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Abstract

Given a group G with lower central series G = G1 D G2 2 G3 D ..., we
say that a sequence g: Z — G is polynomial if for any k there is d such that
the sequence obtained from g by applying the difference operator Dg(n) =

g(n)_lg(n + 1) d times takes its values in Gj. We introduce the notion of
the degree of a polynomial sequence and prove that polynomial sequences of
degrees not exceeding a given one form a group. As an application we obtain
the following extension of the Hall-Petresco theorem:

Theorem. Let G = G1 O Gg O G3 D ... be the lower central series of a
group G. Let x € G, y € Gy and let p, q be polynomials Z. — 7 of degrees
k and | respectively. Then there is a sequence zg € G, z; € G; fori € N,

such that xP(My1(") — zég)zgz) - zr(;;) for alln € N.
0. Introduction

The intention of this paper is to provide an answer to a question related to the following
Hall-Petresco theorem:

Theorem HP. (See, for example, [P].) Let G = G1 D G2 O G3 D ... be the lower central
series of a group G and let x,y € G. There exists a sequence z; € G; for i € N, such that

g _ (1) ()

Ty =27 % zﬁ”) (0~1)

for all n € N.

The question was: does the conclusion of Theorem HP remain true if one replaces (0.1) by

A0y = 0,650

ER- )

under the assumption that x € Gi, y € Gy and k > 1?
We answer this question positively, using the technique of what we call polynomial
sequences. The element-wise product gh of two homomorphisms g, h:Z — G, that is
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POLYNOMIAL SEQUENCES IN GROUPS
of two “linear” sequences g(n) = z™ and h(n) = y™ in G, is not, generally speaking,
a homomorphism. However, gh is a homomorphism modulo the commutator subgroup
Gy = [G,G] of G: gh(n) = (zy)"r(n) with r(n) € Gy for all n € Z. It is seen from
Theorem HP that for any k£ € N, the sequence gh(n) can be written as a polynomial
expression modulo Ggy1: gh(n) = z£1)22(2) . Z,E’“)r(n) with r(n) € Gg4q for all n € N|

") = "("_1)"1'!("_l+1) is a polynomial of degree [ with respect to n.

The sequence gh(n) = z™y" is an example of a polynomial sequence of degree <
(1,2,3,...) in G. One could define a general polynomial sequence as a mapping g: Z — G
such that for every k € N there are z1, ...,z € G and polynomials py,...,ps: Z — Z for

where (

-1
which g(n) (zfl(n) e th(n)> € Gy for n € Z. We have preferred a different approach,

based on the following property of ordinary polynomials: they vanish after finitely many
applications of the difference operator Dp(n) = p(n + 1) — p(n). We call a mapping
g:7Z — G a polynomial sequence in G if for every k € N the sequence obtained from g
by applying the operator Dg(n) = g(n)~lg(n + 1) finitely many times takes its values in
Gr+1.- The degree of a polynomial sequence g is the sequence (di,ds,ds,...) of integers
where d = min{d : D*1g(n) € Gy, for all n}.

We show that polynomial sequences form a group with respect to element-wise multi-
plication. This is not surprising and follows from the well known fact that multiplication
in a nilpotent group is polynomial (see subsection 2.9). What is more important, for every
sequence d = (dy,ds,ds,...) with the property d;; > d; + d; for all 4,5 € N, the polyno-
mial sequences whose degrees do not exceed d also form a group. An example is given by
the group of polynomial sequences of degrees < (1,2,3,...); we denote it by 64193 )G.
This group contains all homomorphisms Z — G, n +— x", as well as all sequences of the
form zP(") with € Gy and p being a polynomial of degree < k for some k € N. We

prove that the polynomial sequences z *) with z € G form a sort of basis for 1 5 3. )G:
for any sequence g € 6 23 )G there are zyp € G and 2z, € Gy for k € N, such that for
every k € N one has g(n) = zl(l) . z]g’“)rk(n) with ri(n) € Ggy1 for all n € Z. It gives an
alternative proof of Theorem HP and answers the foregoing question.

After this paper was written, it was brought to our attention that similar questions
were treated in [L]. In (a part of) his work, M. Lazard used the Lie algebra associated
to a group G to study the group of sequences in G of the form xfl(n) . ..90’8)5(”), where
r; € G; and p; is a polynomial of degree < j (the group §; 23, G in our notation). In
particular, a version of Proposition 3.1 is proved there. Though it seems clear enough that
the methods of [L] can be utilized to obtain the other results of our paper, we feel that our
approach has advantages of its own and may lead to new interesting developments. For
instance, instead of polynomial sequences Z — G, one can consider polynomial mappings
H — G, where H is a general abelian group; most of the results of this paper can be
extended to this case. (See also Remark 3.4.)

Acknowledgment. I thank H. Furstenberg for bringing this problem to my attention.
I am thankful to Vitaly Bergelson for his advise and permanent support. In fact, the
subject of this paper is closely related to our joint research on generalized polynomiality
(see [BL1]). I thank Ron Karidi for his comments on the preliminary version of this paper.
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I also thank the referee for many useful remarks and suggestions.

1. Groups of polynomial sequences

1.1. We define Z, = {0,1,2,...}, Z. = {—00,0,1,2,...}. We will always assume that
—00 + (—00) = —00, and that —oo < ¢t and —oco £t = —oo for all t € Z.
We also define d — t for d € Z, and t € Z, by
d—t, if d>t
th_{—oo, if d<t.
Note thati (d - tl) - tQ =d - (tl + tg). B
Let d = (di)ken where dj, € Z, for k € N, and let t € Z,. We define d — t = (dj, ~
t)ken-

Given d = (dy)ren and ¢ = (¢)ren wWith dy, ek, € Zy for k € N, we will write d<eif
dr < ¢ for all k € N. Clearly, d — t1 < d — ty for t; > ts.

1.2. Let G be a group. For z,y € G, the commutator of x and y is [z,y] = 2~ 'y~ tay; the

identity zy = yz[z,y| will be frequently used in the sequel. For A, B C G, [A, B] is the
group generated by {[:13, Y] } r €A y€ B}.

Let G = G1 2 Gy D G3 D ... be the lower central series of GG, that is G; = G,
Grt1 =[G, Gg] for k =1,2,.... It is known (and not hard to verify) that [G;, G;] C Giy;
for any 7,7 € N.

1.3. Given a (two-sided) sequence g: Z — G, its derivative Dg is the sequence defined by
Dg(n) = g(n)"1g(n + 1). Every sequence g in G is uniquely defined by its derivative Dg
and one of its values, say ¢(0):

Lemma. Let g and h be two sequences in G with Dg = Dh and ¢g(0) = h(0). Then
g(n) = h(n) for alln € Z.

Proof. By induction on n. g

1.4. The derivation D is a mapping from the set GZ of sequences in G into itself; let
D' =D, D*' = DoD! for 1 =1,2,...,and D= = DY = idz.

Let d = (d1,dso,...) where dy € Z, for k € N. A sequence g € GZ is said to be
polynomial of degree < d if for every k € N, D%+1g takes its values in Gy, 1: D% Tlg(n) €
Gg41 for all n € Z. In particular, dy, = —oo implies g(n) € Gy for all n € Z.

1.5. Let H be a subgroup of G, let H = H; O Hy O H3 D ... be its lower central series
and let g be a sequence in H. Since Hy C Gy, for all k£ € N, if g is polynomial in H then
it is also polynomial in G.

1.6. Examples.

1.6.1. Let x € G, let p € Z[n] be a polynomial of degree < d. Then the sequence
g(n) = 2P is polynomial of degree < (d,d,d,...): we have Dg(n) = xzP("+D)=P(") and
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p(n +1) — p(n) is a polynomial of degree < d — 1, so D¥*'g = 15. We say that g is of
absolute degree < d.
If, in addition, z € Gy, then g is polynomial of degree < (_?O’ 00, d,d,...).

1.6.2. Let G = {:L’,y,z ‘ [z, y] = 2z, [z,2] = [y, 2] = 19} (G is isomorphic to the smallest

Heisenberg group, the group of 3 x 3 upper triangular matrices over Z with unit main
diagonal). Let g(n) = z™y™. Then

n+1] +1

Dg(n) — y—nw—nxn—i-lyn—l—l — y—nxyn+l — y—nyn—klx[x,y
g(n) = 27" (yx) tyx"T = 2 € Gy
z

= yxz"

Hence, ¢ is a polynomial sequence of degree < (1,2,2,...).

1.6.3. Let G be a nilpotent group of class < [, that is let G471 = {1¢}. Then a sequence
g in G is polynomial if and only if D% 1g(n) € Gj4; for some d € Z, that is D *lg = 14.
If this is the case, g is of degree < (d,d,d,...) (that is of absolute degree < d).

Note that when we deal with nilpotent (in particular, abelian) groups the degree of a
polynomial sequence is actually represented by a finite sequence: if G is of class < [ then
any polynomial sequence in G is of degree < (dy,ds,...) with d; = dj41 = dj42 = .... In
such case we will say that the polynomial sequence is of degree < (dy,...,d;).

1.6.4. Let g be a polynomial sequence of degree < (0,...,0,dk+1,...). Then Dg(n) =
1 k

g(n)tg(n +1) € Gry1, 50 g(n)Gre1 = g(n + 1)Gjy1 for n € Z. This means that g is

constant on G/Gi41: g(n)Gr+1 = g(0)Gg41 for all n € Z.

The following two elementary propositions will be used many times in the sequel; we omit
proofs.

1.7. Proposition. If g is a polynomial sequence of degree < d, then Dg is a polynomial
sequence of degree < d — 1. If Dg is a polynomial sequence of degree < (ci), then g is a
polynomial sequence of degree < (by), where by = ci + 1 if ¢ > 0 and by, =0 if ¢ = —o0.

1.8. Proposition. If g(n) is a polynomial sequence of degree < d, then for any fived
m € Z the sequence g(n + m) is also polynomial of degree < d.

1.9. A sequence d = (di)ken With di, € Z, is said to be superadditive if it is nondecreasing
and satisfies d; + d; < d;4; for all 7,5 € N.

Examples. (1,2,3,...,), (—o0, —00,0,1,2,...), (3,6,9,...) and (1,2,4,...) are superad-
ditive sequences, (2,3,4,...) is not.

1.10. The following lemma is obvious.

Lemma. Ift € Z, and d is a superadditive sequence, then d — t is also a superadditive
sequence.

Note also_tha,t for every sequence ¢ = (ck)keny With ¢, € Z, there is a superadditive
sequence d dominating ¢: ¢ < d.
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1.11. Remark. Given d = (dk)keN and ¢ = (Ck)kEN with di, ¢ € Z,, define dx¢= (ak)keN

[13%

by a1 = —00, a, = max{d; + ¢; | i +j = k} for k = 2,3,.... The operation “+” preserves
the set of superadditive sequences: if d and ¢ are both superaddltlve then d * ¢ is. Moreover,
if d is superadditive, we have (d — t1) *(d — t2) < d — (t; + to) for any t1,ty € Z,. This
property of superadditive sequences will be implicitly used in the proof of Proposition 1.14
below.

1.12. The following theorem is the main result of this paper.

Theorem. Let d be a superadditive sequence. Then polynomial sequences of degree < d
form a group (with respect to element-wise multiplication).

1.13. Corollary. The set of polynomial sequences in G is a group.

1.14. Theorem 1.12 is a corollary of the following proposition:

Proposition. Let d = (di)ren be a superadditive sequence, let t,ty,ty € 7 .

(a) If g, h_are polynomial sequences of degree < d — t, then gh is a polynomial sequence of
degree < d — t as well.

(b) If g is a polynomial sequence of degree < d ~ ti and h is a polynomial sequence of
degree < d — to, then [g, h] is a polynomial sequence of degree < d — (t; + to).

(c) If g is a polynomial sequence of degree < d — t, then so is g~ ".

The proof of this proposition in the paper published in ETDS contains a mistake;
below is a corrected proof.

Proof. First of all, we may reduce the problem to the case where G is a nilpotent group.
Indeed, to prove that a sequence f in G (of the form gh, [g,h] or g=') is polynomial of
degree < d — t one has to show that for any k,

DITELF Gy (1.1)

(We will write f € H if f(n) € H for all n.) Fix an [ € N; if we prove Proposition 1.14
for fmod G417 in G/Gi41 we will have (1.1) for all £ < [. Thus, we replace G by G/G\+1
and assume from now on that Gj41 = {1}.

We will first prove (a) and (b). We will use the following commutator identities that
hold for any sequences g, h in G:

D(gh)(n) = Dg(n)Dh(n) [Dg(n), h(n + 1)] (1.2)

Dlg, hl(n) = [g(n), Dh(m)] [Dh(n), [h(n), g(n)]]
(lg(n), Dh(n)][Dh(n), [A(n), 9], lg(n), h(n)]] (13)
[g(n), n+ 1)], Dg(n)} [Dg(n), h(n + 1)}

We will be proving a statement more general than Proposition 1.14. Let us say that a
sequence f in G is a cp-sequence (commutator-polynomial sequence) if f can be constructed
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from polynomial sequences of degree < d — t, t € Z,, by multiplying them and taking
their commutators. More exactly, f is a cp-sequence if f is a polynomial sequence of degree
<d ~t for some t € Z,, or f = gh where g, h are cp-sequences, or f = [g, h] where g, h
are cp-sequences. We note that if f is a cp-sequence then f(n 4+ 1) is also a cp-sequence.

We define an integer parameter w on the set of cp-sequences in the following way: if
f is a polynomial sequence of degree < d — t for some ¢t € Z, then we write w(f) > t; if
f = gh where g, h are cp-sequences with w(g),w(h) > t, then w(f) > t; if f = [g, h] where
g, h are cp-sequences with w(g) > r and w(h) > s, then w(f) > r + s.

Lemma C1. If f is a cp-sequence with w(f) >t then Df is a cp-sequence with w(Df) >
t+1.

Proof. We use induction on the construction of f. If f is a polynomial sequence of degree
<d —t,t € 7Z,, the assertion of the lemma is trivial. If f = gh where g, h are cp-sequences
with w(g),w(h) >t and for which the assertion of the lemma already holds, then Df is a
cp-sequence with w(Dq) > t+ 1 by formula (1.2). If f = [g, h] where g, h are cp-sequences
with w(g) > r and w(h) >t — r and for which the assertion of the lemma holds, then D f
is a cp-sequence with w(Df) >t + 1 by formula (1.3). g

Lemma C2. If f is a cp-sequence and w(f) > di + 1 for some k € N then f C Gpy1.
In particular, if w(f) > d; + 1 then f = 1.

Proof. Again, we use induction on the construction of f. If f is a polynomial sequence of
degree < d + (dy + 1) then f C Gjy1 by definition. If f = gh with w(g),w(h) > di + 1,
then by induction g,h C Gi41, so f C Grq1. If f = [g,h] with w(g) > r and w(h) > s
such that r +s =dp + 1, let m < k be such that d,,, + 1 <r < d,;,41; then

Sde‘l'l_Tde—l—l+dk—m—1+1_rzdk—m—1+1-

By induction g C Gyp41 and b C Gy, thus f C Gry1. g

Now, parts (a) and (b) of Proposition 1.14 are very special cases of the following
statement:

Lemma C3. If f is a cp-sequence with w(f) > t then f is a polynomial sequence of
degree < d — t.

Proof. We will use a descending induction on ¢; for ¢ > d; + 1 the assertion trivially holds
by Lemma C2. By Lemma C1, if f is a cp-sequence with w(f) > t then Df is a cp-
sequence with w(Df) > t + 1, thus by induction hypothesis Df is a polynomial sequence
of degree < d — (t+ 1). By Proposition 1.7, f is a polynomial sequence of degree < b
where by, = di, — t if di > t. It remains to check that f C Giy1 if dx < ¢, but this is again
given by Lemma C2. g

To prove part (c) of Proposition 1.14 we use the following identity:

D(g~")(n) = Dg(n)~"[g(n), Dg(n)~"][g(n), [g(n), Dg(n) "] ...
l9(n), ... [g(n), Dg(n)~"] ..,
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where the last commutator has [ brackets. By a descending induction on ¢, (Dg)~?! is
a polynomial sequence of degree < d — t, thus by Lemma C3, D(g~!) is a polynomial
sequence of degree < d — t, and by Proposition 1.7, g~! is a polynomial sequence of degree
< b where b, = dj, — t if dj, > t. It remains to check that ¢~ ! C Gr+1 if di, < t; but this is
obvious because g C G41 in this case. g

Remark. The proof of Proposition 1.14 is based on the fact the product zy is linear on
Gk /Gk+1, and the commutator [z,y| is a bilinear mapping (Gy/Gr+1) x (G1/Gi+1) —
Gk+l/Gk+l+1 for any k,l € N.

1.15. For completeness, let us bring one more theorem of the same type; we will not use
it.
Theorem. Letd = (dp)ren be a superadditive sequence, let g be a polynomial sequence of

degree < d and let p be a polynomial taking on integer values on the integers with degp = c.
Then the sequence h(n) = g(n)P"™) for n € Z is polynomial of degree < (dy + kc)gen-

Proof. We will use induction on increasing ¢ and on decreasing ¢ € Z, to prove that if
g(n) is a polynomial sequence of degree < d — t, then ¢g(n)?(™ is a polynomial sequence
of degree < (dy — t + k¢)ken. If ¢ = 0 the polynomial p is constant, and the statement is
a corollary of Theorem 1.12.

Let ¢ > 1. The base of induction on ¢ is established by passing to factors G/Gj41 for
k € N, as in the proof of Proposition 1.14. Write

D(g(n)p(”)> — g(n)_p(")g(n + 1)P(n+1) = g<n)—P(n)g(n)p(n+1)g<n)—p(n—l—l)g(n + 1)p(n—|—1)
= g(n)P =P (Dg(n))P+1),

p(n+1)—p(n) is a polynomial of degree ¢ — 1, so by the induction hypothesis the sequence
g(n)P(r+1)=P(") is polynomial of degree < (di — t + k(c — 1))ken < (dp ~ t + ke — 1) pen.
Dg(n) is a polynomial sequence of degree < d — (¢ + 1), so by the induction hypothesis
(Dg(n))P("*1) is a polynomial sequence of degree < (dp — (t + 1) + kc)pen < (dp —
t 4 kc — 1)gen. By Theorem 1.12 their product D(g(n)P(™) is also polynomial of degree
< (dgp = t + kc — 1)en, and by Proposition 1.7 the sequence g(n)P(™ is polynomial of
degree < (d, —t+kc)ken. m

1.16. Remark. Theorems 1.12 and 1.15 hold true if we substitute Z for an arbitrary
abelian group H and consider polynomial mappings H — G instead of polynomial se-
quences Z — Q.

2. Representation by infinite series

2.1. We keep the notation of Section 1. We will denote the group of polynomial sequences
in G by £G. For a Z,-valued superadditive sequence d, we will denote the group of
polynomial sequences of degree < d by §#;G. The goal of this section is to represent
polynomial sequences in the form of infinite products of elements of G raised to polynomial
exponents.
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2.2. Introduce on G the {Gy}ren-adic topology: in this topology the groups Gy, for k € N
form a basis of neighbourhoods of 15. Now, a sequence (x;) in G converges to x € G,

x; — x or lim;_, x; = x, if for any k € N there is [ such that 2='z; € Gy, for all i > [.
1— 00

Given a sequence (z;):2; in G, we define [[;2, z; = limy_, Hézl x; if the limit exists.
Note that [];2, x; may exist only if #; — 1¢; the converse is not true generally
speaking. Besides, if the nilpotent residue ﬂzozl (G, is nontrivial, the product Hfil x; is
not uniquely defined (the introduced topology is not Hausdorff in this case). One could
avoid these troubles by passing to the completion of G, G, = {El G/Gy: for any sequence

(z;) in G, converging to 1¢,, the product [];2, x; exists and is unique. We however prefer
to remain in G.

2.3. We define an integral polynomial as a polynomial with rational coefficients taking on

integer values on the integers. The binomial coefficients b (n) = (}) = nn—l..(n=k+l) g,

R(k—1)...1
k € Z, form a natural basis for the module (over Z) of integral polynomials: by (n) is (the
only) integral polynomial of degree k satisfying by (0) = ... = bi(k — 1) = 0, bi(k) = 1.

Every integral polynomial p(n) of degree < d is uniquely determined by its values at any
d + 1 distinct points; we have, consequently,

p(n) = cobo(n) + c1b1(n) + . .. + cqba(n),
where ¢g = p(0), ¢ = p(k) — (cobo(k}) +...+ ck_lbk_l(k)) fork=1,...,d.
(2.1)
The difference operator Dp(n) = p(n+1)—p(n) maps the group of integral polynomials
onto itself: the “primitive” P of an integral polynomial p, defined by DP = p and say

P(0) = 0, is an integral polynomial as well. Indeed, by = Dby for all k € Z, (to check
this note that Dby11(0) =0 for n =0,...,k — 1 and Dby11(k) = 1).

2.4. We will now show that polynomial sequences in G are exactly (infinite) products of

elements raised to integral polynomial exponents.

Theorem. Let d = (dy)ren be a superadditive sequence, let a sequence g in G be given by
a (converging) product

g(n) = H:cfi(n) forn e Z,
i=1
where, fori € N, z; € G, and p; is an integral polynomial of degree < dy,. Then g € §;G.

Proof. We have to show that, for every k € N, D%Tlg(n) € Gy for all n € Z. To
do it, we may pass to G/Gg+1, that is assume that G411 = {1¢}. Since z; — 1g, ¢
11— 00

is then given by a finite product g(n) = H2:1 xfi(n) for n € Z, and by 1.6.1, xfi(n) is a
polynomial sequence of degree < (—oo,...,—00,d,,d,,...) < d for every i =1,...,l. By
1 ki —1

Theorem 1.12, g is polynomial of degree < d. g

2.5. The converse theorem holds as well.
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Theorem. Let d = (di)ren be a superadditive sequence, let g € $3G. Then there exist
a sequence (x;)52, with ©; € Gy,, and a sequence of integral polynomials (p;)2, with
degp; < dy, such that g(n) = [];2, xfi(n) for all n € Z. Moreover, if X is a subset of G
such that for every k € N the elements of X lying in Gy generate Gy /Gj41, then x; for
all © € N can be chosen from X.

Proof. We have to find elements x1,x2,... € X and integral polynomials pi, ps, ... such
that for every k € N there is [ € N such that x; € G471 for @ > [, degp; < dj for + <1 and

!
-1
(H xfi(”)) g(n) € Gy for all n € Z. (2.2)
i=1

We will do it using induction on k.
Assume that we have found elements x; € XNGg, and polynomials p; with degp; < d,
fori=1,...,7 such that

J ~1
g (n)= (H xfi(n)> g(n) € Gy, for all n € Z.

i=1
By Theorem 1.12, ¢’(n) is a polynomial sequence of degree < d, thus D%**+1¢'(n) € Gp 4
for all n € Z. Assume now that we can find x;1,...2; € X NG}, and integral polynomials

Dj+1,--.,p withdegp; < dj fori = j+1,...,1, such that ¢'(n)-Gr41 = Hi:thl azfi(n)~Gk+1
for all n € Z. Then we will have (2.2).

2.6. It follows that we may confine ourselves to the case of an abelian group, that is, it
suffices to prove the following proposition:

Proposition. Let H be an abelian group, let a set X C H generate H and let h be
a sequence in H satisfying D**'h(n) = 1g for some d € Z, d > —1. Then h can be
represented in the form

h(n) = Hyl.i(n) forn € Z,
i=1

where y1,...,ys € X and q1,...,qs are integral polynomials of degree < d.

Indeed, applying this proposition to the abelian group H = Gi/Gry1 and the sequence
h(n) = ¢'(n) - Gx+1 in H we will find the required xj41,...,2; and pj11,....,01. =

Proof of Proposition. We will use induction on d. For d = —1 the statement is trivial;
assume that it holds for d — 1. Find y;,...,y: € X and integral polynomials ¢i,...,q;

of degree < d — 1 such that Dh(n) = szl yf;(n) for n € Z. Let ¢1,...,q be integral
polynomials with ¢;(n + 1) — ¢;(n) = ¢.(n) for n € Z (they exist, see 2.3). We may also
assume that ¢;(0) =0 for i = 1,...,¢t. Represent h(0) = y¢11...ys with ys41,...,ys € X.
Define

t s
h'(n) = Hyii(n) H y; for n € Z. (2.3)
i=1

1=t41
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Then A/(0) = h(0) and

DW(n) = B ()~ 'K (n + 1) (Hy;(’“ H ) Hy;“‘“) H vi

1=t+1 1=t+1

- Hygi<n+1>—qi<n> - Hyﬂ") = Dh(n) for n € Z.

By Lemma 1.3, h = b’ and so (2.3) is the desired representation of h. g

2.7. In the proof of Theorem 2.5 the elements x1, x2, x3, ..., participating in the product
g(n) =12, 27 i) " are picked from successive members of the lower central series of G:
say, T1,...,%4 € G1, T4y41,---,T, € Ga, and so on. This is not however necessary, since
the proof works as well if one requires that x; for « € N occur in this product in accordance
with any apriori chosen ordering.

Let us define such a product in the following way. Let S be a linearly ordered set,
let {xs}ses be a subset of G indexed by S. If S is finite, S = (s1,82,...,8¢), we put
[lies s = 25, s, - .. 26, If S'is such that S, = {s € S ‘ s & Gry1} is finite for all k € N,
we define [, g2, = limp o0 HSGSk 2 if this limit exists.

Examples. If S = (1,2,...), then [[,.qzs = [];2; z;; both parts have sense only if
2 — 1g. If S =(...,~2,-1), then [[,cqas = [["og @ IS =(1,2,...,—1,-2,...),
71— 00

then [ cq®s = [0 @i [I;2; —i (if these products are defined).

2.8. Now we can generalize Theorems 2.4 and 2.5.

Theorem. Let d = (dy)ren be a superadditive sequence.

a) Let S be a linearly ordered subset of G, for every x € S let k, € N be such that xz € Gy,
let {ps}zes be a family of integral polynomials with degp, < di, for x € S, and let a
sequence g(n) in G be given by g(n) =[], cg xP=(") forn € Z. Then g € £ ;G

b) Let g € 8;G, let X be a linearly ordered subset of G such that for every k € N, X NGy,
generates Gy /Gry1. Then there is S C X and a family {p.}zecs of integral polynomials
with degp, < di, for x € S (where again, k, € N is such that x € Gy, ) such that
9(n) = [L,es =™ for alln € Z.

Proof. a) Fix k € N, let S, = S\ G}. Sj must be finite (otherwise g(n) =[], cq xP=(") has
no sense), thus in Gy /G411 the sequence g(n) - Gi41 is represented by the finite product
[.es, xP=(") | which belongs to #;(G/Gr11) by Theorem 1.12. So, D% *tlg(n) - Gpyy =
1G/Gy.,, that is D%*g(n) € Gy for all n € Z.

b) We use induction on k € N to find a sequence of sets Ry C X N Gy and families of
integral polynomials {p; }»er, with degp, < dj, for x € Ry, such that for S, = R;U...UR
one has

—1
( H xpz(n)) g(n) € Gy for n € Z. (2.4)
rESy

10
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Then, for S = (Jp, Rk, we will have g(n) = [, g 2P=™ for all n € Z.
Assume that Ry, ..., Rx—1 and {ps }zeRr,; - - - {Pz focr,_, have been found: for Sy_; =
—1
R1U...URk_1 we have ¢'(n) = (Ha:esk_l :L'pz(”)> g(n) € Gy forn € Z. By Theorem 1.12,

g € 893G, so D%y (n) € Gy, that is D™ Flg/(n) - Gyy1 = 1g)q, ., for alln € Z. By
Proposition 2.6, applied to the sequence ¢’(n) - Gi41 in the abelian group Gy /Gg41, there
are x1,...,7; € X NG and integral polynomials py,, ..., ps, of degree < dj such that

t
g (n) Gy = Hm?”(n) - Gpyq for n € Z.
i=1

Put Ry = {z1,...,2¢}, Sp = Sk—1 U Rg. Since Gy /Gy1 is in the center of G/Gy1, we

have
I =™ Grsr= [ 2™ [] 2™ Giy for n e,
TESE TESK_1 rE Ry
thus
-1 -1 -1
(H xm(ﬂ)) g(n) - Gry1 = ( I1 xpz(n)) ( I] xpm(n)> g(n) - Grit
TES) rERy TESK_1
-1
= ( H wpm(”)> g'(n) - Gry1 = 1g/6,,, for n € Z.
TERg

It gives (2.4). m

2.9. As an application, let us derive from Theorem 2.8 the fact that ”the multiplication in a
nilpotent group is polynomial”. Namely, let G be a finitely generated torsion-free nilpotent
group of class < [ (that is, let Gj41 = {1¢}). All factors Gi/Gg4q for k = 1,...,1 are
then finitely generated free abelian groups (see, for example, [KM]). Let X = (z1,...,2¢)
be a linearly ordered subset of G such that X N (Gg \ Giy1) is a basis for G /Gri1
for all kK = 1,...,1. Then every element y € G can be uniquely written in the form
y = H§:1 xi, where a; € Z for i = 1,...,t. Indeed, let it be so in G/G; by induction:

7 )

y-Gi=1l,,¢6, 7" - Gi- Represent y' = (H:C¢€Gz mf) yeGrasy = HmjeGl x?”. Then
Y= (Hmier xf) <ij€Gl x?j>, and since G| is in the center of G, y = [[i_, 2.

Proposition. Under the assumption above

(a) There are polynomials Py, ..., P, of 2t variables such that for any y,z € G, if y =
H§:1 xit, 2 = H§:1 .ri-” and yz = H§:1 x', then ¢; = Pi(a1,...,a,b1,...,b) fori =
1,...,t.

(b) There are polynomials Q1,...,Q: of t + 1 variables such that for any y € G and any

beZ,ify= H§:1 zl and yb = H§:1 xgt, then ¢; = Qi(ar,...,ap,b) fori=1,...,t.

Proof. (a) The product yz = [['_, % [[._, 7" is a polynomial sequence of degree <
(1,2,...,1) with respect to any of variables ay, ..., b; if the rest are fixed. By Theorem 2.8,
in the unique representation yz = Hle x;" the exponents ci,...,c; are polynomials of

degree <[ with respect to any of these variables. It remains to use the following fact:

11
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Lemma. Let F(uq,...,us) be a function on Z° such that F is a polynomial of degree <1
of every of its variables if the rest are fixed. Then F is a polynomial.

(Note that the lemma does not hold if the degrees of the polynomials are not assumed to

be uniformly bounded.)

b
(b) Similarly, y* = (Hle :I;f“) is a polynomial sequence of degree < (1,2,...,1) with

respect to any of the variables aq,...,as, b if the rest are fixed. So by Theorem 2.8, in the
(unique) representation y° = H§:1 x;* the exponents ci,...,¢; are polynomials of degree

< | with respect to any of these variables. By the above lemma cq, ..., c; are polynomials.
|

3. The group of polynomial sequences of degree < (1,2,3...)

Let us turn now to a concrete group of polynomial sequences, the group @(1,273’._,)6’. By
definition, §%1 93 )G consists of sequences g in G satisfying D**tlg(n) € Gryq for all
n € Z and k € N.

3.1. Proposition. (See also [L]. Let S denote {0,1,2,...} with any linear ordering on it.

Every g € 81,2,3,.)G can be uniquely written in the form g(n) = [, cq z,gk) with zg € G
and zx € Gy, for k € N.
If, in addition, g(0) =g(1) =...=g(l) =1g, then 2o =21 = ... = z1 = 14.

3.2. We need the following simple fact:

Lemma. Let H be a group, let g be “a polynomial sequence in H of absolute degree < d”,
that is let D h(n) = 1. Then h is completely defined by its values in 0,1,...,d: if b’
is another sequence in H with DT h(n) = 1y and h'(n) = h(n) forn =0,1,...,d, then
h'(n) = h(n) for alln € Z.

Proof. We use induction on d. For d = —1 the statement is trivial; let it be true for
d—1,d > 0. Then we can apply it to Dh/(n) and Dh(n): DR/ (n) = h'(n) W/ (n+1) =
h(n)~th(n + 1) = Dh(n) for n = 0,1,...,d — 1, hence DR’ coincides with Dh. Since, in
addition, h'(0) = h(0), A’ and h coincide by Lemma 1.3. g

Proof of Proposition 3.1. We define elements zj, for k € Z, recurrently: zo = g(0) and

k
zr, is such that g(k) = Hf:o zl(> for k = 1,2,... (since (Z) = 1, zp is uniquely defined;
cf. (2.1)). We have only to check that

gr(n) = ( Eg zi(?>>_1g(n) € Gy forn e (3.1)
0<i<k

for all k£ (“<” is used in the usual sense). Then, in particular,

k41 k+1
11 Zi(Z)'GIH—l:g(k"{_l)'G’H'l: 11 Zi(l)'Gk‘H’
€S €S

0<i<k 0<i<k+1

12



POLYNOMIAL SEQUENCES IN GROUPS

(4 _ ()

s0 zg+1 € Gk, and g(n) = hmk_)ool_[ ies 2" = [licg2 " for n € Z. The second
<i<k

statement of the proposition follows 1mmed1ately

We use induction on k. The statement is trivial for £k = 0; fix k¥ € N and assume that
z; € Gy for i < k. Then g € 323,..)G by Theorem 1.12, thus D¥tlgi(n) € Gyyq for
n € Z. But g(0) = gx(1) = ... = gr(k) = 1¢ by construction, so by Lemma 3.2, applied
to the sequence gg(n) - Gr1, it is trivial in the group G/Gri1: gu(n) - Gry1 = 1a/ay s
for all n € Z. This gives (3.1). g

3.3. We are now in position to obtain the promised generalization of Hall-Petresco’s the-
orem.

Corollary. Let x1,...,xs be elements of G where x; € Gy, and let p1,...,ps be integral
polynomials with degp; < k; for j =1,...,s. Let S be the set of nonnegative integers with
a fized linear ordering. Then there are zo € G and zi, € Gy for k =1,2,... such that

pJ (n) H Zk

j=1 kes
0<k<n

for alln € Zy. (If the ordering of S is standard, the last product is [[,_, zlgk) .)

If, in addition, p;(0) = ... =p;(l) =0 for all j =1,...,s, then
H x;’j(n) _ H Z’gk)
j=1 kES
1+1<k<n

forallneZ,.

Proof. Indeed, g(n) = H;:1 :L'?j(n) € #1,2,3,.0G, 50 g(n) = [[,eq z,g’“) for all n € Z for

suitable zg, z1,.... But for n > 0 one has (Z) #0only for k=0,...,n
If p;(0) = ... =pj(l) =0for j =1,...,s, then g(0) = ... = ¢g(I) = 1¢ and thus
Z():...:Zl:].(;. [}

3.4. Remark. Considering polynomial mappings Z" — G instead of polynomial se-
quences Z — GG, we easily obtain a generalization of the Dark theorem (see, for example,

[P]):

Theorem. Let x1,...,x, be elements of G where x; € Gy, and let p1,...,ps be polyno-
mials Z" — 7 with degp; < k; for j =1,...,s. Fiz a linear ordering on the set (Zy)".
Then for every (ly,...,l.) € (Z4)" there exists z;, ... 1, € Gi,+.. 41, such that

.....

H x?] (n1a~'~7n7‘) — Zl(1l71“)."l‘;‘<l7’) (3'2)
j=1

I

for all (ny,...,n,) € Z7, where I = {0 <1y <ni} x...x {0 <1, <n.}, and the factors
i the product on the mght hand side of (3.2) are multiplied in accordance with the ordering
induced on I from (Z4)".
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ny1 na

(In Dark’s theorem, [z, y™] = []1<i,<n, zl(llllg(b)
1<lp<ng

ordered first according to my + ny and then according to n;.)

Scetch of the proof for r = 2. Fix l1,lo € Zy, let | = 1; + 5. Since (ﬁ)(;i) = 1, the

element zj, ;, is uniquely defined by (3.2). It is only to check that z;, ;, € G;. Assume
by induction that 2y, k, € Gk, 4k, for all (ki,ka) € (Z4)* with ki + ks < I. Then the

polynomial mapping g: Z? — G defined by

o m) = (L2 T <0

J=1 (k1,k2)€(Z4)?
k1+ka<l

, where the factors in the product are

is of degree < (1,2,3,...). So, g(ni,ns) - Gy is a polynomial mapping Z?> — G/G; of
absolute degree <1 — 1, and thus it is determined by its values at the points (ny,ns) € Z?
with ni,no > 0, n; + ny < [. Since (Zi)(gj) = 0 if either k1 > nq or ko > ng, by
definition of zx, r, we have g(n1,n2) = 1¢ for all such (n1,n2). Hence, g(ni,n2) € G; for

all ny,ny € Z2; it implies 2,0, €Gl. m
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