REALISING SETS OF INTEGERS AS MAPPING DEGREE SETS

CHRISTOFOROS NEOFYTIDIS, SHICHENG WANG, AND ZHONGZI WANG

ABSTRACT. Given two closed oriented manifolds M, N of the same dimension, we denote
the set of degrees of maps from M to N by D(M,N). The set D(M,N) always contains
zero. We show the following (non-)realisability results:
(i) There exists an infinite subset A of Z containing 0 which cannot be realised as D(M, N),
for any closed oriented n-manifolds M, V.
(ii) Every finite arithmetic progression of integers containing 0 can be realised as D(M, N),
for some closed oriented 3-manifolds M, N.
(iii) Together with 0, every finite geometric progression of positive integers starting from 1
can be realised as D(M, N), for some closed oriented manifolds M, N.
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1. INTRODUCTION

Let M, N be two closed oriented manifolds of the same dimension. The mapping degree of
amap f: M — N, denoted by deg(f), is probably one of the oldest and most fundamental
concepts in topology. The set of degrees of maps from M to N, defined by

D(M,N):={de€Z |3 f: M — N, deg(f) =d}.

builds a bridge from topology to number theory: Each ordered pair of manifolds M, N as
above gives a subset D(M, N) of the integers.

Calculating or estimating D(M,N) for various classes of manifolds (M, N) is a topic
with a long history and applications, and it is still very active to date. Some fairly recent
examples include computations for infinite self-mapping degree sets of 3-manifolds [SWWZ],

Date: December 20, 2022.

2010 Mathematics Subject Classification. 55M25.
Key words and phrases. Mapping degree, realisation problem, 3-manifolds, direct products, arithmetic

progression, geometric progression.
1



2 CHRISTOFOROS NEOFYTIDIS, SHICHENG WANG, AND ZHONGZI WANG

computations and estimates for self-mapping degrees for products together with connections
to the individual self-mapping degrees of their factors [Nell, as well as for simply connected
targets, such as the conjectured unboundedness of some D(M, N) for each simply connected
manifold N [CMV]. For a much richer discussion and results, we refer the reader to the
references in the aforementioned papers.

Conversely, the problem of realising arbitrary sets of integers as mapping degrees does not
seem to have been rigorously addressed thus far. More precisely, the following question is
widely open:

Problem 1.1. Given a set A C Z with 0 € A, are there closed oriented manifolds M and
N such that D(M,N) = A?

Remark 1.2. Note that the condition 0 € A is clearly necessary, because the constant map
M — N realises 0 € D(M, N) for any M, N. Another, more restrictive question related to
Problem is about self-mapping degrees: Given a set A C Z with 0,1 € A and ab € A
whenever a,b € A, is there a closed oriented manifold M such that D(M, M) = A? Again,
the additional requirements 1 € A and ab € A whenever a,b € A, are clearly necessary,
because 1 € D(M, M) is realised by the identity map, and ab € D(M, M) is realised by
composing two self-maps of M of degrees a and b.

Problem has been circulated for years; among other, the first two authors have been
asked or have asked this question several times while delivering public lectures on the topic of
mapping degree. However, no answer had been given. In our first result, we answer Problem
[I.7]in the negative.

Theorem 1.3. There exists an infinite subset A C Z containing zero which cannot be realized
as D(M, N), for any closed oriented n-manifolds M, N.

Our result is in fact stronger, contrasting the amount of arbitrary sets of integers with
those that arise from purely topological data (i.e. homotopy types and mapping degrees),
showing thus that “most” arbitrary infinite subsets of Z (containing zero) are not realizable
as mapping degree sets. Thus, we suggest a refined version of Problem [I.1}

Problem 1.4. Suppose A is a finite set of integers containing zero. Does A = D(M, N) for
some closed n-manifolds M and N ¢

To obtain some better intuition for D(M, N), we review several simple cases in the fol-
lowing example. For a finite set A, we use |A| to denote the cardinality of A.

Example 1.5. Suppose M and N are closed oriented n-manifolds.
(i) Ifn =1, then D(M,N) = Z.
(ii) If n =2, then D(M, N) is either Z or the integer interval [—k, k| for some k > 0.
(iii) If N is covered by the n-sphere S™, then

D(M,N) ={d+ |m(N)|Z | for some integers d € [1,|m1(N)|]}.
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The above results are known. We give an argument for the less well-known case (iii) (see
also [Ol] or [SWWZ, Theorem 1]): The degree of the covering S™ — N is |m(N)|. Since
D(S™,S™) = Z, we obtain |m(N)|Z C D(S",N). If l € D(M,N), then | + |m(N)|Z C
D(M,N), because M = M#S" (see Lemma [3.5). Thus, D(M,N) = {l + |7 (N)|Z |l €
D(M, N)}. Since for each | € Z, {l + |m(N)|Z} = {d + |71 (N)|Z} for some d € [1, |m(N)|],
case (iii) follows.

Cases (i) and (ii) in Example [1.5| are arithmetic progressions (infinite or finite) of constant
difference 1, and case (iii) is a union of finitely many infinite arithmetic progressions of
constant difference |m(IV)|. These observations motivate the following question — also a
refinement of Problem [L.1| - from a number theoretic point of view:

Problem 1.6. Can every arithmetic progression containing zero be realised as D(M, N) for
some closed oriented n-manifolds M, N ?

We give an affirmative answer to Problem for finite sets:

Theorem 1.7. Every finite arithmetic progression of integers containing zero can be realised
as D(M, N) for some closed oriented 3-manifolds M, N .

Theorem will be a corollary of the more general realisation Theorem [3.I which is
probably somehow involved to be stated in the introduction. As we shall see in Section [3]
Theorem has also other consequences concerning Problem [1.4]

Prompted by Problem [1.6] and Theorem [1.7] we further ask the following:

Problem 1.8. Together with 0, can every geometric progression of integers be realised as
D(M, N) for some closed oriented n-manifolds M, N ¢

We give a slightly more restrictive (compared to the case of arithmetic progressions), but
still substantial, answer to Problem [I.8}

Theorem 1.9. Together with 0, every finite geometric progression of positive integers start-
ing from 1 can be realised as D(M, N) for some closed oriented manifolds M, N.

Theorem will also follow from a more general realisation result (Theorem [4.1)).

Ideas of the proofs: The ideas for the proofs of the above results can be outlined quickly:
(i) The proof of Theorem [1.3|is based on the idea of using countability; (ii) Both 3-manifolds
M and N in Theorem (Theorem will be connected sums of certain circle bundles
over surfaces with non-zero Euler classes, which in turn determine the mapping degree sets
between those circle bundles (Lemma [3.4)); (iii) Both manifolds M and N in Theorem
(Theorem [1.9) will be products of 3-manifolds which are of the forms stated in (ii). As we
shall see in the course of the proofs, both the constructions and verifications in (ii) and (iii)
are somewhat delicate, especially for Theorem

Remark 1.10. Since in all of the constructions in this paper we will be using aspherical 3-
manifolds as building blocks, our manifolds will have non-trivial fundamental groups. Thus,
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a further natural refinement of Problem[1.1] and of its variations would be to consider similar
realisability questions for simply connected manifolds.

Acknowledgments. When parts of this project were carried out in the summer of 2021,
C. Neotytidis was visiting MPIM Bonn and the University of Geneva, S.C. Wang and Z.Z.
Wang were visiting TASM of Zhejiang University. We thank all these institutes.
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on a first draft of this paper that there are only countably many homotopy types of closed
manifolds. Subsequently, Professors Jean-Francois Lafont and Shmuel Weinberger pointed
out that this latter fact is a theorem of M. Mather [Ma]. We thank all of them.

Finally, we thank the anonymous referees for their suggestions.

2. NON-REALISABILITY FOR INFINITE SETS

Theorem [[.3] a negative answer to Problem now follows quickly from the idea of using
countability. In fact, if we restrict to closed oriented smooth manifolds, the proof becomes
very elementary.

Proof of Theorem[1.3. Let Z* be the set of all non-zero integers. Since Z* has uncountably
many subsets and countably many finite sets, it has uncountably many infinite subsets. In
particular, Z has uncountably many infinite subsets containing zero. Thus, in order to prove
Theorem [1.3] we only need to prove the following:

Claim: For every n, there are only countably many integer sets D(M, N) of pairs of closed
oriented n-manifolds (M, N).

We first prove the Claim for triangulable closed oriented n-manifolds, which is elementary,
and already contains all closed oriented smooth or piecewise linear manifolds.

First, fix the dimension n. For each integer £ > 0, there are only finitely many simplical
complexes consisting of k simplices. In particular, there are only finitely many closed n-
manifolds consisting of k simplices. By induction on k, there are only countably many
closed triangulable n-manifolds. Thus, there are only countably many pairs (M, N) of closed
triangulable n-manifolds. Then, by induction on n, there are only countably many pairs
(M, N) of closed triangulable n-manifolds in all dimensions n. It follows that there are only
countably many integer sets D (M, N) of closed oriented triangulable n-manifolds (M, N) in
all dimensions n.

Now we discuss the general case. Let M, N, X and Y be closed oriented n-manifolds.
Suppose X and Y are homotopy equivalent to M and N respectively. Then

D(M,N) =D(X,Y).
Following the argument given in the triangulable case, we need to prove that there are

only countably many homotopy classes of closed oriented n-manifolds. This is a theorem of
Mather [Mal Corollary, p. 93]. O
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3. REALISABILITY FOR FINITE ARITHMETIC PROGRESSIONS

Theorem is a special case of the following more general realisation result, which will
be proven in the end of this section.

Theorem 3.1. For any k € N, and any integers
di,dy,...,dx > 0 and ny,ny, ng, ny, ..., ng, ny, > 0,

there exist closed oriented 3-manifolds M, N such that

k

i=1
Corollary [3.2] below is a general form of Theorem A finite sequence of integer intervals
{[bz, CZ‘]/L. = ]., 2, ceey l}
is called arithmetic, if the lengths of all [b;, ¢;] are equal, and all the differences b; 1 — b; are

equal. When b; = ¢;, we obtain a usual finite arithmetic progression.

Corollary 3.2 (Theorem . Fvery finite arithmetic sequence of integer intervals contain-
ing zero can be realised as D(M, N) for some closed 3-manifolds M, N. In particular, every
finite arithemetic progression containing zero is realisable as a mapping degree set.

Proof. Suppose {[b;,¢;],i = 1,2,...,1} is a finite arithmetic sequence of integer intervals,
where b; < ¢; < b;y1, and 0 € [by, ¢x] for some 1 < k < [. Let

ny = Cg, n'lz—bk, dgzbg—bh ngzl—k’, né:k—l

Since {b;, i = 1,...,1} is an arithmetic sequence with constant difference dy, we have b; =
b + do(i — ) —n} + dy(i — k). Similarly, ¢; = ¢ + da(i — k) = ny + do(i — k). Thus,

l l
A:U@Mﬂzu —n! 4+ do(i — k), ny + da(i — k)]
-

= U [—n] + daj, n1 + daj]

n2

= U [=n7 + daj, mi + daj]

)
J=—ny

na
= U {dez|d=mi+jd, —n} <mi<m}

)
J=—ny

n2
= |J {deZ|d=mi+mady, —n) <my<n}

ma=—nl,

:{d€Z|d:m1+m2d2, —nigmlgnz}
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The proof follows by Theorem [3.1] for &k = 2 and d; = 1. O
Another consequence of Theorem [3.1]is the following;:

Corollary 3.3. Let A = {dy,...,d;} be a finite set of integers containing zero. There are
closed oriented 3-manifolds M and N such that

D(M,N) = {Zdj | S C {1,...1}}.

jes
Proof. Setn| =---=n; =0, ny=---=n, =1 in Theorem [3.1] O
Now we are going to prove Theorem [3.1] We need some more preparations.

Given a circle bundle St — K — 3, where ¥ is a closed oriented surface, the Euler number
of K is defined by the Kronecker product

e(K) = (e(K), [X]),

where e(K) € H?*(X;Z) = Z denotes the Euler class of K.
The following lemma determines the mapping degree sets when running over all Euler
numbers for a fixed hyperbolic surface.

Lemma 3.4. Let ¥ be a closed oriented hyperbolic surface and K; = X be the circle bundle
with Euler number é(K;) =1i. Then

{04}, fily
(1) D(K;, Kj) =

{0}, ifitg

Moreover, all of the non-zero degree maps are homotopic to coverings.

Proof. For s = i, j, we have a surjection 71 (K;) =% 7,(X) with kernel Z = [t] represented by
an S fiber ¢ (see [Sc, Lemma 3.2]), so that this normal subgroup Z C m;(Kj) belongs to the
center Z(m (Ky)) of m(Ks); see [Hel p. 118]. Now, if 2 € Z(m(Ks)), then ps, (z) € Z(m(X)).
Since ¥ is a hyperbolic surface, Z(m (X)) is trivial, therefore z is in the kernel of py,, that
is, © € Z. Thus, Z(m (K,)) = m(S') = Z. Note that this fact can be also obtained from
[Brl, Sec. IV. 3].

Let f: K; — K; be a map of non-zero degree. Since the center of m1(X) is trivial, after
lifting f to a m-surjective map K; — K, (where K; is the cover of K; corresponding to
f«(m1(K;))), we deduce that the center of m(K;) is mapped trivially in m;(X) under the
induced homomorphism (py o f).: m(K;) — m(X). Thus, by the asphericity of our spaces,
there is a map f: ¥ — 3 such that f o p; = ps o f up to homotopy.

Since deg(f) # 0, we conclude that deg(f) # 0. Hyperbolic surfaces do not admit self-
maps of degree greater than one, hence deg(f) = &1. In particular f is 7;-surjective. Since
71(¥) is Hopfian, we conclude that f induces an isomorphism on 7;(X) and thus, since X is

aspherical, f is a homotopy equivalence. The Borel conjecture is true for aspherical surfaces,
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hence f is homotopic to a homeomorphism. Since every self-map of the circle is homotopic
to a covering map, we deduce that f is homotopic to a fiber-preserving covering of degree

deg(f) = deg(f) deg(f|s1) = £ deg(fls1)-
Moreover, by [NR] (see [Sc, Theorem 3.6]), we obtain

deg(f) _ é(K;)
deg(fls1)  deg(f)

This can happen only if i | j. We deduce that

é(K;) = é(Kj)

D, 1) € {02 if i1, and D, ) = (0}, it

We still need to show that £ € D(K;, K;), whenever ¢ € Z (see [Ne2, Example 1.4]): Since K;
is fiberwise oriented, it is a principal U(1)-bundle, and hence can be viewed as the associated
complex line bundle whose first Chern number is ¢; (K;) = é(K;) = i. The tensor product of
% copies of K; has first Chern number

(K = Ten(K) = La(i) = j = (k).
Hence, ®%KZ- = K;. The %—th power of a section of K; gives us a fiberwise covering map
[ K= @K,
which is of degree % on the S'-fibers and of degree one on Y. In particular,

J
deg(f) == € D(K;, Kj),
showing . 0]
Recall that given sets of integers A;, i = 1, ..., k, the sum of A; is defined to be

k k
ZAl = {Zailai € Az}
i=1 i=1

When Ay, ..., A are equal to the same A, we often denote Zle A; by Zk A.
The next lemma provides a connection between D(M;# M, N) and D(M;, N)+D (M, N).
Lemma 3.5. Let My, My and N be closed oriented manifolds of dimension n. Then
(2) D(My,N) + D(Ms, N) C D(Mi#M,, N),
with equality if m,—1(N) = 0.

Proof. For i = 1,2, let f;: M; — N be maps of degree d;. Consider the following composite
map

Fr MMy~ MV My Y2 Ny N N,
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where ¢ is the map that pinches the connecting S"~! to a point and A is a homeomorphism
that maps each copy of N to itself. Then in degree n homology

Hy(f)([My#Ms]) = Hy(h) o Ho(f1V f2) o Ho(q)([Mi#£Mo])
= Hp(h) o Hu(f1 V f2)([My], [M])
= H,,(h)(d1[My], dy[Mo])
= (di + da)[NV],

which shows inclusion ([2)).

Suppose now 7,_1(N) = 0 and let f: M;#M,; — N be a map of non-zero degree. Since
any map S" ! — N is null-homotopic, we deduce that f factors through the pinch map
q: My#Ms — M, V M,, that is, there is a continuous map g: M; V My — N such that
f = goq. Hence, in degree n homology we have

deg(f)[N] = Hu(f)([M1# M,])
= H,,(9) o Ha(q)([M1#M>])
= Hy(g)([Mi], [Ms))
= (di + d2)[NV],
;) ([M;]) = di[N], i.e. d; € D(M;, N), for i = 1,2. This shows the inclusion
D(M#Ma,N) C D(My, N) + D(Ms, N).

where H,(g

We are now ready to prove Theorem (3.1
Proof of Theorem[3.1]. Set
d = didy...dy, andd, = d'/d;, i =1,..., k.

Let
N = Kd’, Mz = Kd; and Mz/ = de;.

be circle bundles over a closed oriented hyperbolic surface ¥ with Euler numbers

é(N)=d, é(M;) = d, and é(M!) = —d,

respectively.
Since d'/d; = d;, Lemma [3.4] tells us that
(3) D(M;,N) = D(Kg, Ka) = {0,d;}.
Similarly,
(4) D(M,N) = {—d;,0}.
Let

Since N is aspherical, in particular mo(/N) = 0, we apply Lemma successively to obtain
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D(M,N)=>_()_D(M;,N)+> DM, N)).

i=1 ji=1 jiml
By and , Z;‘:l D(M;,N) + 222:1 D(M], N) is the sum of n; copies of {0,d;} and of
n; copies of {0, —d;}. Hence,

> D(M;,N)+ Y D(M],N) = {mid; | — nj < m; <n;}.
Ji=1 7i=1
We conclude that
k
i=1

finishing the proof of Theorem [3.1] O

4. REALISABILITY FOR FINITE GEOMETRIC PROGRESSIONS

Theorem about finite geometric progressions is a straightforward consequence of the
following more general realisability result.

Theorem 4.1. Given integers 1 < dy < dy < --- < d;, there exist closed oriented 3l-
manifolds M and N such that

D(M,N)=1{0,1} U {de |0#SC{1,2, ...,l}}.
jes
Proof of Theorem[1.9 from Theorem[{.1]. Let d = dy = --- = d; = d. Then Theorem [4.1
implies

D(M,N)=1{0,1,d,d*, ...,d"}.

We will devote the rest of this section to the proof of Theorem [4.1]

For brevity, we say that a closed oriented n-manifold M dominates (resp. 1-dominates)
another closed oriented n-manifold N if there exists a map f: M — N of non-zero degree
(resp. of degree one).

We begin with some easy observations:

Lemma 4.2. Given any closed oriented n-manifolds M and N, there is a 1-domination

M#N — N.

Proof. This follows from Lemma [3.5} in fact it is contained in the proof of Lemma [3.5
Namely, consider the following composite map

M#N -4 M v N - N,
where ¢ pinches the connecting S™! to a point, and h sends M to that point. O
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We denote the degree 1 map M#N — N in Lemma [4.2] by p and also call it a pinch map.

Lemma 4.3. Let M, Ny and Ny be closed oriented n-manifolds. Then
D(M, N1#N5) C D(M, Ny).
Proof. Suppose | € D(M, N1#Ns) and f: M — N;#N; be a map of degree [. Let the

composition
M Ly Ny#N, 25 Ny,
where p is the pinch map given by Lemma Then po f is of degree [, so [ € D(M, Ny). O

The following result is a special case of Theorem [4.1] as well as a crucial step to prove
Theorem [4.1]

Theorem 4.4. For any integer d > 1, there exist closed oriented 3-manifolds Q) and P such
that D(Q, P) = {0, 1, d}.

Proof. Let ¢ > d be a prime number, and consider the following manifolds, where, as in
Section |3, K; denotes the S'-bundle over a fixed hyperbolic surface with Euler number i:

Q = (#aK)#K#Kp and P = K#Kp.

Let Q1 = (#4K,)#Kq. By Lemma 3.4 Ky is a d-fold covering of Kz, and so we obtain a
covering

(5) Q1 = (#aK)#Ks — K#Kp =P
of degree d. Note that
Q = P#(#a1K)#Ka = Q1 #Kep.
By Lemma there are 1-dominations ) — )1 and ) — P. Together with , we deduce

(6) {0,1,d} € D(Q, P).
We will now show the converse inclusion. Lemma implies that
(7) D(Q,P) € D(Q, K,) N D(Q, Ka).
Since K, is aspherical, in particular m5(/,;) = 0, Lemma (3.5 implies that

d
D(Q.K,) =Y D(Ky, K,) + D(Ky, K) + D(Eg, K,).
Since d and q are coprime, Lemma tells us that
D(K,, K,;) ={0,1},
D(Kq, Kq) = D(Kg, K,) = {0},
and thus
(8) D(Q,K,) ={0,1,...,d}.
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Applying the same argument we obtain

9) D(Q,Kqg2) ={0,1,d,d+ 1}.
Then by , and @D we have
(10) D(Q,P) C {0,1,...,d}n{0,1,d,d + 1} = {0,1,d}.
The theorem follows by @ and . O

Equipped with Theorem [£.4] we will be able to prove Theorem by using products of
suitable 3-manifolds. To do this we still need some preparations.

Recall that given sets of integers A;, i = 1, ..., k, the product of A; is defined to be

k k
HAZ = {Haﬂai S Az}
i=1

i=1
When Ay, ..., A, are equal to the same A, we often denote Hle A; by Hk A.

We begin with a straightforward observation:

Lemma 4.5. Given closed oriented n-manifolds M, N and m-manifolds W, Z, we have
D(M,N)-D(W,Z)C D(M xW,N x Z).

Proof. Let f: M — N and g: W — Z be maps of degree k and [ respectively. By taking
products of manifolds and maps, we obtain amap fx g: M xW — N x Z of degree kl. [

The converse inclusion to Lemma fails in general [Nel, Example 1.2]. Nevertheless,
Theorem below, which is a generalisation of [Nell Theorem 1.4], gives some sufficient
conditions so that equality holds. This will be important in proving Theorem [.1]

Theorem 4.6. Let M, N be two closed oriented manifolds of dimension n and W,Z of
dimension m. Suppose

(i) N is not dominated by direct products, and
(i) for any map W — N, the induced homomorphism H,(W,Q) — H,(N;Q) is trivial.

Then D(M x W, N x Z) = D(M, N) - D(W, Z).

Before giving the proof of Theorem [4.6, we first make some remarks, mostly around Thom’s
work [Th] on Steenrod’s realisation problem.

Remark 4.7.

(1) In [Nell, Theorem 1.4], condition (it) is stated in cohomology, while in Theorem 4.0
we chose to state condition (ii) in homology, since it is more direct in its application
to the proof of Theorem and also Thom’s Realisation Theorem [Th|, which is
needed in the proof Theorem[{.6, arises naturally in homology.
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(2) Recall that Thom’s Realisation Theorem states the following: Let X be a topological
space. For each w € H,(X;7Z), there is an integer d > 0 and a map f: M — X,
where M is a closed oriented n-manifold, such that H,(f)([M]) = dw. In particular,
each w € H,(X;Q) can be realised by a closed oriented n-manifold.

(3) Ewven though Thom’s Realization Theorem is crucial for the proof of Theorem|4.6, it
will not be essential for the the proof of Theorem[{.1], since in Theorem [{.1] one can
see directly that each homology class can be realised by a closed oriented manifold.

Next, we fix some notation for the proof of Theorem [4.6} [M] and [M]* denote the integer
fundamental classes of H,,(M;Q) and H"(M;Q) respectively. Also, let tpr: M — M x W
be the inclusion, py: M x W — M the projection, and denote [M] ® 1 = H,(tar)([M])
and wyr = H™(par)([M]*). Similar notation will be used for W, N and Z.

Proof of Theorem[{.6 By Lemma [4.5] it suffices to show the inclusion D(M x W, N x Z) C
D(M,N)-D(W,Z). Let f: M x W — N x Z be a map of degree d # 0. We have

Hy(f): H(M x W;Q) = Hi(N x Z;Q) and H'(f): H((N x Z;Q) — H'(M x W;Q)
for 1 € {0,1,...,m + n}. By the Kiinneth formula in homology, we have

(1) Hy(M x W;Q) = &iLy(Hp—i(M; Q) ® H;(W;Q)) =Q < [M]® 1> &V,

H,(N x Z;Q) = & o(H,—i(N;Q) ® Hi(Z;Q)) =Q < [N]| @1 > dVy,

where Vyy = @7 (H,—;(M;Q) @ H;(W;Q)) and Vy = & ;(H,—;(N; Q) @ H;(Z;Q)).
Consider the composition

MxW -1 N x 7z 2% N.

The restriction of H,(py o f) to @'} (H,_;(M;Q) ® H;(W;Q)) maps trivially to H,(N;Q)
by condition (i) and Thom’s Realisation Theorem, and the restriction to H,(W;Q) maps
trivially to H,(N;Q) by condition (ii). Hence, we have that H,(py o f)(Vis) = 0, which
implies that

(12) H,(f) (Vi) € V.
Suppose now
(13) H,(f)(IM]@1) = k- [N]@1+4,

for some k € Z and § € Vy. Then k € D(M, N) and a map of degree k is given by
M MW L5 Nxz 2% N,
We are going to verify that and imply that
(14) H"(f)(wy) =K -wp.
Since py; and py are projections, we have
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Thus,

(15) (war, Vir) = (H" (par) ([M]7), Vir) = ([M]", Hy(par) (Vir)) = 0
and

(16) (wn, Vv) = (H" (pn) ([NT*), Vi) = ([N]*, Ha(pn)(Viv)) = 0,

where by (wx, Vx) we mean the Kronecker product of wy with any class in Vy, for X = M

and N in and respectively. In particular,

(17) (wn, ) = 0.

By and H"(f)(wy) and K - wyy coincide on [M] ® 1:
(H"(f)(wn), [M]® 1) = <WNaHn(f)([M] 1))

N]@1+9)

N]©1) + (wn, 0)

=k = (k- -wy, [M]®1).

(18) ~ {

W

2
R

2
3

Y

By , and , we have
(19) (H"(f)(wn), Var) = {wn, Hu(f)(Var)) = 0 = (5 - wr, Var)-
Hence, by , and , we have
<Hn(f)(wN>7 Z) = <K' c W, Z>>
for all z € H,(M x W;Q). By algebraic duality, we obtain (14). Note that guarantees
also that xk # 0, because H*(f) with Q-coefficients is injective, since deg(f) = d # 0.
The Kiinneth formula in cohomology tells us that
H™(M x W;Q) = &L(H"(M; Q) ® H'(W;Q)).
We have
(20) H™(pz o f)(wz) Z)\ (Zi X ;) € H™(M x W;Q),

=0
where x,,_; € H" (M;Q), y; € H'(W;Q) and )\; € Q.
By , , the naturality of the cup product and the definition of d, we obtain

d-wyr X ww = H™"(f)(wy X wgz)
= H"(f)(wn) x H™(f)(wz)
= K-wy X Z)\i(xmfi X i)

i=0
= KA\ - Wy X Wiy

Hence, d = kA, and A, is realised as a mapping degree in D(W, Z) by the map
WS Mxw s Nxz 2%z
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Since d € D(M x W, N x Z), k € D(M,N) and \,, € D(W, Z), we conclude
D(M x W,N x Z) C D(M, N) - D(W, Z).

The following fact is also needed to prove Theorem [4.1

Lemma 4.8. [Wa, Theorem 1], [KN| Theorem 1] K; is dominated by the product of a surface
and the circle if and only if i = 0.

Now we describe a basis for the third homology group of products of 3-manifolds.

Proposition 4.9. Let @y, ...,Qs be closed oriented 3-manifolds and Q = [[;_, Q: be their
product. Then there is a basis of H3(Q;Q), which is represented by the following three classes
of closed oriented 3-manifolds in Q:
(i) Q1) Qs.
(ii) Pi, ..., P., where each P; is a product of a closed orientable surface and the circle.
(iii) Each 3-manifold which is the 3-dimensional torus (product of three circles).

Proof. Let [Q;] € H3(Q;Q) be the integer homology (fundamental) class presented by @; in
the (. Denote the first Betti number b1(Q;) by n;. Suppose that for each 1 <i <'s

Zi,l) Ei,Qa sy Ei,ni
is a basis for Hy(Q;; Q) and

Ci,1,Ci2y -5 Cimy
is a basis for H;(Q;; Q). By the Kiinneth formula in homology we have
H3(Q1 X Q2 X ... x Qs;Q) = B;_; (H3(Qi; Q)
©( & Hy(Qi;Q) @ (Hi(Qy;Q))
1<4,5<s
i#
e © H(Q:;Q®H(Q;Q) ®Hi(QrQ)),

1<i<j<k<s
and the following three homology classes is a basis for H3(Q;Q):
() Q.1 <i<s;
(i) Xiw @cjy, 1 <4, 5 < s, i #7, 1 <" <y, 1< 5" <iny;

(i) o ®cjj Qepp, 1 <i<j<hk<s,1<7<n,1<j <nj, 1<k <ny.

We can always choose X; 1,22, ..., 2, and ¢; 1, Ci 2, ..., Ci n, to be integer homology classes,
and it is known that in the 3-manifold @); any integer homology class ¥, ; of dimension two
can be presented by a closed orientable embedded surface F;; and each homology class c¢; i
of dimension one can be presented by an embedded circle C; ;. Then

Vi @ ¢y = [Fiw x Cj ],
Ciit @ Cjjr @ e = [Cipr X Cj 0 X Crp).
This finishes the proof of Proposition [£.9] O
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We are now ready to prove Theorem
Proof of Theorem[{.1] Let
Q>q-—1>q-—2>""">4¢>q

be prime numbers such that ¢; > d;.
Following the proof of Theorem [4.4] let for all i = 1,...,1

Qi = (#deqz)#Kd,#de and P’L = qu#de
Note that ¢; > d;. By (the proof of) Theorem , we obtain
D(Ql, R) - {0, 17 dz}, 1= 1, ceey [.
Let the closed oriented 3/-manifolds given by the products
M=0Q1 XQyx---xQ, and N=P, X P, x---x P,
By taking products of maps (see Lemma , we obtain
{0,1} U {de |0 +#SC{1,2, ...,l}}g D(M, N).
j€S
We thus only need to show that
D(M,N) C {0,1} U {de |0 #5C{1,2, ...,z}}.
j€S
Claim 1: For each 1 <17 <[ — 1, any map
Jir Q1 X Q2 X - X Qi — Py
induces the trivial homomorphism
H3(fi): H3(Q1 x Q2 X -+ x Qi Q) = Hz(Piy1; Q).

Proof. Suppose the contrary; then there exists a homology class hy € H3(Q1xQ2%---xQ;; Q)
and a nonzero integer d such that Hs(f;)(hs) = d[P;11]. We will show that this is impossible.
By Proposition (and following the notation used in its proof), hs is a linear combination
of the homology classes presented by @);, 1 < j <, Fjjy x Cyw and Cjjr X Oy X Cyy,
where 7, j;u,u';v,v’ run over the range as indicated in the proof of Proposition [4.9]
Since P, is not dominated by a direct product according to Lemma 4.8 we have

Hy(fi)([Fjjr x Cuwr]) =0 and H3(fi)([Cj 50 X Cupr X Cpr]) = 0.
Thus, there exists 1 < r <17 such that
Hy(f:)([Qr]) = d'[Pij1]

for some nonzero integer d’, that is, there is a d’-domination @), — P,;;. In particular,

Lemma [£.3] implies that
(2]‘) 0 7é d/ S D(Q’I‘v -F)i-‘rl) = D(Q’!’? in+1#Kd?+1) g D(Qra in_;,_l)-
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Since K,

qi+1

is aspherical, and so my(Ky,,,) = 0, Lemma [3.5] implies that
D(QT7 K(IiJrl) = D((#dqur)#Kdr#Kd%7 in+1)

d
= Z D(qu qu'+1) + D<Kdr7 qu'+1> + D(Kd$7 qu'+1)'

Note that the pairs (¢i11,4,), (¢ir1,d,) and (g;41, d?) are all coprime and ¢, d,.,d* > 1. Hence,

by Lemma [3.4] we obtain

D<qu K(Ii+l) = D(Kdr7 qu‘+1) = D(Kdgv qu‘+1) = {0}7

and so D(Q,, K,,,,) = {0}, which contradicts (21)).

i+1

Claim 2: For each 1 <1 </,

(%) D(Q1XQ2X...thpl><P2><...><Pi):{0,1}U{de]@#Sg{l,Q,...,i}}.

jes
Proof. We prove the claim by induction. For ¢ = 1, Theorem [4.4] tells us
D(Q1, P1) ={0,1} U{d:},

therefore holds.
Suppose that holds for ¢ — 1, that is,

D(Q1XQ2X"'XQZ‘_1,P1XP2X"'XPZ‘_l):{O,l}U{de | Sg{l,Q,,Z—l}}

JjeSs

Note that P; is not dominated by a direct product (for example because K, is not dominated

by products; cf. Lemmas and , and, by Claim 1, any map
Jir Q1 x Q2 x - X Qi1 = P

induces the trivial homomorphism

Hs(fi): H3(Q1 % Q2 % -+ X Qi—1;Q) — Hs(P; Q).

Thus, P; satisfies conditions (i) and (ii) of Theorem (for W = Q1 x ---

therefore Theorem [4.6] implies (for Z = P x -+ x P;_;)

D(lesz“'XQi>P1><P2><"'><Pi) = D(QIXQ2X"'XQi—17P1><P2X‘"XRL—I)'D(Qiaf)i)-

By the induction hypothesis and Theorem [4.4] it follows that
D(@Q1 X Q2 X - X Qy PLX Py x -+ x )

_ <{o,1}u {de 1S C{1,2,....i— 1})-{0,1,di}

jes
—{0,1} U {gdj | S C {1,2,...,2'}}.

Hence holds for ¢. This finishes the proof of Claim 2.

X Qi—l)a and
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Theorem [4.1] follows as a special case of Claim 2 for i = I. O
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