group G acts on a measure space X
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as a group of measure preserving transformations (see Theorem 11.11):

Theorem. Let G be a finitely generated nilpotent group. Given a measure preserving
system (X, B, u, G) with (X) < oo, one can find a nontrivial G-invariant factor X' of X
on which the action of G is primitive in the following sense: X' is the product of a countable
set H of independent factors, and G transitively acts on H as a group of permutations.
For every Z € H, the subgroup Gz of the elements of G preserving Z contains a normal
subgroup H which acts compactly on Z, and every T' € Gz \ H is weakly mixing on Z.

0.11. Example. The “measure-preserving” version of Example 0.9 is as follows. Let
(Z,®,v) be a measure space of finite measure and let P be a weakly mixing measure
preserving transformation of Z. Let measure space (X, B, u) be the direct product of a
family of copies of Z, indexed by Z: X = [[,.cz Zk, Yx: Zr == Z, k € Z. We will denote
the k-th coordinate of x € X by xy.

Lift P to X by (2P)x = ¢, (¢r(z)P), k € Z, and define S,T: X — X by (z9)), =
or " o pp—1(zr—1) and (#T)g = 21 P*, k € Z. Then [T,S] = P and T and S commute
with P, so the group G = (T, S) is nilpotent of class 2. The action of G is primitive on X.
Indeed, S shifts factors Z; of X: SZy = Zy 11, k € Z, and for every k € Z the subgroup
Gz, = (T, P) preserves Zj. Its normal subgroup Hj, = (T'P~*) is trivial on Z, so every
element of Gz, \ Hy coincides on Zj, with some P™, n # 0, and thus is weakly mixing on
2.

0.12. An extension a: (X,B,u, G) — (Y,D,r, () is a measurable mapping a: X — Y
satisfying v(B) = pu(a™!(B)) for all B € ® and commuting with a measure preserving
action of G on X and Y. Following the scheme of the proof of Theorem M, we deal with
actions of G which are relatively weakly mizing and relatively compact with respect to Y
(see [F2]). In fact, the notion of a primitive action is introduced and Theorem 0.10 is
proved just in this context: Theorem 11.11 says that for any extension a: X — Y there
exists an intermediate G-invariant factor X’ of X such that X’ is an extension of Y with
a primitive action of G on it; we say that X’ is a primitive extension of Y. As a corollary,
every measure preserving system (X, B, u, G) can be represented as a (transfinite) tower
of primitive extensions.

0.13. Given an extension a: (X, B, u,G) — (Y,D,r,G), and under some natural mild
assumptions of regularity on (X,B, 1), a family of measures p,, y € Y, on X is defined
(the measure p,, is localized on the fiber a~!(y), see [F2]). As a result, a family of inner
products (,),, y € Y, measurable and compatible with multiplication by functions from
L®(Y), is defined on the Hilbert space L*(X): (f,g)y = [y fgdpy. We define a Y-pre-
Hilbert space as a module over L>°(Y') equipped with such a system of inner products, and
a Y-Hilbert space as a Y-pre-Hilbert space satisfying the natural conditions of nondegener-
acy and completness (see Section 6). In particular, in the situation described above, any
closed subspace of L?(X) invariant with respect to multiplication by functions from L (Y")
is a Y-Hilbert space. One of the important tools used in the proof of Theorem 0.5 is the
“relativized” version of Theorem 0.8, which deals with the abstract Y-Hilbert spaces (The-
orem 9.4). The reason why we do not confine ourselves to working with closed subspaces
of L?*(X) is that we want to minimize the assumptions under which our statements hold
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true, and that it is more covenient to deal with inner products than with integrals. We do
not develop the theory of Y-Hilbert spaces, but prove (or, at least, formulate) everything
we use in the sequel.

The idea of considering “generalized” Hilbert spaces is not new (see, for example, [I]).
In fact, a Y-Hilbert space can be considered as the set of square integrable sections of a
Hilbert bundle (a Hilbert bundle is a family of Hilbert spaces measurable parameterized by
points of a measure space, see [R]). We have preferred the term “Y-Hilbert space” and a
different approach to these spaces for the following reasons. First, we wished to emphasize
the closeness of this construction to the construction of the conventional Hilbert space: a
Y-Hilbert space is a “relative” Hilbert space, a Hilbert space for which the set of scalars is
the set of measurable functions on a fixed measure space Y, and many constructions and
facts known for conventional Hilbert spaces are transfered to Y-Hilbert spaces. In addition,
it seems to be more natural for us to consider an element of a Y-Hilbert space (imagining
it as a function from L?(X) for some extensioon X of Y) as an entire object, not as a set

of vectors of distinct Hilbert spaces forming a Hilbert bundle over Y. For more details see
21], [22), [F1], [FK2]

0.14. We want to mention two additional difficulties arising in the proof of Theorem NM
in comparison with Theorem M in [FK1]. The first one is that for a noncommutative group
G, G-sequences of the form g(n) = T™ with T' € G do not form a group (with respect to
the element-wise multiplication). If G is nilpotent, we are forced to deal with sequences
of the form g(n) = Ttpt(n) e Tfl(n), where T1,...,7; € G and pq,...,p; are polynomials
with rational coefficients taking on integer values on the integers; just these expressions
arise in the formulations of Theorems NT and NM. We call such sequences G-polynomials.
When G is a commutative group, ergodic theorems dealing with ¢ sequences 17, ..., T}
in G are usually proved by induction on ¢. In the case where G is nilpotent, we have
to involve G-polynomials and use a special induction process (so called PET-induction,
see [B]), based on the fact that every G-polynomial is canceled if one applies to it the
differential operator Dg(n) = g(n)~tg(n + 1) several times.

0.15. The second difficulty relates to “the topological part” of the proof of Theorem NM.
The proof of Theorem M uses Theorem T. To prove Theorem NM we need an abstract,
stronger (Hales-Jewett’s theorem type) version of Theorem NT. In [BL2] such a theorem is
formulated and proved for the case of commutative G. We do not bring the most general
theorem in this paper, confining ourselves to a rather technical result, formulated in the
language of G-polynomials and necessary for our proof of Theorem NM (see Theorem 5.3).
Theorem NT is a simple corollary of this result (see 5.5), and so, we demonstrate here
another way of proving Theorem NT.

0.16. Multiple recurrence theorems, Theorems T and M, provide some important combi-
natorial facts as corollaries. Namely, Theorem T gives a multidimensional generalization
of the known van der Waerden theorem about arithmetic progressions:

Theorem CT. ([FW]) Let d € N and let F be a finite set in Z¢. For any finite coloring
of Z¢ there exist n € N and v € Z¢ for which the set v+ n - F is monochromatic.
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In other words, given a finite coloring of Z%, any finite subset of Z¢ can be found in one color
after being stretched and shifted in a suitable way. Theorem M implies a multidimensional
generalization of the Szemerédi theorem ([Sz]), saying that such a subset can be found in
any set of positive upper density in Z:

Theorem CM. ([FK1]) Letd € N, let F be a finite set in Z%, and let S be a subset of Z¢ of

positive upper Banach density (that is, for some sequence I1 = {Il }ren of parallelepipeds

in 2%, I, = H?Zl{ak,iaak,i +1,...,bk} with by; — ag; k—> 00,1 =1,...,d, one has
—00

limsup % > 0). Then there exist u € Z¢ and n € N such that u+n-F C S.
k—o0

(Van der Waerden’s and Szemerédi’s theorems correspond to the case d = 1.)

0.17. A polynomial version of Theorem CM can be found in [BL1]. In this paper we
establish analogous combinatorial facts, corresponding to Theorem NT and Theorem NM.
Theorem NT gives the following nilpotent van der Waerden theorem (see Theorem 14.2):

Theorem NCT. Let G be a nilpotent group, let Ty,..., T, € G, and let p; j:7Z — 7
be polynomials satisfying p; ;(0) =0,i=1,...,1, j =1,...,t. For any finite coloring of
G there exist n € N and T € G such that the set {Tfi’t(n)...Tfi’l(n)T, i=1,...,1} is
monochromatic.

(Theorem CT corresponds to G = Z% and linear p; ;.)
The nilpotent Szemerédi theorem, obtainable as a corollary of Theorem NM’, is

Theorem NCM. Let G be a nilpotent group, let Ty, ..., T, € G, and let p; j: 7 — Z be
polynomials satisfying p; ;(0) =0, i =1,...,1, j =1,...,t. and let S be a subset of G

of positive upper density (that is with limsup —#(igfk)
k—o0

{®r} in G). There exist n € N and T € G such that Tfi’t(n)...Tfi’l(n)T € S for all
i=1,....1

(See Theorem 14.10.)

Taking as G the group of upper (or lower) triangular matrices with unit diagonal, one
can also obtain some “pure combinatorial”, number corollaries of the nilpotent van der
Waerden and Szemerédi theorems (see Corollary 14.5 and Corollary 14.11).

> 0 for some right Folner sequence
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0.19. Sections 1 — 4 are preparatory. In particular, G-polynomials are introduced and
studied in Section 3 and the PET-induction is described in Section 4. In Section 5 we
formulate and prove an abstract and stronger version of Theorem NT, which is then used
in the proof of Theorem NM. Y-Hilbert spaces and their transformations are defined and
studied in Sections 6 and 7. Sections 8 — 11 are devoted to “the structure theory”. The no-
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tions of a primitive action of a nilpotent group on a Y-Hilbert space and on an extension of
a fixed measure space Y are introduced, and we prove that actions of a nilpotent group are
reducible to primitive actions. Using this structure theory, we prove Theorem NM in Sec-
tions 12 and 13. In Section 14 we derive from Theorems NT and NM’ their combinatorial

corollaries.

Notation:

R+ nonnegative real numbers

Ly nonnegative integers

#A the cardinality of set A

ay...Q;...a Qj...Q;—10;41 ...a (the term a; is left out)

L(II) the size of parallelepiped II (subsection 1.1)

d.(9) the lower Banach density of S C Z? (1.1)

d*(9) the upper Banach density of S C Z4 (1.1)

ds(S) the upper density of set S with respect to Folner sequence ® = {®y}

ess-sup f the essential supremum of function f: if f is defined on a measure space
(X,B, ), ess-sup f = inf{c p({reX: flx)>c}) = O}

Docs Lo the direct sum of a family of linear spaces

Lor the sum of orthogonal subspaces L, L’ of a Hilbert space

Does Lo the sum of a family of pairwise orthogonal linear subspaces of a Hilbert
space

Lol the orthogonal complement of a subspace L’ of a Hilbert space L

Epan(U ) the subspace spanned by subset U of a linear space

U the closure of subset U of a topological space

[es Xo the product (or the relative product) of a family of factors of a measure
space

Hyes Xo the product of a relatively independent family of factors (11.2)

N (u,v) [ Ku,v),|dv (6.10)

Sel((z4)?, Z4)
[T, P]

the set of selection mappings from (Z%)P to Z% (1.5)
the commutator of elements T', P of a group, [T, P] =T-'P~TP

N(H) the normalizer of subgroup H, N(H) ={T : THT ' = H}

(Ty,...Tg) the group generated by T7, ..., Tk

D—}Lim u(n) the limit of sequence u(n) in density (1.3)

u(n) L2u sequence u(n) converges to u in density (1.3)

M> the set of elements of Y-Hilbert space M with bounded norms

M@ M’ the tensor product of Y-Hilbert spaces M and M’ (6.17)

Me(Q) the maximal subspace of Y-Hilbert space M on which set of transforma-
tions @ acts compactly (7.7)

M™(g) the maximal subspace of space M on which sequence of transformations
g(n), n € Z%, is weakly mixing (7.4)

X the space L?(X) of square integrable functions on extension X of a
measure space Y, considered as a Y-Hilbert space (11.1)

A0 the space of essentially bounded functions from X (11.3)

XQ) the factor of measure space X on which @ acts compactly (11.3)



Xe(Q) the space of functions from X on which @ acts compactly (111.3)

D™g the derivative of sequence g with step m, D™g(n) = g(n)"tg(n + m)
(3.13)
elel the group of G-polynomials of d variables (3.1)
e P'G
ng the subgroup of ©ia consisting of G-polynomials vanishing at zero (3.1)
$G(n,m) the group of G-polynomials of variables n, m (3.2)
£0G(n,m) the subgroup of £G(n, m) consisting of G-polynomials vanishing when
n=0(3.2)
w(g) the weight of G-polynomial g (3.8)
Wen)(g) the weight of g with respect to variable n (3.8)
4% the set of weights (3.8)
w(A) the weight of system A (4.3)
Wen)(A) the weight of A with respect to variable n (4.4)
e-spanning set 8.10
e-Y-net 6.19, 6.21
G-polynomial 3.1
Y-pre-Hilbert space 6.1
Y-Hilbert space 6.3
Y-precompact set 6.21
transformation of a Y-pre-Hilbert space 7.1
action on a Y-pre-Hilbert space 7.1
almost all points in Z° 1.4
almost periodic vectors 8.9
basis of a nilpotent group 2.7
ordered basis of a nilpotent group 2.4
basis over a subgroup of a nilpotent group 2.9
complete subgroup of a nilpotent group 2.9
coloring 5.6
compact action on a Y-Hilbert space 7.6
on an extension of a measure space Y 11.3
density of a subset in 7% 1.1
density of a set in an amenable group 8.3
density of a set with respect to a Folner sequence 14.8
extension 11.1
subextension 11.2
factor 11.2
Folner sequence 8.1, 14.8
integral polynomial 3.1
PET-induction 4.5
preceding of systems 4.3
pointwise convergence in a Y-Hilbert space 6.5

primitive action of a nilpotent group on a Y-Hilbert space 9.3



on an extension of a measure space 11.10

selection 1.5
syndetic set in Z° 1.2
thick set in Z4 1.2
relatively independent factors 11.2
set in a Y-Hilbert space of uniformly bounded growth 6.18
uniformly bounded set in a Y-Hilbert space 11.4
senior generator of a G-polynomial 3.8
system 4.1
weight of a G-polynomial 3.8
weight of a system 4.3
weakly mixing action on a Y-Hilbert space 7.3
on an extension of a measure space 11.3

1. Densities

1.1. A parallelepiped in Z% is a set of the form
d
H:H{ai,ai—kl,...,bi}, a; <b;eZ,i=1,...,d.
i=1

The size L(II) of II is the minimum of the length of its edges: L(II) = min;<;<q4(b; —a;+1).

II
Given aset S C Z%, its upper (Banach) densityis d*(S) = limsup m, its lower
L)oo 7
II II
(Banach) density is d.(S) = I}(l%glgo —#(i; ), its (Banach) density is L(llli)rgoo —#(ilrj[ )

(if exists).

1.2. A set S C Z% is syndetic if it does not have arbitrarily large gaps: there exists L € N
such that every parallelepiped II C Z¢ with L(IT) > L contains a point from S: IIN.S # 0.
It is clear that d.(S) > 0 if and only if S is syndetic.

A set A C Z% is thick if it contains arbitrarily large parallelepipeds: for any L € N
there exists a parallelepiped IT C A with L(IT) = L. It is clear that a set is syndetic if and
only if it has a nonempty intersection with every thick set. It is also clear that a thick set
remains thick after deleting any subset of zero density from it.

1.3. A d-dimensional sequence x(n), n € Z%, in a set V is a mapping = : Z¢ — V. We
will often omit the word “d-dimensional”.
Given a topological space V, a sequence v(n), n € Z4, in V converges to v € V in

density, D-limv(n) = v or v(n) Ly v, if for every neighborhood U of v the set {n € Z? :

v(n) ¢ U} is of zero density (see [F2]).
Given a sequence r(n), n € Z9, in R, its upper limit in density is

D-limsupr(n) = sup{r eR:d*({neZ’:r(n)>r}) > O}.

n
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1.4. We will say that a statement holds true for almost all points in Z% if it is true for
all points in Z? but a set of zeroes of a polynomial Z¢ — Z. In particular, for d = 1 it
means “for all but finitely many points”.

Let us note that the set of zeroes of any nonzero polynomial defined on Z¢ is of zero
density. Thus, if a statement is true “for almost all n € Z?”, then it is also true “for all
n € Z¢ but a set of zero density”.

1.5. Given d,p € N, for any P C {1,...,p}, P # 0, we will call the linear surjective
mapping n: (Z?)? — Z? defined by

n(m) :Zmi, m=(my,...,mp), Mi,...,My e 74,

a selection. The set of all selections (Z4)? —s Z? will be denoted by Sel((Z4)P,Z%), it is
finite for any d,p € N.

The sum (ng + no): (Z)Pr @ (Z4)P2 — Z? of selections ny € Sel((Z?)P1,Z%), ny €
Sel((Z4)P2,Z%) is a selection as well: ny + ny € Sel((Z%)Pr+pz, 74).

1.6. Lemma. Letd,p € N and let A C Z¢ be thick. Then

N= [ n»n'ncz®

n€Sel((Z4)p,Z%)

18 thick.

Proof. First, note that for any thick set Ag C Z? there exist m1,ma, ... € Z% such that
> icp™Mi € Ag for every finite nonempty P C N. (That is, Ag contains an IP-set in
the terminology of [F2].) Indeed, take m; € Ag, then find a parallelepiped II; C Ag
with L(IT;) > 2|m;| and take mo to be the center of I} (or a point of Z¢ nearest to
the center). We have mg,my + mg € Ag. Then find a parallelepiped Il C Ag with
L(Il3) > 2(Jmq]| + |m2]), and choose mg to be the center of II5, and so on.

Let L € N be given. Choose a thick set Ag C A satisfying
Ao+p-{0,...,L -1} CA.

Find my,...,m, € Z% such that Yiepmi € Ag for every P C {1,...,p}, P # 0, and
put m = (my,...,mp) € (Z%)P. Then n<m + ({0,...,L — 1}d)p> C A for any n €
P

Sel((Z)P,Z%), that is the parallelepiped II = m + ({0,...,L — 1}%)", whose size is L, is
contained in A’. g
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2. Bases in a nilpotent group

We collect here, mostly without proofs, some simple assertions concerning nilpotent groups.
For more details see, for example, [KM].

2.1. Let G be a group. For Q1,...,Qr C G, (Q1,...,Qk) denotes the subgroup of G
generated by Ule Q;. Given T, P € G, the commutator of T, P is [T, P| = T"1P7'TP,
the commutator of two subsets Q1,2 C G is the subgroup <{[T, P|:Te@, Pce Q2}>.

2.2. A group G is called nilpotent if it has a finite central series, that is a finite sequence
of normal subgroups {1} =Gy C ... C Gy = G with [G;,G] C G;_1,i=1,...,t.

It is easy to see that any finitely generated nilpotent group is a factor of a finitely
generated torsion-free nilpotent group. Thus, every representation of a nilpotent group
can be lifted to a representation of a torsion-free nilpotent group. Using this fact, we will
deal in our considerations with torsion-free nilpotent groups only.

From now on G is a finitely generated torsion-free nilpotent group.

2.3. The first fact which we need is that G has a central series whose factors are infinite
cyclic groups:

{1g}:G0g...th:G, Gi+1/G12Z,i:1,...,t.

2.4. An ordered basis (11,...T;) of G is an ordered subset of G satisfying the following
conditions:

1. every P € G can be uniquely represented in the form P =T} ... T{", a1,...,a; € Z,
2. for every 1 <i < j <t the commutator [T;,T;] € (11,...,T;—1).

Any nilpotent group G always has an ordered basis: one can take T;,7 = 1,...,t, such that
for a central series {1g} = Go C ... C G; = G with infinite cyclic factors, G; = (T3, G;_1).

2.5. Let (T1,...,T%) be an ordered basis. Put Gy = {1¢}, G; = (Th,...,T;),i=1,...,t.
Then Gy C ... C Gy = G are normal subgroups of G with G;/G;-1 ~ Z, i = 1,...,t,
(Th,...,T;) is an ordered basis of G;, 1 < i <t, and (T;41Gj,...,T;G;) is an ordered basis
Oij/Gi, 1<i<y <t

For some P, € G,_1 put T] = T;P;, i = 1,...,t. It is clear that (77,...,7}/) is an
ordered basis of G as well. In particular, since for all R € G one has R™'T;R = T;[T;, R]
with [T}, R] € G;—1, i = 1,...,t, it follows that (Rl_lTlRl,...,Rt_thRt) is an ordered
basis of G for any Rq,...,R; € G.

2.6. Given an ordered basis (T1,...,T;) of G, we have a coordinate mapping a: G — Z!
defined by

a(P) = (ay(P),...,a;(P)) for P =T/ ") 1)

This mapping is polynomial in the following sense:

Lemma. (See, for example, [KM].) There exist polynomials f;: 72~ — 7, i =1,...,t,
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and fl: 7Y — Z,i=1,...,t, such that

ai(Png) = ai(Pl) + CLZ'(PQ) + fz (aiJrl(Pl), . .,at(Pl),ai+1(P2)7 e ,at(P2)>,
a(P") =na;(P) + f] <a2+1( ), - ..,at(P),n>,

for every P, Py, P, € G, n € Z.

2.7. (T1,...,T}) is a basis of G if for some permutation o of {1,...,t}, (T, ..., Toe))
is an ordered basis of G.

It follows from 2.5 that, given a basis (T1,...,T;) of G and elements Ry,..., R; € G,
(R{'TyRy,...,R;'TyR,) is a basis of G as well.

2.8. An important fact is that the multiplication in G remains polynomial with respect to
any (not necessarily ordered) basis in G:

Proposition. Let (T1,...,T;) be a basis of G. Then any P € G can be uniquely repre-
sented in the form P =T/ ... T{"", a1,...,a; € Z.
The coordinate mapping a: G — 7! defined by

a(P) = (ay(P),...,a,(P)) for P =T} ")
is polynomial: there exist polynomial mappings F: 7% — Zt, F': 7! — 7 such that
a(P1P,) = F(a(Py),a(P)), a(P") = F'(a(P),n),

for every P, Py, P, € G, n € Z.

Proof. We already have this statement for every ordered basis by Lemma 2.6. Our task
is to show that the statement holds true if we permute elements of an ordered basis. Let
o be the permutation of {1,...,t} for which (T5(1),...,T,)) is an ordered basis.

First of all, let us prove existence and uniqueness of the representation P = T, ... T}
for every P € G. Using induction on ¢, we may assume that every P € G /(Ty(1)) can be
uniquely represented in the form P = T T/a(\1) JIT modulo Ty, that is every
P € @ can be uniquely represented in the form P = T .. Tg(l) IMmT 51()1) Since T, (1)
commutes with each T1,...,T;, we have P = T} .. .Tf‘l.

We have to prove now that for 77 ... T = T ... TOTP ... T and T/ ... T =
(Ttat .. .Tl‘“)n, ¢1,...,c; are polynomials of ay,...,as,b1,...,b;, and dy,...,d; are poly-
nomials of ay,...,as,n. Of course, one could do this directly, utilizing the commutator
calculus. We will use Lemma 2.6 instead.

Applying Lemma 2.6 several times, we reduce the problem to the following: for P =

Ttbt . le1 T“(tt) T“(ll), bi,...,b; are polynomials of aq,...,a;. Using an induction on
. bs

k =t,...,1, we may assume that in the representation P = Tibt” "'Tikij__lTO'(k) T§E1)

with {igy1,...,0} = {o(k+1),...,0(t)} and & > ... > ipq1, by, yy-- -, b3y 1,00, are

polynomials of aq,...,a;. We have now to move T gﬁk) to its proper place.
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Namely, let i; > o(k) > 4;—1. It is enough to prove that in the representation

_ b bi; e bij_y bij 1 di—1 d
P=T"...T, ‘Tg’(“k)TZ-l_l V. To(k—l) e Ta(ll)
di,...,dg_1 are polynomials of b, ,...,b;,,c1,...,cx. But

di— d bi;_ b c Cl— c
Toty Ty = [T T T [ To6 ) Tl € Doy, Toe),

and the required fact follows from Lemma 2.6, applied a number of times. g

2.9. We will say that an ordered subset (S1,...,Ss) of G is a basis of G over H if there
exists a basis (Rq,...,R,) of H such that (Ry,...,R,,S1,...,Ss) is a basis of G. When
this is the case, by Proposition 2.8 every P € G can be uniquely represented in the form
P=5S"...SRwithRe Hand a; €Z,i=1,...,s.

We will say that H is complete (in G) if a basis of G over H exists. A one-to-one
mapping from the set of left cosets of H in G onto Z? is naturally defined in this case. The
following lemma is trivial.

Lemma. If H' is complete in H and H is complete in G, then H' is complete in G. If
H is complete in G, then for every T € G, THT ™! is complete in G. If H is a normal
subgroup of G, then H is complete in G if and only if G/H is torsion-free.

2.10. Proposition. Let H be a subgroup of G. Then there exists a normal subgroup G*
of finite index in G such that H N G* is complete in G*.

Proof. Choose an ordered basis (T1,...,T;) in G. We will look for a sequence dy,...,d; €
N such that, for every k =1,... ¢
a) The group G = <Tldl, e ,Tg‘“) is normal in G, and (Tldl, o ,T,‘j’“) is a basis of G7.
b) Either there exists Pr_; € Gj_; such that Tg’“Pk_l € H, or T,j’“”Pk_l ¢ H for all
ne€Z,n#0,and all P, € Gj_;.

We will do it by induction on k; put G = {1g}. Assume that for some 0 < k < t the
numbers dq, ..., d; have already been chosen.

Lemma. There exists ¢ € N such that [G, Tkﬁrl} c Gy

Proof. It is enough to find ¢ € N such that [T\, T, ;] C G}, for every T =T1,...,T;.
Represent [T, T¢_ ;] in the coordinate form:

[T, T, ) =T 1),

Since [T,T¢, ;] = 1g, the polynomials py,...,p, have no constant terms: p;(0) = ... =
pr(0) = 0, and their coefficients are rational numbers. Hence, if ¢ € N is divisible by
d; and by all denominators of the coefficients of p;, i = 1,...,k, then d; divides p;(c),
i=1,....,k. m
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Now we have two possibilities:
a) There exist n € N, P, € G}, such that w1 Prx € H. We put dg41 = cn in this case.
b) Tgh Py ¢ H for all n € N and P, € Gj. Since [T}, ,,G;] € G}, it also implies
Tkjf{lPk ¢ H for all n € N and P, € Gi. We put dp41 = c.

In both cases the group G7_ | = (Tldl, . ,T,fj_’{l> is normal in G and (Tldl, . ,T:ﬁl) is a

basis of G}, ;. So, the step of the induction process has been done.
Now, put G* = G} = (Tldl, . ,Ttdt>. G™ is a normal subgroup of index d; ...d; in G.
Denote

I = {1 < k <1t :there exists P,_1 € Gj_; such that R} = T,f’“Pk_l € H}

Then (Tid", 1 ¢ I) is a basis of G* over H N G*. (And (Rk = T,f’“Pk_h k€ I) is a basis

2.11. In conclusion, we introduce one more piece of notation. Given a subgroup H C G,
T € G normalizes H if THT-! = H. Elements normalizing H form a subgroup of G
called the normalizer of H. We will denote it by N(H):

N(H) = {T €G:THT ™' = H}

H is normal in N(H), and N(H) is the maximal subgroup of G with this property.
The orbit of H under the left conjugation action of G is in a natural one-to-one
correspondence with the set of left cosets of N(H) in G: THT ! ++ TN(H), T € G.

3. G-polynomials

Sequences of the form {T"}, cza, T € G, do not form a group if G is a noncommutative
group. The element-wise products of such “power” sequences are examples of what we will
call G-polynomials. An operation of differentiation is defined on G-polynomials; a specific
property of a nilpotent group G is that this differentiation cancels any G-polynomial after
being applied finitely many times. So, an induction process on the “degree” (or the weight,
see subsection 3.8) of a G-polynomial can be used.

We have a standard problem with notation, namely: given a mapping g, what is g(n)?
Is it the mapping g itself or the value of g at a point n? We will more or less follow the
rule: if n is not specified beforehand or immediately afterwards, then g(n) is a mapping
whose argument is n.

3.1. For d € N, an integral polynomial of d variables is a polynomial mapping Z¢ — Z (it
may have rational coefficients). We denote the ring of integral polynomials of d variables
by 7.

The group of G-polynomials of d variables ©?@ is the minimal subgroup of the group
GZ* of d-dimensional sequences Z¢ —s G which contains the constant sequences and is
closed with respect to raising to integral polynomial powers: if g, h € ©?G and p E @d,
then gh, g? € §°G, where gh(n) = g(n)h(n) and g?(n) = g(n)?™, n € Z4. We will also
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denote © = 9!, G = ©'G. The elements of G are called G-polynomials. G itself is a
subgroup of @G and is represented by constant G-polynomials.
G-polynomials vanishing at zero form a subgroup of oG ; we will denote this subgroup

by 94G:
pla = {g € 9%G 1 g(0) = IG}.

3.2. In order to specify arguments of G-polynomials we will sometimes use the notation
P(ny,...,ng) and PG(ny,...,ng), ny € Z49, ... ny € Z%, for pdittdi gng Gt Fdx
respectively. A polynomial p € £(n,m) and a G-polynomial g € £G(n,m), n € Z%,
m € Z%  can be considered respectively as a polynomial and a G-polynomial of argument
n with coefficients from §(m). Fixing m we obtain a polynomial and a G-polynomial of
n: for any m € Z% we have p(n,m) € £(n) and g(n,m) € £G(n).

By £0G(ny,...,nx) we will denote the subgroup of £G(n,...,nk) consisting of G-
polynomials vanishing at zero at the first argument:

£oG(ny,...,ng) = {g € PG(ny,...,ng): g(0,n9,...,nk) = 1g}.

3.3. Let (T1,...,T}) be a basis of G.

Lemma. Fvery g € QG can be uniquely represented in the form
g=TF ... " (3.1)

with p; € P, i=1,...,t.
In particular, g € @gG if and only if p1(0) = ... =p:(0) = 0.

Proof. Since G-polynomials are defined inductively, it is enough to check that g=!, gh
and g, p € €%, can be represented in the form (3.1) if g,h € ©?G can. But this is a
corollary of the polynomiality of the multiplication in G (Proposition 2.8). Uniqueness of
representation (3.1) follows from uniqueness of the decomposition of an element of G with
respect to the basis. g

3.4. Corollary. Let g € PG(n,m), h € PG(n), n € Z%, m € Z%. Then either
g(n,m) = h(n) for every m € Z%, or g(n,m) # h(n) for almost all m € Z%.
In particular, for g € Oh@G, T € G, either g=T or g(n) # T for almost all n € Z%.

Proof. The polynomials py,...,p; in the representation (3.1) are polynomials of n whose
coefficients are polynomials of m. And each of these coefficients either is constant, or for
every a € 7Z it is not equal to a for almost all m € Z9. -

3.5. Given an ordered subset £ = (S1,...,Ss) of G, we denote by ©?E the set of G-
polynomials of the form S?=... S p; € @d, 1=1,...,s.

Let H be a complete subgroup of G and let E = (Sy,...,Ss) be a basis of G over H.
Then any g € 072G can be uniquely represented in the form g = ¢’h with ¢’ € OE ,and h
being an H-polynomial: h € Q% H.
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3.6. Proposition. Let H be a complete subgroup of G. If g € PG(n,m), n € Z%,
m € 2%, and g ¢ OH(n,m), then g(n,m) & £H(n) for almost all m € Z.

In particular, if g € ©'G and gé ©UH, then g(n) € H for almost all n € Z4.

Proof. Let F be a basis of G over H. Represent g in the form g = ¢’h with ¢’ € £ FE(n, m),
h € §H(n,m). Since g & ¥ H(n,m), ¢’ is nontrivial. By Corollary 3.4, ¢’ is not equal to
1¢ for almost all n € Z¢. -

3.7. The following simple technical corollary will be used below.

Corollary. Let H be a complete subgroup of G and let g1, g2 € @gG.
a) If T, T, € G, Tfng ¢ H, then g1(n)TLH # go(n)ToH for almost all n € Z°.
b) If T € G and g~ Lgo & Q(THT 1Y), then g1 (n)TH # go(n)TH for almost all n € Z°.

Proof.

a) The G-polynomial g(n) = T 'g1(n) 1g2(n)Ty does not belong to £7H as g(0) =
T, 'Ty ¢ H.

b) THT ' is a complete subgroup of G as well, so g7 '(n)ga(n)(THT ') # THT " for
almost all n € Z¢. g

3.8. We fix from now on an ordered basis (71,...,7;) of G. We also denote Gy = {1¢},
G’L - <T1,...,TZ'>7/I:: 17...7t.

For g € §°G, g # 1¢, let 1 < k < t be such that g € Gy, g & £°Gy_1. Then g
can be uniquely represented in the form g = 17¢’, p € O p#£0, g € 9°Gr_1. We say
that T} is the senior generator of g. The weight of g, w(g), is the pair (k,degp); we put
w(1lg) = (0,0) = 0. If g is considered as a G-polynomial of several variables, g € G (n, m),
we also define the weight of g with respect to n, w,)(g), as the pair (k, deg,)p) where
deg,,) p is the degree of the polynomial p(n, m) with respect to the variable n.

Define an ordering on the set W of all weights, that is on the set of pairs (k,a),
0 < k<t acZy, lexicographically: (k,a) is greater than (I, b) if either &k > [, or k = [
and a > b. The set VW becomes well ordered under this ordering.

3.9. Lemma. Let g € 9°G and w(g) = (k,a).

Ifr € 9% then w(g”) = (k,a+ degr).

If g, h € 9°G with w(h) < w(g), then w(gh) = w(hg) = w(g).

If g € QLG, then for any n € 24, w(g(n)) < w(g).

Proof. Pass to the factor group G’ = G/Gr—1. In G’ we have g = T} with p # 0,
degp = a, h = T with degq < a. Hence g" = T, gh = TP in G, and the first two
statements follow.

If additionally ¢g(0) = 1¢, then p(0) = 0, and since p is nontrivial we have a = degp > 0.
At the same time, for any n € Z%, p(n) is a constant and so w(g(n)) < (k,0). g

3.10. Let g1,92 € pla. Represent g; and g in the form g; = Tlfjjg; with p; # 0,
g;- € @dej_l, 7 =1,2. We will say that g, is equivalent to go and write g1 ~ go if k1 = ko

and the leading terms of p; and ps coincide. We obtain an equivalence relation on pdG,
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and g1 ~ go implies w(g1) = w(gz2). Thus, we may define the weight of an equivalence class
in ©°G as the weight of any of its members.

3.11. Lemma. Let g,h € 9°G.

a) For any m € Z¢, g(n +m) ~ g(n).

b) gh ~ hg.

c) hgh=™! ~ g.

d) If w(h) < w(g), then gh ~ g.

e) If w(h) = w(g) and h ¢ g, then w(gh) = w(g).

f)Ifg € 971G with ¢ ~ g and g & h, then h='g' ~ h™1g.
g) If h ~ g and h # 1¢g, then w(h™1g) < w(g).

Proof. Let w(g) = (k,a). First of all, ¢) is a corollary of b), and we may assume w(h) <
w(g) in b). Thus, we may confine ourselves to g, ¢, h € £°G.

Passing to the factor group G’ = G /Gj—_1, we reduce the problem to that for poly-
nomials: here the weight of a G-polynomial is defined by the degree of the corresponding
polynomial, and two G-polynomials are equivalent if the leading terms of the corresponding
polynomials coincide. In this context the statement of the lemma becomes clear. g

3.12. Given g1,g92 € $G(n,m), we say that g is equivalent to go with respect to n if
weny (g1 "g2) < weny(g1). All the considerations in subsection 3.10 are carried onto this
“with respect to n” case. In particular, the weight w,) of the class of G-polynomials
equivalent with respect to n is defined.

3.13. The differentiation with step m € Z¢ is the mapping D™: G — G2 acting by the
rule D™ (g)(n) = g(n)~'g(n +m).

It is clear that the operation of differentiation preserves the group of G-polynomials:
for g € @dG, m € Z%, we have D™g € G, A key property of G-polynomials is that they
vanish after a finite number of differentiations. This follows from the following lemma.

Lemma. For g € §°G, g # 1¢, and for any m € Z¢,
w(D™g) < w(g).

Proof. Indeed, by Lemma 3.11, g(n+m) ~ g(n) and so, w(g(n)_lg(n+m)> <w(g(n)). m

4. Systems of G-polynomials and PET-induction
4.1. A system is a finite subset of £G.

4.2. Recall that as described in subsection 3.8, the set of weights WV is well ordered. Denote
by € the set of functions W — Z, having finite support. €2 is well ordered too by the
rule
for wi,ws € Q, wy = wsy if there exists w € VW such that
wi(w) > wa(w) and wy (w') = we(w') for all w’ € W with w’" > w.
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To make this ordering clearer, let us write w € €2 in the form of the list

(w(wl)wl, e ,w(wp)wp>,
where wy > ... > w, and w(w) = 0 for all w & {wy,...,w,}. Then, for a, # b,
<a1w1, ey Qg1 Wg—1, AqWyq, - - ,apwp) >~ (alwl, ey g1 We—1, bgWg, . . . ,bpwp>

if and only if a; > b,.
4.3. For every system A C #°G we define its weight w(A) € Q:

w(A)(w) = {the number of equivalence classes of weight w having a nonempty
intersection with A.

We will say that a system A’ C §°G precedes A if w(A) = w(A").

2 2 2 2 4
Example. The weight of the system {S}O”HO,Sf” +8”,Sl7” +7",Sf” +4,S;‘ _2811” =5,

2 3 3_o,2 9 _r, 2 3 2 5 3 2 3,2 11_ .
Sg +2n5? +11,S§n 2n S;)n 5n ’Sg +4n +n5«15n +5,S§ +2n 75«; +n —&-nS{L n} is (2(2,3),

1(2,2),2(1,2),1(1,1)).
4.4. In the same way, the weight of A C @d(n, m) with respect to n is defined by

Wi (A)(w) = the number of classes of elements of A equivalent with respect to
() ~ | n whose weight with respect to n is w.

We will say that a system A" € §2G(n, m) precedes A with respect to n if wi,) (A") < wm)(A).

4.5. The PET-induction is induction on the well ordered set 2. That is, if a statement is
true for the system {1} and if one can deduce that the statement holds for a system .4
from the assumption that it is true for all systems preceding A, then we can assert that it
is true for all systems.

The following lemma is the main tool used in the PET-induction.

Lemma. Let A C 9°G be a system.

1) If A" C G is a system consisting of G-polynomials of the form ¢' = h=1gh for g € A
and h € §°G, then w(A') < w(A).

2) If A is a system consisting of G-polynomials of the form ¢’ = hg and g = gh for
g€ Aand h € 9°G with w(h) < w(g), then w(A') = w(A). In particular, if A C 9LG
and A’ consists of G-polynomials of the form ¢'(n) = g(no) tg(n + ng) and ¢g'(n) =
g(n+ng)g(no)~! with g € A and ng € Z2, then A' C 921G and w(A') < w(A).

3) Let h € A, h # 1, be a G-polynomial of weight minimal in A: w(h) < w(g) for all
g€ A. If A" is a system consisting of G-polynomials of the form ¢’ = h='g and ¢’ = gh™!
for g € A, then w(A') < w(A).
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Proof. All this is a corollary of Lemma 3.9 and Lemma 3.11. In both 1) and 2), every
element of A’ is equivalent to some element of A and hence, the number of equivalence
classes of each weight can not be greater in A’ than in A.

In 3), the equivalence classes in A change when we pass to A’, but the equivalence
of elements is preserved and their weights remain the same. The only exception is the
equivalence class containing h; it is replaced by equivalence classes having smaller weights.

4.6. An analogous fact holds if we deal with “weights with respect to n”. The following
lemma can be proved in the same way as Lemma 4.5.

Lemma. Let A C £G(n,m) be a system.

1) If A/ C §G(n,m) is a system consisting of G-polynomials of the form g’ = h=tgh for
g€ Aandh € PG (n,m), then w)(A") = we)(A).

2) If A" is a system consisting of G-polynomials of the form ¢’ = hg and g’ = gh forg € A
and h € 9°G with winy(h) < wey(g), then wpy(A') = wmy(A). In particular, if A C
©0G(n,m) and A’ consists of G-polynomials of the form g'(n) = g(no(m))~tg(n+mne(m))
and g'(n) = g(n + no(m))g(no(m)) =t with g € A and no(m) being a polynomial mapping,
then A" C £oG(n,m) and wip)(A) = wi)(A).

3) Let h € A, h # 1¢, be a G-polynomial whose weight with respect to n is minimal in A:
Winy(h) < wpny(g) for all g € A. If A’ is a system consisting of G-polynomials of the form
g =h7lg and g' = gh™" with g € A, then w(,)(A") < wem)(A).

5. An abstract topological recurrence theorem

In the course of the proof of Theorem NT in [L] no properties of natural numbers as
arguments of G-polynomials were used, except the fact that one can add them together.
It follows that Theorem NT can be generalized and formulated for G-polynomials whose
arguments are elements of a commutative semigroup. We will not do this here because of
the too extensive preparatory work required (see [BL2| for the case of commutative G).
However, in order to prove Theorem NM, we need a stronger statement than Theorem NT.
This section is devoted to obtaining such an intermediate theorem.

5.1. First of all, we describe the environment in which we will formulate and prove The-
orem 5.3 below. As before, G denotes a finitely generated torsion-free nilpotent group.
An ordered basis of GG is assumed to be fixed and so, the weights of G-polynomials and
systems are assumed to be defined with respect to this basis.

We fix d € N and a group Z ~ Z¢ We fix letter “n” as a formal variable taking
values in Z: “a mapping F'(n)” will mean “a mapping F' from Z”. In particular, groups
of G-polynomials of argument n, £G(n) ~ G and £,G(n) ~ QLG are defined.

We also fix an infinite alphabet M. Denote by F (M) the set of all finite nonempty
subsets of M. For every a € M let Z, ~ Z% be a group. (To be more formal, we
assume that Z, Z, (a € M) and all their products are pairwise disjoint sets.) For every
m € F(M) define Z,, = @,cpm Zas Zm =~ (Z4)#™. As a formal variable in Z,, we will
use the same symbol m: “a mapping F(m)” will mean “a mapping F from Z,,”. In
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particular, for m € F(M) the group of G-polynomials £G(m) is defined, for pairwise
disjoint myq,...,my € F(M) the group £G(myq, ..., my) is defined.

5.2. For my,my € F(M) with m; C my there is a natural embedding £G(m1) C £G(ms).
Thus the limit group G (M) = U,,c 7 G (m) is defined.

Let Nym € F(M), NNm =10, let g € §G(n,N). Then for any polynomial mapping
n(m): Z,, — Z, in particular, for any selection n(m) € Sel(Z,,, Z), one has g(n(m),N) €
©G(m, N).

5.3. Let (X, p) be a compact metric space and let the group #G(M) act on X.

Theorem. For any system A C §yG(n,N), N € F(M), and any € > 0 there exist
m € F(M), mNN =0, and a system B C §oG(m, N) such that for any x € X there exist
h € B and a selection n(m): Z,, — Z for which

p(9(n)hz, hz) < e for every g € A.

(To simplify the notation we write g(n) instead of g(n, N) or g(n(m),N).)

5.4. Proof. Let A € £,G(n,N) and £ > 0 be given. We will use the PET-induction on
the weight of A with respect to n. The statement is trivial for the system {1¢}, and so,
we have the beginning of the induction process.

5.4.1. Let k € N be such that there are two points at a distance less than £/2 among
any k + 1 points of X. Let g9 € A be a G-polynomial whose weight with respect to n
is minimal in .A. We may assume that .4 does not contain constant G-polynomials and,

thus, gg # 1¢.

5.4.2. Let
€

Ao = {gmao(n) " g€ A}, co= 5.

By Lemma 4.6, A precedes A with respect to n. Thus there exist mg € F(M) with
mo N N =) and a system By C §¢G(mg, N) such that for any x € X there exist hy € By
and ng € Sel(Z,,,, Z) such that

p(f(no)hox, hoa:) < gg for every f € Ap.
Denote
A = {(go(no)_lho)_lg(no)_lg(n +ng)go(n)~* (go(no)_lho),

g c .A, ho € Bo, ng € Sel(ZmO,Z)} C @Go(n,mo,N),

9

and choose 0 < g1 < €/2k such that the inequality p(y1,y2) < €1 implies p(eyy, eys) < o

for all
e = g(no)go(no)’lho € PG(mo,N), g€ A, hg € By, ng € Sel(Zy, Z).
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By Lemma 4.6, A; precedes A with respect to n. Thus there exist m; € F(M) with
m1 N (meUN) =0 and a system By C §¢G(mq, mg, N) such that for any x € X there
exist hy € By and n; € Sel(Z,,,, Z) such that

p(f(nl)hlzv, hlx) < e forall f e A;.

Continue this process: assume that numbers ¢y, ...,e;_1, sets mo,...,mj_1 € F(M)
and systems B; € §G(m;U...UmogUN), 1 =1,...,j — 1, have already been chosen.
Denote

A ={(g0(n5-1)"" - g0(n0) ho .. By 1)
gnj_1+ ... +n) tgn+n;_1 + ... +ni)go(n)?
(gg(n]-_l)_l ..go(ng) tho ... hj_l)7
for i=0,....5—1, g€ A, hy € By, ni € Sel(Zu,, Z), l:O,...,j—l}
C PGo(n,mj_1,...,mo,N),

€
and choose 0 < e; < £/2k such that the inequality p(y1,y2) < €; implies p(ey, eys) < YA
for every

e = g(nj_l + ...+ nz) (go(nj_l)_l .. .go(no)_lho . ..hj_1> c @G(mj_l, e ,mO,N),
i=0,...,5—1, g€ A h B, njeSel(Z,,,Z2), 1l =0,...,5—1.

By Lemma 4.6, A; precedes A with respect to n. Thus there exist m; € F(M) with
mj N (mj_1 U...UmogUN) =0, and a system B; C §9G(mj,..., mg, N) such that for
any x € X there exist h; € B; and n; € Sel(Z,,,, Z) such that

p(f(n;)hjz, hjz) <e; for all f € Aj.
We continue this process up to 7 = k. Then we put

m:mkU...UmOEf(M),
B = {g()(nj)_l...go(n())_lho...hk, h; € B;, n; ESGl(Zmi,Z), 1=0,...,k, j= 1,,k‘}
C@OG(m,N).

5.4.3. Let x € X be given.
Put yx, = x. There exist hy € By and ny, € Sel(Z,,, , Z) such that

p(f (ne) iy, hieyk) < ep for all f € Ay.
Put yx—1 = hryr. There exist hy_1 € Br—1 and ni_1 € Sel(Z,,, _,, Z) such that
p(f(nk—1)he—1Yr—1, he—1yr—1) < x—1 for all f € Ay_1.

Continue the process of choosing y;, h; and m; up to j = 0. We have in particular
Yo :hohkx
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5.4.4. Put
.',Ej = gg(nj)_l . .go(no)_lyo, j = 0, . ,i.

Lemma. Forany0<i<j<k
€ . .
p(g(nj +...nip1)z), 3;) < %(3 —1), g€ A (5.1)
Proof. Indeed,

p(hity - 13 go(no) .. go(nj 1)
~1 _ _ _
g(nj_l +...+ ni+1) g(nj +...+ ni+1)go(nj) 1go(nj_1) Lo go(no) ho ... hj—1hjy;,
hjyj> < E&j.

By the choice of ¢},

p((g(nj_l +...+ n¢+1)go(nj_1)_1 .. .go(no)_lho e hj—l)h;jl e halgo(no) .. .go(nj_l)
g1+ ...+ nip) " tglng + o+ nic)go(ny) " tgo(nj—1) 7t go(no) " ho - by,

— _ S
(g(nj_l +...+ ni+1)g0(nj_1) 1 .. .g()(TLo) 1h0 . hj_l)hjyj> < ﬁ

We have consequently

p(g(nj + oo+ nia)g0(m) " ogo(no) e - by,
_ _ g
g(nj_l—f—...—l—niﬂ)go(nj_l) 1...g0(n0) lhohkﬁl?) < —,

that is
€

p(g(nj 4+ ...+ ni+1)xj,g(nj_1 4+ ...+ TLH_l)Ij_l) < ﬁ

(In particular,

Clearly, this implies (5.1). g

5.4.5. By the choice of k, there are 0 < i < j < k for which p(z;,x;) <
(5.1) this implies

. Coupled with

Do | ™

p(g(nj + .. .n¢+1):1:j,a:j) <eg,

that is
p(9(n)hz, hz) <,

where
n(m) =n;(m;) + ...nip1(mis1) € Sel(Zpm, Z),

h(m) = go(nj(m;)) ™" ... go(no(mo)) " ho(mo) . . . hx(my) € B.
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5.5. Proof of Theorem NT. Now let us show how Theorem 5.3 implies Theorem NT.
The statement of Theorem NT concerns the part of a nilpotent group G generated by the
finite set {T4,...,T:} only. Since any finitely generated nilpotent group is a factor of a
finitely generated torsion-free nilpotent group, we may assume as before that G is a finitely
generated torsion-free nilpotent group.

Define a mapping ¢: §G(M) — G by

where S1,...,5; € G and pq, ..., p; are integral polynomials of variables mq,...,m; € M.
That is, ¢ is defined by putting all variables from M to 1. We obtain an action of £G(M)
on X by gxr = ¢(g)z. Define G-polynomials g;(n) = Tlpi’l(n) .. .Ttpi't(n), i=1,...,1,and a
system A = {g1,...,91} C §0G. Given € > 0, find m € F(M) and a system B C §&oG(m)
satisfying the conclusion of Theorem 5.3. Fix any € X and find h € B and a selection
n(m): Zy, — Z such that p(g;(n)hz,hz) <e,i=1,...,1. Then the point 2’ = hx € X
and the number n’ =n(1,...,1) € N satisfy the conclusion of Theorem NT. g

5.6. Now we will derive a “coloring” corollary from Theorem 5.3; this corollary (Theo-
rem 5.9 below) will be used in the proof of Theorem NM.

Given a set H and r € N, an r-coloring of H is a mapping from H into an r-element
set. We fix in this section such a set Q, #Q = r.

The set of all r-colorings of H, Q¥ is compact in the product topology. If H is
countable, H = {h;};cn, then Q¥ can be metrized by

i, x2) = (minfi € N () # xa(he)}) xasxe € Q.

If H is a group, then the (right) action of H on itself induces a continuous (left) action
of H on Q":
(hx)(R') = x(W'h), h,h' € H, x € Q".

5.7. Applying Theorem 5.3 to the compact metric space of r-colorings of £G(M) (under
the notation of Section 5), we obtain the following statement.

Corollary. Letr € N. For any system A C §0G(n) and any € > 0 there exist m € F(M)
and a system B C §0G(m) such that for any r-coloring x of $G(M) there exist h € B and
a selection n(m): Z,, — Z for which x is constant on the set {g(n)h: g € A}.

Proof. Indeed, if p(g(n)hy, hx) is small enough, then x(g(n)h) = g(n)hx(1ls) = hx(1lg) =
x(h), forallge A. gu
5.8. Certainly, h in the formulation of Corollary 5.7 can be placed on the left of g as well:

Corollary. Letr € N. For any system A C £0G(n) and any € > 0 there exist m € F(M)
and a system B C §0G(m) such that for any r-coloring x of $G(M) there exist h € B and
a selection n(m): Z,, — Z for which x is constant on the set {hg(n): g € A}.
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Proof. Put A" = {g7! : g € A}, find m and B’ satisfying the statement of Corollary 5.7,
applied to the system A’, and put B = {h'~!: h' € B'}.

Let a coloring x of #£G(M) be given. Define a coloring x’ of £G(M) by X'(f) =
x(f™1), f € PG(M). By Corollary 5.7, there exist b’ € B’ and a selection n(m): Z,, — Z
such that y is constant on the set {¢’(n)h’ : ¢’ € A'}. Put h = K=, Since x(hg(n)) =
X' (g(n)~'h’), x is constant on {hg(n): g € A}. m

5.9. Now note that the formulation of Corollary 5.8 deals with colorings not of all G (M)
but of $G(m) only, and even of a finite subset of £G(m). Consequently, we have:

Theorem. Letr € N. For any system A C £0G(n) and any € > 0 there exist m € F(M)
and a system B C §0G(m) such that for any r-coloring x of the set

{hg(n) g€ A, heB, ne Sel(Zm,Z)}

there exist a G-polynomial h € B and a selection n(m): Z,, — Z for which x is constant
on the set {hg(n):g € A}.

6. Y-Hilbert spaces

From now on, (Y, 9, v) will be a measure space with v(Y') = 1. In this section we introduce
the notion of a Y-Hilbert space: it is, so to say, a relative Hilbert space, a Hilbert space over
the ring of measurable functions on Y (cf. [I], inner product modules, and [R], [Z1], Hilbert
bundles). We also consider the simplest notions and constructions related to Y-Hilbert
spaces.

6.1. A Y-pre-Hilbert space M is a module over the ring L*>°(Y") equipped with a nonnegative
inner product (,): M? —s L1(Y): for u,v € M a function (more exactly, an equivalence
class of functions) (u,v) € L'(Y) is defined and, for every u,v,v’ € M, p,v € L=(Y), one
has

1) (u+u,v) = (u,v
2) {pu, ) = ppiu,
3) (u,v) = (v, u),

4) (u,u) > 0.

The value of the function (u,v) at a point y € Y (defined modulo sets of zero measure in Y)
will be denoted by (u,v),. The norm ||ul| € L*(Y) for u € M is defined as ||u|| = (u,u)z,

its value at y € Y is ||ull, = (u,u)] .

)+ (s v),

)

6.2. Let M be a Y-pre-Hilbert space. Every set A € © defines a nonnegative inner
1
3

product (,)4 on M by (u,v)a = [,(u,v),dv. We put |julla = (u,u)3. In particular,
1
(.00 = i ey, Jully = (S N2 = [l ey

6.3. The metric on a Y-pre-Hilbert space M is defined by the norm || ||y. It is clear that
multiplication by functions from L*°(Y') is continuous in this metric.
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A Y-pre-Hilbert space M is a Y-Hilbert space if (,)y defines on M the structure of a
Hilbert space, that is if M is complete with respect to || ||y, and ||ully = 0 implies u = 0.

6.4. Examples.

6.4.1. Let Y be a single-element set, Y = {y}, Then L'(Y) ~ L°°(Y) ~ C, and thus, any
Y-Hilbert space is a conventional Hilbert space.

6.4.2. M = L*(Y), (u,v) = uv.

6.4.3. Let (Z, €, n) be a measure space, n(Z) < oo, let (X, B, u) be the product (Y, D, v) x
(Z,&,m). Take M = L?(X). For u,v € M choose their representatives i, %, and for
pel>Y),yeY,zeZput (uv), = [,u(y,2)o(y,z)dn and (pu)(y, 2) = p(y)u(y, 2).
Since uv € L'(X), (u,v), is defined for almost all y € Y and (u,v) € L*(Y). Clearly, M is

a Y-Hilbert space. In fact, it is easy to see that any Y-Hilbert space is a “disjoint union”
of Y-Hilbert spaces of this special form.

6.5. Let M be a Y-pre-Hilbert space. We say that a sequence uy,us,... € M converges
to u € M pointwise if the sequence of the functions |u; — ul|,||ue — u|,... pointwise
converges to 0. If a sequence uy,us,... converges to u € M, then some its subsequence
Uk, , Uk, , - - . cOnverges to u pointwise. Moreover, it is easy to see that every sequence
fundamental in M contains a pointwise fundamental subsequence. It is also clear that if
two pointwise fundamental sequences w1, us, ... and vy, vs, ... are equivalent, that is if they
define the same point in the topological completion of M, then the sequence w1, vy, us, vo, . ..
is also pointwise fundamental. This shows that the completion of M, whose elements are
equivalence classes [{uy}] of fundamental sequences {uy} in M, inherits the structure of a
Y-Hilbert space: to define (u,v) for u = [{ug}], v = [{vk}], pick up pointwise fundamental
subsequences {ug,} and {vg, } and put (u,v) to be the pointwise limit of (ug,,vk,) while
i — 0.

6.6. From now on, M will be a Y-Hilbert space.

If M is L?>(Y) (see example 6.4.2), its elements, remaining in M, can be multiplied not
only by functions from L*°(Y), but also by suitable unbounded functions. This suggests
the following definition:

Let u,v € M, let ¢ be a measurable function on Y. We say that v = u if for all
ceR,14,v=(14a,0)u, where A, ={y Y :p(y) <c}.

Lemma. Letu € M and a measurable function ¢ on'Y be such that o||lul| € L*(Y). Then
wu € M (that is, there is v € M such that v = pu), and ||pul| = |¢|||u||.

Proof. Let Ay = {y € Y : p(y) < k}, put vy = (1a,p)u, k = 1,2,.... Then for I > k,
v — U = (1A1\Akgp)u, and so

lor — villy = / o(y)[2llul2dv < / o) ul2dy —s 0.
l\Ak v k— o0

Ag

Hence, the sequence vq,vs, ... is fundamental in M, and its limit v satisfies the conclusion
of the lemma. g
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6.7. Corollary. Letu € M, let A={y €Y : |ull, # 0}. Thenu/|u|| = (Lallul| " )ue M
is defined and ||u/|ull|| = 1a.

6.8. Corollary. Let u,v € M and a measurable function o on'Y satisfy v = @u. Then
lau = (1ap v, where A= {y €Y : p(y) # 0}.

Proof. Indeed, u’ = (14~ !)v exists by Lemma 6.6, and ||o(1au—u')|| = |p|[|1av—14v|| =
0. It follows that ||[14u — u'[| = 0 on A; since also 1y\41lau = 1y\4u’ = 0, we have
[lau—u|| =0,and so lyu=v". g

6.9. A submodule N C M, that is a subset of M invariant with respect to multiplication
by functions from L*>(Y’), will be called a subspace of M. The sum of two subspaces and
the closure of a subspace of M are subspaces of M as well. A closed subspace of M is a
Y-Hilbert space.

6.10. For u,v € M we denote by A (u,v) the L'-norm of (u,v):

NG 0) = ([ (0] 1 ey = / [, v}, |dv.

The proof of the following proposition is immediate:

Proposition. For any u,u’,v € M, p € L=(Y)
&) Jull? = N, u).

b) N(u,v) >0,

) N(u+u',v) < N(u,v) + N, v),

d) N (u,v) = N (v, u),

e) N(u,v) < [[ully[[v]ly,

f) N (pu,v) < ess-sup(|p|)N (u, v).

In particular, N is continuous on M x M.
6.11. Two vectors u,v € M are Y-orthogonal, u Ly v, if {(u,v) = 0, that is if N(u,v) = 0.
The Y-orthogonal complement N1v = {v € M : v ly uforanyue N } of a subset

N C M is a closed subspace of M.
Example. Let A€ ®,let N =14-M = {l u:u € M}. Then N*-v = Iy\a - M.

6.12. The following lemma shows that for subspaces of M the Y-orthogonality coincides
with the conventional orthogonality; this allows us not to distinguish between these notions.

Lemma. Let N be a subspace of M and let w € M be orthogonal to N: (u,v)y =0 for
allve N. Thenu Ly N.

Proof. Let v € N. Denote

—(u,v>y if (u. v
o) = { Tuopy] T 0w 70

0, otherwise.
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Then ¢ € L*>®(Y) and
N(u,v) = / |(u, v)y|dv = /@(u,wydu = /(u, YUY dv = (u, pv)y = 0.

6.13. Corollary. Let N be a closed subspace of M. Then M = N QO N+v.

6.14. We say that a system S of vectors in M is orthonormal if (v,v’) =0 for all v,0" € S,
v # v/, and for every v € S, ||v|| = 14, for some A, € © with v(A,) > 0. By the Zorn
lemma, there is a maximal (in the sense of inclusion) orthonormal system in M; we call ev-
ery such system an orthonormal basis of M. If B is an orthonormal basis of M, then the set

of finite linear combinations L = {gplvl + o ORVE P1, e ok € LO(Y), vp, .. vk € B}

is dense in M. Indeed, if u were a nonzero vector in L, we could add the vector u/||ul|
(see Corollary 6.7) to B. Moreover,

Lemma. Let B be an orthonormal basis of M. Then everyu € M s uniquely representable
wn the form u = 22021 Yrvk, where v1,va,... € B are pairwise distinct and nonzero func-

tions 1, s, ... € L*(Y) satisfy w‘Y\Ak =0, where A, ={y € Y : ||lvg|l, # 0}.

Proof. Uniqueness of such an expansion for u is evident from the equality (u,v,,) =
22021 ¢k<vk> Um> = 1Am1/}m-

For € > 0, let distinct vq,...,v, € B be such that ||u — >y gokkaY < ¢ for some
O1y- s om € L=(Y). Let N be the closure of the subspace of M generated by vy, ..., Up,.
Put v = (u,v;), k= 1,...,m. Then ||¢| < |Jull||lvk]l < ||ul|, and so, Y € L*(Y), k =
1,...,m, and by Lemma 6.6, v’ = >_;" | ¥pvy is defined. Since u — v’ L vg, k=1,...,m,
u’ is the orthogonal projection of w onto N, and so, ||u — u'|ly < €. Decreasing ¢ and
increasing N, we obtain a series > -, (u, vg)v), converging to u. g

6.15. Corollary. Under the conditions of Lemma 6.14, i, = (u,v), k = 1,2,..., and
lull® = 3252, [w]? in LH(Y).

Proof. ||ul]? = > ki1 Vetr(ve, v1) = 2ol W m

6.16. Now we will describe two constructions of Y-Hilbert spaces. The first one is given
by the operation of complex conjugation: M = {u : v € M} with (u,v), = (u,v), and
ot = pu is a Y-Hilbert space.

6.17. The second construction is the tensor product of Y-Hilbert spaces. We denote by
M the subspace of M consisting of vectors whose norms are essentially bounded: M> =

{u € M : |ul € LOO(Y)}. It is clear that M is dense in M. Let M’ be another Y-
Hilbert space. Then M @ M'™ = M ®pe(yy M'™ with the inner product given by
(ug @ ul, us @ ub) = (ug,us)(uy, ub) is a well defined Y-pre-Hilbert space.

Lemma. The introduced inner product is nondegenerate on M & M'": for nonzero
w € M>® @ M'™ one has ||w|| # 0.

28



Proof. Let szZZlui@)u;, Uty .. up € M Ul ..o u) € M. Let N and N’ be the

closed subspaces of M and M’ spanned by wq,...,u; and uj,...,u] respectively. Choose
orthonormal bases vi,...,v, in N and vf,...,v,,, in N’, then ur, = Y 1| @ vi, U =
’
m / / _ _ / _ / : /
Dim1 PhyVis k=11, where @ = (uk, vi), @) ; = (uy,v5), and, since [Jugl], [Juy|| €

L>(Y), allcpkz,goﬁweLoo( yk=1,...,0,i=1,...,m, j—l ...,m'. We have then

W= 1<i<m Pk, ;Vi ® V), and Hw||2 Y i<i<m |901c i1k, m
1<5j<m/’ 1<5<m/’

We will call the Y-Hilbert space obtained by the completion of M> @ M’ the tensor
product of M and M' and denote by M @ M’. If B and B’ are orthonormal bases in M
and M’ respectively, then {v v :veB, veB withvev #£ 0} is an orthonormal

basis in M ® M’. Tt follows that every element w of M ® M’ is representable in the
form w = 22:1 Yi Vi @ V%, V1,02, ..., B, v, 05, .., B and if we put u; = Z;; Vi V%,
i=1,2,..., in the form w =" v; ® u;.

Examples.
1. If Y is single-element and so, M and M’ are conventional Hilbert spaces, then M ® M’
is the completion of the tensor product M Q¢ M’.

2. f M = L?(Y x Z) and M’ = L*(Y x Z') (see example 6.4.3), then M @ M’ =
L?(Y x Z x Z'), it corresponds to the relative product Y x Z x Z' of the measure spaces
YXxZandY x Z'.

6.18. For u € M, b € R, denote B, = {y € Y : |lull, > b}. It is clear that for every
u € M, ||lul|lg,, — 0 when b — co. We say that a set U € M has uniformly bounded
growth if for any € > 0 there exists b € R such that |jul/p,, < ¢ for all u € U.

The following lemma is one of the main technical tools in our further considerations.

Lemma. Let u(n), n € Z%, be a sequence in M with uniformly bounded growth and
satisfying
D-lim D-limsup N (u(n + m), u(n)) = 0.

Then, for any v € M, N(u(n),v) - 0.

Proof. The proof is based on an analogous proposition taking place in the “absolute” case
(that is, where M is a Hilbert space), Lemma 4.9 in [F2]. This lemma is formulated for the
case of one-dimensional sequences only, d = 1, but its proof can be verbatim transferred
to the case d > 2.

Let us assume first that u(n) € M, n € Z9% and there exists b € R such that
ess-sup ||u(n)|| < b, n € Z¢. Then for n,m € Z<,

N (u(n),u(n +m)) /| u(n+m))y|dv > = =) /} (n+m)>y{2dv
bQ (u(n), u(n +m)), (u(n), u(n +m)),dv

— b%/<u(n) ®a(n),u(n—|—m) ®ﬂ(n+m)> dv = b_12<w<n>aw(n+m)>y’

Y

29



where w(n) = w(n) ® @(n) is a bounded sequence of elements of M ® M, considered
as a Hilbert space with the inner product (,)y. By Lemma 4.9 in [F2], the equality
D-lim D-limsup|(w(n), w(n+m))y | = 0 implies D-lim(w(n),w’)y = 0 for all w’ € M ® M.

Since
(w()v®v>y—/ )®u()v®v du—/‘ v>y|2dy
> ([ ltun). o Jav)” =l v,
we obtain that D—}LimN( u(n),v) = 0.

Now, for general v and u(n), n € Z%, the condition that u(n), n € Z%, have uniformly
bounded growth implies that for every € > 0 there are v' € M and v/(n) € M>, n € Z4,
with ||[v — V'|ly < &, |lu(n) — ¥/ (n)|ly < ¢ and ess-sup |[v/(n)|| < b, n € Z4, for some
bER. g

6.19. Givenu € M and e > 0, aset V C M is an e-Y-net for uif [ min,ey [|u—v|[2dv < 2.

Lemma. Let V C M be an e-Y-net for u € M and let |[v' — ully < e. Then V is a
2e-Y-net for u'.

Proof. Since for any f,g € L*(Y) one has [ |f + g|?dv < 2<f |fIPdv + [ |g[2dy>,

: / 2 / . 2
[l = ol < [ (= ull, + i o))
< 2(/ |lu’ — u||§du + /min |lu — v||§dy) < 4e?.
veV
6.20. Lemma. Let a finite set {vy,...,vx} be an e-Y-net for u € M. Then

k
lally < 3 (ol + 2ljeslly ) +¢2

=1

and, for allw e M,
k

N(u,w) <> N(vi,w) + elwlly.
=1
Proof.

2 2 . 2 2
Jully = [ Nl < [ min, (= w2+ 200 = vy | + )
k k
< [ i, (e =l + 2= willy 3 sl )av + 3 [ o la
j=1 j=1
1/2 12 F
< [ min u—vl du+22< i, — i) (/ijugdy) +;/Hz}jy|§dy
]:
<&+ Z(zeuvjuy + o)

j=1
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N(u,w) = /‘(u,w)y‘du S/ min <‘(u—vi,w>y| + ‘(vi,w>y‘>dy

1<i<k
= ) 1<i<k
‘ L \1/2 L\ 12 k
< ( 1r§ni1£1k\|u—vi\|ydy> (/HwHydu) +Zl/|(vj,w)y‘du
J:
k

<ellwlly + D N(vj,w).
Jj=1 [ ]

k
< [ min Hu—viHwaHde—i—/Z|(vj,w)y‘du
j=1

6.21. Given aset U C M and € > 0, aset V C M is an e-Y-net for U if V is an e-Y-net
for every u € U.

A set U C M is Y-precompact if for any € > 0 there exists a finite e-Y-net for U.
Y -precompactness is weaker than precompactness: it is clear that any precompact subset
of M is Y-precompact(in particular, any finite subset of M is Y-precompact). The inverse
is not true generally speaking; it follows from Lemma 6.20 however that any Y-precompact
set is bounded.

6.22. We can even say more.

Lemma. Let a set U C M be Y-precompact. Then for any € > 0 there exists 6 > 0 such
that for any B € © with v(B) < § and any u € U one has ||ul|p < €.

Proof. For ¢ > 0, let {vy,...,v;} be an e-Y-net for U, and let § > 0 be such that
|villp < e/k and ||lv;||% < €2/k for any B € D satisfying v(B) < 6. Then by a modification
of Lemma 6.20, for any u € U

k
lully < 3~ (il + 2eljvillz) +2* < 42

i=1
u

6.23. The following lemma demonstrates that Y-precompactness is “an inner property”:
Lemma. Let M be a separable Y-Hilbert space and let a set U C M be Y-precompact.
Then for any € > 0 there exists a finite e-Y-net for U, contained in U.

Proof. (It is unexpectedly long.) Given £ > 0, using Lemma 6.22 find 0 < § < &2 such
that B € ©, v(B) < 20 implies |lu||p < € for all u € U. Let {v1,...,vx} be a §-Y-net
for U. For each u € U, 1 < i < k denote A, ; = {y €Y : minj<i<g ||lu — villy < \/3},
Ai = Upep Auis and A, = U5, A, ;. We have v(A,) > 1 — 4.

Choose a countable family {u;},;cn dense in U. Then we also have A; = U;’;l Ay, i for

each i =1,...,k. Choose K € N so big that for A, = Uszl Ay, i one has v(A;\ A)) < d/k.
Let now u € U. Denote A; ; = A, ;N A}, i=1,...,k. Then for any y € A, ; we have

nin o= ujlly < lu—villy + min o = ugly < 2V5.
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On the other hand, since A, C Ule A; we have

k k
B, =y \[J4,, cr\ayulJ(4an 4),
=1 1=1
and so, v(B,) < 2. Hence,
i, [lu ~ ;v < | min w2 + (ullp, +mlls,)
1<j<K Eoag  1SSK

< 46 + 4e? < 82, n

7. Weakly mixing and compact actions on a Y-Hilbert space

7.1. A transformation T of a Y-Hilbert space M is a pair (Ty,Th;) where Ty is a measure
preserving transformation of Y, y — yT', and T}, is a linear self-mapping of M, u — T'u,
that satisfy:
a) (Tu, Tv) = T(u,v), u,v € M,
b) T'(pu) = TeTu, p € L>=(Y), u € M,
where, for a function f on Y, the function T'f is defined by (T'f)(y) = f(yT). We will
follow the convention that transformations of M act on Y from the right and on elements
of M from the left.

It is clear that any transformation T' preserves the forms (,)y and N: (Tu,Tv)y =
(u,v)y, N(Tu,Tv) = N(u,v) for u,v € M.

We say that a set @ acts on M if a mapping from ) into the set of transformations
of M is given. If a one-element set {T'} acts on M, we say that T acts on M. A group G
acts on M if a homomorphism of G into the group of invertible transformations of M is
given.

Remark. In the terminology of [R], [Z1], the transformations we defined are cocycle rep-
resentations of (Y,Z) on M. We have preferred the term “transformation” as a neutral
one.

7.2. Examples.

7.2.1. If Y is a single-element set, Y = {y}, then M is a Hilbert space and its transfor-
mations are its isometries.

7.2.2. If M = L?(Y), its transformations are the isometries of this Hilbert space induced
by measure preserving transformations of Y.

7.2.3. Let (X,B,u) = (Y,D,v) x (Z,&,n), let T be a measure preserving transformation
of X which also preserves the fibers of the projection m: X — Y: m(z1) = m(z2) implies
m(x1T) = w(x2T). Then T induces a measure preserving transformation of Y by (7 (z))T =
7(zT), and the natural action of T on L?(X) is a transformation of this Y-Hilbert space.
Note that not all transformations of L?(X) are obtainable in this way (compare with the
absolute case: though any Hilbert space is isomorphic to L?(X) for a suitable measure

space X, not all isometries of L?(X) result from measure preserving transformations of
X).
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7.3. From now on, M will be a separable Y-Hilbert space.
Given a sequence g(n), n € Z4, of transformations of M and a vector u € M, we say
that the action of g on u is weakly mixing or g is weakly mizing on wu if g(n)u “weakly

converges to zero in density”: N (g(n)u,v) L2, 0 for all v € M. We say that g(n) is
weakly mizing on N C M if g(n) is weakly mixing on every v € N. If T is an invertible
transformation of M, we say that T is weakly mizing on w € M (on N C M) if the
sequence g(n) =T", n € Z, is weakly mixing on u (on N).

Examples.

1. If Y is single-element and so, M is a conventional Hilbert space and its invertible
transformation 7" is a unitary operator on M, then T is weakly mixing on M if it is weakly
mixing on M in the usual sense, that is if 7" has pure continuous spectrum.

2. Let M = L*(Y x Z), let T be an invertible measure preserving transformation of Y’
and S be a unitary operator on L?(Z). Lift T to M by T(pf) = TpSf for ¢ € L>*M)
and f € L?(Z). Then T is weakly mixing on M if and only if S is weakly mixing on the
Hilbert space L?(Z), that is if T' is weakly mixing in the usual sense “on the fibers” of M
(in the terminology of [Z2] and [F2|, T' is relatively weakly mixing).

Note that our weak mixing is stronger than the “absolute” weak mixing: (g(n)u,v) REN

0 in L'(Y) implies (g(n)u,v)y 2,0, and so, if a sequence g(n) is weakly mixing on M,
then g(n) is weakly mixing on the Hilbert space M with the inner product (,)y.

7.4. For a sequence g(n), n € Z4¢, of transformations of M, we define
M*®(g) = {u € M : g is weakly mixing on u}

It is clear that M™(g) is a closed subspace of M. If T is an invertible transformation of
M, let M (T) = Mw(T", n e Z).

The following elementary lemma shows that the property “a sequence g is weakly
mixing on v € N” is an “inner” property of the vector w.

Lemma. Let g(n), n € Z%, be a sequence of transformations of M and let N be a closed
subspace of M invariant with respect to all g(n). Then N*(g) = M*(g) N N.

Proof. Let u € N¥(g). For v € M, let w € N be the orthogonal projection of v onto N.
Then by Lemma 6.12, N'(g(n)u,v) = N(g(n)u,w) for all n € Z¢. g

7.5. The following lemma is the main tool when we deal with “polynomial” weakly mixing
sequences.

Lemma. Let g(n), n € Z%, be a sequence of invertible transformations of M and let
u € M. If for almost all m € Z% the derivative sequence D™g = g(n)~1g(n+m) is weakly
mixing on u € M, then g is weakly mizing on u.

Proof. Denote u(n) = g(n)u, n € Z%. Then, for n,m € Z<,

N (u(n +m),u(n)) = N(g(n+m)u, g(n)u) =N (g(n) " g(n+ m)u,u) = N (D"g(n)u,u).
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For all m but a set of zero density in Z¢ we have D-lim N (D™ g(n)u,u) = 0, hence
D-lim D-limsup A (u(n 4+ m),u(n)) = 0.

It is also clear that u(n), n € Z%, have uniformly bounded growth. By Lemma 6.18 it
follows that D-lim N (u(n),v) =0 forallv e M. g

7.6. Given a set () acting on M, we will say that Q) acts compactly on u € M if the set
Qu = {Tu, T e Q} is Y-precompact, and that @ acts compactly on N C M if @) acts
compactly on every u € N. If T is an invertible transformation of M, T' acts compactly on
ueM (on NCM)if {T™, n € Z} does.

7.7. For a set Q acting on M, we will denote
Me(Q) = {u € M : @ acts compactly on u}

By Lemma 6.19, M¢(Q) it is a closed subspace of M. When T is an invertible transfor-
mation of M, we will M°({T™, n € Z}) by M(T).

Since the property to be Y-precompact is an “inner” property of a set (see Lemma 6.23),
we have

Lemma. Let a set Q) act on M and and let N be a subspace of M invariant with respect
to the action of Q. Then N¢(Q) = M°(Q) N N.

7.8. Proposition. Let a subset U C M be Y-precompact and let a set () act compactly
on U. Then the set QU = {Tu, T € Q, u € U} is Y-precompact.

Proof. Let {vy,...,vx} C U be an e-Y-net for U, and let wy,...,w; be an £/k-Y-net for
Ule Qu;. Then, for any u € U, T € Q,

k
min HTu—wiH?}dyg/ min HTu—ijHZdu—l— E /min | Tv; —windV
1<i<I 1<j<k —~ ] 1<i<i

]_

) 5 1/2 & ) ) 1/2 )

+2 </ min, | Tu — TUijdMy) Zl< Jnin, | Tv; — wiHde> < 4e”.
]:

|

7.9. Corollary. Let a set Q1 act compactly on v € M and let a set Q2 act compactly on
M. Then Q20Q1 = {121y, Ty € Q1, T € Q2} acts compactly on u.

7.10. Corollary. Let G be a group acting on M and let H be a subgroup of G of finite
index. Then M°(G) = M°(H).

Proof. Let Q C G be any finite set containing representatives of all left cosets of H in G.
Then @, being finite, acts compactly on M, and G = QH. g

7.11. Corollary. Form € Z, m # 0, M¢(T™) = M(T).
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7.12. Corollary. Let G be a group acting on M, let Hy and Hy be subgroups of G
such that Hy acts compactly on M and Hy acts compactly onu € M and normalizes Hs:
Hy C N(Hz). Then the group H generated by Hy and Hy acts compactly on u.

Proof. Any element T of H can be written in the form T = T37T; with T} € H; and
T5 € Ho. ]

7.13. Lemma. Let G be a group acting on M, let QQ be a subset of G and let T € G.
Then TM¢(Q) = M<(TQT™1).
Proof. For u € M¢(Q), TQT'(Tu) = TQu is Y-precompact. g

7.14. We are going now to establish some facts concerning relations between weakly mixing
and compact actions.

Proposition. Let a sequence g(n), n € Z¢, of transformations of M be weakly mizing on
M and let a sequence h(n), n € Z4, of transformations of M act compactly on u € M.
Then the sequence g(n)h(n), n € Z%, is weakly mizing on u.

Proof. For € > 0, choose an e-Y-net {wy,...,wy} for {h(n)u, n € Z?}. Then, for any
n € Z4, the set {g(n)wi,...,g(n)wy} is an e-Y-net for g(n)h(n)u. So, by Lemma 6.20, for
any v € M and any n € Z¢

k

N (g(n)h(n)u,v) < ZN(g(n)wi,v) +e|lv|ly-

=1

Since N (g(n)w;,v) L250,i=1,...,k wehave D-limsup NV (g(n)h(n)u,v) < el|v||y. Since
e is arbitrary, D-im A (g(n)h(n)u,v) =0. g

7.15. Proposition. Let g(n), n € Z%, be a sequence of transformations of M. Then
M*(g) L M*(g).

Proof. Let v € M™(g), u € M*(g); we have to prove that N (u,v) = 0.
For ¢ > 0, let {wy, ..., w} be an e-Y-net for gu. Then, for any n € Z¢, by Lemma 6.20

k

N(u,v) = N(g(n)u,g(n)v) < ZN(wi,g(n)v) +e|lv]ly-

=1

Since /\/'(wi, g(n)v) =N 0,7=1,...,k, this proves that A/ (u, v) is smaller than any positive
number, and hence is zero. g
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8. Weakly mixing action of an amenable group

In this section we bring a theorem (Theorem 8.4 below) saying that, for actions of a
countable amenable group G on a Y-Hilbert space, the notions of compactness and weakly
mixing are complementary. We will use this fact in the cases where G is commutative or
nilpotent, but its proof remains the same in the general amenable case.

In this section, let M be a separable Y-Hilbert space.

8.1. Let G be a countable group. A sequence ®1,®P,, ... of finite subsets of GG is called a

O TAD
#(2uTADk) — 0 for every T' € G. Groups having a Folner

(right) Folner sequence if 3, e

sequence are called amenable.

8.2. Commutative and nilpotent groups are amenable: a sequence of parallelepipeds

1,1, ... C Z' with L(II) k—) oo provides us with an example of a Folner sequence
—00

in Z'. Now, let G be a finitely generated torsion-free nilpotent group, let (T1,...,T;) be
an ordered basis in G. Then G is identified with Z (as a set, not as a group of course)

by the coordinate mapping (77" ...T{"") + (n1,...,ns) (see subsection 2.6). Let numbers
ar; <bp; €Z,1=1,...,d, k€N, satisfy the conditions
bri — aki

) — forallp >0, i=t—1,...,1, (8.1
|ak,i+1|P + [bgiv1 [P + 1 e 0 OT AP t (8.1)

then the sequence of parallelepipeds

bt —ary —> o0
k— o0

t
Il = H{ak,iaakz,i +1,...,b5} CZ' k€N,
i=1
is a Folner sequence in G. This easily follows from the fact that the multiplication in G
in coordinates (nq,...,n:) is polynomial. Indeed, fix T" € G. The mapping Mr:G — G,
P+ PT, acts on points of Z! by the rule

MT<(7’L1,...,TL7§)> = (n1+f1(n2,...,nt)7...,nt+ft)

for some polynomials f;(n;y1,...,n¢), i = 1,...,t, (see subsection 2.6). Let C € R, p € N
be such that

|fi(ni+1,...,nt)‘ <C(|ni+1\p—|—...—|—|nt\p—|—1) for any ny,...,n; € Z,i=1,...,t.

A point n = (ny,...,ns) € Iy can leave Il under the action of My only if for some
1 <i <t either 0 < n; —ai,; < |fi(ni+1,...,nt)‘ or 0 <bg; —n; < |fi(ni+1,...,nt)’.
Hence

#11, B # 1

t  maxper, C’(|ni+1|p + o4 meP + 1)
<oy

# MU ALL) o # (ML \ 1) 4i: maxper, | fi(Rit1, .-, n)]
T = bri— ak,

P bri— ak,
¢ P P by 4P b P 1
S402|ak,z+1| to ek i [P e HL
bk,i—akﬂ- k—o0

=1
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Remark. The condition (8.1) is far from being necessary.

8.3. Let G be a countable amenable group acting on M. A set I' C G is said to be of zero
#(T'Ndy) 0

P, k— o0
We say that G is weakly mixing on u € M if for any Folner sequence &1, ®5,... in G,

any v € M and any ¢ > 0, the set {T €G: N(Tu,v) > c} is of zero density in G. We say

that G is weakly mixing on N C M if G is weakly mixing on every u € N; the maximal
subspace of M on which G is weakly mixing we will denote by M"™(G).

If G is commutative, say G = Z%, then G can be considered as a d-dimensional
sequence. It is easy to see then that G is weakly mixing on v € M as an amenable group
if and only if G is weakly mixing on u in the sense of subsection 7.3, that is as a sequence.
In particular, if T" is an invertible transformation of M, then T is weakly mixing on u € M
if and only if the group generated by 7' is weakly mixing on u.

density in G if for every Folner sequence ®1,®,,... in G,

8.4. Theorem. Let G be a countable amenable group acting on M. If G is not weakly
maxing on M, then there exists nonzero w € M such that G acts compactly on w.

As the matter of fact, it is the key point: the notions of weakly mixing and compact
actions of an amenable group are complementary.

8.5. The proof of Theorem 8.4 we bring here (as well as the proof of Theorem 8.11 below)
can be found in [F2], Ch. 6; we only have to adapt it to the more abstract situation we
deal with. It is based on the (well known) fact that the Mean Ergodic Theorem holds for
unitary actions of amenable groups:

Lemma. Let H be a Hilbert space, let G be a countable amenable group of unitary operators
on H and let ®1,P5,... be a Folner sequence in G. Then for every w € H the limit

lim —— Z Tw exists and equals the orthogonal projection of w onto the space of G-

TeD,,
invariant elements of H.

Proof. Let w € H be of the form w = w’ — Sw’ for some w’ € H, S € G. Then

HZTwH:HZTw'—ZTSw' :H Z Tw' — Z Tw'
TED), TED, TED,

TG@k\@kS TGCPkS\Cbk
< #(PRSAD)||w']

Now, let w € H be orthogonal to all vectors of the form w’ — Sw’, w’ € H, S € G.
Then, in particular, for any S € G, (w,w — Sw) = (w,w — S~tw) = 0. Thus

1
and so, lim Z Tw = 0.
k

|w — Swl|]* = (w — Sw,w — Sw) = (w, w — Sw) — (w, S w —w) =0,

Z Tw=wforall k. g
TeDy

so w = Sw, that is w is G-invariant and

#Py
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8.6. Proof of Theorem 8.4. Consider the Y-Hilbert space M ® M (see 6.16 and 6.17).
Let v € MOO, define a linear mapping *v: M ® M” —s M, w— wxwv, by

(u@v)xv = (v v)u.

Let B be an orthonormal basis in M. For w = 22:1 U @vp € M® QM with Uly ..., U €
B we have

s vl = Him,wuku = (i (o, 0)]?)
k=1 k=1

(as elements of L2(Y'), that is for almost all y € Y), so

Nl=

l 1
2
< Joll (3 lowl?) ™ < ess-sup(luf) ]
k=1
(8.2)

[w * lly < ess-sup([[o]])[lwlly- (8.3)

Hence, the mapping #v is bounded and can be lifted to M ® M: for w = > pey Uk ® vy,
with uy,ug,... € B, one has wxv =, (vg, v)uy, € M.

Moreover, for every nonzero w € M ® M there is v € M for which w * v # 0.
Indeed, if w = Zzozl up Q@ v with ui,us,... € B and v; # 0, let A € © be such that
v=141 € M and v # 0. Then

o0
lw o2 = 3" vk, 0)[* = [{vr,0)]* = |Jv]® > 0.
k=1

Now, let G be a countable amenable group acting on M. The action of G is naturally
lifted to M @ M by T(u® ) = Tu®Tv, T € G. Let v € M, then for w = u®v €
M>® @M, T e G we have

T(wxv) =T((v,0)u) =T v)Tu = (Tv',Tv)Tu = Tw* Tv.

It follows that the equality T'(w * v) = Tw * Tv holds for all w € M ® M.

Let us assume now that G is not weakly mixing on M, let u,v € M and ¢ > 0 be
such that the set ' = {T' € G : N(Tu,v) > c} is not of zero density in G: for some Folner
#(I' N Py)

#Py,
u and v, we may assume that u,v € M. Then, for all k € N,

sequence @1, P, ... in G and some e > 0, > e for all k£ € N. Slightly changing

1 1 2
— (T(u@u),v0)y = —— Z /‘(Tu,v)z}‘ dv
# P TEd), 7P TEd,
1
> Z N (Tu,v)* > c*e > 0,
#(I)k Tedy

and so, limy0 Y e, T(u® ) # 0 in the Hilbert space M ® M with the inner product
(,)y. It follows that the subspace of G-invariant elements in M ® M is nontrivial; let
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we M® M, w+# 0, be such that Tw = w for all T € G. Choose v € M. for which
u=wxv #0.

We claim that G acts compactly on u. Indeed, for e > 0, let w’ = 22:1 Uk @ v €
M> @M be such that ||w — w'||y < &/(2ess-sup ||v]|). Then for any T € G, by (8.3)

HTu—w'*TvHY = ||Tw>x<TU—w'*TvHY = ||w>x<TU—w'*TvHY < JJlw—w'||y -ess-sup ||v]| < %

Let C € R be such that !(vk,vﬂ <C,k=1,...,l,and let E be a finite $-net for the disc
|z| < C'in C. Since w'+Tv = Z;lek,Tv)uk, the set {Z;Zl cpug e € B, E=1,... ,l}

is an §-Y-net for w’ * T'v and so, by Lemma 6.19, an e-Y-net for Tu. g

8.7. Corollary. Let G be a countable amenable group acting on M. Then M = M™(G)D
M(G). In particular, if T is an invertible transformation of M, then M = M™(T) O
Me(T).

Proof. By (“the amenable” version of) Proposition 7.15, M™(G) L M€¢(G). But ev-
ery G-invariant closed subspace of M which properly contains M*(G) has a nonempty
intersection with M¢(G). m

8.8. Remark. It is seen from the proof of Theorem 8.4 that, for an amenable group G, G
is weakly mixing on M if and only if G is ergodic on the Hilbert space M ® M. Usually
this is used as the definition of weak mixing (which definition is suited for actions of any,
not necessarily amenable group). It follows that the complementary to M™(G) subspace
M¢(QG) is exactly the subspace of M on which G has relatively discrete spectrum, that is
the space spanned by finite-dimensional G-invariant subspaces of M (see [Z1] and [Z2]).

8.9. In fact, some strengthening of Theorem 8.4 holds true, it can be obtained if one
replaces the notion of Y-precompactness for a stronger one. Let ¢ > 0. Following [F2],
we say that a set V C L%(X) is e-spanning for U C M on A € D if for every u € U and
almost all y € A there exists v € V with ||u — v, <e.

Let @ be a set of transformations of M. A vector u € M is called almost periodic
(with respect to Q) if the set Qu possesses a finite e-spanning set on Y for every € > 0.
Denote by M?*(Q) the closure of the subspace of M consisting of vectors almost periodic

with respect to Q. Clearly, M*(Q) C M(Q).

8.10. Lemma. u € M?*(Q) if and only if for every 6 > 0 there is B € © withv(B) > 1-¢
such that 1gu is almost periodic.

Proof. Clearly, if u € M satisfies the condition above, it belongs to M*(Q). Now let u be

in M*(Q), and let 6 > 0 be given. For every k = 1,2,... pick an almost periodic v € M
J

with ||u —v| < ETR Let By ={y €Y :|u—v|, <1/k}, then v(By) >1—§/2%. Let V

be a 1-spanning set for Qu on Y, then V U {0} is a Z-spanning set for Q(1p,u) on Y. It

follows that for B = ;- Bk, v(B) > 1 — 4§, the vector 1gu is almost periodic. g
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8.11. Theorem. Let G be a countable amenable group of transformations of M. If G s
not weakly mizing on M, then there is u € M almost periodic with respect to G.

Proof. The proof extends the proof of Theorem 8.4. Let wi,wa,... € M* ® M be a
sequence converging to a G-invariant element w € M ® M pointwise (see 6.5). Choose a
subset A € ® with v(A) > 0 such that 14w # 0 and wq, ws, ... converge to w uniformly
on A (that is, the sequence ||jw; — w||, [Jwa — w]|,... converges to 0 uniformly on A). Find
ve M for which u = 14w v # 0.

We claim that w is almost periodic with respect to G. Let € > 0 be given, let
wj = 2221 up ® v be such that |[w — w;|| < ¢/(2ess-sup||v|]) on A. Then, for every
T € G, by (8.2)

||Tu — wj * Tva = Hw * Tv — wj * Tv”y < |lw — wjl|y - ess-sup ||Jv|| < g
for almost all y € A. Again, let C € R be such that }(vk,v>| <C,k=1,...,1, and
let E be a finite §-net for {z € C : [z| < C}. Since w' * Tv = ZL:1<UR7TU>uk’ the set
V = {22:1 crug - cp € B k= 1,...,1} is, in fact, an $-spanning set for w; * Gv =
{wj«Tv:T € G} on'Y and so, e-spanning for Gu on A.

We will change V' in order to obtain an e-spanning set for Gu on whole Y. Since for
T,SeG veVandyeY, |STu—- Sv|,s-1 = [[Tu — v, the set SV is e-spanning
for Gu on AS™!. Count the elements of G: G = {S; = 1¢,S2,...}, put Ay = Ask_l \
Ui:ll A;, and, for v € V, define 0 = Y 7, 14, Skv (it exists by Lemma 6.6). Then the
set V = {# : v € V} is e-spanning for Gu on B = |J;o, Ay = Ureg AT, and, since
Iyn\gTu = 1y\plar—1T(w*v) =0 for all T € G, the set V U {0} is e-spanning for Gu on
Y. m

8.12. Corollary. IfG is a countable amenable group acting on M, then M*(G) = M°(G).

8.13. And Lemma 8.10 gives

Corollary. Let G be a countable amenable group acting compactly on M. Then for any
u € M and any § > 0 there exists B € © with v(B) > 1 — 0 such that G(1pu) is almost
periodic.

9. Primitive action of a nilpotent group on a Y-Hilbert space

We fix a finitely generated torsion-free nilpotent group G acting on a separable Y-Hilbert
space M. We also fix an ordered basis in G, and thus the weights of G-polynomials and
systems are assumed to be defined.

9.1. We begin with a special case of the action of G.

Proposition. Let H be a normal subgroup of G such that H acts compactly on M and
every T & H is weakly mizing on M. Then every g € £G with gg(0)~! & £ H is weakly
mixing on M.
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Proof. We will prove this by induction on the weight of g. First of all, replacing g by
g9(0)~!, we may assume that g(0) = 1g. It follows from Corollary 7.11 that G/H is
torsion-free, and so, H is complete in G.

If D™g(n)(D™g(0))~t & £H(n,m), then, by Proposition 3.6, for almost all m € Z
we have D™g(n)(D™g(0))~! € £H(n) and we may assume by the induction hypothesis
that D™g(n) is weakly mixing on M (see Lemma 3.13). Lemma 7.5 says that g is weakly
mixing on M in this case.

Let now D™g(n)g(m)~! € &H(n,m). Since H is normal we have g(m) 1g(n) tg(n+
m) € ¥ H(n,m). Denote S = g(1). Then h(n) = S~ "g(n) € H for any n € Z. Hence
by Proposition 3.6, h € £ H. Since g ¢ ¥H, so S ¢ H. Hence, S is weakly mixing on
M. Since h acts compactly on M, by Proposition 7.14 g(n) = S™h(n) is weakly mixing on
M. .

9.2. We return to the general case now. The following proposition describes a way to
find a subspace of M with a “primitive” action of G on it. Recall that N(H) denotes the
normalizer of H in G.

Proposition. G contains a subgroup H satisfying:
0) M¢(H) is nontrivial,

1) every T € N(H) \ H is weakly mizing on M°(H),
2) for every T ¢ N(H), TM¢(H) L M¢(H).

Proof. Let {15} = Go C G; C ... C G; = G be a central series. We use induction on
k=0,...,l to find a subgroup Hyx C G} satisfying:
0) M¢(Hy) is nontrivial,
1) every T € (N(Hy) N Gy) \ Hy is weakly mixing on M“(Hy),
9) for every T ¢ N(Hy), TM(Hy,) L M¢(Hy).
Then we put H = H;.

Let Hy = {1¢}, then conditions 0)-2) are trivially satisfied for k¥ = 0. Assume that
Hj. has been already found.

The group N (Hy)NG41 preserves M¢(Hy). Choose in this group a maximal subgroup
Hy11 O Hj such that M¢(Hy41) € M¢(Hy) is nontrivial.
1) For T ¢ N(Hy), TM¢(Hy) L M°(Hy), so TM¢(Hy41) L M°(Hgq1). But for any
T € N(Hpy1), TM¢(Hygy1) = M(THy 1 T™1) = M¢(Hpy1). Hence, N(Hjy1) preserves
Mc(Hk_H) and N(Hk+1) g N(Hk)

In particular, N(Hp+1) N Gry1 € N(Hy) N Gry1. But every element of (N(Hyi1) N
N(Hi)NGry1) \ Hi41 is weakly mixing on M¢(Hp41): if it were not so, we could add this
element to Hy1 by Corollary 8.7 and Corollary 7.12.

2) Let T' ¢ N(Hg41). We have to prove that M¢(Hyp41) L TM®(Hpyq). If T ¢ N(Hy),
then even TM€¢(Hy) L M¢(Hy). So, let T' € N(Hy).

Let P € Hyy1 be such that TPT™! ¢ Hy,i. Define g(n) = (TPT-1)"P™" ¢
p(N(Hk) N Gk), then g(O) = 1. Since g(l) = TPT-1p! ¢ Hyy1 O Hy, g & $Hy.
So, we can use Proposition 9.1 to see that ¢ is weakly mixing on M¢(Hy). But then
g(n)P"™ = (TPT—1)" is weakly mixing on M¢(H},1) by Proposition 7.14, and at the same
time acts compactly on TM¢(Hy41) by Lemma 7.13. By Proposition 7.15, M“(Hy4+1) L
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TM(Hisr). w

9.3. Definition. An action of G on M is primitive (or G acts on M primitively) if a
subgroup H C G and a subspace M (H) C M ezist such that:

1) H preserves M(H) and acts compactly on M(H),

2) N(H) preserves M(H) and every T € N(H) \ H is weakly mizing on M(H),

3) TM(H) L M(H) for everyT ¢ N(H),

4) M = Orec/nmy TM(H), where G/N(H) denotes the set of left cosets of N(H) in G.

9.4. The main structure theorem about an action of a nilpotent group G on a Y-Hilbert
space M is the following:

Theorem. M is decomposable into a direct sum of G-invariant subspaces on each of which
the action of G is primitive.

Proof. It is enough to point at a G-invariant subspace of M on which G acts primitively.

Choose H C @ satisfying the conclusion of Proposition 9.2 and put M (H) = M°(H),
M =3 pceTM(H). Then M’ is a nontrivial G-invariant Y-Hilbert space, and G acts
primitively on it. g

9.5. From now on let G act on M primitively.
Denote the orbit of H under the conjugation action of G' by H:

H={THT ' TecG)}.

H is in one-to-one correspondence with the set G/N(H) of left cosets of N(H) in G, and
with the orbit of M (H) under the action of T: THT ! <+ TN(H) <+ TM(H), T € G.

For F € H, F = THT™!, denote M(F) = TM(H). The action of G on M remains
primitive if we change H — F, M(H) — M (F).

9.6. The action of G on H may have cycles; we want now to reduce G slightly in order
to remove them. Then every element outside of N(H) will act on vectors of M (H) like a
coordinate shift and, in particular, be weakly mixing on M (H).

By Proposition 2.10, G contains a normal subgroup G* of finite index such that
N(H)NG* is complete in G*.

Lemma. Letge OG*, g & §N(H). Then g(n)M(H) L M(H) for almost all n € Z.

Proof. Proposition 3.6 applied to N(H)NG* says that g(n) ¢ N(H) for almost all n € Z.
|

9.7. Proposition. Let g € §0G* and g & §H. Then g is weakly mizing on M(H).

Proof. If g ¢ ¥ N(H), Lemma 9.6 even gives more than we need. Otherwise, g preserves
M (H) and we may apply Proposition 9.1 to the space M (H) and the normal subgroup H
of N(H) . [}

42



9.8. Corollary. Let g € §G* be such that gg(0)~r & OF for all F € H. Then g is weakly
mizing on M.

Proof. Every F' € H is complete in G* as well, so, by Proposition 9.7 applied to F', gg(0)~1
is weakly mixing on M (F'). Hence, gg(0)~! and so, g itself are weakly mixing on M. g

9.9. Remark. It follows from Corollary 7.11 that N(H)/H is torsion-free and so, H is
complete in G*. Choose a basis E of G* over H. Every g € £G* whose senior generator
is from FE satisfy the condition of Corollary 9.8 and so, is weakly mixing on M. This
follows from the fact that the conjugation action of GG preserves the senior generator of
every G-polynomial.

9.10. The following theorem demonstrates that nilpotent groups are sometimes not worse
than commutative those.

Theorem. Let G be a nilpotent group acting on M and let w € M. Then elements of G
acting compactly on u form a group.

Proof. Let 71,7, € G act compactly on u, let G = (T7,T5). We may assume that G is
torsion-free and that its action on M is primitive. Let H, H and G* be as above, and let
c € N be such that T, T5 € G*. Decompose u = ) ey, ur, up € M(F). Since Tf and T
act compactly on u, it must be that 177,75 € F for every F' € ‘H with up # 0. But then
the group G’ = (T¥,T5) C F for each such F' and so G’ acts compactly on u. Since G’ is
of finite index in G, G acts compactly on u by Corollary 7.10. g

10. Weak mixing of G-polynomials of several variables

The technical statements obtained in the end of Section 9 are not enough for our further
aims. The goal of this section is to establish generalizations of Proposition 9.7, Corollary 9.8
and, mostly, of Proposition 9.1 for G-polynomials from 971G with d > 2.

We preserve all notation of Section 9.

10.1. Proposition. Letd € N, let g € @30* and g & 9 H. Then g is weakly mizing on

10.2. Corollary. Let g € §°G* be such that gg(0)~* & ©“F for all F € . Then g is
weakly mixing on M.

10.3. The proofs of Proposition 10.1 and Corollary 10.2 copy the proofs of Proposition 9.7
and Corollary 9.8 respectively; however, instead of Proposition 9.1, we use the following
its multiparameter version:

Proposition. Let H be a normal subgroup of G such that H acts compactly on M and
every T ¢ H is weakly mizing on M. Then any g € ©1G with gg(0)~t ¢ ©OUH s weakly
mixing on M.

Proof. Replacing g by gg(0)~!, we may assume that g(0) = 1. It follows from Corol-

lary 7.11 that G/H is torsion-free, and so, H is complete in G.
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If D™g(n) (Dmg(O))_1 & 9 H(n,m), then, by Proposition 3.6, for almost all m € Z
we have D™g(n) (Dmg(O))_1 ¢ ©“H(n) and we may assume by induction on the weight
of g that D™g(n) is weakly mixing on M (see Lemma 3.13). Lemma 7.5 says that ¢ is
weakly mixing on M in this case.

Now let D™ g(n)g(m)~* € §*H(n,m). Since H is normal in @, we have

g(m)~tg(n)"g(n +m) € P H(n,m). (10.1)

Denote S; = ¢(1,0,...,0), S2 = ¢(0,1,0,...,0), ..., Sqg = ¢(0,...,0,1) and define G’ =
(S1,...,5q4,H). It follows from (10.1) that [S;,S;] € H, 1 < i,j < d, that is G'/H is
commutative. Furthermore, h(n) = (Sj?. ..S{”)_lg(n) € H for any n = (ny,...,nq) €
7Z¢. By Proposition 3.6, h € ©OH. By Proposition 7.14, it is only to prove that the
G-polynomial s(n) = S;*... 57" € ©7G is weakly mixing on M.

Since g ¢ ©UH, not all of Sy,...,S, are in H. We may assume that (S7,...,5) is a
basis of G'/H.

Assume that s(n) is not weakly mixing on M. We will prove in this assumption that
G’ is not weakly mixing on M. If this is the case, Theorem 8.4 says that G’ acts compactly

on some w € M, and this contradicts the fact that one of S1,...,Sy is weakly mixing on
M.

10.4. For A C N denote d(A) = liminfi#<A n{1,... ,N}).
N—oo N

Lemma. Letu € M and let R act compactly on w. Then for any a,e > 0 there exist
b,c > 0 such that for any v € M satisfying ess-sup ||v||, < e and N(u,v) > a, one has
d({n € N: N(R"u,v) > b}) > c.

Proof. Changing u slightly, we may assume that u € M°; put e’ = ess-sup ||ul|,.

Define By = {y €Y : [(u,v),] > g}, then v(By) > 2a -. Put ¢ = a/4e. Now, if for
ee
some y € By and v’ € M one has ||u' — ul|, < e, then
, a
[/, v)y| = [(u, v)y| — ce > 1 (10.2)

Using Corollary 8.13, find By C By with v(Bsy) > a/4ee’ such that 1p,u is almost
periodic with respect to {R" : n € Z}. Let {wi,...,wg_1} be an $-spanning set for
{R"(1p,u), n€Z} on'Y.

It follows from the “classical” measurable recurrence theorem, Theorem M, that there
exist b, ¢’ > 0 depending only on @ and v(Bsz) such that for

A = {m eN: V(ﬁ BQR*qm> > b’}
q=1

one has d(A’) > ¢ (see also subsection 14.7).
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Fix m € A’ and put B3 = ﬂ?zl ByR™7™ then v(Bs3) > V. For every y € Bs and
q = 17 ct e 7Q7
£

| RY™u — wr||y = ||1p,p-am R u — wT”y = R (1p.u) - wT“y <3

for some r. Define a mapping x,:{1,...,Q} — {1,...,Q — 1} by the rule

: m €
Xy(q) =r if |[|RY u—wr||y<§.

For any y € Bs, there exist 1 < ¢1(y) < g2(y) < @ such that x,(q1(v)) = xy(g2(y)) =7
for some 1 <r < @Q — 1, that is

m € m °
| Re:@) u—wr“y <3 || Re=() u—ery <3
and consequently,
HR"2(y)mu _ qu(y)muH _ Hqu(y)m(R(qz(y)—ql(y))mu —u)||, <e.
y Yy

Find By C Bs, v(By) > b'/Q?, such that q1(y) = q1, ¢2(y) = g2 are constant on By.
Put B = B4R""™, g(m) = g2 — q1. Then v(B) > V//Q? and for any y € B we have
HRQ(’”)mu - tu < ¢ and therefore, by (10.2), !(RQ(m)mu,v>y| > a/4.
b/
Hence, for any m € A’ there exists 1 < ¢(m) < @ such that N (RI™™qy, v) > %@

/

It is also clear that for A = {g(m)m, m € A’} we have d(A) > é -

10.5. Let us return to the proof of Proposition 10.3.
Assume that for u,v € M and a > 0 the set

F{(nl,...,nd) GZd:N(Sgd...Sflu,v) >a}

is not of zero density in Z¢, that is there exist & > 0 and a sequence of parallelepipeds
I, 1ls,... C Z4 with L(II}) X such that #(I NI)/#1x > a, k € N. Let
—00

(Ry,...,R,) be an ordered basis of H, then (Ry,...,R,,S1,...,Sq) is an ordered basis of
G’. Changing a and v slightly, we may assume that v € M. Put e = ess-sup ||v||,.
Applying Lemma 10.4 to u, R, a, e, find b, ¢, > 0 such that for every (ny,...,nq4) € T,

d{mr EN: N (R u, (S7e ... S R™) 1) > b,,} > .

Choose a sequence ¢, € N, k € N, such that

1

dr,k

#{1 <m, < g :N(Sgd ) ..S?lRTTu,v) > br} > ¢,
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for every (n1,...,nq) € g, k=1,2,..., and g,/ maxpem, ||n|” 0 for every p € N.
— 00
Define IT,., = {1,...,q.x} x I, C Z¥*! k=1,2,..., and

r. = {(mr,nl, cooong) € ZT L N(SH L ST R M, v) > br}.

Then #(I', N1L, 5)/#IL, ; > ac, for every k=1,2,....
Now apply Lemma 10.4 to u, R,._1,b,,e to find b,._1,¢c,—1 > 0 such that for every
(mT‘7 ng,... 7nd) € Fra

a{m. 1 € NN (R (870 ST T 0) > b b > e

- T

Choose a sequence g,—1 1 € N, k € N, such that

. #{1 <my_1 < @ro1k :./\/'(Sgd e S?lR,,r,”TR:ﬁl_lu,v) > br_l} > crq
r—1,k

for every (m,,ni,...,nq) € Wk, k = 1,2,..., and ¢—1,1/¢",, R for every p € N.
’ —00
Define I, 1, = {1,...,qr—14} x I,y CZ42 k=1,2,..., and

| {(mr_l,mr,nl, ... ng) € 242 ./\/'(Sgd e S?lRT”RT_’“{lu,v) > br—l}-

Then #(I'y—1 NIL 1 ) /#IL_1 k > acycr—y for every k=1,2,.. ..
Continue this process and find b;,¢; € R, ¢, € N, l=7r—-2,...,1, k=1,2,..., such
that ¢.x/q) 1 4. 00 for every p € N, and for
’ —00

r, = {(ml,...,mmnl,...,nd) e Z4tr cN(Sye . STR R, v) >b1},
Hl,k:{l,...,qu}X ...X{l,...,q,«7k}><ﬂk, k‘:1,2,...,

we have
#(Iy NI k)

>ac,...cq, k=1,2,.... 10.3
#1141, ! (10:3)

Define &, = {Sgd...S?lRTT...RTl (ma, .o mpy,ny,. ., ng) € Hl,k}, E=1,2,...

Then @1, P, ... is a Folner sequence in G’ (see subsection 8.2), and it follows from (10.3)
that G’ is not weakly mixing on u. g
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11. Primitive action of a nilpotent group on an extension

We will pass now from an abstract Y-Hilbert space to an extension of a measure space
Y, provided with an action of a nilpotent group G. Our purpose is to find a nontrivial
G-invariant factor of such an extension on which the induced action of G is “primitive”.
We also establish a “multi-weak mixing” relation, generalizing Corollary 9.8 (see Theo-
rem 11.15). All this can be considered as a generalization of the “bilinear” propositions of
Section 9 for the “multilinear” case.

As before, let G be a finitely generated torsion-free nilpotent group, let an ordered
basis of G' be fixed and so, the weights of G-polynomials and systems be defined.

11.1. Through this section «: (X, B, u, G) — (Y, D, v, G) will be a fixed extension, that
is a mapping a: X — Y of measure spaces (X, B, ,u) and (Y, D, V) with u(X) =v(Y) =1,
satisfying a~!(B) € B and p(a!(B)) = v(B) for B € D, and commuting with a measure
preserving action of G on X and Y. We will say that X is an extension (of Y). We will
follow the convention that G acts on points of X and Y from the right; then G acts on
the set of functions on X and Y from the left by (T'f)(x) = f(zT'). Under the assumption
that (X, B, u) is regular (see [F2]), we have a decomposition of the measure 4, that is an
(almost everywhere) uniquely defined system of measures y,, y € Y, on (X , ‘B) satisfying
a) [udp = [([udpy,)dv for u e L'(X),

b) [ udu, = ¢(y) [udu, a.e. for u € L'(X) and ¢ € L>®(Y),

¢) [Tudp, = [udp,r a.e. for u € L'(X) and T € G.

This decomposition turns L?(X) into a Y-Hilbert space by

(u,v)y = /u’z‘;duy, u,v € L*(X), y €Y,

with G acting on it. We will denote this Y-Hilbert space by X, and assume X to be
separable.

11.2. A sub-o-algebra € of o-algebra B defines a factor X' = (X, €, u) of the measure
space X. If € contains a~!(D), then X’ is a factor over Y. All factors of X which we
deal with will be over Y and we will not mention this specifically. A factor is nontrivial if
it is distinct from Y. We will identify a factor and the corresponding measure space. The
space L'(X’) of measurable functions on a factor X’ of X is a subspace of L1(X).

G acts on the set of factors of X: if X’ is the factor corresponding to a sub-c-algebra €

of B, then TX’, T € G, corresponds to the sub-o-algebra {AT‘1 A€ Q:}. A G-invariant

factor X’ of X with the induced action of G on X' is a factor of the measure preserving
system (X, G). If, additionally, X’ is a factor over Y, we will say that X' is a subextension
of X (over Y).

Given a system of factors {X¢}eez of X, one can define the product [[..= X¢ as
the factor corresponding to the o-algebra of subsets of X generated by the o-algebras
corresponding to X¢, £ € E. We will say that the system of factors is relatively independent
(over Y') if for any pairwise distinct &;,...,&, € 2 and any u; € L*(X¢,),i=1,...,k, one
has [ Hle widpy, = Hle J widp, for almost all y € Y. When this is the case, we write
[Teez Xe instead of [[. = Xe.
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11.3. We do not distinguish between L?(Y) and its image o*(L?(Y)) in X. The dense
subspace L>(X) C X of (essentially) bounded functions will be denoted by X*°. For every
subset U of X we denote U™ = U N X*°. We also denote the Y-Hilbert space X © L*(Y)
of functions orthogonal to “the constants” by M: w € M if and only if [udu, = 0 for
almost all y € Y.

We say that a sequence g(n) € G, n € Z<, is weakly mizing on X if g(n) is weakly
mixing on M.

Given a set @ C G, the subspace X°(Q) of functions from X on which @ acts com-
pactly contains L?(Y), is closed under truncations and complex conjugations of its ele-
ments, and X¢(Q) N L*>°(X) is a subalgebra of L*>°(X). Hence, X°(Q) defines a factor of
X (see [F2]); we denote it by X¢(Q): L?(X¢(Q)) = X¢(Q). If X = X¢(Q), we say that Q

acts compactly on X.

11.4. We begin with technical lemmas.
A set U C X is uniformly bounded if there exists a € R such that for all u € U,
ess-sup |u(z)| < a.

Lemma. Let U;,Uy C X be Y-precompact and uniformly bounded. Then U Uy =
{u1u2, uy € U1, ug € Ug} 18 Y-precompact.

Proof. Let ess-sup |uy| < a, ess-sup |uz| < a for all uy € Uy and uy € Us. Then first of all,
ess-sup |ujus| < a? for u; € Uy and uy € Us.

Let V1 C U; be a finite £-Y-net for U; and let Vo C Uz be a finite £-Y-net for Us.
Since for any u1 € Uy, us € Uy, v1 € Vi, v9 € Vs,

luruz — vivally < af(lur —villy + [luz —vafy) ae.,

we have

min HU1U,2 - UvaHZQJdI/ S 482.
v1EVY
v €EVa

It follows that V1 V5 is a finite 2e-Y-net for U1Us. g

11.5. The following lemma is a “multilinear” version of Lemma 6.20.

Lemma. Let Uy,...,Ux be Y-precompact uniformly bounded subsets of X°°. For any
e > 0 there exists a set of vectors v; ; € U, 1 =1,...,k, j =1,...,s;, such that for any
gi,---, 9k € G and any vectors u; € U;, 1 = 1,...,k, one has

dv + €.

/‘/Hgiuidﬂy

Proof. Let ess-sup |u| < a for all u € U. Choose an
U1, then choose an

S1 Sk
dv < Z Z /‘/Hgivi,jiduy
=1 ji=1

#—Y—net {Ul,la “oe 7U1,51} Q U1 for

€ €
kak—_lsl—Y—net {’1)271,. .. ,’112752} - U2 for UQ, c ey and an kaF—Ts,. . sn 1

Y-net {vk1,...,0ks,} € U for Uy (see Lemma 6.23). Then {giviil,...,giviysl} is an
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;—Y net for g;U;, 1 =1,..., k. By Lemma 6.20,

kak—1s;..
k
/)/Hgiuidﬂy)dy :N<gl'al,HgiUi>
] z:2k
< ZN< 101 317H92Uz> + WHHQZU/Z
h 1
< Z /‘/ 1V1,5; Hgluldu’dy+ - ZN( 2U2, g1V1,5, nguz> +%
Ji=1 i

< Z Z /‘/Hglv” duy’dy+ +31 + +(Sl'”8k_1)ks;'

1---Sk—1
Ji=1 Je=1
H

11.6. Lemma. Let My,..., M, C X be subspaces of X and let g1(n),...,gx(n) € G,
n € 7%, be sequences in G satisfying

k k
/Hgi(n)uid,uy — H /gi(n)uid,uy Leoin LY(Y)
i=1 i=1

for allu, € M, i =1,...,k. Then for any Y-precompact uniformly bounded sequences

u;(n) € M nEZd,i—l Lk,

[

k k
/Hgi(n)ui(n)duy -11I /gi(n)ui(n)d,uy 250 in LY(Y). (11.1)

Proof. By multilinearity of (11.1) we may replace u;(n) by u;(n)— [w;(n)duy, i =1,...k,
and assume that M; C M, +=1,...,k. We have to prove under this assumption that

/‘/ﬂgﬁ(n)ui(n)duy dv 25 0.

But in this form it is a corollary of Lemma 11.5. g

11.7. The following proposition deals with an extension of a special type.

Proposition. Let a normal subgroup H C G have the property that H acts compactly
on X and every T € G\ H is weakly mizing on X. Let g1,...,g9x € ¥G be such that

9:9:(0)~1 ¢ ©H and (gigi(O)_l)_lgjgj(O)_1 & QH fori,j=1,...,k,i# j. Then for any
Uty ..., U € X, veE X,

k k
/Hgi(n)uivduy — H /gi(n)uid,uy /vduy L0 in LY(Y). (11.2)
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Proof. We will prove this using PET-induction, applied to the system of G-polynomials
A = {g1,...,9x}. Since ¢;0;(0)"t ¢ ©H, i = 1,...,k, A does not contain constant
polynomials.

Replacing u; by g¢;(0)u;, we may assume that ¢;(0) = 1¢, i = 1,...,k. By multilin-
earity of (11.2), we may also assume that u; € M, i =1,...,k, and prove

k
N(H gi(n)u;, v) L.

By Lemma 6.18 it follows from

k k
D-lim D—limsupN(H gi(n)u;, H gi(n + m)uz> =0
n i=1 i=1

that is

dv = 0.

k
D-lim D—limsup/‘/Hgi(n)uigi(n—f— m)t;d s,
" i=1

It follows from Corollary 7.11 that G/H is torsion-free, and thus, H is complete in G.
Note the following:

a) gi(n)"tgi(n) € PH(n) for i, =1,...,k, i # j; (11.3)

_1y -1 _ . .
b) (gz(n+m)gz(m) 1) gj(n+m)gj(m) ! € pI—I(nﬂfn’) for 1,] = 17"'7k7 Z#]?
as it is so for m = 0. Hence by Proposition 3.6, for almost all m € Z

(g:(n +m)gs(m)™1) " gj(n +m)g;(m) "t g H(n), i,j =1,....k, i #£j;  (114)
c¢) By the same reason, for almost all m € Z
gi(n) " gi(n+m)g;(m)~ € PH(n), i,5=1,....k i #j; (11.5)

d) We assume that g;(n)"lg;(n + m)g;(m)~1 & £H(n,m) for i = 1,...,r, and that
gi(n)tg;(n +m)gi(m)~! € $H(n,m) for i =r +1,..., k. Then, for almost all m € Z,

gi(n) tgin +m)gi(m)~ ' € OH(n), i=1,...,r. (11.6)
Since H is normal, we also have
hi(n,m) = g;(m) " tg;(n) " tgi(n +m) € PH(n,m), i=r+1,...,k,
and so, h;, 1 =r+1,...,k, acts compactly on M.
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By Lemma 11.5, for any € > 0 there exist v; ; € M, i =r+1,...,k, j=1,...,s,
such that for any n,m € Z

/‘/E{gi(n)uigi(n +m)ﬂid,uy‘dy

r k
- /‘/Ugi(n)uz'gi(n+m)ui 11 gi(n)uigi(n)gi(m)hi(n,m)ﬂiduy‘dy

1=r+1

< ZS: /’/ljgi(n)uigi(nﬂLm)ﬂi ﬁ gi(n)uigi(n)gi(m)v j, dpy

Jiseensjre=1 i=r+1

dv + €.

Thus, it is enough to prove that for any v; € M, 1 =r+1,...,k,

T T k
D-lim D—limsup/‘/ H gi(n)u; ng(n + m)u; H gi(n) (wigs(m)vidpy) ‘dl/ =0.
" i=1 i=1

1=r+1

For m € Z, denote

; <71 <
gi(n), 1<i<k | _{u@,l_z_r

gi,m(n):{ ) - . , uigi(m)vi, r+1<i<k.
gi—x(n+m), k+1<i<k+r N

We have to prove that

k+r
D—limD—limsup/‘/ Hgim(n)ui,mduy’dy =0.
" i=1

Let g¢m be a G-polynomial of the minimal weight in the system {g;m, i =1,...,k+1}.
After a rearrangement, we may assume that ¢ = 1. Since A = {¢1,...,9r} does not

contain constant polynomials, g; ,, is not constant and so, the system A,,, = {gl_ }n Giom, © =
2,...,k+r} precedes A (see Lemma 4.5). Since by (11.3) — (11.6) A,, satisfy the condition
of the proposition for almost all m € Z, we may apply a PET-induction hypothesis and
assume that

k+r k+r

D-}}Iﬂ( / Wt | [ 91 ()i (0) i mdlpryy — / urmdpy [] / gffn(n)gi,m(n)w,mdﬂﬂ =0
i=2 1=2

in LY(Y) for almost all m € Z. It follows that

k+r

k+r
D—rllim(/ H Gi.m (M) Ui mdjty — H /gi,m(n)uivmduy> =0
i=1 i=1
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in L'(Y) for almost all m € Z. Hence, it is enough to prove that

k+r
D—limD—limsup/’H /giym(n)ui’mduy)dy =0.
" i=1

Let a > 1 be such that ess-sup |u;| < a, i = 1,...,k, and ess-sup |v;| < a, i =
r+1,...,k. Then, by the definition of wu; ,, Hit; [ GismWi mdpy
yeY,i=1,....k+r, m € Z. So,

< a2 for almost all

k+r

/‘H /giym(n)u@mduy‘dv < a2k/‘/gl,m(n)u17mduy’dy = a2k/’/u17mduy‘du
i=1

Remind that either uy ,,, = uq or uy m = u1g1(m)vr. In the first case, [u1 mdu, =0
in L(Y), in the second case

D—%im/‘/ulmduy‘dy = D—glim./\/'(ul,gl(m)vl) =0

by Proposition 9.1. g

11.8. Corollary. Assume that a normal subgroup H of G acts compactly on X and that
every T' € G\ H is weakly mizing on X.

Let g1,...,9r € G be such that (gigi(O)_l)_lgjgj(O)_l ¢ OH fori+#j=1,...,k.
Then for any Y-precompact uniformly bounded sequences u;(n) € Uy, n € Z, i =1,...,k,

/Hgi(n)ui(n)duy - H/gi(n)ui(n)duy 250 in LY(Y).

Proof. Applying Lemma 11.6, we reduce the problem to the case where sequences u;(n),
i = 1,...,k, are constant. It is enough then to apply Proposition 11.7 to g, = gl_lgi,
i - 2, ey k, ]

11.9. The following proposition describes a procedure of building a “primitive” subexten-
sion.

Proposition. G contains a subgroup H such that:

0) X¢(H) is nontrivial,

1) every T € N(H) \ H is weakly mizing on X°(H),

2) the factors TX¢(H) for T running through the set G/N(H) of left cosets of N(H) in G
are relatively independent: for any Ty,...,T; € G with Ti_lTj ¢NH) forl1 <i<j<t
and any u; € T; X°(H)>,

t t

/Huid,uy = H/uiduy in LY(Y).
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Proof. Let {1¢} = Go € G; C ... C G; = G be a central series in G. We will use
induction on k£ =0, ..., to find a subgroup Hy C G} such that:

0) X¢(Hy) is nontrivial,

1) every T' € (N(Hy) N Gy) \ Hy is weakly mixing on X¢(Hy,),

2) factors TX¢(Hy) for T running through the set G/N(H}) are relatively independent.
Then we put H = H;.

Put Hy = {1¢}, then conditions 0)-2) are trivially satisfied for £ = 0. Assume that
Hj. has been already found.

The group N (Hj )NG4 preserves X ¢(Hy). Choose in this group a maximal subgroup
Hj.+1 O Hj such that the factor X°¢(Hy41) of X¢(Hy) is nontrivial. Denote M¢(Hy) =
L*(X°(Hy)) © LX(Y), M¢(Hy41) = L*(X¢(Hp41)) © L*(Y).

1) For T ¢ N(Hy), TM°(Hy) L M¢(Hy), thus TM¢(Hy41) L M°(Hgy1). But for any
T € N(Hpy1), TM¢(Hygy1) = M(THy 1 T™Y) = M¢(Hypy1). Hence, N(Hjy1) preserves
Mc(Hk_H), and N(Hk+1) g N(Hk)

In particular, N(Hg4+1) N Gr+1 € N(Hg) N Giy1. But every element of (N(H;Hl) N

N(Hi)N Gk;+1) \ Hpy1 is weakly mixing on M¢(Hy41): if it were not so, we could add
this element to Hyq by Corollary 8.7 and Corollary 7.12.

2) Let Ty, ..., T; € G satisfy T, ' T & N(Hpyq) for 1 <i < j <t let u; € T X(Hgi1)™,
1=1,...,t. We have to prove that

t t
/Huidﬂy = H/uiduy in L'(Y). (11.7)
=1 =1

We will do it by induction on t.

a) If there are 1 < 4,5 < t such that 7, 'T; ¢ N(Hy), then by the induction hypothesis
on k the set {u;, i =1,...,t} is nontrivially subdivided into subsets {u;;, i =1,...,%},
I=1,...,s, belonging to (L? of) distinct independent spaces. So,

t s t
/Huid,uy = H/Hul,idpy in Ll(Y)
i=1 =17 i=1

with t; +... 4+ ts = t, and induction on t finishes the proof.

b) Now let all T; be in the same left coset of N(Hj) in G. We may assume that T; € N(Hy),
i =1,...,t, and consequently, T; M (Hy) C M(Hy). By multilinearity of (11.7) we may
assume that v, € T;M°(Hk41), i@ = 1,...,t, and prove under this assumption that

i Hle uidpy, =0 in LY(Y).
We may and will also assume that T7 = 14. It is given that TinHTZ-_l, i=1,...,t,
are all pairwise distinct; choose P € Hyy; such that ToPT, ! ¢ Hpyq. Then, for any

n e 7z,
¢ t
/‘/Huid“y‘d”:/‘/PnHUiduy
=1 i=1
t
i=1

dv

(11.8)
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We are going to prove that for any € > 0 there exists n € Z for which the expression in
(11.8) is smaller than e.

Let u;(n) = (I,PT; ) ™"u;, i = 1,...,t, n € Z. Since u; € T;M®(Hy 1), these
sequences are Y-precompact. Define g;(n) = P™" (T,-PTl-_l)n, 1=1,...,t, n € Z. Then
g; € ¥(N(Hg) N Gy). Subdivide the set of indices {1,...,¢} = I; U...U I, in such a
way that gl-_lgj € ¥ Hy, if and only if 4,5 € I, for some 1 < g < s. Since g1(1) tga(1) =
P_ngPTQ_l ¢ Hy11 O Hy, this partition is not trivial.

Foreach g =1,..., s chooseiq € I;. The sequences wy(n) = [I;¢;. 9i, (n)~tg;(n)u;(n),
q=1,...,s, are Y-precompact and uniformly bounded, so we may apply Corollary 11.8 to
obtain . )

D
[ e wstmduy|av~ [|TT [ i, 0wy 25 0.
q=1 q=1
Since
gi,(n = [[ P @PT, YT PT ") " =P [ wi
i€ly 1€ly

it is enough to have [| [ [[.. I, w;dpy|dv = 0. But this is given by the induction hypothesis
ont. [}

11.10. Definition. An action of G on X is primitive (or G acts on X primitively) if a
subgroup H C G and a factor X (H) exist such that:

1) H preserves X(H) and acts compactly on X (H),

2) N(H) preserves X(H) and every T € N(H) \ H is weakly mizing on X (H),

3) the factors TX(H) for T passing on the set G/N(H) of left cosets of N(H) in G are
relatively independent,

11.11. The main structure theorem is the following;:

Theorem. There exists a nontrivial subextension X' of X such that the action of G on
X' is primitive.

Proof. Choose H C G satisfying the conclusion of Proposition 9.2 and put X(H) =
X¢(H), X" =]]peq TX(H). Then X' is nontrivial and G-invariant, and G acts primitively
on it. [}

11.12. From now on let G act on X primitively.
Denote by H the orbit of H under the conjugation action of G:

H={THT ', T cG)}.

H is in one-to-one correspondence with the set G/N(H) of left cosets of N(H) in G, and
with the orbit of X (H) under the action of T: THT ! ++ TN(H) <+ TX(H), T € G.

For F € H, F = THT™ !, denote X(F) = TX(H); the action of G on X remains
primitive if we change H — F, X(H) — X(F). We also denote X(F) = L*(X(F)),
M(F) = X(F)o LA(Y), M(0) = L?>(Y) and, for Q C H with #Q < oo, M(Q) =
Span [[pcg M (F)*°.
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11.13. Proposition. The action of G on the Y-Hilbert space ) poq, M (F) is primitive.

M(Q1) L M(Qs2) for any Q1 # Qo C H with #Q1,#Q2 < 00, and X = ®#QQQ’H M(Q).
<oo

Proof. The first statement is clear by definition. It is also evident that spaces M (Q)
with @ C H, #Q < oo, span X. We have to check the orthogonality of distinct M(Q)
only. Let Ql = {Fl,h N ;Fl,kl}; QQ = {FQJ, ce ,Fg,kz}, and let Fl,l € QQ. Then for any
ui,j - M(FZJ)OO, Z = 1,2, j = 1, e 7ki;

k1 ko k1 k2
/H Ui, H uz,jd,uy = /ulyld,uy / H Ui, j H ugyjd,uy =0in Ll(Y)
=1 j=1 j=2  j=1

11.14. Let G* be a normal subgroup of G of finite index such that N(H)NG* is complete
in G*. Then, by Lemma 2.9, for any F' € H the subgroup N(F)NG* is complete in G* as
well.

The following proposition is the main “technical” result of this section.

Proposition. Let Fi,...,F, € H be pairwise distinct subgroups. Let g;; € $0G*, i =
1,...,k, 5 =1,...,k;, be such that gj_l}igjm Z QF; for every 1 < i < k and every 1 <
J1 < j2 < ki. Let uj;(n) € X(F;)*°, neZ,i=1,...,k, j =1,...,k;, be Y-precompact
uniformly bounded sequences. Then

ko ki k ki
J T L osstmusatwdu, - TTTT [ asstmusatnldn, 20 i 22(1)

i=1j=1 i=1j=1

Proof. For each i = 1,..., k, subdivide the set of indices {1,...,k;} = J1U...UJ, in such
a way that gj_:igjw € PN (F;) if and only if j; and jo belong to the same J;, 1 <1 < L;.
By Corollary 3.7, applied to the subgroup N(H) N G* of G*, g;, i, (n)F;, and gj, i,(n)F;
do not coincide for almost all n € Z if either iy # i5, or i1 = i3 = ¢ but j; and jy are not
in the same J;, 1 <1 < L;. Since the factors X (F'), F' € H, are relatively independent, we
have

L;

ko ks k
J L ossusatmai, = TTTT [ T ossmdusatoddn, i £1()
i=1j=1 i=11=1" jeJ,
for almost all n € Z. And, by Corollary 11.8,

!/H%MMWW%—H/%MMNMMEWmEW)

Jjeh JjeJ
foranyi=1,...,kandl=1,...,L;. g
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11.15. Theorem. Let g1,...,g, € §G* be such that (gigi(O)_l)_lgjgj(O)_l & PF for
i,7 =1,....k, i # j, and all FF € H. Then for any Y-precompact uniformly bounded
sequences ui(n) € X>*°, ne€Z,i=1,...,k,

k k
[ T ostmustodu, - T] [ stwustnidn, 2> 0 in L),
=1 =1

Proof. Replacing u;(n) by ¢;(0)u;(n) we may assume that ¢;(0) = 1qg, ¢ = 1,...,k.
Lemma 11.6 allows us to reduce the problem to the case in which the sequences u;(n)
are constant, u;(n) = u;, n € Z. By Proposition 11.13 we may assume that u; € M(Q;)
for some Q; C H with #Q, < o0, 1 = 1,...,k. Corollary 3.7, applied to the complete
subgroup N(H) N G* of G* reduces the problem to the case u; € M(F)*®, g; € PN(F),
i=1,...,k, for some F' € H. And then Corollary 11.8 applied to the subgroup F finishes
the proof. g

11.16. Remark. It follows from Corollary 7.11 that N(H)/H is torsion-free and so, H is
complete in G*. Choose a basis E of G* over H. Now any pairwise distinct g1, ..., gx € §F
with ¢(0) = 14 satisfy the condition of Theorem 11.15. It simply follows from the fact
that any conjugation in GG preserves the senior generator of any G-polynomial.

12. NSZ-property

We pass to the proof of Theorem NM. The preceding part of the paper can be considered
as preparatory for this concluding proof.

Let (X,®B, 1) be a measure space with u(X) < oo, let G be a nilpotent group of
right measure preserving transformations of X. Scaling p, we may assume that u(X) = 1.
Similarly to Theorem NT, the statement of Theorem NM deals with the part of G generated
by a finite set {T1,...,T;}. Thus, we may and will assume that, as before, G is a finitely
generated torsion-free nilpotent group.

12.1. We will say that a dynamical system (Y, D, v, G) has the NSZ-property if for every

A € © with v(A) > 0, for every d € N and for every system A C @gG there exists ¢ > 0
such that for every thick set A C Z¢ there exists n € A for which

1/( ﬂ Ag(n)_1> > c.

geA

12.2. Assume that (X,B, u,G) possesses the NSZ-property. In the notation of Theo-
rem NM, the set of G-polynomials

A= {gi:Tfi’t...Tfi’l, z‘:1,...,1}

is a system in @gG. We have consequently, for a suitable ¢ > 0, that the set

S = {n VAR u(é Agi(n)_l) > c}

has a nonempty intersection with every thick subset in Z¢. Hence, S is syndetic and the
conclusion of Theorem NM holds in this case.
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12.3. The set of G-invariant factors of X is naturally ordered by the relation ”to be a
factor”: (X,B1,u) < (X,Bo, p) if By C Bo. This is the case, the identity map idx turns
(X,B2, i, G) into an extension of (X, B, u, G). We have:

Proposition. The family of G-invariant factors of X possessing the NSZ-property has a
mazimal element.

Proof. We copy the proof of Proposition 3.3 in [FK1]. In light of Zorn’s lemma, it suffices to

prove that if {8} is a linearly ordered family of G-invariant sub-o-algebras of 8 such that

(X,Bs, 1, G) has the NSZ-property for all s, then (X, |J DB, p, G) has the NSZ-property.
Let a set A € |JBs, u(A) > 0, and a system A C @gG, I =#A > 1, be given. Find

A
A’ € B, for some s with u(A’AA) < %I) Let py, * € X, be the decomposition of

1
with respect to the factor (X, B, pu). Define B = {:c € X :p(A) >1- Z} Then

B € B, and B is of positive measure: since ju,(A") =1 for x € A’, one would have

, I L u(A)  u(A)
> B i Sl A ol G4
p(A \A)_QIM(A)>21 ) ¥
otherwise.

Now, let ¢ > 0 and n € Z? be such that N(ﬂgeA Bg(n)_1> > c. At every point
€ Nyeu Bg(n)~! we have

geA geA gEA

So, (ﬂgeA Ag(n)_1> > c/2 for such n. g

12.4. It follows that, in order to prove Theorem NM, it suffices to establish the following
fact: if Y is a proper G-invariant factor of X which has the NSZ-property, then there
exists a nontrivial subextension of X (with respect to Y) having the NSZ-property too.
Indeed, then the maximal element in the family of G-invariant factors of X having the
NSZ-property must coincide with X itself.

We say that an extension (X,B, u,G) — (Y, D,v, G) is primitive if the action of G
on X as an extension of Y is primitive (see Definition 11.10). Since, by Theorem 11.11, X
contains a nontrivial primitive subextension, it remains to prove the following proposition.

12.5. Proposition. Let (X,B,u,G) — (Y,D,v,G) be a primitive extension and let
(Y, D,v,G) have the NSZ-property. Then (X,B, u, G) has the NSZ-property as well.

12.6. We assume from now on that X is a primitive extension of Y. That is, a system H
of conjugated subgroups of G' and a system X (H) = (X,B(H),u), H € H, of factors of
X is fixed and is such that X =[], X(H), and for every H € H the following holds:
H preserves X (H), acts compactly on X (H), and every T' € N(H) \ H is weakly mixing
on X (H) (see subsection 11.10).

We also fix a normal subgroup G* of finite index in G such that N(H)NG* is complete
in G* for every H € H (see subsection 11.14).
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12.7. The first ingredient of the proof of Proposition 12.5 is Theorem 5.9, the second one
has to be the multiparameter version of Proposition 11.14:

Proposition. Let Iy,..., Fx € H be pairwise distinct subgroups. Let d € N and let g; 1 €
O0G* k=1,...,K,1=1,..., Ly, be such that g " g, x & ¥ Fx for every1 <k < K and
every 1 <1y <lp < Ly. Let i p(n) € L®(X(Fy)), n€Z k=1,...,K,l=1,...,Ly, be
Y-precompact uniformly bounded sequences. Then

K Lk K Lk
/H Hgl,k(n)ul,k(n)duy - H H/gl’k(n)ul,k(n)duy L0 in LY(Y).
k=11=1 k=11=1

The proof of Proposition 12.7 is analogous to that of Proposition 11.14, the only
difference is that the reference to Proposition 9.1 in Proposition 11.7 has to be replaced
by the reference to its multiparameter version, Proposition 10.3.

13. Proof of the measure recurrence theorem

We continue the proof of Proposition 12.5 and preserve all notation of Section 12. Let A €
B with u(A) = 4a > 0, d € N, a thick set A C Z%, and a system A = {g1,..., 91} C PIG
be given.

13.1. First of all, let N € N be such that, if we write g/(n) = g;(Nn), then g} € QG*,
i=1,...,1. Such N exists as ¢;(0) = 1¢, i = 1,...,1, and G* is of finite index in G.
Since A N (NZ9) is thick, we may pass to the subgroup N - Z% of Z¢ and to the system
A={dg},...,97}, and identify G with G*.

13.2. We need an inequality in our proof. It is a very cumbersome algebraic inequality
of a “convex” type, and we have not been able to prove it by algebraic methods. We are
forced to use an ergodic-theoretical trick.

Lemma. For any a > 0 and I € N there exists C(a,I) > 0 with the following property.
Let K,J € Nandlet Q C {1,...,J}%. Let a family {a;r, >0, k=1,...,K, j=1,...,J}
satisfy

J K
Zaﬂ?k <1, k=1,...,K, and Z H A,k = Q. (13.1)
j=1

Let for each k= 1,...,K the set {1,...,1} be partitioned into Ly subsets:

Ly
{1,...,]}: UIl’k’ Ill,kmll27k2®7 1< 7él2 < L. (13.2)
=1

Denote by © the subset of Q! consisting of the I-tuples of elements of Q0 which are constant
oneach I, k=1,...,K,l=1,...,Ly:

@:{az(j,i)egf;j,i:t;(e) forallie Iy, k=1,...,K, lzl,...,Lk}.
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Thus the collection {t%(@), k=1,.... K, l=1,..., Lk} is well defined for all 0 € ©.

Then
K L

> I ITawer=ClaD. (13.3)

0cO k=11=1

Example. For ai1,a021,01,2,022 Z 0, ai i + a2.1 S 1, ai,2 + a2 2 S 1, and I € N one has
arqal o4+ agqak , > Clar1a19 + az1a29,1)
1,1%71 2 2,143 20 — 1,141,2 2,1%2,2,

(one can put C(a,I) = a’ in this case). This inequality corresponds to the case K = 2,
J=2,0={(1,1),2,2)}, Li=1,L1={1,...,I}, Lo=1L,={l},l=1,...,1I.

Proof. It follows from the “classical” measurable recurrence theorem, Theorem M, that for
any a > 0 and any I € N there exists a constant C(a, I) > 0 with the following property:
for any family of pairwise commuting measure preserving transformations 77,...,7T of a
measure space (Z,&,n) with n(Z) = 1 and for any D € € with n(D) > a there exists

arbitrarily big n € N for which n(ﬂle DT[”) > C(a,I) (compare with subsection 14.7).
This is just the constant we need.
Let a > 0 and I € N be given. We construct a dynamical system, which will give
s (13.3). Denote by 7 the standard measure on [0,1] and put Z = [0,1]%. Let T be a
measure preserving transformation of [0, 1] which is strong mixing of all orders; one can
take for instance T'(z) = 2z (mod 1).

Let K,J €N, Qe {l,....,J}5 numbers ajr >0,5=1,...,J, k=1,..., K, satisfy-
ing (13.1), numbers Ly,..., Lk and sets [; , C{1,..., I}, k=1,...,K,l=1,..., Ly, sat-
isfying (13.2) be given. For each k =1, ..., K, choose pairwise distinct intervals Dy g, .. .,
D,k C [0,1) with n(Djk) = ajx, and put D = Uy, i)en 1%, Dj,.x € Z. Then by
(13.1), (D) > a.

For each k = 1,..., K, denote A\y(i) =l if i € I;}. Define T,...,T1:Z — Z by
T, = (T>‘1(i), e ,TAK(i)), 1=1,...,1. Since T is strong mixing of all orders, we have

.....

(o) - ¥ K<ﬁfj 1) = % () pr)

(Jk)GQI =1 (jiyeQl k=1 =1
K Ly
= ) Hn(ﬂ N 2)7™) — > TITIn( N Dips)
(ji)eQl k=1 I=1 i€l (i)eQl k=11=1 i€l
Note that ﬂleh ik = 0 if j,i for ¢ € I; 1, do not all coincide. Hence
I K Ly K Ly
"K(ﬂ DTf”) — > I IT9@Pw e x) =D TT TT o) -
i=1 0€0 k=11=1 0€0 k=11=1

By the choice of C(a, I) this implies (13.3). g
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C
13.3. Put C = C(a,I) and ¢ = Z—I. It is clear that C' < a and thus ¢ < a? (anyway, we

may assume this).

134. Find K,J e N, Hy,...,.Hx € H, Aj, € B(Hi),j=1,...,J,k=1,...,K, and a
subset  C {1,...,J}¥ such that:

a) for all 1 S k S K7 Ajl,k ﬂAj%k = @ for 1 S.]l 7’5]2 S J, and X = Uj:l Aj’k;

b) the set A"=UJ(;, . eo Hszl Aj, i satisfies p(AAA") <e.

Existence of such K, J, Hy, A, easily follows from the fact that the o-algebra B is
generated by {B(H), H € H}.

13.5. Define D = {y € Y : p, (AAA") > ¢/a}. Then v(D) < a (it would be

n(ALA') = /

by (ANANdY > Sa = ¢
D a

otherwise).
Put By = {y € Y : py(A) > 2a}. Then v(B;) > 2a (it would be

u(A) = /B oy (A)dy + /Y\B py(A)dy < v(Bi)+2av(Y \ By) < 4a

otherwise).

13.6. Put By = By \ D. Then v(B3) > a and for every y € By we have p,(A) > 2a and
py(AAA") <e/a. Since e/a < a by 13.3, we also have p,(A") > a for y € Bs.

13.7. Thus, if for some y € Y and n € Z? we have:
1) y.gz(n) € B27 = ]-7"'7[7

C
2) piy <ﬂf:1 A’gi(n)) > bR
then

Ny(éAgi(n)> > % —1° =

C IlaC_C’
a 2 a4l 4

13.8. Consider the inequality (13.3). Its left part is a continuous function of argument
(ajr, k=1,...,K, j=1,...,J), running through the closed subset of the cube [0, 1]%/
defined by (13.1). It is thus uniformly continuous on this subset and so, we can find § > 0
with the following property:

Let a collection a;, >0, 5=1,...,J, k=1,..., K, satisfy

J K
dajp<l, k=1,....K, and > J[anr>a (13.4)
Jj=1 (J1,---rdx)EQ k=1

Let 1 < Ly,...,Lg < I and partitions {1,...,I} = UlL:k]_Il,k7 k=1,...,K, be given.
Define

@:{Hz(j,i)eQI:j,i:tﬁc(G) forallic€ iy, k=1,..., K, l:1,...,Lk}. (13.5)
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Let a collectiona;’k’l >0,5=1,...,J, k=1,...,K,l=1,..., L, satisfy

@ — @ikl <6, G=1,.,J k=1,...,K, l=1,..., L. (13.6)
Then
K Ly
3C
> 1w == (13.7)
9c0 k=11=1

We fix such a §.

13.9. Define uj = 14,,, 5 =1,...,J, k =1,..., K. Since Hy acts compactly on u; y,

j=1,...,J,k=1,...,K, by Corollary 8.13 there exist B, € D with v(B,) > 1— 2}‘;}
such that 1p, , u; is almost periodic with respect to Hy. Let {vjxq, ¢=1,...,Q} be a
)

-

spanning set for Hy(1p, ,ujx)on Y, k=1,..., K, j=1,...,J.
Put B3 = Bo N (ﬂ 1<j<J Bj7k>. We have v(Bs) > g > 0. Now, forany 1 <k < K,
1<k<K
any 1 < j < J,any Ry € H; and any y € BgR,;l there exists 1 < ¢ < @ such that

)
1Rewse = vikall, = 15, mor Bk = vikall, = [|Re(Lpi0) = vikall, < 17
13.10. B3 contains a subset By with v(By) > 0, such that py(A;%), 7 =1,...,J, k =
1,..., K, are constant on By with exactness up to d/2: there exists a collection of numbers
ajr>0,7=1,...,J,k=1,..., K, such that

)
<§, jzl,...,.], kzl,...,K,

|y (Aj) = ajn
for all y € B4. Since by 13.6 for y € By
K
py(A) =" > [ m(Asr) >a,
(10 mriir ) EQ k=1
we may assume that a;x, j=1,...,J, k=1,..., K, satisfy (13.4).

13.11. Using Theorem 5.9, choose p € N and a system B C @ng corresponding to the
system A = {g1,...,97} and QK colors: for any mapping x: G — {1,...,Q7%}
there exist hg € B and a selection n € Sel(Z%,Z%) such that x is constant on the set

{ho(m)gi(n(m)), i=1,...,1}.
Denote

A = {h(m)g(n(m)), heB, ge A ne Sel(de,Zd)} c 9.
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For each k = 1,..., K choose a set S C @gp G of representatives of those left cosets of
@glp Hy, in pgp G which contain elements of A’:

for every f € A’ there is s € Sy such that r = s71f € ngHk,
and sy 'sy ¢ @ngk for all s1, 59 € Sy, s1 # s2.

Denote by Ry the set of all “compact residues” of elements of A’:
Ri={s"'f € QP Hy, fe A, s€ 8},

k=1,...,K.

13.12. Using the assumption that (Y, D,v, @) is a NSZ-system, find b > 0 such that for
every thick set A’ C Z there exists m € A’ for which u(ﬂfeA, B4f(m)_1> > b.

13.13. Let A = QJK#A/; A is the number of all possible colorings of A’ by Q7% colors.
Note that b and A have been chosen independently on A.

13.14. For m € Z% denote by D,,, the set of y € Y for which there exist

LG, k=1,....K,i=1,...,1) € QI

2. 1< Ly,...,Lg < I and disjoint partitions {1,...,I} = UlL:’“1 Lk, k=1,... K,
3. s15 €Sk, L =1,..., L, pairwise distinct for every k =1,..., K,

4. Ti’/{GRk,iZI,...,I,kZI,...,K,

such that
K Ly K Ly C
/HHst(m) H ri7k(m)uji,kduy - HH/sl,k(m) H riyk(m)ujlakd,uy > KT
k=11=1 €T, k=11=1 =

By the definition of S, Ri, k =1,..., K, in 13.11 and by Proposition 12.7, the set

is of zero density.

13.15. Denote
A= () M)

neSel(Z4r,7.4)

By Lemma 1.6, A” C Z% is thick.

Put A" = A"\ I', A’ is thick as well. By 13.12 find m € A’ such that for Bs =
Nyea Byf(m)~! one has v(Bs) > b.

We fix m from now on.
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13.16. For every y € Bs we introduce a coloring of A’ by Q7% colors in the following way.
For f € A, f = spr with s, € Sk, rx € Ry, we put X?@k(f) =qif

4]

ysu(m) < IF° (138)

|7 (m)w) & — V)i,

Since by the choice of By in 13.15 we have ysi(m)ri(m) = yf(m) € By C Bs, (13.8) takes
place for some 1 < g < @ (see subsection 13.9).

Then we define x, = (ng;k’ j=1,...,J, kzl,...,K).

b
13.17. There is Bg C Bs with v(Bg) > N such that y, is constant on Bg: ), = x for all
y € Bg (see 13.13 for the definition of A).

b
We put By = Bg \ D,,. Since by 13.15 m ¢ I', we have v(B7) > IA by 13.14.

13.18. Choose hy € B and a selection n:Z%» — Z¢ such that y is constant on the set
{ho(m)g;(n(m)), i =1,...,I} (see subsection 13.11). Then n = n(m) € A by 13.15.

We fix n from now on.

- b
2A°
Since Brhg(m)g;(n) C By by 13.15 and the definition of A’ in 13.11, we have Bg;(n) C
BsC By i=1,... 1.

13.19. Define B = Bryhy(m). Then v(B)

13.20. Decompose

ho(m)gi(n(m)) = s, iy, e(M)rix(m), i=1,....1, k=1,..., K,

where r;p, € Ry, it =1,...,1,k=1,...,K,and s;, € S, k=1,..., K, =1,..., L, are
pairwise distinct. Define

Le={ie{l,.... I} : (1) =1}, k=1,...,K, 1=1,...,Ly.
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13.21. Let y € B. Put z = yho(m)~! € B;. Then

1

uy(f] Agitn)™) = () A (ro(m)gi(m) ")

i=1

I K
:/H > 1 swwatmyras(myug, wdp.

i=1 (jr )€ k=1

K Ly
= Z /HHSZ,k(m)( H Ti,]@(m)uji’k>dluz
(iyeal V" k=1l1=1 i€l
K Ly .
> Z (HH/Slk(m) H Ti,k(m)uji,kd,uz— W)
(jiyeQ! k=11=1 el
(by 13.14, as By N D,,, = () by 13.17)

K Ly

C
= Z H H/ H Ti7k<m)uj,i,kdﬂzsl7k(m) — Z

(ji)eQI k=11=1 1€l k

K Ly o
- Z ﬂ ﬂ'uZSl,k(m)( ﬂ Ajli,kri,k(m)_l> - Z
(ji)e! k=11=1 i€l k

13.22. Since z € B; C Bg, we have by 13.16, 13.17 and 13.18
)

zslk(i%k(m) 4I

Tk (m)ujk — Yjk,q(4.k)

for some 1 < q(j,k) <Q,j7=1,...,J,k=1,... K.
For every k=1,...,K,l=1,...,Lj choose i;} € I 1.
Fix nowsome 1 < j < J, 1<k < K,1<1[< L. Then for any i € I; we have

J

| . . < .
Tz,k:(m)ujak T“,k’k(m)uj’k zsip(m) 21

[zsy g, (m) (Aj,kri,k(M)_lﬁAj,kTiz,k,k(m)_l) =

Thus,
o
5

/J/zsl,k(m)< m Aj,kri,k(m)_l) - /Lzslyk(m) (Aj,krihk,k(m)_l)‘ <

1€ g

Since i1k € Ik, si,(m)ri, k(M) = ho(m)gi, , k(n) and so, zs;r(m)ry, (M) € By. By
13.10,

)
,uzslyk(m)ml,k,k(m) (Aj,k) - a;’,k‘ < 5

Hzsy 1 (m) (Aj,kril,k,k(m)_l) - a;‘,k‘ =

Hence

,uzsl,k(m)< ﬂ Aj,kri,k(m)_1> - a;‘7k’ < (57

i€l i
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that is, the collection

a;:k7l = ,uzsl,k(m)( ﬂ Aj,kri,k:(m)fl)’ j=1...,J, k=1,... K, l=1,..., Lg,

’LIEIl’k

satisfies the condition (13.6). Define © C Q! by (13.5). Then by 13.8, the inequality (13.7)
holds for these a’;; ;. Thus, by 13.21,

I K Ly

C
My(ﬂ A ) Z ﬂ ﬂ Mzs; k(m)( ﬂ Ajk,krzk 1) - Z
=1 (]k)e@k 1i=1 ’LEIlk
WL 3¢ C C
-S> -S4
0€O k=11=1
13.23. By 13.18, n € A. By 13.7, 13.22 and 13.19, for any y € B we have
I
C
Agi *1) by
Therefore, by 13.19,
I
bC
Agi(m)™) > <
u(ﬂ gi(n)") > X .

14. The nilpotent van der Waerden and Szemerédi Theorems

14.1. A “nilpotent” generalization of Theorem CT can be deduced directly from Theo-
rem NT. However it is simpler to utilize an abstract version of this theorem, Theorem 5.3.

Let G be a finitely generated torsion-free nilpotent group, let A C §£3G be a system
and let » € N. By Corollary 5.7, there exist p € N and a system B C §5G such that for
any r-coloring x of £”G there exist h € B and a selection n € Sel(ZP,Z) such that x is
constant on the set {g(n)h, g€ A}.

Let an r-coloring v: G — {1,...,r} of G be given. Put m = (1,...,1) € Z? and
define a coloring x of PG by x(h) = ¥(h(m)) for h € ¥PG. Find h € B and n € Sel(ZP,Z)
corresponding to x by Corollary 5.7; then v is constant on the set {g(n(m))h(m), g € A}
and 1 < n(m) <p.

14.2. Consequently, we have the following theorem.

Theorem. Let A C £0G be a system and let r € N. Then there exist p € N and a finite
subset Q C G such that for any r-coloring x of G there exist 1 <n < p and T € Q such
that x is constant on the set {g(n)T, g € A}.

65



14.3. Theorem 14.2 is equivalent to Theorem NT. Moreover, with its help one can obtain
a version of Theorem NT in the formulation of which the requirements that X is complete
and the elements of G act continuously on X are omitted:

Corollary. Let (X, p) be a totally bounded metric space, let G be a nilpotent group of (not
necessarily continuous) transformations of X, let Ty,..., Ty € G and let p; j: Z — 7 with
pij(0)=0,i=1,...,1,j=1,...,t, be polynomials. Then for any e > 0 there exist p € N
and a finite subset Q@ C G such that for any x € X there exist 1 <n <p and T € Q such
that

p(Ttpi’t(”) . ..Tf"’l(n)T:{:,Tm> <e¢ foreachi=1,...,1.

Proof. Let € > 0 be given. Choose a finite £/2-net {z1,...,z,} in X. Using Theorem 14.2,
find p € N and Q C G corresponding to the system

A= {1g,g1(n) = Ttpl’t(n) .. .Tlpl’l(n), cog1(n) = Ttp”t(n) .. .Tlp”l(n)}
and r-colorings of GG. Given a point x € X, define a coloring x of G by

W) =r if p(Tz,2,) <

| ™

(if there is a number of possibilities, choose one of them). Then for some 1 < n < p and
T € Q one has x(¢;(n)T) = x(T),i=1,...,I, and so, p(g;(n)Tz,Tz) <e,i=1,...,1. g

14.4. Now, let d € N and let G be the multiplicative group of upper triangular d x d
matrices over Z with unit diagonal entries. G is nilpotent and torsion-free (moreover, any
finitely generated torsion-free nilpotent group is a subgroup of such G for d big enough
(see, for example, [KM])). It is easy to see that the group &G of G-polynomials is the
multiplicative group of upper triangular matrices with unit diagonal entries over the ring
of integral polynomials. Applying Theorem 14.2 to this case, we obtain the following
corollary.

Corollary. Let
1 pin2(n) piis(n) ... pia(n)

0 1 pi2s(n) ... pi2an)
gin)=10 0 1 opigan) |, i=1,...,1, (14.1)

0 0 e 0 1
be d x d matrices, where p; j;:Z — Z are integral polynomials satisfying p; ;1(0) = 0,
1=1,...,1,1 < j<l<d. For any finite coloring of the set G of d x d upper-triangular

matrices over Z, with unit diagonal entries there exists T' € G and n € N such that the set
{g:(n)T, i =1,...,I} is monochromatic.
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14.5. Corollary 14.4 implies the following “pure” combinatorial fact (compare with Theo-
rem CT in 0.16):

Corollary. Let d,I € N and let p; j;:Z — Z be polynomials satisfying p; ;1(0) = 0,
i=1,...,1, 1 < j <1 <d. For any finite coloring of Z% 1 there exist n € N and
(u1,...,uq—1) € Z%1 for which the set

{(U1 +pi2(n)us + ...+ pi1a—1(n)ug—1 + pi,a(n),

Uz + ...+ Di2.d—1(n)ud—1 + pi2.a(n), (14.2)

Ud—1 +pi,d_17d(n)), 1=1,... ,I}

18 monochromatic.

Proof. Let m:Z% — Z9~! be the projection forgetting the last coordinate. Define v =
(0,...,0,1) € Z.

The matrix group G introduced in 14.4 acts on Z¢ from the left in a natural way. Any
finite coloring ¢:Z%~! — {1,...,r} induces a coloring x:G — {1,...,r} by the rule
\(T) = o (x(Tv)).

Put g1,...,91 € oG by (14.1). Find T € G and n € N such that yx is constant on
the set {gZ )T, i=1,. I} Then v is constant on the set {Wogz VTv, i = 1,...,[},
and this gives (14.2) for (ul, contgoy) =m(Tv) € 2971 g

14.6. To obtain combinatorial corollaries of measurable multiple recurrence theorems one
uses the Furstenberg Correspondence Principle (see, for example, [F2]). Now we will de-
scribe a possible way to establish this principle.

Let G be a countable semigroup. Let GT and G~ be two distinct copies of G; we
denote by TF and T~ the elements corresponding to 7' € G in G and G~ respectively.
Let G be the set of nonempty finite subsets of G U G~. The semigroup G acts on G by
the rule

{1y, .. Iy ={(TT)*, ..., (TTh)™ },

where [ €N, s1,...,8 € {+,=}, {I}*,....T'} € G and T € G. Define X = [0,1]9. Then
X is a compact metrizable space. A point w € X has coordinates 0 < wg < 1,
and a sequence of points wy,ws,... € X converges to w € X if and only if (w 1)Q, (w2)q, - -
converges to wq for every @) € G.

Let (X,B,u,G), u(X) = 1, be a measure preserving system, let A € 8. Denote

AT = A, A~ = X \ A. Define a point \Il<(X, B, u,G), A> € X by the formula

l

_ s;—1 B
7TZSZ}_M<QA T’z )7ZEN, T1,...,1 € G, 51,...,816{4—, }

xy((x, B, 1, G), A)

{17,

Then, if we write w = \II((X, B, u, G), A>, for any Q € G and any T € G we have:

a) wire oy = 0
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b) we = wquir+} + Wou(r-};
C) wrQ = wqQ-
Denote by 2t the closed (and so, compact) subspace of X defined by the equations a)
— ¢). Then ¥ is a mapping from the class of measure preserving systems with a marked
element of the corresponding o-algebra to 9. A key fact is that ¥ is surjective (and
therefore the class of measure preserving systems “is compact” in the topology lifted from
Indeed, given w € X satisfying the conditions a) — ¢), define X to be the set of mappings
from G to the two-element set {+, —}: X = {+, —}“, and B to be the o-algebra generated
by the “cylinders”

C{Tlsl""’TlSl} = {ac e X I(TZ) =s;, t=1,... ’l}
forle N, Th,...,T; € G, s1,...,5 € {+,—}. Define a measure p on B by

..........

and an action of G on X by (2T)(P) = x(TP), x € X, T,P € G. Then (X,B,u,G) is a
measure preserving system and \I/<(X, B, u,G), C{1+}> = w.
G

14.7. The first corollary which one can derive from the considerations in subsection 14.6 is
the existence of “universal constants” in theorems on measurable recurrence. In application
to Theorem NM’ it can be formulated in the following way:

Corollary. Let G be a nilpotent group and let A C $0G be a system. For any a > 0
there exist N € N and C' > 0 such that, given a measure preserving system (X,B, u, G),
u(X) =1, and a set A € B with u(A) > a, there exists 1 <n < N for which

u( N Ag(n)‘1> > C.

geA
Proof. Assume that for some a > 0 there are no such N,C: let ((Xk,%k,,uk,G),Ak),
k = 1,2,..., be a sequence of measure preserving systems and subsets Ax € B with

wk(Xg) =1, uk(Ax) > a and such that
1
-1 <
Mk(ﬂ Arg(n) ) <7

geA
foreachn=1,... .k, k=1,2,....
The sequence wy = \I/((Xk,%k,,uk,G),Ak), k = 1,2,..., of points of the compact
space I has a limit point w; let a sequence ki, kz,... € N be such that wy, — w.
J—00
Find a measure preserving system (X,9B,u,G) with p4(X) = 1 and A € 9B for which
w = \IJ((X, B, 1, G),A). We have then p(A) = lim;_, o pix, (Ax;) > a, and, for any n € N,

u( N Ag(n)‘l> =jlgrgoukj(ﬂ Akjg(n)_1> = 0.
geA gEA

This contradicts Theorem NM'. g
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14.8. Let a countable semigroup G act (from the right) on a set M. We say that a sequence
® = {Py, }ren of finite subsets of M is a Folner sequence in M (with respect to the action of
G) if w — 0 for all T € G. In particular, a Folner sequence in an amenable
#(I)k k— o0
group G (see subsection 8.1) is a Folner sequence with respect to the action of G' on itself
by right multiplications.

Given a subset S € M, the upper density of S with respect to ® is

ds(S) = limsup ————~.
»(5) k%oop #Py,

14.9. Now we formulate a version of Furstenberg’s Correspondence Principle.

Proposition. Let G be a countable semigroup acting on a set M, let S be a subset
of M and let ® be a Folner sequence in M. There exist a measure preserving system
(X,B,u,G), w(X) =1, and a set A € B such that p(A) = ds(S) and, for any l € N and
a’nyle"aT'l EG;

SNo
Proof. Let &, 5, ... be a subsequence of ® for which lim #(SN ) = dg(9).

Denote ST =5, S~ = M\ S, and define a sequence of points wy,ws, ... € X by the
formula

l
1 U
(wk>{Tlsl ..... Tlsl} = #@k#(<qs ZTi 1) ﬂ¢k>7
leN, Ty,....T1€G, s1,....,5p € {+,—}, k=1,2,....

Find a point w € X and a sequence k1, ks, ... € N such that wy, — w.
Jj—oo

Since ®1,®P,,... is a Folner sequence, it is easy to conclude that w € 9. Let
a measure preserving system (X,B,u,G), u(X) = 1, and a set A € B be such that

fo((X,%,u,G),A) — w. Then

wlA) =wiagy = Hm (o) g1y = im R 43(5),
and for any [ € N and any T1,...,7; € G we have
(ﬂ AT > =Wirt T = jlggo(wkj){ﬁ ,,,,, T+
] ! !
— i ((NsT)ney) <ds () sT7)
Ji>nolo #q)kj# ﬂ ’ o ’ zol z -



14.10. Now it is simple to obtain the following generalization of Szemerédi’s Theorem.

Theorem. Let G be a finitely generated nilpotent group and let A C $oG be a system.
For any subset S C G of positive upper density in G there exist n € N and T € G such
that {Tg(n), g€ A} C S.

Proof. GG acts on itself by right multiplications. S C G is of positive upper density in
G means that d(S) > 0 for some Folner sequence ® in G with respect to this action.
By Theorem NM’ and Proposition 14.9, d} (mgeA Sg(n)’1> > 0 for some n € N. In

particular, (¢ 4 Sg(n)~! is nonempty. Choose T' € Nyea Sg(n)~t. Then Tg(n) € S for
all g < A. [

14.11. As an example of a pure combinatorial proposition deducible from Theorem 14.10,
let us bring the following its corollary:

Corollary. Let d,I € N and let p; j1:Z — Z be polynomials satisfying p; ;(0) = 0,
i=1,....,0,1<j<1<d. Let I = {llx}ren be a sequence of parallelepipeds in 741,
I, = H?:_ll {ak,i,ari+1,...,bk .}, where the integers ay; < by, € Z satisfy

bri— ar; .
bk, it1| + [ag,it1] +1 koo

br,d—1 — Ag,d—1 —> OO, 00, i=d—2,...,1,
k— o0

and let S be a subset of Z9~! whose upper density with respect to Il is positive: d;(S) =
i #(S N1l)
imsup ———=

> 0. Then there exist (uy,...,uq—1) € Z% 1 and n € N such that

{(U1 +pii2(n)us + ...+ pita—1(n)ui—1 + pi.a(n),

ug + ...+ pi2d-1(n)ua—1 + pi2,.a(n), (14.3)

Ud—1 +p¢7d_1,d(n)), 1=1,... ,I} C S.

Proof. Denote by G the nilpotent group of d x d lower triangular matrices over Z with
unit diagonal entries. Put ®; = IT; x {1} C Z¢, k € N. It is easy to see that the sequence
® = {Py}ren is a Folner sequence in Z¢ with respect to the natural right action of G on
Z%. Define ¢1,...,9r € £oG by

1 0 0 .0
pi’l,g(n) 1 0 ... 0
gi(n) = pin,3(n) pi2s(n) 1 0 ,i=1,...,1.

pi1,a(n) pi2da(n) piza(n) ... 1
Define S’ = {3 x {1}, s € 5}’ then d5(S') > 0. By Theorem NM’ and Propo-
sition 14.9, d <ﬂf:1 S/g(n)—1> > 0 for some n € N. In particular, ﬂle S'g(n)~" is

nonempty. Choose (uq,...,uq_1,1) € ﬂle S’g(n)~t. We have then (14.3) for such n € N,
ULy .oy Ud—1 € 2 ]
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