




























































































































































































































































































































































































































































































































































































































294 POLYNOMIALS ORTHOGONAL ON THE UNIT CIRCLE [XI] 

Comparison of the coefficients of an in (11.4.5) leads to (11.4.6). By taking 
the reciprocal polynomials of both sides of (11.4.6), and eliminating 4>:+1(z), 
we find (11.4.7). 

11.5. Relation to polynomials orthogonal on a real interval 

(1) THEOREM 11.5. Let w(x) be a weight function on the interval -1 ~ x ~ + 1, 
and let 

(11.5.1) j(e) = w(cos 0) I sin () ). 

Further let IPn(x) l and I qn(x) l be the orthonormal sets of polynomials which 
belong respectively to w(x) and (1 - x

2)w(x) in -1 ~ x ~ + 1, and (<Pn(z) l the 
orthonormal set associated with f(O) on z = e'9

• Then, on writing x = Hz+ z-1), 

we have for n ~ 1 

Pn(x) = (27r)-! {1 + 4>2n(O)}-! (z-n cP2n(z) + Zn cP2n(Z-1)} 
K2n 

See Szego 6, pp. 204-206. The second equation follows from the first one, 
and similarly, the fourth follows from the third, by means of (11.4.7). The 
function f(O) is even; so the polynomials <Pn(z) have real coefficients. 

The constant factors in these equations are different from zero (see (11.3.6)). 
These formulas, except the second one, hold also for n = 0. 
(2) The right member of the first equation represents a 7rn in x; the property 

of orthogonality can be expressed in the form 

1
+,. 

_ .. Pn(cos 0) cos vO·w(cos 0) I sin ()I dO = 0; 

i9 or, for z = e , 

This is the case because 

and Ci>2n(z) = cP2n(z). Moreover, 

v = 0, 1, 2, . · · , n - 1. 
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For the third formula the proof is similar, except that it is convenient now to 
express the orthogonality in the form 

1+,. ( ) sin (v + 1)0 . 2 ( ) I . I qn cos 8 ----;----- sm O·w cos 0 sm 0 dO = 0 
-r Sin 0 · ' 

v=012 ... n-1 ' ' ' . ' . 
A new proof for the formulas (2.6.2) and (2.6.3) can be derived from the first 

and third formulas in (11.5.2) by use of (11.2.2). 
If in the last two equations of (11.5.2) we replace n by n - 1, we can express 

z-"¢2n(z) and z-"+ 1¢zn-J(z) as linear combinations of Pn(x) and (l - X2
) 

112qn-l(x), 
where x = Hz+ z-1

). (See Szego 18, pp. 9-11.) These relations enable us to 
calculate the polynomials ¢n(z) associated with 

(11.5.3) f(O) = I (1 - z)..,(1 + z) 8
j

2 = 2..,H(1 - cos Of(1 + cos 0) 8
, z = e;9

, 

in terms of Jacobi polynomials. vVe find 

z-n ¢2n(z) = AP~..,--!.8-!l I Hz + z-1
) l + B(z - z-1)P~~i!.H!l I Hz+ Z-

1
) l, 

(11.5.4) z-n+1¢2n-1(z) = CP~-y-!.8-!ll Hz + Z-
1
) l 

+ D(z - z-1)P~~i!,H!ll Hz - z-1
) l, 

where A, B, C, Dare proper real constants. 

·----------·----------------------------·----·-···. 



CHAPTER XII 

ASYl\1PTOTIC PROPERTIES OF GENERAL ORTHOGONAL 
POL YN0:\1IALS 

The following sections deal with the asymptotic properties of polynomials 
orthogonal on the unit circle, or on a real, finite interval, when the degree 
n of these polynomials becomes infinite. In both cases the weight function 
will be restricted merely by certain conditions of continuity and boundedness. 

T\vo important problems appear in connection \Vith polynomials orthogonal 
on the unit circle. These are (a) the asymptotic behavior exterior to the unit 
circle, (h) the behavior on the unit circle itself. For a weight function iden­
tically unity, the system in question is I zn j. This latter instance is typical to a 
certain extent. 

The corresponding problem'-> for polynomials orthogonal on a finite segment 
are (a') the asymptotic behavior in the complex plane cut along the given seg­
ment, (b') the corresponding question on the segment itself. (See Chapter 
VIII.) \Ve give the following illustration as characteristic: 

Problems (a) and (a') are simpler, and relative to them comparatively general 
results will be obtained. It is only recently that problems (b) and (b'), which 
are much more difficult than (a) and (a'), have been treated by S. Bernstein 
and G. Szego. We remark that the weight function conditions in case (b) are 
more restrictive than those in case (a). A similar comment may be made 
concerning (a') and (b'). 

The results of Chapter X are applied in discussing the above problems. Our 
investigation is first concerned with questions (a) and (a'). As regards (b') 
we may state that S. Bernstein's main result is obtained in a new way which 
is shorter than his original argument. Then there follows Szego's older method 
as applied to (b'). 

12.1. Results 

(1) Let G denote the class of functions f(O) ~ 0, defined and measurable in 
[- 1r, +1r], for which the integrals 

(12.1.1) J_:" \log f( e) I dO 

exist with the first integral supposed positive. With such a function f(O) we 
associated in §10.2 a uniquely determined analytic function D(f; z) = D(z), 
regular and nonzero for j z I < 1 with D(O) > 0. The conditions for the class G 
imply the existence of the "geometric mean" ®(f) = (D(O) l2 of f(O). 

296 
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THEOREM 12.1.1 (Asymptotic formula for the polynomials orthogonal on the 
unit circle, considered for z exterior to the unit circle). Let f( 0), belonging to the 
class 0, be a weight function on the unit circle z = e;9

• If l<t>n(z)} denotes the 
corresponding orthonormal set of polynomials, then in the exten:or of the unit circle 

(12.1.~~) I z I> L 

This holds uniformly for I z I ~ R > 1. 

THEOREM 12.1.2 (Asymptotic formula for the polynomials orthogonal on the 
segment [-1, +1], considered for x exterior to this segment). Let w(x) be a 
weight function on the interval -1 ~ x ~ + 1 such that w( cos 0) I sin 0 I = f( 0) 
belongs to the class G. If D(f; z) = D(z) denotes the analytic function corresponding 
to f( 0) in the sense mentioned, the orthonormal polynomials I Pn (x) l, associated with 
w(x), possess the asymptotic formula 

(12.1.3) 

Here x is in the complex plane cut along the real segment [- 1, + 1], and x = 
Hz + z-1

), where I z I > 1. Formula (12.1.3) holds uniformly for I z I ~ R > 1. 

(2) In order to obtain the deeper asymptotic formulas valid on I z·l = 1 and 
on -1 ~ x ~ + 1, respectively, we must impose certain further restrictions on 
f(O) and w(x). 

THEOREM 12.1.3 (Asymptotic formula for the polynomials orthogonal on the 
unit circle, considered for z on the unit circle). Let f(O) be a positive weight 
function on the unit circle, which satisfies the Lipschitz-Dini condition 

(12.1.4) I f(O + o) - f(O) I < L I logo I -1->-, 

where Land X are fixed positive numbers. Then we have, for I z I = 1, 

(12.1.5) 

where limn-+oo En(z) = 0, uniformly for I z \ = 1. More precisely, 

(12.1.6) 

the positive constant C depends on L, X, and the minimum and maximum of f(O). 

THEOREM 12.1.4 (Asymptotic formula for the polynomials orthogonal on the 
segment [ -1, + 1], considered for x on this segment). Let w(x) be a weight 
function on the interval - 1 ~ x ~ + 1, x = cos 0, such that the function 
w(cos 0) I sin 0 I = f(O) sat?:sfies the conditions of Theorem 12.1.3. Putting 

(12.1.7) 

we have uniformly on the segment -1 ~ x ~ + 1 or 0 ~ 0 ~ 1r, x = cos 0, 

(12.1.8) 
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The constant factor in the 0-term depends only on L, X, and the minimum and 
maximum of f(O). 

(3) Finally, we prove two theorems similar to Theorems 12.1.3 and 12.1.4 
under conditions possessing a kind of "local" character. 

THEOREM 12.1.5 (Asymptotic formula for the polynomials orthogonal on the 
unit circle for I z I = 1, and with weight function subject to a "local" condition). 
Letf(O) satisfy the conditions of Theorem 10.4.1. Then (12.1.5) holds for z = a = 
eia, in the less informative form 

(12.1. 9) En--+ 0. 

From this we obtain the following theorem of "local" character, which cor­
responds to Theorem 12.1.4: 

THEOREM 12.1.6 (Asymptotic formula for the polynomials orthogonal on the 
segment [ -1, + 1] for x on this segment, and with weight function restricted 
by a "local" condition). Let w(x) be integrable in Riemann's sense, and let it 
have the form 

(12.1.10) w(x) = t(x) I x - X1 I Tt I x - X2 I T 2 
• • • I x - xz I TZ, 

where 0 < A ~ t(x) ~ B, and -1 ~ x1 < X2 < · · · < xz ~ 1, r. > 0, v = 1, 2, 
... , l. 

59 
Further let w(.x) be differentiable at the fixed point x = ~' where -1 < ~ 

< + 1, and~ rf x., v = 1, 2, · · · , l, and let 

(12.1.11) 
w(x) - w(~) - (x - ~)w'(~) 

(x - ~)2 

be bounded if x is near to ~. 
Then (12.1.8) holds in the less informative form 

(1 - ~2) 1 (w(~;)) 1 pn(~) = (2/-rr} cos (na + 'Y(a) l + En, 
(12.1.12) 

~ = cos a, 0 < a < 1T', lim En = 0, 

where 'Y(a) has the same meaning as in (12.1.7). 

12.2. Remarks 

n-+oo 

(1) Theorems 12.1.2, 12.1.4, and 12.1.6 follow readily from 12.1.1, 12.1.3, 
and 12.1.5, respectively. We observe that D(z) = D(z) in (12.1.3); that is, 
D(z) is in this case a "real" function. 

In Theorems 12.1.3-12.1.6 the function D(z) has boundary values at the point 
considered (in Theorems 12.1.3 and 12.1.4 even continuous boundary values 
on the whole unit circle I z I = 1). This follows from the considerations of 
Chapter X. 

The important function 'Y(O), defined by (12.1.7), is completely determined 

6g For x1 = -1 it suffices to assume r1 ~ -1/2; similarly for xz = + 1. 
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save for an integral multiple of 21r. If we choose (see (10.3.9)) 

1 [+" 0 - t 
(12.2.1) 'Y(O) = 

4
7r )_, [log j(t) - log f(O)] cot -

2
- dt, 

then 'Y(O) is continuous. In the cases occurring in Theorems 12.1.4 and 12.1.6, 
'Y(O) can easily be expressed in terms of the weight function w(x). Let 

(12.2.2) f(O) == w(cos 0) I sin 0 I = W(cos 0). 

From (10.3.9) we obtain (seeS. Bernstein 2, p. 132), 

1 lh 0 - t 'Y(O) = 
4
- Pog W(cos t) - log W(cos 0) l cot--- dt 7r _, . 2 

(12.2.3) 

= _.!_ {1r l!og W(cos t)- log W(cosO)l {cot 0-~-t +cot O_±_t}dt 
47r }o 2 2 

1 11r ~nO = -
2 

(log W(cos t) - log W(cos 0) l · dt 
7r 0 cos t - cos 0 

= _.!_ (+1 log W(~) - log ~~x] (1 - x2)i d~ x = cos 0. 
27r J-1 ~ - X 1 - ~2 ' 

In this case 

(12.2.4) 'Y(- 0) = -')'(0). 

For the functions I (f(0)) 1<t>n(z) l, z = ei9
, n = 0, 1, 2, ... , which form an 

orthonormal system in the usual sense (see the Definition in §11.1 (2)), we 
obtain from (12.1.5) the simple asymptotic expression zneir<e> = /I nHr<e> l. 

(2) Theorem 12.1.1 is a direct consequence of Theorem 12.1.3 provided con­
dition (12.1.4) is satisfied. In fact, the function z -n<Pn(z) - I D(z - 1

) l-1 is regular 
for I z I > 1 and continuous for I z I ~ 1. In this special case, (12.1.2) follows 
in the more informative form 

(12.2.5) 

uniformly for I z I ~ 1. 
(3) Concerning Theorems 12.1.1 and 12.1.2, see Szego 6. Under more re­

strictive conditions than those in Theorem 12.1.2, Faber (4) proved 

(12.2.6) lim I Pn(X) l11
n = I Z I , I z I > L 

n-+oo 

This less informative statement suffices for various applications, for instance, 
for the purposes of §12.7 (2) and (3). Theorem 12.1.3 is new, while 12.1.4 is 
due to S. Bernstein (2). The proofs of Theorems 12.1.3 and 12.1.4, given in 
§12.4 and 12.5 (2), respectively, are based essentially on an idea of S. Bernstein, 
used in his original proof, and on another idea similar to that used in connection 
with the method of LiouviHe-Stekloff (§8.61). As mentioned, this arrange­
ment seems to be simpler than S. Bernstein's original line of argument. The-
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orem 12.1.51 and Theorem 12.1.6 which is its consequence, are due to Szego (8). 
The conditions required in the present treatment are slightly more general than 
those in the paper just cited. 

S. Bernstein assumes (2, p. 132, (18)) 

I W(x + o) - W(x) I <L I log 0 l-1->.; -1 ~ X ~ +1, -1 ~ X+ 0 ~ +1, 

instead of (12.1.4). These conditions are, however, equivalent since 

log {I cos fh - cos fJ2I-1} 
log II o1 - o2 l-1} 

is bounded from 0 and oo if fJ1 and fJ2 are arbitrary in [0, 1r], I fJ1 - fJ2 I ~ !.60 

12.3. Proof of Theorem 12.1.1; applications 

(1) Before we proceed to this proof, let us consider the special case f(O) 
(g(fJ) }-1, where g(fJ) is a positive trigonometric polynomial of degree m. Let 
h(z) have the same meaning as in §10.2 (1). According to the second formula 
in (10.2.12) we have D(f; z) = {h(z) }-1. On the other hand, by (11.2.2) 

(12.3.1) 4>n(z) = znh(z-1
) = zn(D(z-1

)}-\ n ~ m. 

The limit relation (12.1.2) can therefore be replaced by one of equality in this case 
provided n ~ m. 

(2) Now let f(O) again be an arbitrary function satisfying the conditions of 
Theorem 12.1.1. Let p(z) = zn + a1zn-1 + · . · + an be an arbitrary 7rn with 
the highest term zn. According to Theorem 11.1.2, the minimum P.n(f) of 

(12.3.2) 1 1+,. 
27r _,. f(O) I p(z) 12 dfJ, 

is K.n - 2
, attained for p(z) = K-;:

14>n(z). 

i9 z = e , 

LEMMA. Let f(O) satisfy the conditions of Theorem 12.1.1, and let P.n(f) have 
the previous meaning. Then 

(12:.3.3) lim P.nCf) = @(f), 

where @(f) is the "geometric mean" off( fJ). 61 

If p(z) is any one of the polynomials considered, then zp(z) is a 7rn+1 with the 
highest term zn+l, and I zp(z) 12 = I p(z) I 2 if z = ci9

• Thus Ji.n+1(f) ~ P.nCf). 
(This follows also from (11.3.6).) Consequently, limn ..... oo P.n(f) = p.(f) exists, 
and p.(f) ~ 0. We must show that p.(f) = ®(f). · 

(3) Using the inequality for the arithmetic and geometric means, we have 
'9 for z = et, 

60 If I 81 - 82 I = o, o ,;:;; 7r/2, is given, the maximum and minimum of I cos 81 - cos 82l 

are 2 sin (o/2) and 2 sin 2 (o/2), respectively. 
ot Cf. §10.2. 
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1 [+" { 1 [+1( } 
27r )_, f(O) I p(z) 1

2 
dO ~ @(f) exp 27r )_, log I p(z) 1

2 
dO 

(12.3.4) 

= @(f) exp {2
1

71" L:" log I p*(z) 1
2 

dO} ~ @(f) I p*(O) 1
2 

= @(f), 

according to Jensen's theorem (see, for example, Titchmarsh 1, p. 125). There­
fore, p.,.(f) ~@(f), and p.(f) ~@(f). 

On the other hand, let T(O) be a non-negative trigonometric polynomial of 
degree k, not vanishing identically, and let T(O) = I P(ei9

) I 2 be the correspond­
ing normalized representation in the sense of Theorem 1.2.2. Then @(T) -
(P(O) \2

• The highest coefficient of !P(O) l-1P*(z) is 1, so that 

®(f) ~ p.(f) ~ J.Lk(f) ~ 2~ i:" f(O) I !P(O) l-1
P*(z) 12 

dO 

(12.3.5) 

= (@(T)\-
1 

2
1

71" £:" f(O)T(O)dO, 

By Weierstrass' theorem, the inequality 

(12.3.6) 

i9 z = e . 

holds for an.arbitrary positive and continuous function T(O) which has the period 
21r. F'or the special case in which f(O) is positive and continuous, the lemma 
follows from this by writing T(O) = lf(O) l-1

• 

(4) Now in the general case assume first f(O) ~ p. > 0, and let E be an arbi­
trary positive number. By Theorem 1.5.3;. we can find a trigonometric poly­
nomial 4>( 0) such that 4>( 0) ~ p. and 

(12.3.7) 
1 [+" 

2; )_, I f(O) - 4>(0) I dO < €. 

We then have 

(12.3.8) log 4>( 0) - log f( 0) ~ p. - 1 I 4>( 0) - f( 0) I; 
hence ®(4>) ~ @(f)e"'-

1
'. In (12.3.6) we write T(O) = (4>(0) l-1

• Then 

(12.3.9) 12
1

71" £:" f(O) T(O) dO - 11 ~ J1. -
1 

2
1

71" £:" I f(O) - 4>(0) I dO < J1. -
1
€, 

so that 

(12.3.1 0) 

whence, since E is arbitrary, p.(f) = @(f). 
In the general case we use the obvious inequality p.(f) ~ p.(f + t:) = 

@(j + t:), E > 0, from which p.(f) = @(f) follows again. This establishes the 
proof of the lemma. 
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(.5) For the proof of Theorem 12.1.1 let us now consider the function 

(12.3.11) D(z)¢:(z) ·- 1 = [D(O)Kn - 1] + dnlZ + dn2Z2 + · · · , 
which is regular for I z I < 1. If r < 1, we have 

2
1
rr 1:" I D(rei

8
)¢: (rei

8
) - 1 1

2 
dO = 

2
1
rr 1:" I D(rei8

) 1
2 I¢: (rei8

) 1
2 dO 

(12.3.12) 

+1)- 2ffi {2
1
rr i:" D(rei8)¢:(re;8

) do} 

The third term is evidently -2ffi[D(O)¢:(o)] = -2D(O)Kn. As r ~ 1 - 0, 
we obtain, by use of (10.2.9), 

r~~o 2171' 1:" I D(r/
8
)¢: (rei

8
) - 1 1

2 
dO = 2

1
71' 1:" f(O) I¢: (ei

8
) 1

2 dO + 1 - 2D(O)Kn 

1 1+" ·e 2 = 271' -r f(O) I ¢n(et) I dO + 1 - 2D(O)Kn = 2 - 2D(O)Kn 

= 2 - 2( @(f) l t l J.Ln (f) \-; j 

or in another form, 

I D(O)Kn - 1 1

2 + I dnl 1

2 + I dn2 1
2 + I dna 1

2 + • • • 
(12.8.13) ' 

= 2- 2(@(!)} (J.Ln(f)}-!. 

In consequence of Cauchy's inequality this yields, for I z I < 1, 

I dnlZ + dn2i + dnai + · · · 12 ~ (I dn1J
2 + J dn2l

2 + I dnal2 + · · ·) 
1 
~ ~~: !2 

(12.::U4) 
2 

~ 1 ~!lzl2[2- 2l®(f)}'lJ.Ln(f)r-i], 

and as n ~ oo, the last expression tends to 0 uniformly in z for I z I ~ r < 1. 
The same is true for I D(O)Kn - 1 1

2. Theorem 12.1.1 now follows at once 
from (12.3.11). 

(6) As an application we calculate the limits occurring in Theorem 11.3.3. 
The second limit in (11.8.12) is given by (12.1.2); the special case z = oo yield~ 

(12.3:.1.5) lim Kn = lim lim lz-" ¢n(z)} = lD(O)} ·l = l ®(f) r·'. 
n-+oo n-+ooz-+oo 

The same formula (12.1.2) furnishes, for I z I < 1, 

(12.3:.16) 
n-+oo n-+oo 

and a similar formula holds for ¢:+I(a), l a l < 1. Sinec ¢n+I(a) ~ 0 and 
<PnH(z) ~ 0 (sec (11.3.13)), we have from (11.4 . .5) 
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(12.3.17) • 
00 

- 1 1 1 
hm Sn(a, z) = L ¢.(a)¢.(z) = -- =-. 
n-.oo •=o 1 - az D(a) D(z) 

For instance, 

(12.3.18) I z I < 1, 

and in particular (see (11.8.6)) 

( ) ~ I (O) 12 l' 2 l' Dn-1 1 1 
12.8.19 L.., ¢. = 1m Kn = 1m -D = I D( ) 12 = ru(f) · 

P=O n-+oo n-+oo n 0 ~ 

From the last equation (12.8.15) follows again. 

12.4. Proof of Theorem 12.1.3 

(1) Let g(O) be a positive trigonometric polynomial of degree m, determined 
as in §10.8 (8), and let D(g; z) = h(z), as there, so that D(g-1

; z) = lh(z)\-1
• 

Let l ifin(z) l be the orthonormal set of polynomials associated with the weight 
function jg(O) l-1 on the unit circle. We have, by Theorem 11.2, 

(12.4.1) ifin(z) = znh(z - 1
), n ~ m. 

In close relationship with an idea of S. Bernstein (2, p. 158, (75)), we shall 
now express the polynomial ¢m(z), associated with f(O), in terms of the poly­
nomials if;.(z), corresponding to lg(O) l-1

: 

m 1 [+" {m-1 } 
¢m(z) = ~a. if;.(z) = am ifim(z) + 

2
7!" )_,. jg(t) \-1 ¢m(f) ~ if;.(f)if;.(z) dt 

(12.4.2) 1 r+r {m-1 } 
= am ifim(z) + 27!" J-r [lg(t) \-

1 
- f(t)]¢m(f) ~ if;.(f)if;.(z) dt 

1 [+" {m-1 } + 27!" )_,. f(t)¢m(f) ~ if;.(f)if;.(t) dt, 
it r = e . 

The last term vanishes because of the orthogonality of ¢m(z). 
Let K"' and K: = h(O) be the highest coefficients of ¢m(z) and iflm(z), respec­

tively; then a, = K,K;,-;-1 
= Km!h(O) l-1

• Furthermore, by §12.8 (2), we have 

l D(O) \
2 = @(f) ~ /J.m(f) = K-;;.

2 ~ 2~ l:" J(O) llh(O) l-1 h*(z) 12 dO 

= lh(O) l-2 2~ L:" I D(z)h(z) 12 
dO, 

and because of (10.8.12) this equals 

I h(O) l-2 11 + O[(log m)->-Jl - I D(O) \ 2 + O[(log m)->-], 

so that 

(12.4.3) Km = !D(O) l-1 + O[(log m)->.], 
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(2) We shall next try to find a bound for 

(12.4.4) max I ¢m(z) I = M = M(m). 
Jz J=1 

Using (10.3.11), we find from (12.4.2) that 

(12.4.5) M ~ 0(1) + O[(Iogm)-1->-]·M·~,~~ l:,.l%1/t.(f)ljt.(z)ldt, f = / 1
• 

Because of (11.4.5), the sum under the integral sign can be represented in 
the form 

(12.4.6) 'I: 1/t.(f)l/t.(z) = h(flh(z) - fi*Tf)h*(z) 
v=O 1 - fz 

We now show that 

(12.4.7) I:" I h(f)h(z\-=- r:)h*(z) I dt = O(log m), it r = e ' 

uniformly in z for I z I = 1. Indeed, the numerator is a 7rm in z, which vanishes 
for z = r, Therefore, the theorem of S. Bernstein (seeM. Riesz 1, especially p. 
357) furnishes O(m) for the integrand. Thus the. contribution of the arc I r- z I 
~ m-1 is 0(1), while the complementary arc 1 r - z 1 > m-1 supplies 

1 dt 
0(1) II _ I = O(log m). 

11-zJ>m-1 - rz 
Returning to (12.4.5), we obtain 

M ~ 0(1) + O[(log m)->-]M, 

so that M = 0(1). Hence, in view of (12.4.3), (12.4.1), (10.3.11), and (12.4.7), 
equation (12.4.2) yields 

(12.4.8) ¢m(z) = ll + O[(log m)->-]lzmh(z-1
) + O[(log m)-1->-]0(l)O(log m). 

The assertion of Theorem 12.1.3 now follows because of (10.3.12). The con­
stants of all 0-terms of this section depend only on L, )1., and the minimum 
and maximum of f(O). 

12.5. Asymptotic formulas for the polynomials on a finite segment; proof 
of Theorems 12.1.2 and 12.1.4 

Theorems 12.1.2 and 12.1.4 follow from Theorems 12.1.1 and 12.1.3, respec­
tively, almost immediately by using (11.5.2). It suffices to use the first formula. 

(l) If x and z have the same meaning as in Theorem 12.1.2, we have 

lim z-2n¢2n(z) = ID(z-1
)\-

1
; lim ¢2n(z-1

) = 0; 

(12.5.1) 
n--+oo n--.oo 

lim ¢2n(O) = 0; lim K2n = K > 0. 
n-+oo n--+oo 
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Here we took into account (12.1.2), (11.3.13), and (11.3.12). If (11.5.2) is 
taken into consideration, this establishes Theorem 12.1.2. 

(2) F'or the proof of Theorem 12.1.4, let n be an arbitrary integer, m = n - 1, 
and let g(B), as well as h(z), be determined as in §10.3 (3). Then by (12.1.5) 
and (12.1.6), 

1 1+.- 11+.-
¢,.(0) = 211" -.- ¢n(z)dB = 

2
11" -.- zn[lD(z)\-1

- h(z)]dB 
(12.5.2) + 

+ 2~ l .... zn h(z) dB + O[(log n)->'], i8 z = e . 

The first integral on the right is O[(log n) ->-], while the second vanishes, since 
h(z) is a 11"n-l. Therefore, 

(12.5.3) 

The sequence lK2nl is bounded from 0 (K~ ~I ¢o(O) 1
2 ~ lmaxf(B) l-\ accord­

ing to (11.3.6)), so that 

Pn(x) = (211")-lll + O[(log n)->-]l2ffilzn[D(z)r1 + O[(log n)->-]l 

(12.5.4) 

'8 x = cos () z = e' 
' ' 

which is identical with (12.1.8). The assertjon concerning the constant of the 
0-term is immediate. 

The same result is obtained from the second formula in (11.5.2). 

12.6. The asymptotic problem under "local" conditions ; proof 
of Theorems 12.1.5 and 12.1.6 

In this section essential use is made of the approximations given in Theorems 
10.4.4 and 10.4.5. 

(1) First the following problem will be considered: 

PROBLEM. Let "J\, J.L, and a be arbitrary complex numbers, and let f(B) be an 
arbitrary weight function on the unit circle. We intend to determine the maxi­
mum of 

(12.6.1) 

when p(z) ranges over the set of all 11"n which satisfy the condition 

(12.6.2) 

Concerning the special case )1. = 0, J.L = 1, see §11.3. 
We write 

i8 z = e . 

·--------·---------------------------------·--·-·-··-····-· 
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where (<Pn(z) l is the orthonormal set associated with f(B). Then .L::=o I Uv 12 

= 1, and with the notation of (11.3.3), according to Cauchy's inequality, 

(12.6.3) I Xp(O) + J.Lp(a) 12 
= I~ Uv l X<t>v(O) + J.L<t>v(a) l r ~ ~ I X<t>v(O) + J.L<t>v(a) I~ 

= I X 1
2 

Sn(O, 0) + 2ffij>,J.LSn(O, a) l + I J.L 1
2 Sn(a, a). 

The expression in the right-hand member is the desired maximum. 
(2) For clarity we now write sn(f; a, z) instead of sn(a, z) and use an analogous 

notation for the orthonormal polynomials <Pn(z) = <Pn(f; z), associated with f(B), 
and their highest coefficients Kn = Kn(f). Then the preceding solution of the 
maximum problem showR immediately that for the functions /1(8), f(B), /2(8) of 
Theorem 10.4.4, 

I X 1
2 

sn(fl ; 0, 0) + 2ffi [XJJ.Sn(fl ; 0, a) l + I J.L 1
2 sn(fl ; a, a) 

(12.6.4) ~ I X 1
2 

sn(f; 0, 0) + 2ffi ( XJ.LSn(f; 0, a) l + I J.L 12 sn(f; a, a) 

~ I X~~ Sn(f2 ; 0, 0) + 2ffi(XJ.LSn(f2 ; 0, a) l + I J.L 12 Sn(f2 ; a, a). 

In particular, we have for arbitrary a 

(12.6.5) 

Furthermore, we find 

I Sn(f; 0, a) - Sn(/2 ; 0, a) 1
2 

(12.6.6) ~ ( Sn(f; 0, 0) - sn(f2 ; 0, 0) ll sn(f; a, a) - Sn(/2 ; a, a) l 
~ ( Sn(fl ; 0, 0) - Sn(/2 ; 0, 0) \( Sn(fl ; a, a) - Sn(/2 ; a, a)\. 

Then, by virtue of (11.3.5) and (11.3.6), 

I Kn(f)<t>! (f; a) - Kn(/2)<1>: (!2 ; a) 1
2 

~ l[Kn(/1)]
2 

- [Kn(/2)]2\lsn(fl; a, a) - Sn(/2; a, a)\. 

Here <t>! denotes the polynomial reciprocal to <Pn . If I a I = 1, the same 
inequality holds for <l>n , that is 

Now, if n is sufficiently large, 

(12.6.8) 

(see Theorem 11.2). Next, according to (12.3.15), 

(12.6.9) !~ Kn(f) = (@(f)l-t = exp {- 4~ 1:" logf(B) dB}; 
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and similar relations hold for /I , f 2 • By Theorem 10.4.4, 

l @(f1)l-1 - l @(/2)\-1 

~ exp {-L r log f,(B) dD }{ exp (2: r [log f,(B) - log f, (8) 1 dD) - I} 

< l @(f)l-\e•12" - 1). 

Thus 

I• I (J ) {@(f)}f n I l-112 ~~ .... s~p ¢n ; a - @(!
2

) a lD(f2; a) 

~ (e.
12" - 1) lim sup l sn(f1; a, a) - sn(/2; a, a) l, 

n->oo 

or (see Theorem 10.4.4) 

lim sup I ¢n(f; a) - an(D(f; a) l-1 12 

n->oo 
(12.6.10) 

< e" + (e• 12" - 1) lim sup l sn(f1; a, a) - sn(f2; a, a) l, 

where e" is arbitrarily small with e. This reduces the proof of the statement to 
the discussion of the difference 

sn(f1 ; a, a) - sn(f2 ; a, a). 

(3) Let us use the abbreviation D([21
; z) = h(z). We find from (11.4.5) 

and Theorem 11.2 that 

(f 
. ) _ h({i)h(z) - (az)n+1 h(a)n(z - 1

) 
Sn 2, a, Z -

1 
_ 

- az 
(12.6.11) 

provided n exceeds the degree of lf2(0) l-1 
= g2(0); consequently using !'Hospi­

tal's rule, a = ei"', we obtain 

sn(f2; a, a) == (n + 1) I h(a) 12 
- 2ffi l ah(a)h'(a) l 

(12.6.11') 
== lf2(a) l-1

{n + 1 + 2ffi [a ~(~2 / :;]}. 

( 4) The discussion of sn(f1 ; a, a) i~ slightly more complicated. From 
(10.4.24) it follows that 

(12.6.12) 

Now let p(z} range over the set of the 11"n satisfying the condition 

(12.6.13) 
1 [+" 

211" )_,. /1(0) I p(z) 1

2 
dO = 1, 

which can be written in the form 

i8 z = e , 

----------------------------------------··-····-··--··· 
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(12.6.14) 

Therefore, by Theorem 11.3.1, if l' = ul/2, 

[XII] 

i8 z = e . 

Sn+l'(g1
1
; a, a) ~max I (1 - i1a)(1 - Z:!a) · · · (1 - iza) I" I p(a) 12 

(12.6.15) 
= I (1 - i1a)(1 - i2a) · · · (1 - iza) I" sn(fl ; a, a). 

Making use of the previous result, we find that 

sn(f1; a, a) ~ I (1 - i1a)(l - ~a) · · · (1 - z1a) 1-u 
(12.6.16) 

·g1(a) {n + l' + 1 + 2ffi [a ~(~;1
1

/:~]}, 
provided n + l' exceeds the degree of g1(0). Now from (12.6.12) we have 

a D'(g1
1
; a) = a D'(f1; a) _ ~ ±, -az. 

D(g1-I; a) D(f1; a) 2 •=1 1 - z.a' 

2ffi [a D'(g11; a)] = 2ffi [a D'(f1; a)] - ~l. 
D(g11;a) D(f1;a) 2 

(12.6.17) 

Consequently, the important inequality 

(12.6.18) 

holds provided n is sufficiently large. Since f 1(a) = /2(a) = f(a), we have 

lim sup (sn(f1; a, a) - snU2; a, a)} 
n--+oo 

(12.6.19) ~ lf(a)l-12ffi {a D'(f1; a) - a D'(/2; a)} 
D(f1; a) D(f2; a) 

~ 2 lf(a)}-11D'(/I; a)_ D'(f2; a) I· 
D(f1; a) D(f2; a) 

But this expression iH arbitrarily small with e, which establishes the proof of 
Theorem 12.1.5. 

(6) Under the assumptions of Theorem 12.1.6, the function 

(12.6.20) f(O) = w(cos 0) j sin 0 I 
satisfies the conditions of Theorem 12.1.5 or of Theorem 10.4.1. Indeed, we 
have, if x. = cos o.' 0 ~ o. ~ 71', ei8

" = r.' 

(12.6.21) 
f(o) = 2-T~-T2- .. ·-q-

1 t( cos o) J (i - 1) IT (z - r .r· (z - f .r·[, 
v=l 

i8. z = e , 
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whence 

(12.6.22) 

We also observe that f(B) is differentiable at B = a and that the ratio (10.4.2) 
is bounded near B = a. 

As in §12.5, we use Theorem 11.5, particularly the first formula in (11.5.2), 
and find that K2n = K2n(f) tends to a positive limit and limn--.oo <f>2n(O) = 0. Thus 

Pn(~) = Pn(cosa) = (2/1l·)!p +en}ffi[an(D(f;a)}-1
], limen= 0. 

n--+oo 

By use of the function -y(c~) discussed in §12.2 (1) we obtain 

ffi(an\D(f:a)}-1
] = \ D(f; a) \-1 ffi(anei'Y<a>l = lf(a)l-t cos Ina+ -y(a)\. 

This establishes Theorem 12.1.6. 
The validity of the asymptotic formula (12.1.9) has been extended lately 

hy G. Freud (3). 

12.7. Applications 

(1) By means of Theorem 12.1.2 we can readily derive certain asymptotic 
formulas for the highest coefficients of the orthonormal polynomials IPn(x) \. 

THEOREM 12.7.1. Let w(x) be a weight function on the interval -1 ~ x ~ +1, 
satisfying the conditions of Theorem 12.1.2, and let 

(12.7.1) Pn(x) = kn~Xn + kn1Xn-1 + kn2Xn-2 + ... ' n = 0, 1, 2, ... ' 

be the associated orthonormal system. Then as n ---t co , 

(12.7.2) kno'""' 1r -l2n exp {- 2~ 1:1 
log w(x) (1 ~xx2)l}' 

and 

kn1""' -11' -! 2n-1 1+1 X log w(x) ( ~X 
2
)! 

-1 1 X 

(12.7 .3) { 1+1 d } 
·exp -~; -1 log w(x) (1 _xx2)i . 

Coneerning these formulas, see Shohat 2, p. 577. If the right-hand member 
of (12:1.3) vanishes, we read (12.7.3) as follows: limn--.oo 2-nkn1 = 0. There is no 
difficulty in deriving corresponding formulas for the later coefficients knv, v fixed. 
(See Problems 54, 55, 56.) From (12.7.2) we readily derive an asymptotic 
formula for Dn/Dn-1, where Dn·is the determinant of Hankel's type defined 
by (2.2.7) (see (2.2.15)). The first asymptotic investigation of these deter­
minants is due to Szego (:L, p. 517). The coefficient kno was denoted by kn in 
Chapter II (see (2.2.15)). 

The proof follows immediately from (12.1.3). If 

D(z) = do + d1z + d2i + · · · , 

we have 
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I. 2-n (1 + (1 - x-2)!)-n (k k -1 k -2 ) 
n~ 2 . nO + nl X + n2 X + · · ' 

= (27r)-'(do + d1z-1 + · · · )-1 = (27r )_, (do1 - ~ x--l + ... ) . 
2d6 

Now we use Titchmarsh 1, p. 95 anrl. (10.2.10). We note that on account of 
the mean-value theorem of Gauss, 

{ 1 1+.. } { i 1+.. 11 - i I } exp - 411" -.- log I sin 0 I dO = exp - 411" -.- log --
2
-- dO 

= exp (-~log~) = 2t, 
iO z = e . 

Combining Theorem 12.7.1 with the formulas (3.2.2), we obtain for the 
coefficients An, Cn of the recurrence formula (3.2.1), 

(12.7 .4) lim An= 2, lim Cn = 1, 
n-+oo n-+oo 

provided the conditions of Theorem 12.7 .1 are satisfied. If we compare the 
terms with xn-l in (3.2.1), we obtain 

(12.7.5) 

Thus, under the same conditions, 

(12.7.6) lim Bn = 0. 
ft-+00 

The formulas (12.7.4) and (12.7.6) are noteworthy from the point of view 
of a classical theorem of Poincare on recurrence formulas (see Blumenthal 1, 
p. 16). 

(2) For the further applications we need only the less informative form (12.2.6) 
of our asymptotic formula. 

THEOREM 12.7.2 (Distribution of the zeros). Let the weight function w(x) 
satisfy the conditions of Theorem 12.1.2, and let 

(12.7 .7) X1n , X2n , · • • , Xnn 

denote the zeros of the orthogonal polynomial Pn(x). Let Xvn = cos Ovn , 0 < Ovn < 1r. 

If Ji'(O) is an arbitrary Riemann-integrable function, we have 

(12.7.8) lim F(Oln) + F(02n) + · · · + F(Onn) = 1r -1 { .. F(O) dO. 
n-+00 n }o 

Using the terminology of Weyl, we say that the values l Ovn l are equally 
distributed in the interval [0, 1r] (see P6lya-Szego 1, vol. 1, p. 70). This 
result is proved under slightly more restrictive conditions by Szego (1, p. 531). 
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It is rather remarkable that the asymptotic nature of the distribution is inde­
pendent of the weight function. As a consequence of (12.7.8) we obtain the 
following result: Let [a, b] be a subinterval of [-1, -j-1], and let a = cos a, 

b = cos /3, 1r ~ a > {3 ~ 0. If N = N(n, a, b) denotes the number of the zeros 
of Pn(x) in the interval [a, b], we have 

(12.7.9) lim N(n, a, b) =a -{3. 

n-~ n 71" 

Thus the "density" of the zeros Xvn towards the end-points of the interval 
[ -1, + 1] becomes large. 

For the proof of Theorem 12.7.2 we write (12.2.6) in the following form (see 
(12.7.2)): 

n-~ 

= lim n - 1 t log 
1

\1 - ~ \ 
n-~ v=1 X 

(12.7.10) 

1 

z I -1 r,. I coso 1 = log 2x = 1r }o log 1 - x dO. 

Here I z I > 1. The last formula follows from Gauss's mean-value theorem, 
smce 

1

1 _ r + r-1 ~1 = I cr - z)(r - z! I 

z + z-1 2xz ' 

Thus, 

(12.7.11) !~~ n-
1 ~ ffi {log (1 - co:Ovn)} = 1r-

1 1" ffi {log(l -co: 
0
)} dO, 

so that (see Titchmarsh 1, p. 95) 

(12.7.12) . -1 ' k -1 k 
n 1" !~~ n £; (cos Ovn) = 1r 

0 
(cos 0) dO, 

This establishes the statement (see P6lya-Szego 1, loc. cit.). 
(3) Further applications are the following theorems: 

k = 0, 1, 2 ..... 

THEOREM 12.7.3 (Expansion of an analytic function in terms of orthogonal 
polynomials). Let the weight function w(x) satisfy the conditions of Theorem 
12.1.2, and let IPn(x) l be the associated orthonormal system of polynomials. Let 
f(x) be an analytic function regular on the segment [- 1, + 1], and let 

f(x) "'foPo(x) + f1P1(x) + · · · + fnPn(x) + · · · , 
(12.7.1:3) 1

+1 
f,. = _

1 
f(x)pn(x)w(x) dx, n = 0, 1, 2, · · ·, 

be its Fourier expansion. Let R be the sum of the semi-axes of the largest ellipse 
with foci at ±1 in the inte1·ior of which f(x) is regular. Then the Fourier expan­
sion (12.7.13) is convergent (with the sum f(x)) in the interior and divergent in 
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the exterior of this ellipse. 
in the interior of the ellipse. 

The convergence is uniform on every closed set lying 
Moreover 

(12.7.14) lim inf lfn ~- 1/n = R. 
n-+oo 

THEOREM 12.7.4. Let the weight function w(x) satisfy the conditions of Theorem 
12.1.2, and let 

(12.7.15) fopo(x) + f1P1(x) + hP2(x) + · · · + fnPn(x) + · · · 
be an infinite series proceeding in terms of the orthonormal polynomials Pn(x) 
associated with w(x). Let 

(12.7.16) lim inf lfn ~- 1 /n = R. 
n-+oo 

Then the series (12.7.15) is convergent in the interior of the ellipse with foci at ±1, 
whose semi-axes have the sum R; it is divergent in the exterior of this ellipse. The 
series represents an analytic function which is regular in the interior of the ellipse 
and has at least one singular point on the ellipse itself. The expansion associated 
with this function is identical with (12.7.15). 

Thus the "ellipse of regularity" coincides with the "ellipse of convergence"; 
(12.7.14) and (12.7.16) are the analogues of the Cauchy-Hadamard formula (see 
(9.1.4)). Concerning these theorems, see Szego 1, p. 538; 6, p. 193. Theorem 
12:1.4 must be modified in an obvious way if R ;:?. 1, or if R = oo. 

As a consequence of (12.2.6), we see that the domain of convergence of series 
of type (12.7.15) is always an ellipse I z I = canst. To prove Theorem 12.7.3, 
we use Theorem 1.3.5. We can find a 7rn-1, say p(x), such that 

(12.7.17) I f(x) - p(x) I < M(R-1 + E) n. 

Here E > 0 is arbitrarily small, and M = M(E) is independent of n. Thus, 

1+1 1+1 
f,. = _

1 
f(x)pn(x)w(x) dx = _

1 
!f(x) - p(x) }pn(x)w(x) dx, 

so that 

lfn \2 ·~ M
2
(R-

1 + E)
2
n i:1 

(pn(x) }2w(x) dx 1-:1 

w(x) dx; 

whence lim supn-+oo lfn \11n ~ R-1
• This furnishes the statement of Theorem 

12.7.3 concerning the convergence. Now the last relation must be an equality, 
for otherwise, the expansion would be uniformly convergent in the interior of 
an ellipse larger than that of the ellipse of regularity, and f(x) would be regu­
lar therein. This argument also furnishes the divergence in the exterior of the 
ellipse of regularity. 

Theorem 12.7.4 can also be established without difficulty. It is quite re­
markable that the domain of convergence of expansions of type (12.7.13) and 
(12.7.15) is independent of the weight function w(x) (compare Theorem 9.1.1). 



CHAPTER XIII 

EXPANSION PROBLEMS ASSOCIATED WITH GENERAL 
ORTHOGONAL POLYNOMIALS 

We shall now prove four theorems of the equiconvergent type in the sense 
of Chapter IX (see the introduction). Two of them, Theorems 13.1.2 and 
13.1.4, deal with expansions of a preassigned function on a finite segment in 
terms of polynomials orthogonal on this segment. The other two Theorems, 
13.1.1 and 13.1.3, are concerned with the expansion of the boundary values of 
an analytic function, regular in the interior of the unit circle, I z I < 1, in 
terms of polynomials orthogonal on the unit circle. In all cases the expansions 
in question are compared with trigonometric and power series expansions, and 
the weight functions are subject to conditions similar to those in the asymptotic 
theorems of Chapter XIL The function developed is very general and merely 
satisfies certain integrability conditions. 

The basic idea of the method used in the proof of Theorems 13.1.1 and 
13.1.2 is due to Szego (see 9 where 'only the case of a segment is considered). 
Our present treatment of these theorems is slightly different from and more 
general than in Szego 9. The two other theorems are new. It is noteworthy 
that no direct use is made of the asymptotic results of the previous chapter. 
The methods, however, are very closely related. 

After having finished the manuscript, I came into possession of three im­
portant papers of Korous (3, 4, 5). 

In 3, Korous deals with the expansion problem of Theorem 13.1.2. His con­
ditions are of "local" character but less restrictive than those of Theorem 
13.1.2. Also·, his method. is entirely different from that used by Szegi;i in 9 or 
from that of the present treatment. 

In 4 and 5, Korous proves two other equiconvergence theorems generallzing 
the Laguerre series of Theorem 9.1.5. 

13.1. Results and remarks 

(1) THEOREM 13.1.1 (Equiconvergence theorem on the unit circle I z I = 1 
if the weight function is subject to "local" conditions). Det f( e) be a weight 
function on the unit circle which satisfies the conditions of Theorem 12.1.5 
( = 10.4.1). Let F(z) be an analytic function regular in I z I < 1 and of the 
class H2 (§10.1). 

If sn(z) denotes the nth partial sum of the expansion of the boundary values 
F(z), I z I = 1, in terms of the orthonormal polynomials (<Pn(z) l associated with 
f(O), and if sn(z) is the nth partial sum of the ordinary power series expansion of 
F(z), we have 

313 
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(13.1.1) lim (sn(a) - Sn(a)} = 0. 
n-+oo 

Here a eia has the same meaning as in Theorem 12.1.5. 

THEOHEM 13.1.2 (Equiconvergence theorem on a finite real segment if the 
• weight function is r,;ubject to "local" uonditions). Let w(x) be a weight functio'n 

on the segment [ -1, +1) subject to the conditions of Theorem 12.1.6. Let <I>(x) 
be an arbitrary real-valued function, measurable 1·n Lcbesgu,e's sense, for which 
the integrals 

(13.1.2) 1
+1 

_
1 

I <Nx:) )2 w(x) dx, 

exist. 
If sn(x) and s:(x) denote the nth partial sums of the expansions of <I>(x) in terms 

of the orthonormal polynomials \Pn(x) l associated with w(x) and of the Tchebichef 
polynomials I cos ne l, cos e = x, respectively, we have 

(13.1.3) lim (sn(~)- Sn(~)\ = 0. 
n-+oo 

Here -1 < ~ < + 1, and ~ has the same meaning as in Theorem 12.1.6. 

It is remarkable that in both cases a wide class of expansions displq,y the 
same convergence behavior. The expansion into a series of cos ne occ~1rring 
in Theorem 13.1.2, is, of course, the ordinary cosine expansion of <I>(cos fJ). A 
comparison of sn(~) with other special expansions can also be readily made. 
In making such comparisons, existence of certain other integrals must be re­
quired. By the use of theorems thus obtained, the customary convdgence 
and summability theorems of the classical Fourier expansions can be 1easily 
extended to the general expansions in question. Theorem 13:1.2 can be 1easily 
extended to an arbitrary finite segment instead of the seg:rp.ent [-1, +1]. 

·These theorems hold under the conditions of "local" character of Theorems 
12.1.5 and 12.1.6. 

(2) The following theorems correspond to the conditions of "S. Bernstein's 
type" occurring in Theorems 12.1.3 and 12.1.4. 

THEOREM 13.1.3 (Equiconvergence theorem of S. Bernstein's type on the 
unit circle). Letf(O) be a weight function on the unit circle z = ei0 which satisfies 
the conditions of Theorem 12.1.3 with ;>.. > 1. Let F(z) be an analytic fu~ction, 
regular and bounded for I z I < 1. Employing the same notation as in Theorem 
13.1.1, we have 

(13.1.4) lim (sn(z) - Sn(z) l = 0, lz 1: ~ 1, 
n-->oo 

uniformly in the whole closed unit circle I z I ~ 1. 

The function F(z) has integrable boundary values F(ei
0

) (for almost all: 0). 
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THEOREM 13.1.4 (Equieonvergence theorem of S. Bernstein's type on a finite 
real segment). Let w(x) be a weight function on the interval -1 ~ x ~ + 1, 
x = cos e, which satisfies the conditions of Theorem 12.1.4 with A > 1. Let 
<P(x) be an arbitrary bounded function, which is meas'IJi"able in Lebesgue's sense. 
Employing the same notation as in Theorem 13.1.2, we have 

(13.1.5) lim ( Sn(x) - Sn(x) l = 0, -1 <X< +1, 
n-+oo 

uniformly in the interval [ -1 + E1 1 - E], 0 < E < !. 
In the proofs of Theorems 13.1.3 and 13.1.4 essential use is made of Theorems 

12.1.3 and 12.1.4, respectively. 

13.2. A maximum problem on the unit circle 

(1) Let f(e) and F(z) have the same meaning as in: Theorem 13.1.1. We 
write G(e) = (27r)-1f(e)F(ei0

), so that 

(13.2.1) J_:r I G(e) I de 

is convergent. In what follows we may vary f(e), but G(e) is supposed to'be a 
fixed function for which (13.2.1) exists. 

PROBLEM. Let A and f..l· be arbitrary complex numbers, and let I a I = 1. We 
intend to determine the maximum of 

(13.2.2) 

for p(z) ranging over the set of all 7rn which satisfy the condition 

(13.2.3) 2~ 1-:r j(e) I p(z) 1
2 de = 1, 

i8 z ==:= e , 

Concerning the special ease A = 1, f..l. = 0, see §11.3. Compare also with §12.6 
(1). We write again 

(13.2.4) p(z) = Uo</>o(z) + Urcf>r(z) + · · · + Uncf>n(z), 

where lct>n(z) l has the usual meaning. Then L:'..o I u. 12 = 1, and 

I 1+.- 12 J n { l+r } 2 
Ap(a) + JJ. -• {i(e)p(z) de! = 

11

?; u. Acf>v(a) + JJ. _., G(e)¢.(z) de ! 

(13.2.5) n 

1
+.. 

2 

~ ~I Acp.(a) + JJ. -r G(e)cp.(z) de I · 
i8 

z=~:e. 

Here, as in Theorem 13.1..1, sn(a) is the nth partial sum of the expansion. of 
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21rG( e) !f( e) )-1 in terms of the polynomials lct>n(z) l, and 

(13.2.6) n 11+r 12 Hn = ~ _,.. G(e)q,.(z) de 1 

The right-hand member of (13.2.5) is the maximum in question. 

. i8 z = e . 

(2) For clearness, as in §12.6 (2), we now write sn(f; a, z), sn(f; a), ¢n(f; a), 
H nCf) for the expressions involved in the previous considerations, wh~ch are 
associated with the weight function j(e). We note that sn(f; a) is tihe nth 
partial sum of the expansion of 21rG(e) If( e) }-1 in terms of the polyriwmials 
ct>nU; z) associated with j(e). \Ve add that in all subsequent conside~ations, 
even if j(e) is replaced by some other weight function, we shall keep th~e func­
tion G(e) usPd before. 

Applying Theorem 10.4.4 again, we obtain 

I A l
2
snCfr; a, a) + 2ffi{A.Usn(fr; a)} + I JJ.I

2
HnCfr) 

(13.2.7) ~ I A l
2sn(f; a, a) + 2ffi { A.Usn(f; a)} + I JJ. I

2
H ;..(f) 

I 

~ I A l
2
sn(f2; a, a) + 2ffi{A.Usn(h; a)} + I JJ.I2Hn(f2). 

In particular, we have 

(13.2.8) 

(13.2.9) 

snCfr ; a, a) ~ sn(f; a, a) ~ sn(f2 ; a, a), 

I snCfi a) - Sn(f2 i a) 12 ~ (H nCf) - H n(f2) }{sn(f; a, a) - Sn(f2 ; a, a)} 
(13.2.10) . 

~ Hn(f){snCfr;a,a)- snU2;a,a)}. 

13.3. Proof of Theorem 13.1.1 

(1) Bessel's inequality enables us to obtain 

(13.3.1) 

Whence (12.6.19) shows that 

(13.3.2) 

lim sup I sn(f; a) - Sn(h; a) 1
2 

n-+oo 

~ 
2
1
71" L:" \ F(ei

0
) 1

2 
j(e) de·li~-s~p {sn(f1; a, a) - sn(h; a, a)\ 

~ __!_ [+r I F(eio) 12 j(e) de. 2 {!(a) ~-1 I D'(f1 i a) - D'(f2 i a) I· 
21r )_, D(f1; a) D(h; a) 

The right-hand member is arbitrarily small with the positive number E occ~rring 
in Theorem 10.4.4. ·. 

(2) Next we discuss the behavior of the partial sum sn(f2 ; a) as n H oo. 

As in §12.6 (3), we use the abbreviation D({;1; z) = h(z). We find thalt if n 
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is sufficiently large (see (12.6.11)), 

Sn(f2; a) = r+r G(61)sn(f2; z, a) de = [+r G(e) ~(a)~ - (az) ~+I h(a)h(:z) de 
J-1r )_, 1 - az 

(13.3.3) 
= J:..l+•·j(e)F( ) h(a)h(z) - (az)n+r h(a)h(z) d = ,6 

2 z 1 - e, z e . r -7r - ~ 

Comparing this latter expression with 

(13.3.4) 1 1+7r 1 ( -)n+I 
Sn(a) = -

2 
F(z) ~ az _ de, 

r -1r - az 
we obtain 

sn(f2; a) - Sn(a) == 
2
1 j+r F(z) j(e)h(a)hG)_ - 1 de 
r -1r 1 - az 

tO z = 1 e 
I 

(13.3.5) +7r -
_ __!__ ( F(z)j(e)h(a)h(z)_- 1 (az)n+r de, z =:. e•o. 

2r J-1r 1 - az 

The second integral approaches zero as n ---+ oo, since 

(13.3.6) j(e)h(a)h(z) - 1 
1 - az 

has a limit at e = a. The first integral can be written as follows: 

(13.3.7) 

since (see the remark at the end of §10.1) 

(13.3.8) ( F(z) 1 - h(a)/h(z) dz = 0. 
Jlzl-1 a - z 

By virtue of Schwarz's inequality, 

4r
2 lim sup I sn(f2; a) - Sn(a) 1

2 

n-+oo 

~ r I F(z) I' d9 r I~' (9), ~ ~9~' lf<aW' IJ,(9W' d9 
sm -

2
-

~ (4f(a)}-
1 1:1r I F(z) 1•zde 1-:1r f2 :e~; !~de 

sm -
2
-

~ {4f(a) }-1 maxf2(e) [:" jF(z)j2de 1:7rlogf2_(e~e-~o!j(e) de, 
sm -

2
-

i i() z =:e , 
I 

I ·o 
z ='e'. 

I i(} z=e. 

·--·-·--··- ······ 
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Combining this result with (13.3.2), we find lim SUPn-+oo I sn(f; a) ~ Sn(a) I 
to be arbitrarily small with the positive number E occurring in Theorem 10.4.4. 
This establishes the statement. 

13 .. 4. A special case of Theorem 13.1.2 

(1) In this section we consider the special case 

(13.4.1) 

where p(x) is a 7rz which is positive in the interval [ -1, + 1]. The corresponding 
orthogonal polynomials (for 2n > l) have been calculated in §2.6. \fe shall 
verify the validity of Theorem 13.1.2 in this special case. To this: end it 
suffices to assume the existence of the integral 

( 13.4.2) 1
+1 

_
1 

I cfs(x) I (1 - i)-t dx, 

a condition which is more general than that required in Theorem 13.1.2. As 
in that theorem we have ~ = cos a, -1 < ~ < +1, 0 < a < 1r. 

By virtue of the Ch:ristoffel-Darboux formula (3.2.3) 

Sn(~) = kn 1+1 <P(x) Pn+r(x)pn(~) - Pn(X)Pn+1(~) w(x) dx; 
kn+1 -1 X-~ 

or 

(13.4.3) == (" <P(cos O) Pn+r(cos e)pn(cos a) - Pn(cos e)Pn+t(cos a) 
}o cos e - cos a 

·(p(cos e)} - 1 de. 
Assume now 2n > l. Use formuias (2.6.2) and write (2/7r)!ein8 h(ei8) ~ un(e) 
+ ivn(e). Then 

Pn(cos e) = Un(e), 
(13.4.4) "8 . 

Pn+1 (cos e) = 9?(e' [un(e) + ivn(e)]j = Un(e) cos e- Vn(e) sin ~I 

so that 

(13.4.5) 

Pn+l(cos e)pn(cos a) - Pn(cos e)PnH(cos a) 
cos e- cos a 

= (un(e) COS e- Vn(e) Sin e}un(a)- Un(e) (un(a) COS a- Vn(a1 Sin a} 
cos e- cos a . 

' sine - sin a = Un(e)un(a) - Vn(e)un(a) ----
cos e- cos a 

+ 
Un(e)vn(a) - Vn(e)un(a~ . 
---------+ sm a. 

cos e- cos a : 

·-------,--------------r------·------------·----~------------------~ 
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In view of Riemann's lemma, this leads to 

kn+l ( ) kn Sn COS a 

(13.4.6) = sin a (" <I>( cos e) Un(e)vn(a) - Vn(e)un(a) ( (cos e)} - 1de + o(1) 
}o COS e - COS a p I 

Now 

(p(cos e)}-1 (un(e)vn(a)- Vn(e)un(a)} 

- -(p(cos e)}-13(un(e) + ivn(e)}lun(a)- ivn(a)} 

(13.4. 7) - ~ (p(cos e)} - 131 ein(B-a) h(ei8)h(eia)} 
7r 

__ ~ ()( { in(8-a) h(eia)} 
7r '-' e h( e•"B) . 

Repeated application of Riemann's lemma shows that h(e'.a) (h(ei8) }-1 can be 
replaced by 1, and 

. -1 . . a e . a- e 
{ + }

-1 

sma(cose-cosa) =Sma 2sm-
2
-sm-

2
-

by (2 sin (a- e)/2}-
1

• Thus the right-hand member of (13.4.6) assumes the 
form 

! ( r <I>( cos e) sin n(e - a) de + o(1) 
7r }o . e - a 

sm--
2 

= ! 1+" <l>(cos e) sin (n + ~)(e - a) de+ o(1). 
7r -'II • e - a 

sm-
2

-

Finally kn/kn+1 = ! when n is sufficiently large (see (2.6.5)). This establishes 
the statement. 

(2) In the same special case we intend to calculate Kn(~, 0, where Kn is the 
kernel polynomial defined by (3.1.9). We have, by (3.2.4), 

(13.4.8) 

Now, by (13.4.4), for a su1ficiently large n, 

sin a p:(cos a) := -u~(a), 

(13.4. 9) sin a P:+1( cos a) 

= -u:(a) cos a + v:(a) sin a+ Un(a) sin a + Vn(a) cos a, 

---------~------------~---
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and kn/kn+1 = !. Thus, 

2 sin a Kn(cos a, cos a) = (-u~(a) cos a+ v~(a) sin a 

+ Un(a) sin a + Vn(a) cos a)un(a) 

+ u~(a)iun(a) cos a- vn(a) sin a) 

= sin a 3i[un(a) - ivn(a)][u:(a) + iv~(a)Jl 
+ Un(a)3{[un(a) + ivn(a)]eiaj; 

hence 

2 sin a ( ) . {u:(a) + iv:(a)} 
I_(_)_ + . ( ) l2 Kn cos a, cos a = sm a3 ( ) . ( 

Un a Wn a Un a + Wn a) 

+ !. s· + l0\ {[un(a) + ivn(a)]
2 ,·a} 

2 ~m a h) I Un(a) + ivn(a) 12 e · 

[
. ia h'(eia)J [ h'(a)J 

= n - 3 ~e h(ei<>) = n - 9? a h(a) ' 

we get the important formula 

1r(p(~) )-
1 Kn(~, ~) = n + ! - 9? [a r(;1 J 

(13.4.10) 

+ (z · )-10\ [ 2n+l h(a)J t ia sm a -0 a h(a) , , = em; a, a = e , 0< a < 1r. 

This holds for sufficiently large values of n. 

13.5. Preliminaries for the proof of Theorem 13.1.2 

(1) Let w(x) and cf>(;c) have the same meaning as in Theorem 13.1.2. Write 
G(x) = w(x)<P(x), so that the integral 

(13.5.1) 
[+1 

J_
1 

I G(x) I dx 

is convergent. In subsequent considerations we may vary w(x), but G(x) is 
supposed to be a fixed function for which the integral (13.5.1) exists. 

(2) In what follows we apply Theorem 10.4.5 with j(e) = w(cos e) I sin e I· 
This function satisfies the conditions of the theorem mentioned (see §12.6 (5)). 
We define the functions w1(x) and w2(x) by 

(13.5.2) j.(e) = w.(cos e) I sin e I, v = 1, 2. 

Obviously, ~ = cos a, 0 < a < 1r, 

(13.5.3) 0 ;£ w1(x) ~ w(x) ;£ w2(x), 

·--.--,---------------..,._·--·-----·-····· 
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Moreover, w2(x) is of the form (13.4.1), while w1(x) = k(x)u(x) = (r(x) }2u(x). 
Here u(x) is of the form (13.4.1), and r(x) is a polynomial of degn~e al/4. (See 
the remark to Theorem Jl0.4.4.) 

(3) PROBLEM. Let A and JJ. be arbitrary complex numbers, and assume that 
- 1 < ~ < + 1. We intend to determine the maximum of 

(13.5.4) I Ap(~) + }J. £:1 

G(x)p(x) dx r 
when p(x) ranges over the set of all 'Trn which satisfy the condition 

(13.5.5) 1
+1 

_
1 

I p(x) 1
2 w(x) dx = 1. 

This is the problem corresponding to that of §13.2. We substitute again 

(13.5.6) p(x) = ·uopo(x) + Urp1(x) + · · · + UnPn(x), 

where lPn(x) l is the orthonormal set ~f polynomials associated with w(x). 
Then L.:::=o I u. 1

2 = 1, and according to Cauchy's inequality 

(13.5.7) ~ ~ I Ap.(~) + JJ.1:1 G(x)p.(x) dx 12 

= I A 1
2 Kn(~) + 2ffi[XJ,J.Sn(~)] + I JJ.I 2 Hn. 

Here Kn(~) = Kn(w; 0 has been written for the "kernel" Kn(~, 0, and 

(13.5.8) Sn(~) = sn(w; ~) = ~ p.(~) £:1 
G(x)p.(x) dx = £:1 

G(x)Kn(~, x) dx, 

(13.5.9) Hn = Hn(w; ~) = ~ {1:1 
G(x)p.(x) dx Y. 

We notice that sn( ~) is the nth partial sum of the expansion of <I>(x) = 
I w(x) }-1G(x) in terms of the polynomials Pn(x) associated with w(x). 

The right-hand member of (13.5.7) is the maximum in question. Hence 

i A 12 
Kn(W1; 0 + 2ffi[XJJ.Sn(W1; ~)] + I JJ.I 2 Hn(w1) 

(13.5.10) ~ I A 1
2 

Kn(w; ~) + 2ffi[XJJ.Sn(w; ~)] + I JJ.I
2 

Hn(w) 

~ I A 1
2 

Kn(W2 ; 0 + 2ffi [XJJ.Sn(W2 ; ~)] + \ JJ.i 2 
H n(w2). 

----------------------------------------------·····. 
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In particular 

(13.5.11) 

(13.5.12) 

Furthermore, 

Kn(w1 ; ~) ;;;; Kn(w; ~) ;;;; Kn(w2 ; ~), 

H n(w1) ;;;; H n(w) ;;;; H n(w2). 

I Sn(w; ~) - Sn(W2; ~) 1

2 ~ (Hn(w) - Hn(w2)) (Kn(w; ~) - Kn(W2; ~)) 
(13.5.13) 

if we observe Bessel's inequality. We next show that the last difference is 
arbitrarily small with f, uniformly in n. 

13.6. Pr.oof of Theorem 13.1.2 

The main tool of this proof is the special equiconvergence theorem of 
§13.4 (I) and the representation (13.4.10) of the kernel. The latter yields 
immediately the representation 

(13.6.1) 
7rf(a)Kn(w2; ~) = n + ~ + m [a ~(~2 : :;] 

+ (2 . )-10< [ 2n+1 D(f2; a) J 
sm a '-' a D(f2; a) , 

since (g2(a) l-1 = h(a) = f(a). We derive, on the other hand, an inequality 
for Kn(w1 ; ~) analogous to that in (12.6.18). Using the notation introduced 
in §13.5 (2) and writing ~al = l', we obtain as in §12.6 (4), 

(13.6.2) Kn+l'/2(u; ~) ;;;; (r(~) )2 Kn(W1; ~) = k(~)Kn(W1; ~). 

(13.6.3) 

+ (2 . )-1()( [ 2n+Z'+1 D(g1
1

; a) J 
Sin a '-' a ( ) , 

D g11 ; a 

where, as before, ~ = cos a, a = eia.. Now we can use (12.6.17). Moreover 
from (12.6.12) 

(13.6.4) 

---, ---·---·-------r-----
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On comparing this with (13.6.1), we have 

Kn(w1; ~) - Kn(w2; ~) 

~ (1rf(a)} -t {m [a. D'(f1; a) _ a D'(f2; a)] 
D(h; a) D(f2; a) 

(13.6.6) + (2 · )-10< [ 2n+1 D(JI; a) _ a2n+1 _!!_(~)__]} 
sm a '"' a D(f1; a) D(f2; a) 

~ (1rj(a)}-t1D'(f1; a)_ D'(f2; a) I 
D(f1; a) D(f2; a) 

• _ 1 I D(JI; a) _ D(h; a) I· + (27rf(a) sm a} -D~) D(h; a) 

The left-hand side is non-negative, while the right-hand ::;ide is arbitrarily small 
with E. 

Returning to (13.5.13), we notice that sn(w2 ; ~)is the nth partial sum of the 
expansion of !w2(x) }-1G(.x) = lw2(x) r-1w(x)<I>(x) in terms of the polynomials 
associated with w2(x). Since I w2(x) }-1w(x) ~ 1, and since the second integral 
in (13.1.2) exists, the result of §13.4 (1) can be applied. Thus sn(w2 ; ~) = 
sn(w2 ; cos a) can be replaced by the nth partial sum of the corresponding 
Fourier expansion with an error o(1), n ~ oo. Also ( w2(x) }-1w(x) = 1 for 
x = ~~ so that the partial sum can be replaced by that of <I>(x), which is sn(~). 
This completes the proof of Theorem 13.1.2. 

REMARK. It is easy to show that the difference 

(13.6.7) 

occurring in (13.5.13), is also arbitrarily small with E. If this fact were used, 
it would suffice to obtain an upper bound for the first difference in (13.6.6). 
This remark furnishes a slight variation of the preceding argument. 

1:3:.7. Proof of Theorem 13.1.3 

(1) It is sufficient to discuss the statement for I z I = 1. The partial sums 
in question are 

1 1+,.. 1 1+,.. 1 - (fzt+1 
· 

(13.7.1) -
2 

F(t)sn(S', z)f(x) dx and 
2
- F(s) 

1 
_ - dx, s = e'%, 

7r _,.. 7r _,.. rz 

·---.....,..-----------------·---------·---...... 
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where sn(s, z) has the usual meaning. We introduce the difference of the 
"kernels" 

(I3.7.2) I - (fz)"H Lln(s, z) = sn(s, z)f(x) - _ , 
I- rz 

and show that 

(I3.7.3) [+>< 
!~ )_" F(s)lln(s, z) dx = o, 

uniformly on the unit circle I z I = 1. 

ix r = e : 

(2) First, as a consequence of the Lipschitz-Dini condition (10.3.10) assumed 
for j(e), we prove that a similar condition (with the exponent -X instead of 
-I - X) holds for D(f; z) = D(z); that is, 

(13.7.4) I D(ei<BH)) - D(e'8
) I < L' /logo 1-\ 

where L' is a positive constant. Let m be an arbitrary integer. By use of 
(10.3.I2) we obtain 

jD(ei<BH))- D(e;e) I< 2Q(logm)-A + /lh(ei(BH))l-1- \h(e;e)l-1/. 

The last term, according to Theorem I.22.2 is equal to oO(m); whence the 
bound O[(Iog m)-A) + oO(m) follows. Putting m "-' o-1 I log 0 1-A, \Ve have 
(log m)-A rv I log o ,-~, and om ,....__,I log o 1-A, which establishes the statement. 
This furnishes, for the function 'Y(e) = 31log D(ei8

) l defined by (12.1.7), also 
the relation 

(13.7.5) I 'Y(e + o) - 'Y(e) I < L" /log o 1-\ 

where L" is a po~itive com;tant. TheHe results hold for an arbitrary X > 0. 
By the same argument the following more general inequality follows: 

(I3.7.6) I D(z1) - D(z2) I < L' I log I z1 - z2jj-A, 

where z1 and z2 are arbitrary in the unit circle I z I ~ 1. 
(3) Let I z I = I r I == I, z ~ r. From (I1.4.5) and Theorem I2.1.3 it is seen 

that 

(I3.7.7) 

An(s, z) = ID(f)D(z) l ~1 -I (fz)_"H(D(r).D(Z) l-1 I D(s) 12 
- rz 

- I - (fz_)"H + /I - fz l-1 O[(log n)-A] 
I - rz 

= D(() (D(z) ~-1 

- I _ (fz)nH D(f) (D(z) l_-1 - I 
I - rz I - rz 

+ II - fz /-1 O[(log n)-A]. 

Now, according to Cauchy'i-i theorem, 
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(13.7.8) 

since the integrand is a function of r which i:;; of the class li 1 (see the remark 
at the end of §10.1). Here we u~ed the condition X > 1. And by Riemann's 
lemma, 

(13.7.9) r ix 
~ = e . 

(Concerning the uniformity cf. below.) Therefore we obtain, if e is an arbi­
trary positive number, E' = E(z, n, e) is the set on I r I = 1 with I r - z I ~ 
en-\ and E' the complementary set, the relations 

1F(s)An(S,z)dx = -1 F(s)fD(s)(D(z)i_
1

_ ~- (fzr+1 D0(15(z)~-1 -l}dx 
E' l 1 - tz 1 - SZ 

+ o(l) + O( (log n)-'l 111 - fz l-1 dx 

= 0(1) ,[,II - fz l-1 I log I z - r II-A dx 

+ o(l) + O( (log n)-Al 111- fz l-1 dx 

= O((logn) 1-Al + o(l) + O((logn)-AlO(logn) 

= o(l), 

On the other hand, the numerator of (11.4.5) is bounded in the present case 
so that Theorem 1.22.2 yields (see §12.4 (2)) sn(s, z) = O(n), and hence also, 
An(s, z) = O(n). This holds uniformly for I z I = I r I = 1. Therefore, we 
have 

1 F(s)An(s, z) dx = O(n)en-1 
= eO(l), 

E' 

,. ix 
~ = e ' 

where 0(1) is independent of e and n. This establishes the statement. 
(4) The uniform validity of (13.7.9) needs some explanation. According to 

(13.7.4) (see the remark at the end of (2)), 

QiiliPCz)l~=-_I = K(s) 
1- rz 

is a function of s which is of the class H 1 • If Pn(r) denotes the nth Cesaro 
mean of the partial sumE: of the power series expansion of F(r), we have 

·----·---r·--
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where E1 is the set on I r I = 1 with I r - z I ~ e, and E~ the complementary 
set. The integral o,·er 1!.\ as n ------7 cx:; is 

0(1) 1
1 
I F(s) - Pn(S") I dx = 0(1) 1-:1r I F(s) - Pn(S") I dx 

= o(l). 

The integral over E~ (~:ince F(r) - Pn(r) is uniformly bounded) is equal to 

0(1) r' I K(f) I dx, JEt 
that is, it is arbitrarily small with e. 

13.8. Proof of Theorem 13.1.4 

(1) We show that 

(13.8.1) 1
+1 

!~; _
1 

<I>(~)A: (~, x) (1 - ~2) -! d~ = 0, 

uniformly in -1 + e ~ x ~ 1 - e; here A:(~, x) is the difference of the 
"kernels"; that is, according to Christoffel's formula 

A:(~, x) = (1 _ ~2); w(~) ~ Pn+1(x)pn(~) - Pn(x)pn+t(~) 
kn+l X - ~ 

(13.8.2) . 1 Jsin (2n + 1) ~ sin (2n + 1) 
0~1 

- 21r i . e + ct> + . e - ct> ' l sm - 2- sm -
2

- ) 

~ = cos ct>, x = cos e. 
The symbol kn is used for the highest coefficient of Pn(x). 

(2) We first notice that from (11.5.2) for n ~ 1 

(13.8.3) 

kn = (27r)-1{1 + c/>2n(O)}-! 2n(K2n + c/>2n(O) l 
K2n 

= (27r)-!{1 + c/>2n(O)}! 2n K2n 
K2n 

follows so that on account of formulas (12.4.3) and (12.5.3) (see also Theorem 
12.7.1) 

(13.8.4) 

From (12.1.8) we conclude, using the notation (12.2.2), that 

·-----------------·----
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A:(~, x) = A:(cos<t>, cos,9) 

= 1r-1(x- ~)-1 (W(x) l-!(W(~) l!(cos [(n + 1)e + -y(e)] cos [n<t> + -y(</>)] 

- cos [ne + -y(e)] cos [(n + 1)</> + -y(<t>)Jl 

(13.8.5) _ __!_ ! sin (2n + I) ~ + sin (2n + I) 'L~ !) 
21r l . <1> + e . <1> - e sm-

2
- sm -

2
-

+ I x - ~ l-1 O[(log n)-A] 

= An(</>, e) - Bn(</>, e) + I X - ~ 1-! O[(log nr-AJ. 

The first term can be written in the form 

( ) ( )-1{2 . <I>+ e . <I>- e')-11W( )l-!IW( . )l! An </>, e = 21r sm- 2 -- sm --2- f r cos e l cos <1> 

·(cos [n<t> + (n + 1)e + -y(<t>) + -y(e)] +cos [n<t>- (n + 1)e + -y(<t>)- -y(e)] 

-cos [(n + 1)</> + ne + -y(</>) + -y(e)]- cos [(n + 1)</>- ne + -y(<t>)- -y(e)]l 

= {21rsin <I>~ e sin~> 
2 

e}-
1

(W(cose)l-t(W(cos<t>)l! 

·{sin [ (2n + 1) ~~ ~ e + -y(<t>) + -y(e) J sin 4>_ 
2 

e 

(13.8.6) [ <P - e J <1> + e} +sin (2n + 1) --2 + -y(<t>) - -y(e) sin -
2

-

1 {sin [ (2n + 1) <I> ~ e + -y(</>) + -y(e) J 
= 

2
71" (W(cos e) l-t (W(cos </>) l; -· . <I>+ e 

sm-
2

-

+ si_n[ (2n +~ ~~ + ~(q,) -~(e) J}· 
,~,.- e sm "~' __ 

2 

(3) The integrals 

(13.8.7) 

[
:,.. I W(cos e) l-! I W(cos </>) l! cos [ -y(<t>) ± -y(e) l ---: __ ! 

-.. . <I> ± e d<t>, sm-
2

-

sin [-y(<t>) ± -y(e)] 
. <t>±e sm-

2
-
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exist (see (12.2.4), (12.11.4), and (13.7.5)), so that by Riemann's lemma, 

(13.8.8) ~i!:!c I:·· <P(cos cf>) IAn(c/>, e) - Bn(cf>, e) l dcp = 0, 

uniformly in e. Let 1J bP an arbitrary pof;itive number, E = E(e, n, TJ) the 
set I cos cf> - cos e I ;;;: r1n~\ and E'' the complementary set. We have 

1-:71' cf>(cos c/>)A~(cos cf>, cos e) dcp 

~ J. <!>(cos .P) I A" (.p ,8) - H "(.P, 8) I d.p + 0[ (log n) _,1 /.1 cos .p - cos 8[-·'d.p 

(13.8.9) + ( <P(cos ¢)A~(cos cf>, co~ e) dcp 
)E' 

Now 

(13.8.10) 

= -1, <P(cos cf>) IAn(c/>, e) - Bn(cf>, e) l dcf> + o(1) 

+ O[(logn)~:~Jllcoscp- cosel- 1dcf> + ( <i>(coscp)A~(cos¢, cose)dc/>. 
E )E' 

I ( ) I -1 {max W(x)}! { sin I 'Y(c/>) + 'Y(e)} 
An c/>, e ;;£ 1r min W(x) 2n + 1 + 

2 sin cf> + e 
2 

+ ~~J.!(cf>) - 'Y(e) l } 
. ¢- e 

2sm- 2 
= O(n) + 0(1) I cf> - e l-1 I log I cf> - e II--A, 

I Bn(cf>, e) I ~ 7r--
1(2n + 1)' 

so that the first term in the right-hand member of (I :~.8.9) is 

n ~ oo, 

where the bound of 0(1) in the terrn TJ0(1) is independent of 'YJ· The third 
term is O[(log n)-"]O(Iog n). Finally, in the last term we apply Theorem 
1.22.3. Since the polynomial Pnn(x)pn(~) - Pn(X)Pn-tl(~) is uniformly bounded, 
-1 ~ x ~ +1, -1 ;;£ ~ ~ +1, we have A~(~, x) = O(n), uniformly in x and 
~' confined to an interval of the form [ -1 + e, 1 - e). Thus, for the term 
in question, the hound 1Jr,~~10(n) = TJO(l) ean he obtained. Here 0(1) is again 
independent of 'YJ· This completes the proof of Theorem 13.1.4. 
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CHAPTER XIV 

INTERPOLATION 

In this chapter we shall consider certain problems of interpolation related to 
the theory of orthogonal polynomials. In particular, we are interested in inter­
polations whose abscissas are the zeros of the orthogonal polynomials Pn(x) 
associated with a given distribution of the type da(x) or w(x)dx. We dear with 
the ordinary Lagrange polynomials and with the "step polynomials" (Treppen­
polynome) introduced by Fejer. This topic is naturally very closely related 
to that of the next chapter on mechanical quadrature. 

Concerning the subject matter of this and of the next chapter, see the 
recent monograph of Feldheim (4). 

l.4.1. Definitions; problems 

(1) Let [a, b] be a finite or infinite interval, and let 

(14.1.1) X1n ~ a, Xnn ~ b 

denote a set of n distinct points of this interval. Let l(x) be a 7rn, not iden­
tically zero, vanishing at x: = Xvn, v = 1, 2, · · · , n; it is determined save for a 
constant nonzero factor. When there is no ambiguity, we shall write xv instead 
of Xvn . The polynomials 

(14.1.2) 
l(x) 

lv(x) = l'(xv)(x - Xv)' v = 1, 2, · · ·, n, 

are called the fundamental polynomials of the Lagrange interpolation cor­
responding to the set Sn. They have the property 

(14.1.3) v, J.L = 1, 2, ... , n. 

Let !1, h, · · · , fn be arbitrary values. Then the expression 
n 

(14.1.4) Ln(X) = L fvlv(x) 
v=1 

represents the uniquely determin8d 7rn-1 which assumes the value fv at x = Xv. 
This is the nth Lagrange polynomial corresponding to the abscissas Sn . It is 
readily seen that 

(14.1.5) l1(x) + l2(x) + · · · + ln(x) = 1. 

(2) Now let Sn, n = 1, 2, 3, ·. · , be a sequence of sets of abscissas. If f(x) 
is a given function defined in [a, b], we can consider the sequence of the cor­
responding Lagrange polynomials Ln(x), n = 1, 2, 3, . · · , defined by (14.1.4) 
withfv = f(xvn). Various convergence and divergence properties of this sequence 
have been studied under proper conditions of continuity concerning f(x). In 

329 
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what follows we shall be interested exclusively in the case in which the abscissas 
Sn are the zeros of the orthogonal polynomials associated with a preassigned 
distribution. Different types of "convergence" can then be considered; for 
instance: 

(a) ordinary convergence: limn-oo Ln(x) = f(x); 
(b) convergence in mean: limn-oo f~ I Ln(x) - f(x) 1

2 dx = 0; 
(c) generalized convergence in mean, arising from (b) by replacing the ex­

ponent 2 by p, where pis positive; 
(d) quadrature convergence: limn_oo f~ ILn(x) - f(x) )dx = 0. 

The last type is partieularly important from the point of view of Chapter XV. 
Of course, a certain flxed weight function can be introduced into the integral 
conditions. 

(3) Let a and b be finite. If only the continuity of f(x) is assumed, the 
behavior of the Lagrange polynomials is rather irregular. Faber (2; see also 
Fejer 11, pp. 450-453: and Marcinkiewicz 1) proved that for a given arbitrary 
sequence I Sn l there exists a continuous function f(x) such that the sequence 
ILn(x) l is not uniformly convergent. S. Bernstein (4) has even proved the 
existence of a continuous function for which Ln(x) is unbounded at a preassigned 
point Xo. According to Helly's theorem (§1.6), this is equivalent to the un­
boundedness of the sequence of "Lebesgue constants" 

n 

(14.1.6) L llv(Xo) I , as n --7 oo. 
v=l 

In the case of the special sequence 

rr 
Xvn = <·os(2v - I) 

2
n, v = 1, 2, · · · , n, 

a = -1, b = +1, that is, for the zeros of Tn(x), much more is known. GrUn­
wald (1) and Marcinkiewicz (2) proved the existence of a continuous function 
f(x) for which the sequence of Lagrange polynomials corresponding to these 
Xvn is everywhere divergent, even everywhere unbounded. 

(4) In order to obtain convergent sequences of interpolation polynomials, 
it is necessary to introduce additional restrictions concerning either: (a) the 
functicm f(x), particularly, restrictions concerning its modulus of continuity 
(see Theorem 1.3.2), or (b) the interpolation polynomial, such as conditions 
concerning its derivative, and the like. 

We introduce the polynomials 

{ 
l"(xv) } 2 

hv(x) = 1 - l'(xv) (x - Xv) llv(x)) 

(14.1.7) = Vv(x) llv(x) )2
, 

Qv(x) = (x - Xv) !lv(x) )2
, 

called the fundamental polynomials of the first and second kind of the "Hermite 
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interpolation" corresponding to the Ret Sn . These 7rzn-l are completely deter­
mined by the conditions 

(14.1.8) 
hv(xl') = Ov~> , h~(x") = 0; f)v(x") = 0, f)~(x") = Ov~> , 

v, J.L = 1, 2, ... , n, 

and for any given set of values fv, f~ , 
n n 

(14.1.9) W n(X) = L fv hv(x) + L f~ f)v(x) 
v-1 v-1 

represents the uniquely determined 7r2n-l for which 

(14.1.10) W n(Xv) = fv, w:(xv) = j~, v = 1, 2, ... , n. 

(5) Again, let Sn, n = 1, 2, 3, · · · , be a sequence of sets of abscissas. If 
f(x) is a given function having a derivative in [a, b], we can take fv = f(xvn), 
f~ = f'(xvn) and consider the corresponding "Hermite polynomials"62 W n(x), 
n = 1, 2, 3, · · · , defined by (14.1.9). If only the continuity of f(x) is known, 
we may choose f~ arbitrarily; for instance, we may take f~ = 0. Iff~ = 0, we 
call W n(x) the step polynomials corresponding to I Sn l. In the more general 
case I!~ I < A, where A i~: a consta.nt independent of v and n, they are called 
generalized step polynomials. 

The simple and generalized step polynomials Wn(x) display a more regular 
behavior as n ----7 oo than do the ordinary Lagrange polynomials Ln(x). They 
coincide with the given function f(x) at the same points as do the corresponding 
Lagrange polynomials, but they satisfy certain additional restrictions concerning 
their first derivatives. Their degree is 2n - 1 instead of n - 1. We shall 
show that for certain sequences I S-n l the step polynomials (even the generalized 
step polynomials) are uniformly convergent if f(x) is an arbitrary continuous 
function. 

The step polynomials and their generalizations have been introduced and 
investigated by Fejer (10, 11, 13, 16). The trigonometric analogue for f~ = 0 
had been previously considered in the simplest case of equidistant abscissas by 
.Jackson (4, p. 145, Theorem VI). 

For the fundamental polynomials (14.1.7) the following important relations 
hold: 

(14.1.11) ·,n n 

~= Xv hv(x) + L f)v(x) = X. 
v=l v=l 

An important com;equence of the first identity may be pointed out for the step 
polynomials, that is, when f~ = 0. Let the set I Sn l be such that 

(14.1.12) a ~ x ~ b, v = 1, 2, ·. · , n. 

62 We write "Hermite polynomials" in quotation marks in order to avoid confusion 
with the Hermite polynomials of Chapter V. 
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Then (14.1.9) implies 

(14.1.13) min f.~ Wn(x) ~ maxf., a~ x ~ b, n = 1, 2, 3, · · ·. 

We observe further that (14.1.12) is equivalent to the fact that the linear 
functions 

(14.1.14) l" (x.) 
v.(x) = 1 - l'(x.) (x - x.) 

do not vanish in the open interval a < x < b, or, what amounts to the same 
thing, that the "conjugate points" 

(14.1.15) l' (x.) 
x. + l"(x.)' v = 1, 2, · · ·, n, 

lie outside of this interval. (See Fejer 13, 16.) 

14.2. Fundamental polynomials of the Lagrange interpolation 

(1) THEOREM 14.2.1.
63 

Let da(x) be an arbitrary distribution on the interval 
[a, b], \pn(x) I the associated orthonormal polynomials, and l1(x), l2(x), · · · , ln(x) 
the fundamental polynomials (14.1.2) of the Lagrange interpolation corresponding 
to the set of zeros of Pn(x). Then we have 

(14.2.1) lb l.(x)lll(x)da(x) = X. Ovp, v, fJ. = 1, 2, · .. , n, 

where X. are the Christoffel numbers defined by (3.4.1). 

This follows immediately from (3.4.1), since l.(x)lll(x) vanishes at the zeros of 
Pn(x) if v r! f.J.. For v === fJ. the zero x. is the only exception, and we have !Z.(x.) )2 

= 1. 
Also, by (14.1.8), 

[b h.(x)da(x) = X., 

(14.2.2) b 1 f).(x)da(x) = 0, 

[b h:(x)da(x) = [o xh:(x)da(x) = 0; 

1° f)~(x)da(x) = x.' 1° xf):(x)dx = x.x.; 

v = 1, 2, ... , n. 

(2) We obtain atl an important consequence the following result: 

THEOREM 14.2.2. Let Kn(Xo, x) have the same meaning as in (3.1.9). Then 
the following identity holds: 

n-1 n 

(14.2.3) Kn-J(Xo' x) = L p.(xo)p.(x) = L x;1 l.(xo)l.(x). 
v=O v=l 

63 Erdos-Turan 1. 
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Indeed, let p(x) be an arbitrary 11"n-I . The polynomial Kn_1(xo, x) is uniquely 
determined by the condition (3.1.12). But by (14.1.4) and (14.2.1), 

1b {t1 X~1 
l,(xo)l,(x)} {~ p(xl')ll'(x)} da(x) 

n n 

= L p(x,)l~(xo) = L p(x,)l,(xo) = p(xo), 
v=l v=l 

and this establishes the statement. 
On setting Xo = x = x, in (14.2.3), we obtain a new proof of (3.4.8). 
(3) In view of (14.2.1), (14.1.4) shows that 

(14.2.4) j" I Ln(X) 1

2 
da(x) = ~ X,lf, j2• 

Furthermore, let f(x) be an arbitrary complex-valued function for which the 
integrals f~f(x)x" da(x), v = 0, 1, · .. , n - 1, exist. Then (14.2.3) yields the 
identity 

(14.2.5) n-1 I ro 
1

2 n llo 12 f.; J a f(x)p,(x) aa(x) = ~ x~l a f(x)l,(x) aa(x) I· 
Thus, according to Bessel's inequality (see (3.1.5)), 

(14.2.6) 

provided the last integral exists. 

14.3. Convergence in mean of Lagrange polynomials 

(1) THEOHEM 14.3.1.64 Let da(x) be an arbitrary distribution on the finite inter­
val [a, b], and let lPn(x) l be the corresponding set of orthonormal polynomials. For 
the complex-valued function f(x) let the R.iemann-Stieltjes integrals 

(14.3.1) 1° I f(x) 1

2 
da(x), n = 0, 1, 2, . · · , 

exist. Then if Ln(x) denotes the Lagrange polynomial of degree n - 1 which 
coincides with f(x) at the ze?·os of Pn(x), we have 

(14.3.2) 

The eonvergenee in mean in the usual sense follows from (14.3.2) for any f(x) 
integrable in Riemann',.., scrL'ie in the case where da(x) = w(x)dx, w(x) ;:;;, fJ. > 0. 

For the proof we use (14.2.4), (14.2.6), and the later Theorem 15.2.3 on 
quadrature convergence. Now 

64 Cf. Erdos-Turan 1 and Shohat 8. 
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(14.3.3) 
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- 2m ~ f(x.) 1b f(x)l.(x) da(x) 

~ lb lf(x) 12 
da(x) + t1 X. lf(x.) 12 

+ 2{t, A,/J{x,) I'}' {t, A~'/ t f(x)l,(x) da(x) /'}' 

~ 1b lf(x) 12 
da(x) + ~X. IJ(x,) 12 

+ 2{~ X. lf(x,) I
2Y{ib lf(x) 12 

da(x) y. 
Hence, using Theorem 15.2.3, we obtain 

(14.3.4) 

Next let e be an arbitrary positive number, and p(x) a polynomial for which 
(Theorem 1.5.2) 

(14.3.5) 

If Ln(f;x) denotes the Lagrange polynomial of degree n - 1 corresponding to 
f(x), we have 

(14.3.6) f(x) - Ln(f;x) = f(x) - p(x) - Ln(f - Pix), 

provided n exceeds the degree of p(x). This establishes the statement. 
(2) In case da(x) = (1 - x

2
)-tdx, a = -1, b = + 1 (that is, for the Tchebichef 

abscissas of the first kind) Erdos and Feldheim showed that we may even assert 
the validity of the following theorem: 

THEOREM 14.3.2.
65 

Let p be an arbitrary positive number, and let f(x) be a 
continuous funct2"on. Then for the Lagrange polynomials corresponding to the 
Tchebichef abscissas of the first kind, 

(14.3.7) 1
+1 

!~ _
11 

I f(x) - Ln(x) IP (1 - x~-! dx = 0. 

It suffices to show this for even integral values of p. In the proof which is 
based on induction with respect to the even integer p essential use is made of the 
property of the Tchebiehef abscissas formulated in Probl-em 57 (see below). 

B& Erdos-Feldheim 1; cf. also Feldheim 2 and 3, pp. 33-36. 

-~-------------------------
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Feldheim points out (2, p. 330) that (14.3.2) is not true in general if da(x) = 
(1 - x2)!dx, a= -1, b = +1 (that is, for the Tchebichef abscissas of the second 
kind), and if the exponent 2 is replaced by p = 4. For the same abscissas it is 
also not true that 

(14.3.8) 
[+1 

1~~~ )_1 
I f(x) - Ln(x) 1

2 
dx = 0. 

In both cases the superior limit of the integrals in question may be + oo if f(x) 
is a properly chosen continuous function. 

(3) From Theorem 14.3:.1 the mean convergence in the sense of (14.3.8) fol­
lows immediately for the Jacobi abscissas, that is, for the zeros of the Jacobi 
polynomial P;,aJj)(x), provided max (a, {3) ~ 0 (cf. Erdos-Turan 1); here f(x) 
is au arbitrary continuom', (or even Riemann-integrable) function. 

Recently, A. Hollo (1) proved this mean convergence for the Jacobi ab­
scissas with max (a, /3) < ~ provided f(x) is continuous. The bound ! is 
the precise one, on account of the last result of Feldheim mentioned in (2). 
Hollo also investigated the validity of 

(14.3.9) !~~ 1:1 

I f(x) - Ln(f) I dx = 0, 

where f('£) is continuous, and showed that (14.3.9) holds for max (a, /3) < l 
The latter bound is again the precise one, at least in the sense that for 
max (a, {3) > i and for a proper continuous f(x), the statement (14.3.9) does 
not hold. (This follows from the second part of Theorem 15.4.) 

14.4. Lagrange polynomials for Jacobi abscissas 

For the following discussion Theorem 8.9.1 will be found invaluable, while 
the bounds of P~a,/3J(cos 8) obtained in §7.32 will also be used. 

(1) Assume a > -1, {3 > -1, and let X1 > X2 > · · · > Xn denote the zeros 
of the Jacobi polynomial P~a,/3J(x) in decreasing order. Here Xv = cos Ov, 

0 < ev < 7r. '1'hen we may assert the following theorem: 

THEOREM 14.4. Let f(x) be continuous in [ -1, + 1] with the modulus of con­
tinuity w(o). 66 'l'hen the Lagrange polynomt-'als wZ:nct-'dt-'ng with f(x) at the zeros 
of P~a,/3J(x) converge uniformly tof(x) in every interval[-!+ e, 1 - e], where 
0 < e < !, provided that u.1(o) = o( I logo I -1

). The same holds in the interval 
[ -1 + e, 1] if either a ~ --~and w(o) = o( I logo I -I) or fJ. - J ~ a < fJ. + ~ 67 

and f(x) has a continuous derivative of order fJ. with modulus of cont,z:nuity w11 (o) 
satisfying the condition w11 (o) = o(oa-l'+l), fJ. = 0, 1, 2, .... 

In case a < - } the Lagrange polynomials are conve1 ent at the point x = + 1 
if f(x) is an arbitrary continuous function. 

There ext-'st functions contt-'nuous t-'n [ -1, + 1] whose Lagrange polynomials are 

GG Cf. Theorem 1.3.2. 
67 For,.,. = 0 the equality ~i1gn, that is, the e1.1~e a = -1/2, is excluded. 
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divergent (unbounded) at a preassigned point x0 , - 1 < x0 < + 1 ; the same is true 
at the point Xo = + 1 provided that a ~ - ~. 

Similar statements hold in the interval [ -1, 1 - e] and at the point x = -1 
if we replace a by {3. The convergence is uniform in the whole interval [ -1, +I] 
provided max (a, /3) ~ -~and w(o) = o( jlog o I -1

), or fJ. - q ~ max (a, {3) < 
fJ. + ~ and f(x) has a continuous derivative of order fJ. with modulus of con-

• • (~) ( maxi'a /l)-1'+!) 0 1 2 A · l 1' ' ' tmmty w~' u = o o · · , fJ. = , , , . . . . gam ti1e equa 1ty s1gn m 
case fJ. = 0, that is, the case max (a, [3) = -~'is excluded. 

Compare Fejer 13, pp. 22, 24, 27; Shohat 5, p. 146. The present results are 
more precise than those obtained in these papers. 

(2) We shall start with a discussion of the "LebeHgue constants" 

n 

(14.4.1) L IZ.(xo) I, 
v=1 

where -1 < xo < + ll. Let o be a fixed positive number, o < 1 - I Xo I· 
Then p~a,/l\xo) = O(n-·!), so that 

"" IZ ( ) I 0( -!) "" I Pn(a,/l)'(x .. ) l-1 
£...J " Xo = n L....J , 

) 
lx.-xol>~ lxv-xol>~ 

(14.4.2 
n 

= O(n-!) L I p~a,/l)'(x,) l-1. 
v=1 

According to (8.9.2) 

n n n 

(14.4.3) L I P·~a,/ll'(x,) ~-I = 0(1) L vaHn-a-2 + 0(1) L vll+~n-tl-2 = O(n!). 
v=1 v=1 v=1 

Consequently, 

(14.4.4) L IZ.(xo) I = 0(1). 
lx.-xol>~ 

On the other hand, assume I x. - Xo I ;£ o. For a fixed v we have (see (8.8.2)) 

-l p~a,/ll(x,) - p~a,/ll(xo) 
Z.(xo) = O(n ) ---- --- ·· · = 0(1), 

x.- Xo 
(14.4.5) 

so that if Xo = cos Oo , 0 < Oo < 1r, 

L IZ.(xo)l = 
) 

lxv-xol;:;~ 
(14.4.6 

= O(n-!)O(n-!) L I e. - Oo l-1 + 0(1), 
n- 1 <16.-0ol;:;~' 

where o' is a fixed positive number. According to (8.9.1) the last expression is 
O(log n). The same bound holds for (14.4.1), and does so uniformly if t.he con­
dition -1 + e ~ Xo ~ 1 - e is satisfied. 

We can also show that 

-------------·-------
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(14.4.7) 

if n tends to + oo over a proper sequence of integers. It suffices to choose n so 
that I cos(Ne + y) [ ~cos E1 where N and 'Y have the same meaning as in Dar­
boux's formula (Chapter VIII), and e = ! min (eo, 1t - e0). This is obviously 
possible since from 

(m + !)?t - e < Neo + 'Y < (m + !h + E, 

m integral, the inequalities 

( m + ~) 1t + e < ( N + 1) eo + "}' < ( m + j) 1t - e 

follow. Now the formula of Darboux coupled with the previous argument 
and (8.9.1) gives us the desired proof. 

(3) As a consequence of the last result, we may conclude by means of Theorem 
1.6 (Helly's theorem) the existence of a continuous functionf(x) whose Lagrange 
polynomials are unbounded at the interior point x = x0 • On the other hand, 
let f(x) have the modulus of continuity w(o) = o( [log o [ - 1

), and let Ln(f; x) 
be the Lagrange polynomial of degree n - 1 corresponding to f(x). Approxi­
mate f(x) by a ?tn-1 = p(x) such that 

(14.4.8) f(x) - p(x) = o[(log n)-1
], 

(Theorem 1.3.2). Then (see (14.3.6)) 

[ Ln(f; x) ·- f(x) [ = [ Ln(f - Pix) - \f(x) - p(x)) [ 
(14.4.9) 1 

= o\ (log n)- ) O(log n) = o(1). 

(4) Assume 1 - o ~ Xo ~ 1. On putting J.L = n + 1 - v, J.L = O(n), we 
have, by Theorem 7.32.2 and (8.9.2), 

L [Z.(xo) [ == 0(1) [ P~a.~)(xo) [ L [ P~a.~)'(x.) [-1 

I x,-xo I>~ 

(14.4.10) 

a = max (a, ,!). 

We now pass to the determination of an upper bound for 

L ll.(xo) I == L I p~a.~)(cos eo) It p~a.~)'(cos e.) 1-l 
lx.-xol~~ cos eo- cose. 

a+J -a-2 
( ) I (a.~) ( ) [ "' v n 

== 0 1 p n cos eo L...J I e5 - e; I ' 
(14.4.11) 

(since (e~ - e
2
)/(cos eo - cos e) is bounded). In what follows we use both 

bounds (14.4.11). We have by (4.21.7), 

------------
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I p<a.fJ)( e) p<a,fJ)( e)' 
I n cos o - .. cos -~ /

1 
p~a.{J)'(eos e.)

1
-l 

(14.4.12) cos eo - cos e. 

where r is between eo and e • . 
Let eo = n·-J~' and: consider first the case ~ = 0(1). Let v = 0(1); then 

(14.4.12) becomes O(Jl)na·Hva+ln-a-l = 0(1). On the other hand, if vis larger 
than a sufficiently large fixed positive number, the second expression in the right­
hand member of (14.4.11) becomef-l (see the second bound in (7.32.5)) 

(14.4.13) 0(1)na L va+ln-a-2 e.-2 = 0(1) L va.:..! = O(na+!), 0 (log n), 0(1), 

according as a > - ! , a = - } , or a < - ?t. 
Now let~ be "large" and~ - v1r = 0(1), so that the number of these values of 

vis bounded. Then we obtain for (14.4.12) (see the first bound in (7.32.5)) 

. (14.4.14) 0(1)r-a-~n-!vaHn-a-·l = 0(1)(v/n)-a-!n-!va+~n-a-l = 0(1). 

Finally, assume that both ~ and ~ - v1r are "large". Then the second ex­
pression in the right-hand member of (14.4.11) becomes (see the first bound in 
(7.32.5)) 

(14.4.15) 

where the summation is extended over v1r ~ U2, U2 < v1r ~ 3U2, v1r > 3U2, 
respectively. Here we have to take into account the fact that the ratio 

I 
e - 1 V7r + o ( 1) )

2
1 

e - v27r2 

has a positive lower bound. In the second Hum I~ - v1r I is larger than a fixed 
positive constant. v\Te find now 

(14.4.16) 

according as a> -.},a= -~'or a< -~. 
Recapitulating, we obtain for the Lebesgue constant (14.4.1), the bounds 

O(naH) and O(log n), uniformly in -1 + e ~ x0 ~ 1, according as a > -!or 
a ~ - ~. A similar result is found for the interval - 1 ~ xo ~ 1 - E by re­
placing a by {3. In the whole interval -1 ~ x0 ~ +1 we obtain the bounds 
O(n-rH) and O(log n) for 'Y > -~and 'Y ~ -!,respectively, where we have 
'Y = max (a, /3). 

Now an argument similar to that in (3) must be used. Assume first that 
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-1 + E ~ Xo ~ 1, and let f(x) satisfy the conditions of Theorem 14.4. 
According to Theorem 1.3.3 a ?rn-1 = p(x) exists such that 

(14.4.17) f(x) - p(x) = 1 
n-~'o(n-:-a+r~) = o(n-a-~), 

o [(log n)-1
], -1 ~ x ~ +1, 

according as a > -! or a ~ - ~. This establishes the statement concerning 
the convergence in the interval [ -1 + E, 1] .. The proof is obviously the same 
for [- 1, 1 - E] and for [ -1, + 1]. 

(5) There remain to be discussed the "Lebesgue constants" for x0 = +1, 
that is, the expressions 

n n 

(14.4.18) L ll.(1) I "-' na L (1 - x.)-1 I P~a,/3)'(x,) l-1
• 

v=l v=l 

The positive zeros.x. furnish a contribution.--..., na L (v/n)-2vaHn-a-2 = L va-~, 
which is O(naH), O(log n), 0(1), according as a > -!,a = -~,a< -~. The 
contribution of the negative zeros is 

a '"" I p<a.,/3)/( ) ~-1 a '"" /3H -{3-2 aH n L....J n x. "-' n L....J v n ,....., n . 

And now, one more step, na,mely, the application of Helly's theorem, yields the 
desired proof of Theorem 14.4. 

14.5. Preliminary discussion of the step polynomials in the classical cases 

We calculate the linear functions v.(x) occurring in (14.!.7) for the Jacobi, 
Laguerre, and Hermite abseissas, respectively. We assume a > -1, {3 > -1 
in the first and a > -1 in the second case. 

(1) From (4.2.1) we obtain in the Jacobi case, since ~(x.) = 0, 

l"(x.) a - {3 + (a + {3 + 2)x. (14.5.1) = 
l'(x.;i 1 - x; 

Whence 

(14.5_2) v.(x) = 1 - x[a - {3 + (a + {3 + 2ix~ ! (a -_{3)x. + (a + p_±})x;. 
v 

In particular, 

(14.5.3) 

v.( _ 1) == (1 + a) (1 + x.) - /3(1 - x.), 
1- x. 

(+ 1) .- (1 + /3)(1 - x.) - a(1 + x.) 
v. ·- 1 + x. . 

The zeros x. are everywhere dense in [ -1, + 1] (Theorem 6.1.1) if n is large. 
Thus v.( -1) is non-negative for each v and n if and only if {3 ~ 0. Similarly, 
v.( +1) ;;;; 0 if and only if a ~ 0. Since v.(x) is linear, we· obtain the following 
result: 

~---·---·---- ·---,--..,-----------------·--------.. ----- ... 
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THEOREM 14.5. The fundamental polynomials h.(x) of the first kind associated 
with the Jacobi abscissas, are non-negative in -1 ~ x ~ + 1 for all values of v and 
n, if and only if 

(14.5.4) -1 <a~ 0, -1 < {3 ~ 0. 

(2) In tpe Laguerre case ( cf. ( 5.1.2), first equation) 

v,.(x) = ~.(x. - a) + x(a + 1 - x.); 
x. 

(14.5.5) v.(O) = x. - a. 

Here v.(x) changes its sign for all values of a if v and n are properly chosen. 
In the Hermite case ( cf. ( 5.5.2), first equation) we obtain 

(14.5.6) v.(x) = 1 - 2x.x + 2x;. 

14.6. Step polynomials and "Hermite polynomials" for Jacobi abscissas 

We again assume a > -1, {3 > -1 and use the same notation as in §14.4. 

THEOREM 14.6. Let f(x) be continuous in [ -1, +1]. The generalized step 
polynomials (14.1.9) [f. = f(x.), If: I < A] converge uniformly to f(x) over every 
interval [ -1 + E, 1 - E]. The same holds over the interval [ -1 + E, 1] provided 
a < 0. The step polynomials are in general divergent at x = + 1 if f(x) is merely 
continuous and a ~ 0. 

The "Hermite polynomials" (14.1.9) [f. = f(x.), f: = f'(x.)] converge uniformly 
to f(x) in [ -1 + E, 1] if a < t and f(x) has a continuous second derivative, or if 
J.L/2 ~ a < (J.L + 1)/2 andf(x) has a continuous (J.L + 1)st derivative with modulus 
of continuity w11+I(o) salisfying the condition w11+l(o) = o(o2

a-11), J.L = 1, 2, 3, .... 

Similar statements hold in [ -1, 1 - E] and at x = -1 if we replace a by {3, 
and in the whole interval [ -1, +1] if we replace a by max (a, /3). (Cf. Shohat 5, 
pp. 138-139; Szego 14.) 

(1) We start with the discussion of the convergence for -1 < Xo < +1. 
Here again Theorem 8. 9.1 is virtually indispensable. 

If x = x. , the numerator of v.(x) in (14.5.2) is 

1 - x.[a - {3 + (a + {3 + 2)x.] + (a - {3)x. + (a + {3 + 1)x; 
(14.6.1) 2 

= 1 - x. > 0. 

Therefore, v.(xo) is positive if I x. - xo I is sufficiently small, that is, I x. - xo I 
:S o. The same is of course true for h.(x0). Furtherrp.ore, v.(xo) has for these 
v a positive lower bound which is independent of o. We therefore obtain, on 
account of the first identity in (14.1.11), 

(14.6.2) 

and from (14.1.7) we :see that 

-,-----·---·----
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Here the bound 0(1) is independent of o. 
vVe shall now find a bound for the corresponding sums if I x. - x0 I > o. From 

(14.5.2) and (8.9.2) we have 

L I h.(xo) I = 0(1) L (1 - x;)-1 \Z.(x0) )
2 

lx.-xoi>B lx.-xol>~ 

= 0(1)\P~a.~)(xo) )2 L (1 - x;)-1 \P~a.~)'(x.)) - 2 
lxv-xol>~ 

(14.6.4) n n 

= O(n-1) :E (v/n)-2v2a+an-2a-4 + O(n-1) L (v/n)-2v2~+3n-2~-4 
v~l v=l 

Moreover, we notice 

L I f).(xo) I = 0(1) L \ l.(xo) )2 
lx.-xol>~ lx.-xol>~ 

(14.6.5) 
= 0(1) \P~a.~)(xo) )2 L \P~a,~)'(x.)) - 2 

lx.-xol>~ 

n n 

= O(n -1) L v2a+a n-2a-4 + O(n-1) L /~+an -213-4 
v=1 v=1 

= O(n - 1
). 

This yields the convergence of the generalized step polynomials of a continuous 
function if -1 < xo < +1. Indeed, according to (14.1.9) and (14.1.11), 

n n 

I w n(Xo) - f(xo) I ~ L I f(x.) - f(xo) I I h.(xo) I + A L I f).(xo) I 
v=1 v=1 

(14.6.6) 
~ max I f(x.) - f(xo) I L h.(xo) + 0(1) L I f).(xo) I 

lx.-xol;:io• · lx.-xol;:i~ lx.-xol;:i~ 

+ 2 max IJ(x) I L I h.(xo) I + 0(1) L I f).(xo) I 
lx.-xol>~ lx.-xol>~ 

max I f(x.) - f(xo) I 0(1) + o0(1) + O(n-1) + O(n-1). 
I x,-xo I~;~ 

The factors 0(1) in the last expression are independent of o. 
(2) Now assume a < 0 and 1 - o ~ xo ~ 1. The second formula in (14.5.3) 

shows that v.(xo) and h.(xo) are again positive and v.(x0) ·is bounded from zero 
if I x. - xo I ~ o, provided o is sufficiently small. (We have v.(xo) ~ v.( +1) 
if a - {3 + (a + {3 + 2)x. > 0.) Then the analogues of (14.6.2) and (14.6.3) 
follow immediately. In (14.6.4) and (14.6.5) a slight modification is necessary 
due to the fact that in this case P~a.~)(xo) = O(na), a = max (a, - !). (The 
formulas corresponding to (14.6.4), (14.6.5) hold for arbitrary a > - i; this 
remark is used in (3).) Since a < 0, the conclusions of (1) remain valid; this 
establishes the convergence of the generalized step polynomials if a < 0 andf(x) 
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is continuous. (Of course, the same is true for the "Hermite polynomials" if 
f'(x) is bounded.) 

(3) We postpone the discussion of the step polynomials at x = + 1 if f(x) is 
continuous and a ~ 0, and we pass on to a discussion of the "Hermite poly­
nomials" for 1 - o ~ Xo ~ 1 with a arbitrary but greater than -1. First we ob­
serve that the numerator of (14.5.2) vanishes for x = x. = + 1; thus we have 
for I x. - Xo I ~ o, 

(14.6.7) I v.(xo) I < (1 - x;)-1e(o), 

where e(o) ---? 0 if o---? 0. Now, 

(14.6.8) 

By use of the notation and argument of §14.4 (4), we obtain for the sum above: 
(a) O(n2

) if~ = 0(1), v = 0(1); 
(b) 0(1) L v2a-1(v/n)-2 = O(n2a), O(n2 log n), O(n2), according as a > 1, 

a = 1, a < 1, if~ = 0(1), and vis "large"; 
(c) O(I)(v/n)-2 = O(n2) if~ is "large" and~ - v1r = 0(1); 
(d) O(I)r2a-l L v2o+a(~2 - v27r2)-2 (v/n)-2 = L~ + L~ + L~ if both~ and 

~ - v1r are large. The summations in the last three sums are extended over 
the same values of vas in (14.4.16). We have 

L~ = O(C2a·-5) L v2a+a(v /n)-2 = O(Ca n2) = O(n21' 
v ,.;;;~12 

(14 6 9) L~ = 0(1) L (~- v7r)-2(v/n)-2 = O(C2n2) = O(n2), 
· · ~/:2<v,.;;;aU2 

O(n2 log n), 

according as a > 1, a = 1, or a < 1. To these cases the bounds 

(14.6.10) L I h.(xo) I = e(o)O(n2a), e(o)O(n2 log n), e(o)O(n2) 
jx.-xo 1 ;;;6 

correspond. 
In order to obtain the analogous bounds for l).(xo), we cancel in (14.6.8) the 

factor (I - x;)-1 
,....._, (v/n)-2

• Thus, we readily obtain 

(14.6.11) L I f).(xo) I = oO(n2a), oO(log n), oO(l), 
jx.-x0 j;;;6 

according as a > 0, a := 0, or a < 0. 
The corresponding bounds for I x. - Xo I > o are O(n2a) (cf. the remark made 

in (2)). Thus, (14.1.9) and the first formula in (14.1.11) give the result 
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I Wn(xo) - f(xo) I ~,,.~,~~6 lf(x.) - f(xo) I e(o) O(n2 log n) 
{

O(n
2

a) } 

O(n2
) 

(14.6.12) {O(n2a) } 

+ 1 ,~,~~6 lf'(x.) I o O(log n) +max lf(x) I O(n2a) 

0(1) . 

+max lf'(x) I O(n2a); a = max (a, - !). 

In the first term we have the alternative a > 1, a = 1, or a < 1, in the second 
term a > 0, a = 0, or a < 0. The 0-expressions are independent of f(x) and o. 

We now apply the usual argument. Let Wn(f; x) be the "Hermite poly­
nomial" corresponding to f(x), and p(x) an arbitrary '1!"2n_1 • Then 

(14.6.13) W n(f; Xo) - f(xo) = W n(f - p; Xo) - lf(xo) - p(xo) }. 

Under the condition mentioned in Theorem 14.6 we can determine p(x) (cf. 
Theorem 1.3.3) such that 

f(x) - p(x) = o(n-2
), f'(x) - p'(x) = o(n-1

) if a < !, 
(14.6.14) f(x) - p(x) = o(n-2a-1), f'(x) - p'(x) = o(n-2a), 

if !JL ~ a < !CJL + 1), J.' = 1, 2, 3, · · · . 

Thi~ establishes the statement concerning the "Hermite polynomials." 
(4) Finally, we discuss (ef. 14.5.3)) 

(14.6.15) :t I h.(l)l == :t ·~· g __ j-2)_Q.-=~=-- ~~~-+ ~~ lll.(1) }2• 

•-1 •=1 . 1 + x. 

The part of this sum defined by x. ~ 1 - o is, for a ~ 0, 

(14.6.16) "-~n2a L (1 - x.)-21P~a,!9),(x.) l-2 "-' n2a L (v/n)-4v2a+3n-2a-4 
"'•~1-6 x.!1;1-6 

which is of the order n2
a or 1, according as a > 0 or a < 0. This shows 

that the step polynomials (and also the generalized step polynomials) of a 
continuous function are in ge.neral divergent at x = + 1 if a > 0. (The con­
vergence for a < 0 has be-en proved in (2).) The possibility of divergence in 
case a = 0 follows by choosing f(x) = 1 - x. The corresponding step poly­
nomial is in fact 

~ h.(1)f(x.) = (1 + (3) ~ (~ ~ ~:
2 

{ Z.(1) \
2 

(14.6.17) n 

= (1 + (3) L (1 + x.)-1{P~o.!9)'(x.) ~-2 
v~l 

"" ( I ) -2 2!9+a -2!9-4 1 ""'L...J vn v n ,....._,, 
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so that it cannot tend to f(1) = 0. Still simpler is the proof of the divergence 
of the step polynomials of f(x) = (1 + ,6)(1 - x) - a(1 + x) if a > 0, since 
f(1) = -2a < 0. . 

14.7. Step polynomials for Laguerre abscissas 

Assume a > -1, and let x1 < X2 < · · · < Xn denote the zeros of the Laguerre 
polynomial Ln(a)(x). We prove the following theorem: 

THEOREM 14.7.68 Let f(x) be continuous for x ~ 0 and f(x) = O(xm) if 
x---? + oo; herem is an arbitrary but fixed positive number. The generalized step 
polynomials (14.1.9) (f.= f(x.), If: I <A) converge uniformly tof(x) over every posi­
tive interval e ~ x ~ w. The same holds in the interval 0 ~ x ~ w provided a < 0. 
The step polynomials are in general divergent at x = 0 if f(x) is continuous and 
a~ 0. 

For the proof we shall need considerations similar to those in the Jacobi case 
(§14.6). In particular, we shall use Theorem 8.9.2. Some modifications in the 
argument are necessary due to the fact that the zeros are unbounded. The 
mechanical quadrature appears as an important new tool (cf. (15.3.5)). 

(1) Assume 0 < e ~; xo ~ w. If v.(x) has the same meaning as in (14.5.5), 
the values v.(xo) and h.(xo) are positive, and v.(xo) is bounded from zero and 
infinity provided I x. - x0 I is sufficiently small. Thus for small o, 
(14.7.1) 

(14.7.2) L: I o.(xo) I = o0(1) L: h.(xo). 
Jx.-x0 J~6 Jx.-xoJ~6 

Here 0(1) is independent of o. 
If x. is small, v.(xo) = O(x;-1

); if x. is large, v.(xo) O(x.). Therefore (cf. 
(7.6.8)) 

{ 
L(a)( ) }2 L I h.(xo) I = 0(1) L x;-1 

(a)' n Xo 
Jx.-xoJ>6 x.<xo-6 Ln (x.)(xo - x.) 

(14.7 .3) 

n 

= O(na-!) L x;-1 {L~a)'(x.) l-2 

•=1 

But combining (15.3.5) with (3.4.5), we find 

(14.7.4) ~ .-11 L<a)'( )l-2 _ r(n + 1)r(a + 1~ f=t a .• \ n x. - r(n +a+ 1) ' 

which yields the bound O(na-!)O(n-a) = O(n-!) for (14.7.3). 

es Cf. Shohat 6, p. 139; Szego 14, p. 597. 
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More generally, we find from (1.5.3.5) and (3.4.1), if m is a positive integer, 
m ~ 2n - 1, that 

(14.7.5) :t x':'-I{L~,a)'(x.) 1-z = r(n + l)r(m +a)+ 1). 
v=l I'(n +a+ 1 

Hence the :same argument as before leads to 

(14.7.6) L x~' I h.(xo) I = O(n4 ), 
lx.-xo I >tl 

m fixed. We have also 

(14.7.7) 

Equations (14.7.1), (14./'.2), (14.7.6), and (14.7:7) establish the uniform·con­
vergence of the step polynomials in the interval e ~ x0 ~ w (cf. (14.6.6)). 

(2) Now assume a < 0 and 0 ~ x0 ~ o. If o is sufficiently small, and 
I x. - xo I ~ o, both v.(xo) and h.(xo) are positive, and v.(xo) is bounded from 
zero. Hence (14.7.1) and (14.7.2) are again valid. In (14.7.3) only the bound 
of IL~a)(xo) l2 must be changed. According to (7.6.11) this will be O(n2a) 
where a = max (~a - t, a). Therefore, 

(14.7.8) 

and the same bound holds for the sums in (14.7.6) and (14.7.7). Since the ex­
ponent 2a - a = max (- !, a) < 0, these sums tend to zero. From this the 
uniform convergence in 0 ~ x ~ w follows. 

(3) The case xo = 0, a ~ 0, can be readily disposed of by choosing f(x) 
x - a. We have 

n n 
"'"" ,~, 2 2 
L....J f(x.)h.(O) = ,C... (x. - a) U.(O) l 

(14.7.9) 
v=l •=1 

Since this expression is positive, it cannot tend to f(O) = -a if a is positive. 
If a = 0, the last expression in (14.7.9) is 1 (cf. (14.7.5), m = 1), andf(O) = 0. 

14.8. Lagrange polynomials for certain general classes of abscissas 

(I) Let X1n > X2n > · · · > x,.,. denote the zeros of the nth orthogonal poly­
nomial Pn(x) a:s:sociatccl with the weight function w(x) in the interval -1 ~ 
x ~ +I. We consider two classes A, B of weight functions characterized by 
the following conditions: 

A. There exists a positive number iJ. such that 

(14.8.1) w(x) ~ JJ., 

B. There exists a positive number iJ. such that 
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(I4.8.2) -I<x<+I. 
By using this notation we prove the following statement: 

THEOREM I4.8. Let f(x) be defined in -I ~ x ~ + 1. Let !Ln(f; x) l denote 
the sequence of the La17range polynomials coinciding with f(x) at the zeros Xvn 

of the orthogonal polynomials Pn(x) associated with the weight function w(x), 
-I ~ x ~ + 1. Then limn-oo Ln(f; x) = f(x), uniformly in the interval [-I, +I], 
provided thatw(x) belongs to A andf(x) has a continuous derivative in [-I, +I]. 
The same conclusion holds if w(x) belongs to B and w(o) = o(o!). Moreover 
limn-oo Ln(f; x) = f(x), uniformly in the interval [-I + e, I - e], where 
0 < e < I, provided that w(x) belongs to A and w(o) = o(o!). 

Compare Shohat 7, Grunwald-Thran 1. Here, as before, w(o) is the modu­
lus of continuity of f(x) in [-I, +I]. 

(2) We show that for the fundamental polynomials of Lagrange interpolation 

(I4.8.3) i; ll'.(.r) I= O(n!), -I~ x ~+I, 
{

O(n), -I ~ x ~ +I, 

Q (n !) , -I + E ~ X ~ I - E, 

where w(x) belongs to A in the first and third case, and to Bin the second case. 
From (I4.8.3) the statement follows by reference to Theorems 1.3.2 and 1.3.3. 

Let X be fixed, Ev = sgn l,.(x). We write in the case A 

(I4.8.4) 
n n-1 

p(t) = L e,.l.(t) = L c.Pv(t), 
~~1 ~~o 

where P.(t) is the vth Legendre polynomial. Then 

p(x) = 'i:, ll.(:r;) I = 'f c.P,(x) ~ {'f +c; 
1
}!{'f (v + !)[P.(x)]2}! 

v=1 v~o .~o v 2 v~o 

(I4.8.5) = {f-:1 

(p(t)]
2 dtY{~ (v + t)[P.(x)]2y 

~ il-
4 {i:1 

w(t)[p(t)]
2 dtrf~ (v + !)[P.(x)]

2r. 
Now, according to (I4,.2.4), 

(I4.8.6) 1-:1 

w(t)[p(t)]
2
dt = ~X.[p(x.)]2 

= t;x.e; =~X.= 1:1 

w(t)dt. 

Statement (I4.8.3) is readily derived by using (7.21.I) and (7.3.8). 
The only essential modification of the proof in the case B is that we write 

n n-1 

(I4.8.7) p(t) = L e.l.(t) = L d. T.(t), 
Jl-==1 Jl=0 

where T.(t) is Tchebichef's polynomial of the first kind. 
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14.9. Further results on interpolation 

We indicate briefly a few more recent results on interpolation. 
(I) We employ the notation of §14.8. Let the weight function w(x) be con­

tinuous with a positive minimum in (-I, +I] and let e > 0. Then 

max ll.(x)l ~I as n ~ oo 

where the maximum is taken in the interval [-I + e, I - e] and the limit 
relation holds for any sequence v = v(n) for which the corresponding zero 
x. = Xm is in [-I + e, I ·- e]. (Erdos-Lengyel!.) 

(2) The result of GrUnwald (1) and Marcinkiewiez (2) mentioned in §I4.I (3) 
has been deepened by Erdos-GrUnwald and Erdos. We consider the zeros of 
T n (x) as the set of abscisE.as. 

Erdos-Grunwald (1) ., have shown the existence of a continuous function 
f(x) = f(cos 8) the Fourier series of which is uniformly convergent and at the 
same time the sequence of the corresponding Lagrange polynomials Ln (x) is 
everywhere divergent, even everywhere unbounded. 

Erdos (2) has shown that if x 0 = cos (p1r/ q ), p and q odd, there exist continuous 
functions f(x) for which Ln(xo) ~ oo. Erdos-Turim (1) have shown previously 
that this cannot hold for any other points xo; see also Erdos 2, p. 3I3. 

(3) Important results have been obtained by Erdos for the "normal" sets of 
abscissas introduced and investigated by Fejer. They are characterized by the 
property that the "conjug~ate points" (I4.l.I5) lie outside of the interval [a, b] 
of interpolation. 

Fejer showed that for a normal set x. - x._ 1 tends to zero as n ~ oo. ErdoH­
Turan (2) have sharpened this result and Erdos (1) proved that 

-- - ?!: (I - 2)-t + 0( -~) x. x._1 - x. . n 
n 

provided that x. = Xm is restricted to a fixed interval (-I + e, I - e]. 
Erdos (1) solves the following remarkable extremum problem. We consider 

all normal sets lxml, v and n fixed. (We follow the notation (I4.l.I).) What 
is the minimum and maximum of xm? They are given by z. and -Zn-• where 
z. = Zm are the zeros of Pn(z) + Pn-1(z). 

(4) GrUnwald (2) and Webster (1) have studied a certain type of "sum­
mability" for Lagrange polynomials similar to a procedure of '\V. Rogosinski for 
the partial sums of Fourier series. The abscissas used are the zeros of the 
Tchebichef polynomials of the first and second kind, respectively. 

GrUnwald (3) gives a survey of divergence properties of the Lagrange poly­
nomials. This paper contains also a discussion of the convergence of the 
Lagrange and Hermite interpolation polynomials under the condition that the 
abscissas form a normal set. 

(5) Babizs-Turim (1, 2) and Suranyi-Turim (1) have investigated various 
properties of certain polynomials of interpolation connected with ultra­
spherical abscissas. The novel feature of this investigation is the study of inter-
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polation polynomials for whichf(x) andf"(x) are prescribed. 
(6) Erdos (3) has investigated the "Lebesgue function" 

n 

L: lUx) I, 
·=l 

[XIV I 

see (14.1.6). Denoting the maximum of this function m the interval - 1 
~x ~ 1, by Mn, he proved the following inequality 

Mn > (2/11'-) log n -c. 

This is a rather deep result. It is known that for the zeros of Tchebichef 
polynomials 

Mn < (2/11'-) logn +c. 
Here c is a positive absolute constant. 

( 7) The more diffieult analogous problem concerning the fundamental 
polynomials ~.(x) of Hermite interpolation has been solved by Erdos-Turim 
( 4), who prove that 

n 1 (2 ) _ 1~a;+1 ~I b.(x) I~ n ; logn -c2loglogn . 

This is "asymptotically best possible" as the case of Tchebichef abscissae 
shows. 

The paper Erdos-Twran 4 also contains a proof that 

n 2 
max L ll.(x) I > - log n - c3log log n, 

-1;ax;a+1 •=1 7r 

which is weaker than the result cited in ( 6) above, but preceded it in time. 
(8) If Ln(x) is the Lagrange interpolation polynomial of a continuous 

function f(x) with interpolation at the zeros of p~a,P>(x), a,fJ ~ - t, then 

(14.9.1) !~U.: J_1

1
ILn(x) -f(x) I P(l -x)a(l +x)Pdx =0 

when p<min(4(a+1)/(2a+1),4(fJ+1)/(2fJ+l)') =A(a,fJ) and for p> 
A(a,/3) there is a continuous function f(x) for which (14.9.1) fails. See Askey 6. 

(9) By simple methods of interpolation Egervary-Turan 1 have proved the 
following beautiful identity 

1 _ [Pn(x) )2 = ± 1 - x: { ' Pn(x) } 
2
' 

•=1 1 - x. Pn(x.) (x- x.) 

where the x. are the zeros of the Legendre polynomial Pn(x). From this they 
derive a new proof of 1lhe inequality (7.21.1). By similar reasoning one can 
obtain a new proof of the inequality ( 7 .21.3). See Egervary-Turan 2. 



CHAPTER XV 

MECHANICAL QUADRATURE 

The reader will recall that the Gaust;-Jacobi mechanical quadrature was 
studied in §3.4. In the present chapter we turn to other mechanical quadra­
ture problems which are also connected with the theory of orthogonal poly­
nomialH. 

15.1. Definitions 

(I) Let [a, b] be a finite or infinite interval, and let 

(15.1.1) Sn : X1n < X2n < • • • < Xnn , 

denote a >3et of n distinct points in [a, b]. Furthermore, let 

(15.1.2) An : A1n , A2n , • • • , Ann 

be a Het of real numbers. If f(x) is an arbitr~ry function defined in [a, b], we 
write 

" (15.1.3) Qn(f) = L Avnf(Xvn). 
v=l 

We call the numbers x.,. the abscissas and the numbers X.n the Cotes numbers 
of the "mechanical quadrature" Qn(f). Having been given the sequences of 
corresponding sets I Sn l and IA,.l, n = 1, 2, 3, · · . , >Ve are interested in the 
convergence properties of the sequence 

(15.1.4) 

a>3~;ociated with a given function f(x). 
As in Chapter XIV we write x. and X. instead of Xvn and Avn when there is 

no ambiguity. 
(2) An important speci1~l case is the following. Let the set I Sn l be an 

arbitrary set of distinct numbers in [a, b], and let u(x) be a given non-decreasing 
function. vVe shall define the Cotes numbers x. by requiring that 

(15.1.5) Qn(f) = ib f(x) du(x) 

shall hold if f(x) is an arbitrary 11"n-l • Obviously, uhder such a condition, 

(15.1.6) X. = ib Z.(x) du(x), v = 1, 2, · · ·, n, 

where Z.(x) denote the fundamental polynmhials (14.1.2) of the Lagrange inter-
349 
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polation corresponding to the abscissas I Sn }. In this case Qn(f) is called a 
quadrature of the interpolatory type. 

The Gauss-Jacobi quadrature is seen to be a special case of the interpolatory 
type when the abscissas I Sn l are the zeros of the orthogonal polynomials 
associated with the distribution du(x). Another remarkable case of the inter­
polatory type is u(x) = x with ISnl arbitrary. The integral (15.1.5) is then 
the ordinary integral of f(x) over the interval [a, b], which is assumed to be 
finite in this case. 

We shall use the previous notation throughout the whole chapter. 

15.2. A general convergence theorem on mechanical quadrature; 
theorem of Stekloff-Fejer 

(1) THEOREM 15.2.1.69 Let [a, b] be a finite interval, and let the system I Sn} 
(in [a, b]) and IAnl be arbitrary; let Qn(f) be defined by (15.1.3). Denote by u(x) a 
non-decreasing function 1 and assume the "quadrature convergence" 

(15.2.1) 

for an arbitrary polynomial f(x). Then a necessary and sufficient condition for 
the validity of (15.2.1) for an arbitrary continuous function f(x) is the bounded­
ness of the sequence of the "Lebesgue constants" 

(15.2.2) I An1 I + I An2 I + ' ' ' + I Ann I' 

This theorem is an immediate consequence of Theorem 1.6 (Helly's theorem). 
It is to be noted that condition (15.2.1) holds for an arbitrary polynomial f(x) 
if the quadrature is of the interpolatory type (cf. §15.1 (2)). 

(2) As an application we shall prove the following important theorem of 
Stekloff and Fejer: 

THEOREM 15.2.2.70 Let [a, b] be a finite interval, and let the Cotes numbers 
I An l be non-negative. If the quadrature convergence (15.2.1) for an arbitrary 
polynomial f(x) is assumed, the same convergence can be stated for an arbitrary func­
tion for which the Riemann-Stieltjes integral in the right-hand member of (15.2.1) 
exists. 

The expression (15.2.2) remains bounded in the present case, since 

n n 

(15.2.3) L I Avn I = L Avn = Qn(1) 
.~1 ·-1 

has a limit as n ---? oo. Therefore, (15.2.1) holds for a continuous f(x). The 

eg Cf. P6lya 4, p. 267, Theorem I. 
1o Cf. Stekloff 2, pp. 176-179; Fejer 16, p. 291; P6lya 4, p. 282, d); Shohat 7, pp. 474-476. 
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extension to Riemann-integrable functions is made by means of Theorem 1.5.4. 
Theorem 15.2.2 holds without change if the Cotes numbers {Anl are non­

negative only for sufficiently large values of n. 
(3) A remarkable special case of Theorem 15.2.1 is obtained by considering 

an arbitrary quadrature of the interpolatory type (defined by a monotonic 
non-decreasing function u(x)), and by choosing for the set {Snl the zeros of the 
orthogonal polynomials IPn(x) l associated with a preassigned distribution 
da(x). Here a(x) is in general different from u(x). Then (15.2.1) holds for an 
arbitrary polynomial f(x). 

The Gauss-Jacobi quadrature is derived as a special case by taking a(x) = 
u(x). The Cotes numbers are then identical with the Christoffel numbers of 
§3.4 and are all positive. Applying Theorem 15.2.2, we obtain the following: 

THEOREM 15.2.3. Let da(x) be an arbitrary distribution on the finite interval 
[a, b], and let Qn(f) be the corresponding Gauss-Jacobi mechanical quadrature 
(that is, Xvn are the zeros of the orthogonal polynomials Pn(x) associated with da(x) 
and Xvn the corresponding Christoffel numbers). Then the "quadrature con­
vergence" 

(15.2.4) 

holds for an arbitrary function f(x) for which the Riemann-Stieltjes integral in the 
right-hand member exists. 

(4) Another remarkable special case arises upon choosing u(x) = x with 
a(x) arbitrary. Such a choice permits us to assert the following theorem: 

THEOREM 15.2.4.71 Let Xv be the zeros of the orthogonal polynomial Pn(x) asso­
ciated with the arbitrary distribution da(x) on the finite or infinite interval [a, b]. 
If we define the mechanical quadrature Qn(f) of the interpolatory type by the re­
quirement in §15.1 (2) with u(x) = x, the corresponding Cotes numbers can be 
represented as follows: 

(15.2.5) v = 1, 2, · · ·, n, 

with 

(15.2.6) Kn(x) - [b Kn(X, t) dt = [b {t Pv(x)pv(t)}dt = t Pv(x) 1b Pv(t) dt. 
a v~o v-0 a 

Here we use the symbols kn and Kn(Xo, t) in the sense explained in (2.2.15) and 
(3.1.9); Xv and Av stand for Xvn and Avn , respectively. 

For the proof we write (15.1.6) as follows: 

( 7) .., _ { 1 ( ) ( ) ~-1 [b Pn(t)Pn+l(Xv) - Pn+l(t)pn(Xv) dt 
15.2. ,..., - Pn Xv Pn+l Xv t ' 

a - Xv 

11 Szego 17, p. 94. 
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Comparison of this formula with equation (3.2.3) establishes the statement. 
According to (3.3.6) we have 

(15.2.8) sgn Av = sgn Kn(x.). 

In particular, if Kn(x) ~ 0 in [a, b], the Cotes numbers are non-negative. Then 
the Stekloff-Fejer theorem can be applied. 

The polynomial Kn(x) may be characterized by the following condition: 

(15.2.9) ib Kn(x)p(x) da(x) = ib p(x) dx, 

where p(x) is an arbitrary 11"n. In case da(x) = w(x) dx, we see that Kn(x) is 
the nth partial sum of the expansion of { w(x) l-1 in terms of the poly­
nomials Pn(x). 

(5) In the next sections we consider the special cases previously mentioned, 
namely: 

(a) 

(b) 

u(x) = a(x) (cf. (3)), 

u(x) = x (cf. (4)); 

here the abscissas { Sn l are the zeros of the orthonormal polynomials associated 
with the distribution da(x) with the additional specialization that these poly­
nomials are. the classical ones. 

15.3. Cotes-Christoffel numbers in the case u(x) = a(x) (Gauss-Jacobi 
quadrature) for the classical abscissas 

(1) We use the representation (3.4.7) of the Christoffel numbers A. and 
arrange the zeros x. in decreasing order in the Jacobi and Hermite case and in 
increasing order in the Laguerre case. Concerning the following results see 
Winston 1. The representation (15.3.5) has already been used in §14.7. 

By use of (4.3.4) and (4.21.6), the second formula (4.5.7) furnishes for the 
Jacobi abscissas 

(15.3.1) 
A _ 2a+,B+l r(n +a+ 1)r(n + {3 + 1) (1 _ 2)-l{p<a.tJl'( ) l-2 

p - r(n + 1)r(n +a+ {3 + 1) x. n x. ' 

v = 1,2, ... ,n;a > -1,{3 > -1, 

and, in particular, for the ultraspherical abscissas (cf. (4.7.1) and (1.7.3)) 

(15.3.2) 
A.= 22-2>-1T"{r(A)\-2 ri~ ~ ~~) (1- x;)-l{p~>-J'(x.)\-2, 

v = 1, 2, · · · , n; A > -t, A ~ 0. 

For A = 0, that is, in the "Mehler case" w(x) = (1 - x2)-!, we find 

(15.3.3) 
11" 

A.= -. 
n 

v=1,2, .. ·,n, 
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that is, A1 = A2 = · · · = An. For A = 1, that is, in case w(x) = (1 x2
);, 

we obtain 

(15.3.4) 7r ( 1 2) 7r • 2 V1r 
Av = n + 1 - x. = n + 1 sm n + 1' v = 1, 2, · · ·, n. 

For the Laguerre abscissas we have from (5.1.10) and (5.1.14) 

(15.3.5) Av = r(;(! ~ t 1) x;-1 {L~al'(x.) \-2
, v = 1, 2, · · · , n; a > -1, 

whereas for the Hermite abscissas, from the second identity of (5.5.10), 

(15.3.6) A. = 1r!2n+1n!{H:(x.) l-2, v = 1, 2, · .. , n. 

(2) In the Jacobi case the argument of §7.32 (2) shows that, for a> -!and 
{3 > -!, that part of the sequence A1 , A2 , · · . , An corresponding to the zeros 
x. > Xo (cf. (7.32.1)) is increasing, and that part corresponding to x. < xo is 
decreasing. The opposite is true if a < -!, {3 < -!. If a> -!, {3 < -!, 
or a < -!, {3 > -!, the whole sequence in question is increasing or decreasing 
according as the first or second pair of relations holds. 

In the ultraspherical case this argument furnishes 

(15.3.7) if A > 0, 

and 

(15.3.8) if A < 0. 

The symmetry relation (Problem 11) yields the analogous statement for the 
other A. . The values (15.3.3) correspond to the case A = 0. In the Legendre 
case we have (15.3.7). 

In the Laguerre and Hermite cases we use the argument of §7.6 (1). In the 
Laguerre case the sequence A1 , A2 , · · · , An is increasing for x. < a + !, and 
decreasing for x. > a + !. In the Hermite case we have (x1 > X2 > · · · ) 
(15.3.9) 

(3) In the Jacobi case, if x. = cos o. , and o. belongs to a fixed interval in the 
interior of [0, 1r], Darboux's asymptotic formula (cf. (8.21.10) and (8.8.1)) yields 

(15.3.10) 
2a+tl+l 7r ( • o.)2a+l ( o.)2tl+l 

Av = Avn ,......_, n sm 2 cos 2 

Here, for a - {3 = -! the symbol ,......_, can be replaced by =, according to 
(15.3.3). The same is true for a = {3 = +! (see (15.3.4)) if we replace n by 
n + 1. On the other hand, if v is fixed and n -? oo, we obtain, by use of equa­
tion (8.1.1), 

(15.3.11) " _ " ,......_, 2 a+tl+l(. j 2)2a { J' (.) ~-2 -2a-2 
1\v - 1\vn = )v a )v n ' 
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where J. is the vth positive zero of J a(z). (Here the symboli'V can be replaced 
by = if a = {3 = -!.) Therefore, on account of the monotonic property 
proved in (2), we have uniformly in v, 

(15.3.12) if 0 < 0. ~ 1r - e, 

according as a ~ - !, or a ~ - !. Here e is a fixed positive number. 
By use of the argument and notation in §7.32 (3), we readily see that for 

increasing v, v ~ vo, 

(15.3.13) ( 
0 )-2a-1 ( 0 )-2tl-1 

~(0.) sin~ cos~ ;\. 

is increasing or decreasing according as a
2 ~ l or a

2 ~ !, and 0 < o. ~ o, 
where o is a sufficiently small positive number. (If n is sufficiently large, 
~(0.) > 0, v ~ vo .) Thus (15.3.13) has uniformly the "order" n if 0 < o. ~ o. 
In view of (15.3.10) and (15.3.11) for 0 < o. ~ 1r - e this yields (see (8.9.1)) 

(15.3.14) " 02a+1 -1 2a+1 -2a-2 
1\v ,.....,_, • n I'J v n ' 0 < 0. ~ 1r - e; 

that is to say, the ratio of these expressions is uniformly bounded from zero and 
infinity if v and n are arbitrary, 0 < o. ~ 1r - e. The expression in the right­
hand member of (15.3.14) attains its greatest value for v r...~ nor v ,.....,_, 1 according 
as a ~ -! or a ~ - !. This again furnishes (15.3.12). 

Similar results can be obtained if o. is confined to the interval e ~ o. < 1r. 

(4) In the Laguerre case, if e ~ x. ~ w, we obtain (cf. (8.22.1) and (8.8.4)) 

(15.3.15) " " -x a+! -! 
1\v = 1\vn ~ 'Ire • x. n ' 

where e and w are fixed positive numbers. On the other hand, if v is fixed and 

n --? oo, we find from (8.1.8) 

(15.3.16) 

where J. has the previous meaning. 
Applying an argument similar to that in the Jacobi case to the fourth equa­

tion in (5.1.2), and taking into consideration the argument of §7.6 (2), we find 
that the sequences 

(4n + 2a + 2- x. + 1 ~x~a)-
1 

e-x·x~+J{L~al'(x.)\ 2 , 
(15.3.17) 

( 4 + 2 + 2 + 1 - 4a
2
) x, -a-!" n a - x. 4x. e x. Av 

are monotonic as v increases provided a2 ~ l and 0 < x. ~ w. In case a
2 > l 

the same sequences con~:>ist of two monotonic parts (v ~ vo). On account of 
(15.3.15) and (15.3.16) we obtain for the second sequence (15.3.17) the uniform 
"order" n! so that 

' 
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"\ a+i -i 
1\v ,.....,_, x. n ' 0 < x. ~ w. 

Because of (8.9.10) we may write 

(15.3.19) 0 < x. ~ w. 

The condition x. = 0(1) is equivalent to v = O(n!). 

15.4. Quadrature of interpolatory type with u(x) = x for Jacobi abscissas 

(1) In this section we prove the following theorem: 

THEOREM 15.4. Assume a > -1, {3 > -1, and let the mechanical quadrature 
Qn(f) be defined by the following conditions: 

(a) P~a,/3)(x.) = 0, v = 1, 2, · · ·, n, 
(15.4.1) 

(b) Qn(xk) = f. AvX~ = 1+1 

xk dx, 
v~1 -1 

k = 0, 1, 2, · · · , n - 1. 

Assume max (a, {3) ~ 3/2. Then for an arbitrary function f(x) which is con­
tinuous in [ -1, + 1], 

(15.4.2) 1
+1 

!~ Qn(f) = _
1 

f(x) dx 

holds. If the numbers a, {3 are such that max (a, {3) > 3/2, there exist continuous 
functions f(x) for which (15.4.2) is not true. 

Notice the difference between this statement and that of Theorem 15.2.3. 
Apart from the special case max (a, {3) = 3/2, a ~ {3, this theorem has been 
proved by Szego (17, pp. 102-108). The present proof is simpler; it is based 
on the bounds (7 .32.5) of P~ a •

13\x), and on Theorem 8. 9.1 concerning the zeros 
of p~a ·13\x). The notation of §14.4 is used. 

(2) First assume a ~ 3/2, {3 ~ 3/2. We must show the boundedness of the 
sum (15.2.2) if A. = Avn is defined by (15.4.1). We discuss ;\. only in case 
0 ~ x. < 1, or 0 < o. ~ 7r/2. For the remaining values, (4.1.3) can be 
used. According to (8. 9.2) 

(15.4.3) "\ . a+J -a-2 n COS • O dO i,.. p<a,/3)( 0) 
1\v ,.....,_, V n Sln . 

cos 0 - coso. 

We decompose the last integral into five parts I, II, III, IV, V, corresponding 
to the intervals 

(15.4.4) 
0./2 ~ 0 ~ 30./2, 

and we note that (0
2 

- o!)/(cos 0 - cos o.) is bounded in all these integrals. 
Since 01 = O(n-1

), 
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(15.4.5) 

Further, applying (8.21.18), we obtain 

[
8,12 -! k(O) 

II = ~ cos (NO+ -y) sinO dO 
If2 cos - cos o. 

(15.4.6) 

18,/2 o-a-! n -! 
+ 0(1) 2 2 dO. 

If2 o. - 0 

The first integrand can be written as follows: 

o-a+! 
(15.4.7) n-! 2 2 

~(o., O) cos (No+ -y), 
o. - 0 

where ~(0., 0) and its partial derivative with respect to 0 remain bounded in 
the interval considered (uniformly in v). Therefore, integration by parts gives 

[ 
0-aH ]8 ,12 18.121 a { 0-a+! } I (15.4.8) O(n-J) -
2

-
2 

+ O(n-J) -
0 

-
2
--

2 
~(o., 0) dO. 

o. - o 8If2 8If2 a o. - o 

Here the symbol [f(O)]~ means f(b) + j(a). A simple discussion gives for the 
first term of (15.4.8) (cf. (8.9.1)) 

(15.4.9) 

and for the second term 

(15.4.10) 
-J 18,/2 { o-a+! o-a-! o-a+J } 

O(n ) -2-2 + 2 2 + 2 2 2 dO. 
8If2 o. - 0 o. - 0 (0. - 0) 

We readily see that (15.4.10) can be combined with the second integral of II. 
On putting 0 = O.x in this int~gral, we obtain 

(15.4.11) -J d -a-J -J X d 18,/2 o-a-! !! -a-! 
n 2 2 0 = o. n 

2 
x. 

!12 0. - 0 1 - X 

The lower limit of integration is Ot/(20.) ,......, 1/v, so that the last integral is 
O(va-!), O(log v), or 0(1) according as a > ~'a = ~'or a < !. Consequently, 

(15.4.12) 

d. 1 - 1 .! accor mg as a > 2, a - 2, or a < 2 • 

Now by (8.8.2), 

III= r8,!2 n-!k(O.) cos (NO+ -y)- cos (NO.+ -y) sin OdO 
(15.4.13) }8,/2 cos 0 - cosO. 

+ 0(1)0;a-l n1 o!. 

Here n-!k(O.) = O(n-!o;a-!) = O(v-a-!na), and the same bound holds for the 
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second term. Furthermore, 

. No- o. 

138,/2 Sin -2- . ( 0 - o. ) sin 0 
---- sm N --- + NO. + -y dO 

,/2 • 0 - o. 2 . 0 + o. sm -
2

- sm-
2

-

(38,/2 sin N ° 2 °• ( 0 _ 0 ) 
= )

8
•
12 

• 0 _ 0.-- sin N -~ +NO. + 'Y dO+ 0(1) 
sm ---

2 . 

(15.4.14) 

1a8,!2 • N(O 0 ) 
= ! sin (NO.+ -y) ~m - • dO+ 0(1), 

,/2 . 0 - o. 
Sln -2-

since I sin 0 - sin (0 + o.)/2.1 < I (0 - o.)/2 j, and o.{sin (0 + o.)/2\-1 is 
bounded. The term with cos (NO. + -y) vanishes, since the integrand is an odd 
function of 0 - o. . The denominator in the last integral can be replaced by 
(o - o.)/2. Hence (15.4.14) is bounded, and 

(15.4.15) III = O(v-a-!na). 

Now, as in II, 

1
3'1r/4 6-a+! 13'1r/4 o-a-! -J 

(15.4.16) IV = n-! T------ 2 ~(0., 0) cos (NO+ 'Y) dO + 0(1) ~;- dO, 
8,/2 o. - 0 38,/2 (J - o. 

and the first integral is 

[ 
o-a+! ]3'1r/4 137r/41 a { 0-a+! } I 

O(n -~) r---:~ + O(n -J) -- ------
2 
~(0., 0) dO 

o - o. 38,/2 38,12 ao o2 
- o. 

(15.4.17) 
= O(n-J) + O(n-J)o;:-a-J + O(n-J) -:---2 + ~-2 1

3~r/4 { -a+! -a-! 

8 ,/2 0 - 0. 0 - 0. 

On putting 0 = O.x, we have 

(15.4.18) 
_ 137r/4 o-a-! _, -a- 13'1r/(48,l X -a-! -a- "' 

n! 2--:~dO = n '0. ! ~-dx = O(v 1n ), 
38,/2 0 - o. J x 2 - 1 

so that 

(15.4.19) 

Finally, the second mean-value theorem gives (compare (4.21.7) and also 
§7.32 (2)) 
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(15.4.20) 

MECHANICAL QUADRATURE 

V =-(cosO.- cos [3·11-/4])-1 t' P~a,fJJ(cosO)sinOd6 
}a.-/4 

= O(n-1
) / P~'+11 'fJ- 1l(cos 0') - P~'+11 'fJ-1l(cos 37r/4) / 

= O[nmax ({J-2,-J)J = O(n -!)' 

Here we used the a~>sumption {3 ~ 3/2. Hence 

X. = O(l)va+~n-a-2(v-2na + v--a-!na + n-l) 
(15.4.21) ! ' 

= 0(1)va+~n-a-2 (v-a-!na + n-) = O(l)(vn-2 + va+~n-a- 1 ). 

In all cases we obtain 

(15.4.22) L jX.j=0(1), 
0~"'·<1 

[XV] 

and this establishes the boundedness of (15.2.2) and the first part of the 
statement. 

(3) Now assume a ~ {3, a > 3/2. We assume that o.lies in a fixed interval 
[a, b), 0 < a < b < 1r; then v ,.....,_, n, and the number of zeros o. satisfying this 
condition is also ,.....,_,n. Let e and w be fixed positive numbers, e <min (a, 1r- b). 
Decompose the integral in question into the parts I, II, III, IV, V, corresponding 
to the intervals 

(15.4.23) 
0 ~ 0 ~ w/n, w/n ~ 0 ~ 0. - e, 0. - e ~ 0 ~ 0. + e, 

0. + e ~ 0 ~ 1r - w/n, 1r - w/n ~ 0 ~ 1r. 

Then, 

I= (1- coso.)-1 1"''" p~a,fJ)(cosO)sinOdO 
+ 0(1) 1"''" I p~a,fJJ(cos 0) I 002 dO. 

(15.4.24) 

The first integral can be calculated according to (4.21.7), and we obtain (cL 
(7.32.5)) 

I (1 0 ) -1 2 {J)(a-1,/J-1)(1) p<a-1,{J-1) ( W)} = - COS v n+l - n+l COS -
n+a+f3 n 

(15.4.25) + O(na-4
) 

The bound of the term O(n a-
2

) is independent of w. In the same way we find 

iw/n p<fJ,a)( , O) 
V = ( -1) n-

1 " cos sin 0 dO 
cos 0 +coso. 

(15.4.26) 
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where O(nfJ-
2

) has a bound independent of w. (For {3 = 0 the first term 
vanishes.) 

Furthermore, 

(15.4.27) 
II+ IV= O(n-!) ie.-. o-a+!do + O(n-;) ("-win (1r- o)-tJ+!do 

win }e,+• 
= w-a+~O(na-2) + w-fJHO(ntJ--2) + O(n-!). 

Here the Harne remark applies to the 0-terms aH above. 
Finally, according to (8.8.2), 

III= n-1k(O.) (e·+• coH (NO f._2.~ -cos (No.+ -y) sin OdO + O(n-!) 
}e .-• cos 0 - cos 0, 

(15.4.28) . No- o. 

1
e.+• s1n --

= O(n-!) . 2 dO+ O(n-!) . 
• -. . . 0 - o. 

Sin --
2
--

The la:-;t integral is O(log n) (cf. .Zygmund 2, p. 172); whence 

(15.4.29) III = O(n-! log n). 

Now assume a > {3, a > 3/2; then the previous results give 

I+ II+ III+ IV+ V = na-2 {~ l + w-aH0(1)} 
(15.4.30) r(a) 1 - coso. 

where 0(1) is independent of w. Hence, by (15.4.3) 

(15.4.31) 

In the more complicated caHe a = {3 > 3/2 we find 

I + II + III + IV + V 
(15.4.32) 

= na-2 {_2_ 1 __ + -~- --~~~~ + w -aHO(l)} + o(na-2), 
r(a) 1 - coso. r(a) 1 + coso. 

where again 0(1) iH independent of w. This furnisheH the same result (15.4.31). 

15.5. An alternative method in the ultraspherical case 

In the ultraspberical eaHe a = {3 the convergence theorem (15.4.2) follows 
from the following theorem: 

THEOHEM 15.5. Let -1 < a = {3 ~ j. Then the Cotes numbers X., defined 
by (15.4.1 ), are positive provided that n is chosen sufficiently large. In the ca.<ws 
-1 < a = {3 ~ 0 and ~ ~ a = {3 ~ 1 the statement is true for all values of n. 
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In view of the Stekloff-Fejer theorem (Theorem 15.2.2; cf. the last remark 
1.'1 §15.2 (2)) this leads indeed to another proof of the convergence theorem of 
§15.4, even for Riemann-integrable functions. It is very probable that X. > 0 
for all values of n pro'vided -1 < a = {3 ~ j. 

Concerning this section, refer to Szego 17, pp. 95-99, 109-110, where the 
positiveness of X. is proved for - ~ ~ a = {3 ~ 0 and for certain other ::;pecial 
cases. 

(1) We prove X. > 0 by showing that the function Kn(x) = K~>-l(x) of §15.2 
is positive for -1 < x < +1; here da(x) = (1 - x2)>--! dx with X = a + ! 
(cf. (15.2.8)). We can assume that n is even, since the last integral in (15.2.6) 
vanishes if n is odd, and this assumption will be made throughout this section. 

According to (4.7.15), (4.7.14), and (4.7.3), we have (cf. (1.7.3)) 

K<;)(x) = 2a-2>-. _______ r(2~--- L X + m __ p;,;-l(x) 
(15.5.1) r(X + t)r(X - ~) (2X + m - 1)(m + 1) 

m = 0, 2, 4, · · · , n. 

Let X < 2. From a remark made in connection with (15.2.9), we have by 
Theorem 9.1.2, for -1 < x < +1, 

(15.5.2) 1. K<>-J( ) (1 - x2)!->-, Im n X = 

uniformly in - 1 + e ~ x ~ 1 - e. 

(2) First assume 0 < X < t. Then 

(15.5.3) m = 2, 4, 6, · · .. 

In addition, p;,;-l(cos e), as a cosine polynomial, has non-negative coefficients 
(cf. (4.9.19)). Therefore K<,;l(cos e) attains its minimum for e = 0, and 
this minimum decrea~es as n increases. Now 

" i>-) p<>-l(I) _ 22-2>-- _ r(2X) 
m-o~.... "' m - r(X + !)r(X - !) 

L (---- 1 + _1 )(2X+ m- 1) 
m=0,2,4.-·· 2X + m- 1 m + 1 m 

2-2>-- r(2X - 1) 
= 2 

rex+ !)r(x - t) 

m=o~ .... {(2X + n7- 2) + (2X ~~1- 1)} 
(15.5.4) 

_ 22-2>-- r(2X- 1) _ f. (2X + m - 2) = o, 
- r(X + t)r(X- !) m=O m 

and this establishes the statement for 0 < X < t. If X = !, we have d';:l = 0, 
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m == 2, 4, 6, · · o , and K~l(x) = 1. In the limiting case A ~ 0, we find (cf. 
(4.7.8)) 

(15.5.5) 
• (X) ( 2 2 "" ( 1 1 ) hm Kn cos e) = - - - L... -- - -- cos me, 

x-.o 1r 1r m - 1 m + 1 

m = 2, 4, · · ·, n. 

Therefore, this case can be discussed as before. (See Szego 17, p. 96.) 
(3) Next, assume that -t <A < 0. In this case d;:l > 0. According to 

(4.9.19), the coefficients of the trigonometric polynomial p;:l(cos e) are non­
negative except for the highest coefficient, that is, that of cos me, which is 
negative, m > 0. Therefore, the coefficient of an arbitrary term cos me, 
m > 0 even, in K~l(cos e) appears as a sum of the form -uo + u1 + u2 + 
•• o + .uz with non-negative uo, u1 , ... , u1 where l = (n - m)/2. If m is 
fixed, n ~ oo, l ~ oo, this expression tends to the coefficient of cos me in 
(1 - x2)!-x = I sin e l1- 2x. But this is negative (cf., for example, P6lya­
Szeg6 2, pp. 31-32), HO that the same iH true for the partial sums 
-uo + u1 + u2 + ·. · + Uz. Consequently, K~l(cos e) is again of the same 
type as in the previow; case, and it attains its minimum for e = 0. The terms 
d;:l P;:\1) are negative, except for m = 0. This establishes the Htatement. 

(4) In case 1 < A ~ i, we start with the following identity: 

(15.5.6) (1 - x2)K<;:l(x) = K<;:-1\x) + O"xP;;+21l(x), n even, 

where O"x is a proper constant. We readily show (we can write x = 1, or com­
pare the highest terms, cf. (4.7.9)) that O"X < 0. For later purposes we give 
the value of O"X : 

(15.5.7) 
21-2X r(2A) n + 2 

O"x = 1 - A r(A + t)r(A - !) 2A + n - 1. 

To prove (15.5.6), let p(x) be an arbitrary 'lrn. Then, by (15.2.9), 

(15.5.8) 1:1 
{ (1 - x2)x-J [K~;-1 ) (x) + O"xP<;:+ll (x)] - 1\p(x) dx = 0, 

where O"X mw;t be determined so that the right-hand member of (15.5.6) vanishes 
for x = 1. 

According to the re:mlt in (2), the coefficient of cos me, m > 0, in the right­
hand member of (15.5.6) is again non-positive, and the minimum is attained 
fore= 0, or X= 1; whence (1 - i)KC::l(x) > 0, -1 <X< +1. 

This argument needs only a slight modification for A = 1. (See Szego 17, 
pp. 96-97.) 

(5) We now prove K~l(x) > 0, -1 < x < +1, for sufficiently large values 
of n, provided t < A < 1, or i < A ~ 2. 

We may assume n even, 0 < x < 1. First let A < 1. By (7.33.6), we have 
fore ~ cn-1 

(15.5.9) 
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Now from (15.5.2), n even, we obtain 

(15.5.10) K;:>(eos e) ~ (sin e)1- 2x -
m~n+2,n+4.· · · 

The last sum is (cf. (15.5.1)) equal to 

(15.5.11) 

since n - 1 > m-1 and A < 1; this furnishes 

KC:) (cos e) > Hsin e) 1
-

2
A > 0, 

provid~d n i~-; :-:uffi<'iently large and e > r:n- 1
, where cis a proper po:-;itive eon­

Rtant. 
This argument also holds for A = I with the following modification. We 

have (cf. (4.7.2)) 

K~1>(cos e) = ~ L --~ ... ~i_n_(~ _±J)~ = ._!_ - ~ L __ ! __ s~_nj~ + 1)e. 
1r m + 1 sm e sin e 1r m + 1 sin e 

Here m is even; in the first :-;urn m ~ n, in the second :-;um m > n. By (1.11.6) 
wefind • 

(15.5.12) 

provided e > cn-1
, c > 0. 

In the case ~ < f.. < 2 we usc (15.5.6) and (15.5. 7); taking the previous 
results into account, we find 

KC:-1
\ cos e) > Hsin e)1

-
2
(X-1)' 

(15.5.13) 
P <X-1)( , e) e1-XO(nX-2), O"X "+2 COS = 

-1 e >en ' 

which again shows that K<,;> (cos e) is positive provided e > c'n -1, where c' 
is a proper poRitive constant. For A = 2 we uRc (15.5.12). Since 0"2 = 
-2/7r + O(n-1), we obtain fore> c'n-1

, 

(15.5.14) 
sin2 e K~2>(cos e) > (1 - 2/7r)(sin e)-1 

(6) Finally, we assume e > 0, e = O(n-1), n even. According to (4.7.1), 
we have, A = a + ! , 

K~:) (cos~)= r(:; L (2~ + ~--±i)(m"+ 1) r~!~~ !\) p~a,a) (cos~), 
where m = 0, 2, 4, .. · , n. By (8.1.1) we obtain for a > 0: 

(15.5.15) 
K (X) ( • X) 2

1-a 2a _ 2a 2x "" {(mx)a-1 
J (mx)} n COS - = ---~ n X -- L..J - a 

n r(a) n n n 

+ L m2a-1 o(l) + 0(1)' m = 2, 4, · · ·, n. 
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If n ~ oo, the first term of the right-hand member is 

::::= 21-a(r(a) J-1n2ax-2afa(x), 

uniformly in x, 0 < x ~ xo , where 

(15.5.16) 

The second term is equal to o(n2a), a > 0. 
Obviously, limx-.+O x-2afa(x) exists and is positive. \Ve shall :-;how that the 

integral function !a(x) > 0 for x > 0 provided 0 < a ~ ~· 
The representation (Watson 3, p. 170, (3)) 

(15.5.17) ta-!J (t) = 1r t sm tu d 2a+1 -i 1"" -1 • 
a r(t- a) 1 (u2 - 1)a+i u, t > 0, 

holds for -! < a < +!. Assuming 0 < a < !, we can integrate by parts. 
We thus obtain the following represe~tation, valid for 0 < a < ~: 

(15.5.18) ta-1J a(t) = r 7r·-l j"" (tu)-1 sin tu - C!OS tu du, t > 0. 
r ~ - a) 1 u(u2 - 1)a-

This reduces the statement to the discussion of the special case 

(15.5.19) (7r/2)lfl(x) = 1z (t-1 sin t - cost) dt = 1z t-1 sin t dt - sin x. 

This function increases for 0 < x < t1 and decreases for t1 < x < t2 , where 
t1 and t2 are the least positive roots of sin t - t cost = 0; t1 < 21r < t2 . Thus 
we need only prove h (x) > 0 if x f;; 21r. We have, however, for x f;; 21r 

(15.5.20) 1z t-1 sin t dt = 1r /2 - 1"" t-1 sin t dt. 

According to the second mean-value theorem the modulus of the last integral 
is less than 2x-1 ~ 2(27r)-1

. The left-hand member of (15.5.20) is therefore 
greater than 1r/2 - 2(27r)-1 > 1. 

(7) The positivity of all the Cotes numbers A, for 0 ~a =11 ~ 3/2 has 
been proven in Askey-Fitch 1, and for a,{J f;; 0, a +11 ~ l in Askey 5. Two 
inequalities of Vietoris 1 for trigonometric polynomials give the positivity 
of another sum which is related to a more general quadrature problem (inter­
polate at the zeros of PAa,tJ>(x) but integrate with respect to (1 - x) .,(1 + x) &dx). 
For this and a summary of other positive sums related to quadrature problems 
see Askey-Steinig 1. 

(8) A new proof of the divergence half of Theorem 15.4 was given by Locher 1. 



CHAPTER XVI 

POLYNOMIALS ORTHOGONAL ON AN ARBITRARY CURVE 

In Chapter XI there were introduced certain systems of polynomials which 
play a role with respeet to the unit circle similar to that which the orthogonal 
polynomials previously discussed do for a real interval. We shall now give a 
short survey of a further generalization which uses a rectifiable Jordan curve 
in place of either the unit circle, or a real interval. 

16.1. Preliminaries; definitions 

(1) Let T be a simply connected region in the complex x-plane, containing 
x = oo as an interior point; let the boundary C of T be a continuum consisting 
of a finite number of rectifiable Jordan arcs. When integrating along C, the 
parts of C are described in an arbitrarily fixed order; along the parts which 
have the character of euts, we must integrate twice. The integrals considered 
will have the form 

(16.1.1) lt(x) I dx I· 

Here f(x) is a Lebesgue-integrable function defined on C, and I dx I is the arc 
element on C. We denote the total length of the boundary C by L, counting 
the cuts twice. 

A particularly important case is that of a rectifiable Jordan curve. Another 
remarkable instance is that of a Jordan arc. The case of a finite interval is of 
this type. 

(2) Let 

(16.1.2) X = cp(z) = CZ + Co + C1Z-l + c2z-2 + · · · , C > 0, 

be the analytic function, regular and univalent for I z I > 1, which maps I z I > 1 
conformally onto the region '1', preserving the point at infinity and the direc­
tion therein. According to a theorem of Osgood and CaratModory (Cara­
tModory 1, p. 86), the function ¢(z) is continuous in I z I ~ 1 and furnishes a 
one-to-one and continuous correspondence between the unit circle I z I = 1 
and the boundary C ofT (described in the way indicated above). The function 
cp(z) is uniquely determined, and the number c is called the transfinite diameter 
(Robin's constant, capac£ty) of C (cf. §1 6.2 (5)). 

Let C be a Jordan curve, and let Xo be a preassigned point in the interior of C. 
In this case we may consider also the function 

(16.1.3) 

which is regular and univalent for I z I < 1, and which furnishes the conformal 
364 
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mapping of I z j < 1 onto the interior U of C; it carries the ongm z = 0 into 
x = Xo and preserves the direction at the origin; cp(z) is also uniquely deter­
mined and continuous in I z I ~ 1. 

For the interval -1 ~ x ~ + 1 we have ¢(z) = Hz + z - 1
) (cf. §1.9), while 

t/;(z) has no sense in this case. For the cirele I x I = 1, x0 = 0, we have ¢(z) = 
t/;(z) = z. 

We shall denote the inverse function:-; of (16.1.2) and (16.1.3) by z = <P(x) 
and z = 'l'(x), respectively. 

A particularly simple case occur~-1 when the boundary C of 7' (or of U) con­
sists of a finite number of analytic arcs. Then ¢(z) i:-; analytic on I z I = 1, 
apart from a finite number of point~-1 corresponding to the corner.s of C. The 

. J 
length of any subarc of C corn~sponding to z = e' , 01 ~ e ~ e2 , can be repre-
sented in the form 

(16.1.4) 

(similarly for the mapping (16.1.3)). 
(3) Let C be a .Jordan curve and w(x) a positive and continuous weight 

function defined on C. Then the con:-;idc~ration:-; of § 10.2 can be applied to 
the functions w !ct>(c -io) l and w I t/;(ei0

) l which are both positive and continuous 
on the unit circle z = e;0

, --1r ~ e ~ +1r. Substituting into the corresponding 
analytic function!'l D.(z) and D;(z) the functions z = l<P(x)}-1 and z = 'l'(x), 
we obtain certain analytic functions Ll.(x) and A;(x) which have the following 
properties: 

(a) Ll.(x) is regular in T including x = oo, .:l,(x) is regular in {!; 

(b) Ll.(x) ~ 0, .:l;(x) ~ 0; 
(c) Ll.(oo) and .:l,(xo) arc real and positive. 
Furthermore, we have 

(16.1.5) 

where Xe ~ x indicates an exterior approach to th, point x of C and x, ~ x 
stands for an interior approach t.o x of C. Tlw crmvcrgenrP is in hoth cases 
uniform with respect to x. 

These considerations can be gPneralized by replneing the continuity of w(x) 
by more general conditions, and also the~ curve C by more~ general point sets. 
If Cis an arc (for instance if C ii' a finite segment), A;(x) is mc~aninglcss. 

(4) We define the scalar product of two funetions j(x) and g(x), x on C, by 
the integral 

(16.1.6) (!, g) = ~ J f(xfg(x)w(x) I rlx 1. 

We can then orthogonalize the system 

(16.1.7) 

·------·---------------

1 2 n , X, X,···, X, 
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and this procedure will lead to a set of polynomials uniquely determined by 
the following requirements (cf. §§2.2, 11.1): 

(a) Pn(x) is a polynomial of precise degree n in which the coefficient of xn 
is real and positive; 

(b) the system {pn(x)l is orthonormal, that is, 

(16.1.8) 11 --y Pn(x)pm\X)w(x) I dx I = Onm, 
l.J c 

n, m = 0, 1, 2, · · ·. 

If C is a finite real segment, or the unit circle, we obtain the polynomials 
previously considered. In the next section we take up certain fundamental 
properties of the polynomials Pn(x) which can be classified as follows: formal 
properties (minimum-maximum properties, zeros), asymptotic behavior of 
p .. (x) if n ~ oo and x is in the interior of C, asymptotic behavior of Pn(x) if 
n ~ oo and x is in the exterior of C, asymptotic behavior of Pn(x) if n ~ oo 

and xis on C. 
In what follows we give only short indications of the proofs, particularly 

when no essential change is necessary in the arguments used for the previous 
special cases. 

Concerning the definition and principal properties of orthogonal polynomials, 
see Szego 6 and Walsh 1, Chapter VI. Most of these properties have analogues 
for the polynomials orthogonal on the interior U of C; they are associated with 
the following definition of scalar product: 

(16.1.9) (!, g) = 1 f f j(x)g(x) dO', 
u 

where A is the area and dO' the element of area of U. These polynomials have 
been investigated by Carleman (1, pp. 20-30). Here a weight function can 
also be introduced. 

16.2. Formal properties 

(1) Let Dn > 0 be the determinant of the positive definite quadratic form 
(cf. (2.2.8) and (11.1.4)) 

(16.2.1) 

(16.2.2) k.,. = i 1 x· x"w(x) I dx I 

(cf. (2.2.1) and (11.1.2)). The orthogonal polynomials Pn(x) can be represented 
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as follows (cf. (2.2.6), (2.2.10), and (11.1.9)): 

po(x) = Do1, 

(16.2.3) 

koo 

ko1 

kw 

ko,n-1 k1,n-1 · · · kn,n-1 

1 X 

(Dn-1Dn)·-t 1 1 ( ) ) ) 
= · · · X - Xo (x - X1 · · · (x - Xn-1 £nn! o o 

3G7 

· II I x. ·- x,. 1
2 

w(xo)w(x1) · · · w(Xn-1) I dxo II dx1 I · · · I dXn-1 1 . 
• ,,.~0,1,2,· · ·.n-1 

We have (cf. (2.2.7), (2.2.Jl1) and (11.1.5)) 

(16.2.4) = 
1 -· r . . . r rr 1 x - x 1

2 

£n+1(n + 1)! }o }o .,,.=0,1,2, .. ·,n • " 

· w(xo)w(x1) · · · w(x,.) I dxo II dx1 I · · · I dx,. 1. 

(2) 72 Let j(x) be a continuous function defined on C. Then the partial sums 
s,.(x) of the Fourier expansion 

f(x) ""fopo(x) + f1P1(x) + f2P2(x) + · · · + f,.p,.(x) + · · ·, 
(16.2.5) 

f,. = i 1 f(x)i1n(x)w(x) I dx I, n = 0, 1, 2, · · ·, 

minimize the integral 

(16.2.6) ~.11f(x) - p(x) 1
2 

w(x) I dx I 

if p(x) ranges over the class of al11r,.. The minimum is 

(16.2.7) 

This also yields Bessel's inequality 

(16.2.8) l!o 1
2 + l!1l

2 + lh 1
2 + · · · ~ i jlt(x) 1

2 
w(x) I dx I· 

Let C be a rectifiable Jordan curve, and letj(x) be an analytic function regular 
in the interior of C and continuous on C. Then the equality sign in (16.2.8) 

72 Concerning the considerations of (2), (3), (4), cf. §3.1, §11.1, §11.3. 
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is to be taken; that is, Parseval's formula holds. This follows from Theorem 
1.3.4. 

Smirnoff (1) investigated the validity of this formula for the more general 
class of functions j(x) for which 

(16.2.9) f!tf;(z) )D;(z) 11/t'(z) )1 

is of class H 2 in I z I < 1 (cf. §10.1); here we have used the symbols previously 
introduced. Parseval's formula holds for this class if and only if the map 
function t/;(z) satisfies the hypothesis 

'6' 1 1+~ · t 1 - r
2 

log I t/;' (re' ) I = - log I tf;' ( e' ) I ---- dt, 
(16.2.10) 21r -~ 1 - 2r cos (e - t) + r2 

O~r<l. 

(See Smirnoff 1, pp. 164-168.) According to Keldysch and Lavrentieff (1), 
there exist rectifiable curves for which the hypothesis (16.2.10) is not satisfied. 

(3) Let p(x) be an arbitrary 11"n in which the coefficient of xn equals unity. 
'Then 

(16.2.11) mini Ia I p(x) 12 
w(x) I dx I 

is attained if and only if p(x) = (Dn/Dn-1)'Pn(x), and this minimum is Dn/Dn_1. 
(~) Let xo be an arbitrary but fixed point in the complex plane, and let p(x) 

be an arbitrary 11"n with p(xo) = 1. Then the minimum of (16.2.11) is attained 
for p(x) = !Kn(Xo, Xo) l-1Kn(Xo, x), where 

(16.2.12) Kn(Xo, x) = l:Jo(xo)po(x) + P1(xo)PI(x) + · · · + Pn(Xo)Pn(x). 

The minimum is {Kn(Xo, xo) l-1
• (The same result can be expressed in terms 

of a maximum property; see §3.1 (3) and §11.3.) The "kernel polynomials" 
Kn(Xo , x) can be characterized by the condition 

(16.2.13) i 1 Kn(Xo, x)p(x)w(x) I dx I = p(x0), 

where p(x) is an arbitr:~ry 11"n (cf. (3.1.12)). 
Using Kn(Xo, x), we can express the nth partial sum sn(x) of the development 

(16.2.5) in the following form (cf. (3.1.11)): 

(16.2.14) s,.(x) = i 1 f(~)Kn(~, x)w(~) I d~ 1. 

(5) The extremum problem of (3) can be generalized as in the case of an 
intJerval (§3.11). For instance, the problem of the "Tchebichef deviation" 
corresponding to (16.2.11) consists of the determination of the minimum of 

· max I p(x) j, x on C, when p(x) is an arbitrary 11"n in which the coefficient of 
xn is 1. The polynomials which solve this problem have been investigated 
by Faber (3). 
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Let JJ.n be the minimum in question. Then (cf. Faber, loc. cit.) 

(16.2.15) 1• 1/ n 1m JJ.n = c, 

where cis the transfinite diameter defined in §16.1 (2). We shall see that a 
similar formula holds for the minimum of the problem in (3) (cf. (16.4.3)). 

Fekete (1) extended the definition of the transfinite diameter to an arbitrary 
closed set in the complex plane by showing that for the corresponding minimum 
values JJ.n (which have meaning if we replace the curve C by an arbitrary closed 
set), the limit (16.2.15) still exists. 

The general transfinite diameter is a remarkable set-function which can be 
calculated in various cases (cf. for instance Szego 6, p. 254). 

Concerning the extension of §3.11 (5) to an arbitrary curve, see Julia 1. 
(6) The zeros of Pn(x) lie in the least convex region containing the curve C. 

See Szego 6, pp. 236-241; Fejer 7. The proof can be based on an argument 
similar to that of §3.3 (2) (cf. also §16.4 (1), (a)). 

Concerning the location of the zeros of Kn(Xo , x), see Szego 6, pp. 241-244. 
See also Theorem 11.4.1 and Problems 5 and 49. 

16.3. Asymptotic behavior of Kn(x0 , x) in the interior of the curve C 

(1) In this section we assume that C is an analytic Jordan curve and the 
weight function w(x) defined on C is positive and continuous there. Let Xo 
be an arbitrary point interior to C; denote by z = 'lt(x) = 'lt(xo, x) the inverse 
function of the map function t/;(z) defined by (16.1.3). In the present case 
t/;(z) is regular and univalent in a certain circle I z I ~ P where P > 1. Let 
~i(x) have the same meaning as in §16.1 (3). vVe shall prove the following 
theorem: 

THEOREM 16.3. Let !Pn(x)} denote the set of orthogonal polynomials defined 
by the conditions (16.1.8). Then the series 

(16.3.1) K(xo, x) = i"i;;(xo)po(x) + PI(xo)PI(x) + · · · + Pn(Xo)Pn(x) + · · · 
is convergent provided Xo and x are arbitrary points in the interior of C. The 
convergence is uniform both in Xo and x if Xo and x are limited to a closed set in 
the interior of C. Furthermore, we have 

(16.3.2) 

In case w(x) = 1, see Szego 6, pp. 244-251. The assumptions of this theorem 
concerning w(x) and C can be generalized (cf. Smirnoff 2, pp. 353-356). For a 
Jordan arc (especially for a finite segment) these considerations have no sense. 
For the special case where C is the unit circle, see (12.3.17). 

As a conr:;equence of the convergence of (16.3.1) we notice that 

(16.3.3) lim Pn(x) = 0, 
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if x is in the interior of C (uniformly on every closed set in the interior of C). 
(2) Let p(x) be an arbitrary 'lrn, and let Xo be in the interior of C. Then 

according to Cauchy's theorem, 

(16.3.4) (p(xo) }2 = _!. J (p(x) }
2 

dx. 
21r1. X - Xo 

Consequently, 

( ) 
I 

( 
2 1 f I p(x) 1

2 
JJ. -

1 
L 1 ( ( 2 

16.3.5 p xo) I ~ 21r I x _ Xo 11 dx I ~ 21ro L }c I p x) I w(x) I dx I, 

where w(x) ~ p. and o denotes the least distance of x0 from the points x on the 
curve C. Taking into account §16.2 (4), we have 

(16.3.6) 

Hence the series K(xo, xo), and therefore (16.3.1), are convergent, as is readily 
shown by Cauchy's inequality. 

(3) Now we show that 

(16.3.7) K(xo, Xo) = lim Kn(Xo, Xo) ~ 
2
L (.L\i(Xo)}-2'lt'(xo). 

n-+oo 1r 

To this end we consider the function 

(16.3.8) 

which is regular in the interior of C, that is, for I z I < 1; x = t/;(z), z = 'lt(x). 
(The last factor is regular even for I z I ~ 1.) Let r be fixed, 0 < r < 1, and e 
an arbitrary positive number. According to Theorem 1.3.4 we can find a 
polynomial Q(x) such that 

(16.3.9) I F(rz) - Q(x) I < e, x on C. 

'Vriting p(x) = lQ(xo)}-1Q(x), we obtain from §16.2 (4), for a sufficiently 
large n, 

(16.3.10) /K(xo, Xo)}--1 ~ !Kn(Xo, Xo)}-1 ~ IQ(~) ~-
2 J IQ(x) l2 w(x) ldx I; 

whence, on allowing e to approach zero, we obtain 

(16.3.11) 

Now if r ---t 1 - 0, we have 

(16.3.12) 

which is equivalent to (16.3.7). 
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( 4) Finally, we consider 

J n = lim -£
1 1 I Kn(Xo' x).L\i(X) l 'lt'(x)} -i - 2L (.L\i(Xo)} - 1 

{ 'lt'(xo)} t /
2

1 dz I 
r-1-0 lz!==r 7r 

= i j1 Kn(Xo, x) l2 w(x) I dx I 
(16.3.13) 

lim 7r -I r (.L\i(Xo) l-11 '¥' (xo) l t r Kn (xo' x).L\i(X)i 'lt'(x) ~-~ ~z 
r-+1-0 J1z1~r '/.Z 

+ ~7r (.L\i ( x~J) } -
2
'lt' (xo). 

The first term equals Kn(~~o , Xo); for the second term we obtain 

(16.3.14) -7r -
1

(.L\i(Xo) l-1
/ •[!'(xo)} t · 27rKn(Xo, Xo).L\;(xo)i 'It' (xo)} -t = - 2Kn(Xo, Xo); 

so 

(16.3.15) Jn = -·Kn(Xo, Xo) + ir (.L\i(Xo)}-2'lt'(xo). 

Therefore, limn-+oo J n = 0 by (16.3.7). From this it follows, if I z I < 1, or if 
xis in the interior of C, that (cf. (7.1.4)) 

(16.3.16) 

which is the same as (16.3.2). 

16.4. Asymptotic behavior of Pn(x) in the exterior of the curve C 

(1) We shall introduce the assumptions concerning the curve C and the 
weight function w(x) used in §16.3. We denote by z = cJ>(x) the inverse func­
tion of the map function x = ¢(z), defined by (16.1.2); in the present case ¢(z) 
is regular and univalent in the closed exterior of a certain circle I z I = r where 
r < 1. Let Ae(x) have the same meaning as in §16.1 (3). We may then make 
the following assertion: 

THEOREM 16.4. Let IPn(x) l denote the set of orthogonal polynomials defined 
by the condt'tions (16.1.8). lf x is in the exterior of the curve C, we have 

(16.4.1) 

The ratio of these expressions as n ~ oo tends to unity uniformly in every finite 
or infinite closed region exterior to the curve C. 

In case w(x) = 1, see s~:ego 6, pp. 260-263. 
We mention the following noteworthy consequences of (16.4.1): 
(a) The zeros of Pn(x) approach the closed interior of C uniformly as n ~ oo 

(apply Theorem 1.91.3 (Hurwitz's theorem)). 
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(b) If xis in the exterior of C, 

(16.4.2) lim Pn+l(x) = lim {pn(x) \ 11n = <I>(x). 
n· ... oo Pn(X) n->oo 

Cf. (12.2.6). 
(c) The convergence domain of the expansion (16.2.5) of an analytic func­

tion, regular in the closed interior of C, is the interior of a level curve CR of the 
conformal mapping x = ¢(z) (cf. §1.3 (2)). The determination of R from the 
coefficients fn is analogous to that in the case of a power series (cf. Theorems 
1.3.5 and 12.7.3). 

(d) Let kn be the coefficient of xn in Pn(x). Then 

(16.4.3) kn "'-/ (;y {Ll.(oo)\-lc-n-t, 

where cis the transfinite diameter of C (cf. §16.1 (2); §16.2 (5)). This result 
can easily be expressed in terms of the determinants Dn introduced in (16.2.4). 

(2) The proof of (16.4.1) is based on an argument similar to that in §16.3; 
here the minimum property of §16.2 (3) is used. We first show that 

(16.4.4) I• -2n-lk-2 < 27r {A ( ) \2 
1m SUp C n = -L L.le 00 • 

n .... oo 

To this end we introduce the polynomials of Faber's type fn(x) (Faber 1), 
defined as the polynomial part in the Laurent development of the function 

(16.4.5) 

around x = oo. The function gn(x) is regular for I z I ~ r, and fn(x) is clearly 
a 'lrn. Let Cr be the eurve corresponding to I z I = r. On applying Cauchy's 
theorem to the ring-shaped region bounded by Cr and a large circle, we obtain, 
if xis on C, 

where the integration is extended in the negative sense. Hence 

(16.4.7) for x on C, 

where M depends only on C and r. The functions gn(x) are uniformly bounded 
if xis on C. 

Now let 'Y1 , 'Y2 , · · · , 'Y m 'be arbitrary constants, n > m. The polynomial 

-----·--------·-----· 
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is of degree n, and its highest coeffi.eicnt is unity. Then, according to §16.2 (3) 
and (16.4.7), 

k;
2 ~ (:~) -

1 

C
2

n+l i ]1 f,. (x) + 'Ydn-1 (x) + · · · 

+ 'Ymfn-m(x) l2w(x) I dx I 
(1H.4.9) 

= (::)-

1 

C
2
n+li Jlg,.(x) + 'Yign-t(X) + · · · 

+ 'Ymgn-m(x) l2w(x) I dx I + c2"0(r"), 

so that 

n-tooo 

(16.4.10) 

or 

(16.4.11) lim sup c--2
,._

1 k-;:2 ~ -£
1 1 I )'(z) 1

2 w(x) I dz I, 
n->oo JzJ=1 

where 'Y(z) is an arbitrary analytic function, regular for I z I ~ 1, with 'Y( oo) = 1. 
On putting 

(16.4.12) () _ fLl.{¢(Rz)l}-
1 

'Y z - l Ll.( 00) ' 

and allowing R to approach 1 + 0, we obtain the inequality (16.4.4). 
(3) Now we consider 

R > 1, 

J: = lim '-£
1 

( jp,.(x)Ll.(x){<I>'(x)l-!{<I>(x)l-"- (
2
L)1

1

2

Idzl 
R-+1+0 JJzJ=U 7r 

(16.4.13) = i J I p,.Cr:) 1
2 w(x) I dx I 

- lim 
2LR (

2
L )! { p,.(x)Ll.(x) { <I>'(x) l-! { <I>(x) ~-n ~z + 1. 

U->HO 7r }JzJ=U ~Z 

The second term is 

-~ (:~Y 21r !~~ p,.(x)Ll.(x){ct/(x)j-1{<P(x)l-" = -2(~Y Ll.(oo)c"Hk,.. 

Therefore, 

(16.4.14) I (27r)! ( ) n+! J n = 2 - 2 L Lle 00 C k,. . 

In view of (16.4.4), this implies lim,._."" J: = 0, which establishes the statement 
(16.4.1). 

--------------·----------------
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16.5. Asymptotic behavior of Pn(x) on the curve C 

Finally we have the following result: 

[XVI] 

THEOREM 16.5. The asymptotic formula (16.4.1) holds uniformly outside and on 
the curve C proV1:ded the function Ll. (x) is regular in the closed exterior of C; more 
precisely we have 

(16.5.1) Pn(x) == (~)' {Lle(x)l-1 {<I>'(x)j 1 {<I>(x)jn + O(hn), 

where 0 < h < 1; this constant h depends on C and w(x). 
The same form'ula holds in a sufficiently small neighborhood of C in the interior 

of C. 

(1) For the proof we use the polynomials F n (x) of Faber's type associated with 

(16.5.2) (J.;)' {Ll.(x)\-1 {<I>'(x)\ 1 {<I>(x)ln = Gn(x) 

(which is the "principal part" of the right-hand side of (16.5.1)) in the same way 
as the polynomials fn(x) defined in §16.4 (2) are associated with (16.4.5). If 
0 < r < 1 and r is sufficiently near to 1, the function Gn(x) is regular for I z I ;s; r. 
We have again 

(16.5.3) for x on C, 

where M depends only on C, r and w(x). The functions Gn(x) are uni­
formly bounded on C. 

We write (cf. §16.4 (2)) 

(16.5.4) (£)-! p(x) = 
2

7r Ll.( oo )en+! Fn(x). 

This is a 'lrn with the highest coefficient unity. Hence 

k;/ ~ (~)-
1 

{Ll.( oo) \2c2n+l i Jl Fn(x) 1
2 w(x) I dx I 

(16.5.5) = (~)-
1 

{Ll.(oo)\ 2c2n+liJIGn(x)l2w(x) ldxl + c2n0(rn) 

= ~ {Ll.( oo) l2c2n+l + c2nO(rn). 

(The simpler nature of this argument is due to the fact that Ll.(x) is regular on C.) 
On the other hand, 

(16.5.6) 

1 = -£
1 j' I Pn(x) 1

2 
w(x) I dx I = 

2
1 1 I GPn((x)) /

2
1 dz I 

C 7r JzJ=1 n X 
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so that 

(16.5.7) 

consequently 

(16.5.8) 

(2) Now let 

(16.5.9) 

where Ao, A1, A2, · · · , An are proper constants, Av = A(v, n); we have 

(16.5.10) 

so that An is real and, by (16.5.8), 

(16.5.11) 

From the definition of F n(x) we conclude that 

CtY Lle(x){<I>'(x)}-l {pn(x)- AnFn(x)} 

(16.5.12) 

= (~ Y Ll.(x) { <I>'(x)}-! {AoFo(x) + A1F1(x) + · · · + An-1Fn-1(x)} 

= Ao + A1<l>(x) + A2 { <I>(x)} 2 + · · · + An-d <I>(x)} n-1 + )'1x - 1 

-2 + + 'Y2X • • • 

where 'Yv, 'Y; are certain constants. Therefore, 

I Ao 1
2 + I A1 1

2 + • · · + I An-1 1
2 

~ 2
L7r 2

1 1 1Ll.(x){<I>'(x)} 1 {pn(x) -AnFn(x)} l2ldzl 
7r Jzl-1 

(i6.5.13) = i 11 Pn(x) - AnF n(x) l
2w(x) I dx I 

= i 11 Pn(:r;) l
2
w(x) I dx I 

-
2~n i Pn(x)F n(X)w(x) I dx I + ?; [ IF n(x) l2w(x) I dx 1. 
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In the second term F n(x) can be replaced by x;1pn(x); in the third term we use 
(16.5.11) and (16.5.3) and obtain 

(16.5.14) I Xo 1
2 + I Xtl

2 + · · · + I An-11
2 ~ -1 + i 11 Gn(x) l

2w(x) I dx I+ O(rn), 

or 

(16.5.15) 

Now Fn(x) 
inequality, 

I Ao I 2 + I At 1
2 + · · · + I An-1 1

2 = O(rn). 

0(1), uniformly if x is on C. Whence, according to Schwarz's 

(16.5.16) XoFo(x) + X1F1(x) + · · · + An-lFn-t(X) = O(n1rn12
); 

and from (16.5.9), (16.5.11), and (16.5.3), 

(16.5.17) 
Pn(x) == XnFn(x) + O(n;rn12

) = Fn(x) + O(n1rn 12
) 

= Gn(x) + O(n1rn12
). 

This establishes the sta.tement. The extension of (16.5.1) to the interior of C 
also follows immediately, since (16.5.3) holds if x is in the interior of C and 
sufficiently near to C. 

--------------·----------------



PROBLEMS AND EXERCISES 

1. We denote by i1 < i2 < · · . the positive zeros of Airy's function A (x) 
(§1.81); then iv "'-/ v1 if v ~ oo. (Use (1.81.4), (1.81.1), and (1.71.7).) 

2. Let A(x) denote Airy's function (§1.81). We have, for real values of x, 

(): { 27ri/3 J('"" ( 3 27ri/3 ) d } ( ) 
0 e 

0 

exp - p - pe x p = A x . 

(Develop both sides in a power series in x; see (1.81.4), (1.81.1), and (1.7.3).) 
3. Let Pn(x) denote the Poisson-Charlier polynomial (2.81.2); then 

(·-1)na-n12(n!)!Pn(x) = Pn(x) 

satisfies, for x = 0, 1, 2, · .. · , the relation 

Pn(x) = p,(n). 

4. By use of the notation (2.2.1), (2.2.7), the "kernel" polynomials Kn(Xo, x) 
(cf. (3.1.9)) can be represented as follows: 

Co c1 c2 Cn 1 

c1 c2 C3 Cn+l io 
Kn(Xo, x) -D-1 ......................... n 

Cn Cn+l Cn+2 C2n -n Xo 

1 2 n 0 X X X 

(Use (3.1.12) with p(x) = :r·, v = 0, 1, ·. · , n.) 
5. Location of the zeros of the "kernel" polynomials Kn(Xo, x) (cf. (3.1.9)). 

Let a and b be finite, and let xo be an arbitrary non-real number. Every zero 
~of Kn(xo, x) lies in the area bounded by the interval [a, b] and by the circular 
arc through a and b whose eontinuation passes through xo. (Cf. Szego 5, p. 244. 
By (3.1.12) 

l b I (x -- xo) Kn (xo' x) 12 x - ~ da(x) = 0. 
X-~ X- Xo 

In the conformal mapping (x - ~) / (x - xo) = x', the image of a ~ x ~ b is a 
circular arc; the segment bounded by this arc and its chord contains x' = 0.) 

6. Derive from (3.2.1) the representation, n = 1, 2, 3, · · · , 

A1x + B1 C~ 0 

C~ A2x + B2 c~ 
Pn(x) = po(x) 

0 c~ 

0 0 0 
377 
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7. Prove the reality of the zeros of Pn(x) using (2.2.9), or using Problem 6. 
8. Let X1, X2, · · · , Xn be distinct values in [a, b], and letf(x) have a derivative 

of order 2n in [a, b]. If H(x) is the 7r2n-1 satisfying the conditions 

v = 1, 2, ... , n 
' there exists a value ~ == ~(x) in [a, b] such that 

J(2n) (~) 
f(x) - H(x) = (

2
n)! (x - xJ2(x - x2)

2 · · · (x - xn) 2
• 

(See A. Markoff 6, pp. H-8. Let x be a fixed value, x r!' Xv ; and to the function 
of z given by 

( ) ( ) f(x) - H(x) \2( 2 2 f z - H z - ( )2( )2 ( )2 (z - Xv z - x2) · · · (z - Xn) , 
X - X1 X - X2 • • • X - Xn 

apply Rolle's theorem.) 
9. Let f(x) have a continuous derivative of order 2n in [a, b]. By using the 

notation of Theorem 3.4.1 obtain 

i b !~W 
f(x) da(x) = Xd(xl) + Xd(x2) + · · · + Xnf(x,) + (

2
n)! k·;/. 

Here ~is a proper value in [a, b], and kn is the highest coefficient of the ortho­
normal polynomial Pn(x) associated with the distribution da(x) (cf. (2.2.15)). 
(See A. Markoff 6, p. 81; use the preceding problem.) 

10. Let X1 , X2 , • • • , Xn be the zeros of the orthogonal polynomial Pn(x) asso­
ciated with a given distribution da(x) on the interval [a, b], and let X1, X2, · · · , 
'An denote the Christoffel numbers (3.4.3). Define the scalar product of two 
functions f(x), g(x) by 

n 

(f, g) = L 'Avf(xv)g(xv). 
v-1 

The functions 1, x, x2
, • • • , xn-1 are linearly independent; by orthogonalization 

we obtain the polynomials po(x), p1(x), · · · , Pn-1(x) which are the same as 
those associated with da(x). 

11. If da(x) = w(x)dx, w( -x) = w(x) and a + b = 0, we have for the Chris­
toffel numbers (3.4.3) 

v = 1, 2, . ·. , n. 

12. For the Jacobi polynomial p~-t.t>(x) the Christoffel numbers are 

27r 
Av = 2n + 1 (1 + Xv), v = 1, 2, · · ·, n. 

(Cf. (4.1.8) and (15.3.1).) 
13. In the special case p~-i.-i>(x), the numbers Yv = cos 4>v, 0 < 4>v < 1r, of 

the separation theorem of §3.41 are 
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<P~ = (n - v)n/n, v = 1, 2, ... , n - 1. 

Verify the separation theorem for p~-i.-i>(x), p~t.i>(x), p~-U>(x). 
14. Let X1, X2, · · · , Xn be the zeros of p~a,fJ>(x). Then 

(Cf. (4.21.2).) 

X1 + X2 + · · · + Xn = (ft - a) =---n--,--
2n+a+tJ 

15. New proof of (4.7.31). Combining the second part of (4.1.5) (polynomials 
in 1 - 2x2) with the first formula in (4.22.1), we find 

p~>->(x) = 2"(n + ~ - 1
)x"F(-n/2, (1- n)/2, -n- X+ 1;x-~. 

16. The generating functions (4.7.16) and {4.7.23) of the ultraspherical poly­
nomials p~>->(x) are identical if and only if X = !, that is, in the Legendre case. 

17. The functional equation 

(i - x)f'(x) = Xf( -x), 

where X is a parameter, has a polynomial solution f(x) ~ 0 if and only if X = 

( -1)"(n + 1) andf(x) = const. (Pn(x) + Pn+1(x)}, n = -1, 0, 1, · · · ; P -1(x) 
= 0. (Write 

N 

f(x) = L Cv{Pv(x) + Pv+1(x)}, 
v--1 

where c-1 , Co , • • • , eN are constants, and use 

(1 - x)IP~(x) + P:+1(x)} = (n + 1){Pn(x) - Pn+1(x) }, 

which follows from (4.7.27).) 
18. Show that 

Q'(o)-(- 1)"'2 2·4···n 
n - 1·3 .. ·(n-1)' n even, 

Qn(O) = (- 1)(n+0/2 2·4 · · • (n- 1) 
1 3·5 · · · n 

n odd. 

Here Q~(O) = 1, Q1(0) = --1. (Use the recurrence formula (4.62.13), (4.62.14), 
(4.62.3).) 

19. The "Laplace transform" 

f(8) = 1"" e_,, F(t) dt, 

of Laguerre's function F(t) = taL~a>(t) is 

f( ) - r(n + a + 1) -n-a-1( - 1)" 
8 - r(n + 1) 8 8 • 

(Cf. Sonin 1, p. 42; use the method of the "generating function".) 
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20. Writing 

X0L~a>(x)(f(n +a+ 1))-1 = f(n, a; x), 

we have, for a> f3 > -1, 

f(n, a; x) = r(a ~ f3) 1"' (x - u)a-~-1f(n, {3; u) du. 

{Kogbetliantz 22, p. 1J56. Take the generating function of both sides and use 
{5.1.16); the resulting :formula for Bessel functions can be verified by means of 
(1.71.1) and (1.7.5).) 

21. Writing e-"'12xa12L~a>(x) = fn(x), we have 

(-1)n 1oo i f,,,(x) = -
2

-
0 

Ja{(xy) }fn(y)dy. 

(Hardy 1, p. 139; use (5.1.9) and (1.71.1).) 
22. Assume x ~ 0, y ~ 0, max (x, y) > 0. Then 

e-:r:·-11 f Ln(x)Ln(y) = (oo Cle-' dt. 
n-o n + 1 .fmax (:r:,u) 

(E. R. Neumann 1, Watson 6. Apply Theorem 9.1.5 and use the formula 

(n -1- 1) 1"' Ln(t) dt = x{Ln(x) - L:(x)} 

(cf. (5.1.2)).) 
23. From (5.1.15) derive Mehler's formula 

~ Hn(x)Hn(y) ( / 2)n = (1 _ 2)-1 {2xyw - (x
2 + y']w2

} 
L...t I w w exp 1 - Ao.2 • n-o n. ·ur 

(See Watson 6, Erdelyi 2.) 
24. From (5.1.9) and (5.6.1} derive the following generating function for 

Hermite polynomials: 

to H~7) wn == (1 + 4w')-1(1 + 2xw + 4w2
) exp (1 4~

2

~~), 
where m = [n/2]. (Cf. Doetsch 1, p. 590, (7).) 

25. Assume k > -~ and let H~k>(x) denote the orthogonal polynomials cor­
responding to the weight function e-"'

2 I x l
2
k in [- oo, + oo ]. Then the follow­

ing differential equations are satisfied: 

xy" + 2(k - x']y' + (2nx - ex - 1)y = .0, 
E _ {0, n even, 

2k, n odd; y = H~k>(x); 

z" + { 2n + 2k + 1 - x2 + ( - 1); - k
2

} z = O; 

(Generalizations of (5.S.2).) 
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26. For fixed {J, n, and x we have 

lim a-n p~a,{j\x) = _!_(X + 1)n. 
a-+00 n! 2 

(Use (4.21.2).) 
27. Let (xv} be the zeros of p~a,fJ>(x) in decreasing order, a > -1, {3 > -1. 

Then for v = 1, 2, . · · , n 

lim Xv = -1, 
a-++oo 

lim Xv = +1. 
tl-++oo 

In the first case {3 and n, and in the second case a and n, are fixed. (Use Prob­
lem 26 and (4.1.3).) 

28. Let (x.} be the zeros of P~'Jo.>(x), X > 0. We have for fixed n 

lim Xv = 0. 
'Jo.-++oo 

(From (4.7.6) lim'Jo.-.oo (2X)-n P~'Jo.>(x) = xn/n!; see also (5.6.3n 
29. Assume a> -1; {3 > -1_; if (xv} and (x;} denote the zeros of p~a,tl)(x) 

and L~a>(x) in decreasing and increasing order, respectively, we have (a, n, and 
v fixed) 

lim {3(1 - Xv) = 2x;. 
tl-++oo 

(Use (5.3.4).) 
30. For fixed nand x we have 

l. -nLca>( ) (1 - x)n Im a n ax = ! . 
a-+00 n . 

(Use (5.1.6).) 
31. Let jo = 0 < j1 < j2 < · · · be the positive zeros of Ja(x). Then Uv} 

is a convex sequence if -! < a < +!,that is, jv+l - jv is increasing. Further­
more v-1jv is increasing. (Apply Theorem 1.82.2 to (1.8.9).) 

32. With the same notation and assumptions as in Problem 31, we have 

jv > (v + a/2 - 1/4)11', 

(Put n = 2v - 1 in (6.3.13).) 
33. \Ve have for the factor Cvn, defined by (6.31.13), 

(ji/4)
2 < Cm < 4. 

l' = 1, 2, 3, .... 

Here j 1 is the least positive root of Jo(x). These bounds are the best possible. 
(Use the increasing property of v-

1jv ; see Problem 31.) 
34. Assume a > - 1; denote by X1 < X2 < · · · < Xn the zeros of L~ a) (x). If 

2 1 h ! 
1 2 3 . . . 'f 2 1 th' . a ~ 4 , t e sequence x; - x;_l, v = , , · · · , n, IS mcreasmg; I a > ,, IS Is 

true for Xv-l > (a2 
- !)1. (Apply Theorem 1.82.2 to the fourth equation in 

(5.1.2).) 
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35. With the notation of the previous problem, 

·c• .) --~ nnn x. - XP-1 ""' n , ( i t ) t i 2-j 3-i ( · · ) -A max Xp - XP-1 = Xn - Xn-1 "-' '1,2 - h n ' 

where i1 and i2 are the least positive zeros of Airy's function A(x). (Use(8.1.8), 
(8.22.1), and (8.9.15).) 

36. Let X1 > X2 > · · · > X[Cn+ll/21 be the non-negative zeros of the Hermite 
polynomial Hn(x). Write 

Then for fixed v and increasing n, the numbers tm are decreasing. Further, 
show that for 1 ~ v ~ (n + 1)/2, 

where P < PPn < Q; here P and Q are two absolute positive constants. (On 
writing ~ = (6hn)-1t in (6.32.10), we have 

d2z 
dt2 + {t/3 - (6hn)-! t2 }Z = 0. 

The monotonic character of tpn follows by means of Theorem 1.82.1. Further­
more, see (6.32.3), 

Now apply Problem 1.) 
37. Consider n unit "masses", n ~ 2, at the variable points X1, X2, • • • , Xn 

in the interval [ -1, + 1]. For what position of these points does the expreSBion 

II I Xp- x,. I 
"·l'-1,2,•••,n 

P<l' 

become a maximum? (Stieltjes 4, p. 441; the maximum position is the same 
as in Theorem 6.7.1, obtained by replacing n by n - 2 and writing p = q = 1. 
We have (1 - x2)P~:!d (x) = const. { P n(x) - P n-2(x)} = const. (1 - x2)P~-1(x); 
see (4.7.27).) 

38. Consider n unit "masses", n ~ 2, at the variable points X1 , X2 , • • • , Xn 

in the interval [0, + oo ], such that 

n -
1
(x1 + X2 + · · · + Xn) ~ K 

where K is a fixed positive number. For what position of these points does the 
expressiOn 

II I Xp- x,. I 
"·~£-1,2,•••,n 

P<l' 

become a maximum? (Cf. Problem 37 and Theorem 6.7.2. We have xL~121 (x) 
= const. {Ln(x) - Ln-1(x)} = const. xL~(x); see (5.1.14).) 

----------------------------------------·---··-··-······· 
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39. Assume a > -1, f3 > -1. With the notation of (7.32.2) we have, for 
n ~ oo, 

{ 

{r(q + 1)}-1nq if q ~ -!, 
max I p~a,fJ>(x) I rv 11"-;n-; I a+! ~-a/2-i I f3 +! ~-{j/2-i Ia + f3 + 1l(a+fJ+ll/2 

-l;;!z;;!+\ 

if -1 < q ~ -!. 
(Cf. (7.32.2).) 

40. From (7.33.10) derive 

Pn(cos 8) - Pn+l(cos 8) = 8'0(n4 ), 0 < 8 ~ 11"/2. 

(Use 

(1- x){P:(x) + P:+l(x)} = (n + 1)1Pn(x)- Pn+l(x)} 

(see Problem 17) and (7.33.9).) 
41. We have for 0 < 8 < 1r 

(sin 8)' I Qn (cos 8) I< (7r/(2n)}'. 

The constant (11"/2)' cannot be replaced by a smaller one. (See Hobson 1, 
p. 309, where the bound (1rjn)' is obtained; compare Theorem 7.3.3, and Prob­
lem 18.) 

42. Let f(x) be an arbitrary 11"n, non-negative for all real values of x, and let 

i:co e _., 2 f(x) dx = 1. 

Then 

f(o) ---1 3 · 5 · · · (2m + 1) -1 ; max = 1r 
2 4 2 

rv 1r n , .... m m = [n/4), n ~ oo. 

(Use Theorem 1.21.2, (7.71.2), (5.5.9), and (5.5.5).) 
43. A mean-value theorem for polynomials. Let f(x) be a 11"2n . Then 

f(b) - f(a) = (b - a)f'(~), 

where ~ is a proper point in the interval 

!(a + b) - !(b - a)x1 ~ ~ ~ !(a + b) + !(b - a)x1. 

Here X1 denotes the greatest zero of the Legendre polynomial P n(x). (Tchaka­
loff 1; use (3.4.1).) 

44. Derive the formula of Lipschitz 

leo e-at Jo(bt) dt = (a2 + b~4, a> 0, b > 0, 

from the generating function o'f the Legendre polynomials, that is, from (4.7.23) 
for X = !. (Write w = e-atN, x = cos (b/N), a and b fixed, N ~ oo, separate 

--------------·----------------·-----------------------------
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.L::-o P m(x)wm into m ~ wN and m > wN (w a fixed positive number),. and 
use (8.1.1) and (7.3.8).) 

45. Derive (5.4.2) from (5.1.9) by writing x = a/N, w = e-btN, a and b fixed, 
b > 0, N .- + oo. (See Problem 44; use (8.1.8) and (7.6.8).) 

46. New proof of the asymptotic formula (8.22.4) of Hilb's type for Laguerre 
polynomials. From the generating function (5.1.9) we obtain 

-:z:/2LCa> ( ) 1 1(1-J { X 1 + w} (1 )-a-1 -n-1 d e n X = -. exp -- -- - W W W 
· 21rt +ao · 21r-w 

1 l(O+l { X 1 + e-z} ( 1 -z)-a-1 nzd = -. exp -- - e e z 
27rt -ao 2 1 - e-z 

_ _ nz-z-lz -a-1;,:.( ) d 1 1(0+) 
- 2 . e z '¥ x, z z, 

1rt -ao 

where cf>(x, z) is regular in I z I < 21r. If we develop cf>(x, z) in a power series 
in z, the resulting integrals can be reduced to Bessel functions (Watson 3, p. 176, 
(1)). (This argument furnishes not only (8.22.4) for an arbitrary real a, but 
also an asymptotic expansion of Hilb's type whose terms are Bessel functions; 
see Wright 1. This is the analogue of Szego's argument used in 16 for Legendre 
polynomials.) 

47. Let a be real, but different from zero. The infinite series 

CIO 

"" -A ianl/2 
L...t n e 
n-1 

is convergent if X > !, and divergent if X ~ !. (For X > 0 the convergence of 
the series is equivalent to that of the integral J~ x-heia"' 112 dx.) 

48. The polynomial sn(a, z) (see (11.3.3)) admits the following representation, 
in which the notation of §11.1 is used:-

Co C-1 C-n+1 C-n 1 

C1 Co C-n+2 C-n+1 a 
Sn(a, z) - -D-1 ........................... n 

Cn Cn-1 C1 Co a" 
1 z z n-1 z" 0 

( Cf. Problem 4.) 
49. Second proof of Theorem 11.4.1 on the zeros of sn(a, z). Use the argument 

of Problem 5. (If zo is the zero in question, and (z - z0)/(z - a) = z', the image 
of I z I = 1 contains z' = 0.) 

50. Theorem 11.3.3 on the convergence of L~=o l4>n(z) 1
2

, I z I < 1, is not true 
if the weight function /(8) is such that log /(8) is not integrable in Lebesgue's 
sense. (Let/(8) = 0 for - e < 8 < +e, andf(8) = 1 fore ~ 8 ~ 21r - e, and 
apply (16.4.2). In this case l4>n(O) 1

11
" .- R; R > 1.) 
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51. Letj(O) be a weight function on the unit circle, -1r ~ 0 ~ +1r, for which 
f~; logf(O) dO exists. Assume p > 0, and let P.n = P.n(/; p) be the minimum of 

2~ 1:" f(O) I p(z) IP dO, 

where p(z) = zn + · · · is an arbitrary 7r'n with the highest term zn. 

{ 1 1+"" } ' !i~ P.n(/; p) = exp 27r _,. log f(O) dO = ®(f). 

(This is a generalization of (12.3.3); see the argument used there.) 

i8 z = e , 

Then 

52. Let kno be the highest coefficient of the orthonormal polynomial Pn(x) 
associated with the distribution da(x) on the finite interval [a, b]. Then 

kno > 22
n-

1(b - a) -n {lb da(x)} -!. 

(Cf. Theorem 12.7.1; Shohat 2, p. 575, (24). Use the extremum property of 
Theorem 3.1.2, choosing p(x) = 21- 2n(b - a)nTnl2(x- a)/(b - a) - 1).) 

53. Use the notation of Problem 52. Let [a', b'] be a subinterval of [a, b] 
such that a(x) is constant in [a', b']. Then two positive constants A, B exist, 
B > 4/(b- a), such that kno > ABn. (Cf. Shohat 2, p. 577. Use the extremum 
property of Theorem 3.1.2, and choose for p(x) the "Tchebichef polynomial" 
corresponding to two disjoint segments in the sense of §16.2 (5).) 

54. By use of the notation of §12.7 (1) we have, under the assumption of 
Theorem 12.7.1, 

(2 )-! ( -1Y
12 

2n-p P/2d-1 
7r (v/2)! n o' v even 

( 1) (P+l)/2 
(2 )-! - 2n-P (P-1)/2d-2d 

7r [(v- 1)/2]! n o 1, v odd. 

Here v is fixed, n .- oo. If d1 = 0, the second formula is to be read as follows: 
limn-+ao 2-nn(l-p)f2knP = 0. (See the special cases in Shohat 2, p. 577. Use 
Theorem 12.1.2 and observe that on putting 

2-n (1 + (1 - X-2)1} n = 1 + 'Yn1X-2 + 'Yn2X-4 + · • · , 
we have 'Ynv "" (22pv!)-1(- nY, v fixed, n .- oo .) 

55. In case of the Jacobi polynomials 

we have, v fixed, n .- oo, 

l "-' -! ( -1)"
12 

2n-p+a+!l (v-1)/2 
nv = 7r' (v/2)! n ' 

( 1) (P-1)/2 
( _ {3) -! - 2n-v+a+!i P/2-1 
a 7r [(v- 1)/2]! n ' 

according as v is even or odd. In the second case we assume a -:;6. {3. (See 

---·----·-----·---------------·-----------·-----------
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Geronimus 1, p. 380; usc the result of Problem 54; in this case we h:we do = 
2-(a+!i+l)/2, dl = ({3 - a) 2-(a+!i+l)/2.) 

56. With the notation and assumption of Problem 54 we have 

kn2 / 4 -k = - n + C + En 1 
nO 

lim En = 0, 

where c is a constant. (Cf. Shohat 2, p. 577. Use the same argument as in 
Problem 54.) 

57. Let Z.(x), v = 1, 2, · · · , n, be the fundamental polynomials of the La­
grange interpolation with the zeros of T n(x) as abscissas. Then if k is even, 

Here v1 , v2 , • • • , vk are distinct integers between 1 and n. (E. Feldheim 1; 
l T n(x) I k-\ x = cos fJ, is a cosine polynomial not containing terms with cos vfJ, 
v < n.) 

58. In the ultraspherical case a = {3, -1 < a = {3 < 0, we have for -1 ~ x 
~ +1 (notation as in Problem 57) 

!l1(x) }
2 

+ l~(x) }2 
+ · · · + !ln(x) }2 ~ J a l-1. 

(For a = -! see Fejer 13, p. 5. Use Problem 59 and the first identity in 
(14.1.11).) 

59. In the ultraspherical case a = {3 > -1 we have (cf. (14.5.2)) 

v.(x) = 1- 2(a + 1)xx. ~ (2a + 1)x~ ~ -a, _ 1 ~ x ~ +1. 
1- x. 

60. In the Legendre case we have 

( ) > t 2 31!' 
v. x = an 4(2n + 1) ' -1~x~+l. 

(Cf. Fejer 13, p. 23. Use (6.6.5).) 

·----------------------------------·-·-........... .. 
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61. Prove the following identities: 

P~n (x) = (2n + l)xP~1j~ (2x2 - 1), 

xP~(x) = nPn(x) + (2n- 3)Pn-2(x) + (2n- 7)Pn-4(x) + · · ·, 
(1- x2)P~'(x) = -n(n- 1)Pn(x) + 2(2n- 3)Pn-2(x) 

62. Prove: 
+ 2(2n - 7)Pn-4(x) + · · · . 

if n = 1, 

if n ::: 2. 

63. Prove the formula: 

!+1 p (x)xn+2•dx = _!_ (n + 2v)! r(v + i) ll = 0, 1, 2, .... 
-1 n 2n (2v)! r (n + ll + j) ' 

64. Prove the identity 

!+1 Pn(x)e-i>-zdx = i-n(211'/X)lJn+!(X). 
-1 

(Use Problem 63 and (1.71.1).) 
65. Prove that 

f + 00 J (211' )linP (x) 
X -!J n+l (X )ei>-z dX = l n 

-oo 0 

if -1 <X< 1, 

if x > 1 or x < - 1. 

(Use Problem 64 applying Fourier's inversion formula.) 
66. Prove the identity 

~ (n) p~>->(x) n-v = (1 + 2 + 2)n!2 p~>->( (1 + 2xy + y2)-l(x + y)l 
f;:o v p~>-> (l) y xy y p~>-> (1) ' 

in particular the identity 

}_: (n) P .(x )yn-· = (1 + 2xy + y2)n'2P n 1 (1 + 2xy + y2)-l(x + y) l. 
v =:0 v 

(Use (4.7.23).) 
67. Prove the identity 

n (n) £~a) (x) n-• - n L~a) ( (y + 1)-lx l 2: va>(O) Y - (y + 1) £<a>(O) · v =:0 ll v n 

387 
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(Use (5.1.9 ). ) 
68. Prove the identity 

.to (~)H.(x)(2y)n-• = Hn(X + y). 

(Use (5.5.7).) 
69. Let x be a parameter, - 1 < x < + 1. The zeros of the polynomial in z: 

Po(x) + (~) P1(x)z + (~) P2(x)z 2 + · · · + Pn(x)zn 

are all real. 
(Use Problem 66.) 
70. Prove Turan's inequality 

(Pn(x)j2- Pn-l(x)Pn+l(x) ~ 0, -1~x~+l. 

(Turim 1, see also Szego 22, Karlin-Szego 1 and Csordas-Williamson 1.) If 
a 1 and a 2 denote the first and second elementary-symmetric function of n 
real numbers, we have: 

(Use Problem 69:) 
~1. Derive from Problem 66 the generating series (4.10.6) and, in particular, 

(4.10.7). (Put y = n/z, n-? oo; use (8.1.1).) 
72. Derive from Problem 67 the generating series (5.1.16). (Put y = n/z, 

n-? oo; use (8.1.8).) 
73. Prove the following formula of the "Rodrigues type": 

e-zxa£<a> (x) = ( -1 )n tn+l (d )n (e-lltt-a-1) 
n n! dt ' 

xt = 1. 

(Use Taylor's formula and (5.1.9).-In the special case a = 0 this is due to 
G. P6lya, 1941.) 

74. Let (unl and (vnl betwosequences;n = 0, 1, 2, · · ·. Oneoftherelations 

~(n+a) ~(n+a) Un = .i...J ( -l)•v.; Vn = .i...J ( -1 )•u. 
• =O n - v • =O n - v 

implies the other. 
75. Using Problem 74 and (5.1.6) prove 

X~ = t (n +a) ( -l)·L~a> (x ). 
n. v=O n - ll 

76. Let Un and Vn be two sequences; n = 0, 1, 2, · · · . One of the relations 

[n/21 ( -1)• 
Un = L --,- Vn-2•; 

v =0 ll. 

implies the other. 

[n/21 1 
Vn = L f Un-2• 

v =0 ll. 

--------·-----·---------------·----------·---··----· 
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77. Prove the identity: 

(2x)n = [~] _!_ Hn-2.(x) 
' .i...J '( 2)1' n. • =O v. n - v . 

(Use Problem 76 and (5.5.4).) 

78. Prove the following identities: 

y" + 2xy' + 2(n + l)y = 0, 

79. Prove that 

(Use (5.5.4). Cf. P. Turan, Matematikai Lapok, vol. 5 (1954), pp. 134-137.) 
80. Prove that 

lim a-ni 2L~':> (a):t + a) = ( -1)"2-nl 2 (n !)- 1}[ n (2-l:r). 
a-> oo 

81. Let IPm(x) l be the orthonormal polynomials associated with the distribu­
tion da(x) in 0 ~ x < + oc. Denoting by h ~2, · · • , ~k any zeros of Pm (:r) \\'<' 

have 

t > 0. 

(See Karlin-McGregor 1, pp. 507-509. Sinee .f(O) = 0, we have 

d 1 .. e-ht dteh:f(t) = 
0 

e-"' 1 1(~1- x) · · · (~k-1- x)l- 11Pm(x)j2da(x) = cp(t), 

Induction.) 

82. Notation: and assumption as in Problem 81, Pm (0) > 0 for all m. Provp 
that 

t > 0. 

(See Karlin-McGregor 1, loc. cit. Let rn > n. We represent Pn(x) by Lagrange':-; 
interpolation formula corresponding to the abscissas ~~'~' · · · , ~~',+! ehosen as 
in 3.3 (6); use Problem 81.) 

83. Let I Pn (x) l be the Poisson-Charlier polynomial:-: (2.81, sgn Pn (0) = 

(-l)n). We have, i\ > 0, rn ~ n, j(x) as in (2.81.1), 

---------------------------------------------·-··-··--.. 
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.. 
L e-'1\zj (x )pn (x )pm (x) 

.r=O 

n (n) (ae'J\ )-• = exp [a(e-'1\- l)]aHn+m>(m!/n!)! ·~=O , (e-'1\- l)n+m-2• 
. " (m - v)! · 

84. Let 'A> -~,'A -:;6. 0. Using the notation (4.9.21) we have 

provided that l + m + n = 2s is even and a triangle with sides l, m, n exists. 
The integral on the left is zero in every other case. (Cf. (4.7.15); cf. Hsii 1.) 

85. Let ln(x) have the same meaning as in (2.8.1); we have then 

ln(x) = (- l)"ln(N- 1- x). 

Here n and x run over the range 0, 1, · · ·, N- 1. Prove also that 

(N -1) ln(N- 1) = n! n 

86. Let Pn(x) have the same meaning as in (2.81.2); we have then 

Pn(O) = ( _ l)"(a"jn!)l/2 = ( _ l)"eaf2(j(n))1f2. 

Prove also that, writing p,.(x)/pn(O) = cn(x,a), we have 

Cn(x;a) = Cz(n;a). 

87. Writing Hn(x) = Hn we have 

-z2 H H H d - t;2 a. /J • 'Y • f ro 28 !R! ! 
e a s 1' X-1r 

-ro ' (s-a)!(s-(J)!(s-')')! 

provided that. a+ (3 + 'Y = 2s is an even integer and s ~a, s;?; (3, s ~ 'Y· 
In all other cases the integral is zero. 

88. Prove that 

limn! (- Y
2
)" L~a) (n

2

) = e-Y. 
n~ro n y 

89. Prove the following identities: 

L~a>(x) = y, (e-xxa+ 1y')' + ne-xxay = 0; 

( 
2- X) e-xf2Ln(X) = h, xh" + h' + n + -

4
- h = 0. 

------------------------------------------------------------------------------ ·-------------·-··--· 



FURTHER PROBLEMS AND EXERCISES 

90. Prove the identity 
n 

L~a+P+ll(x +y) = L L~a~k(x)LkPl(y). 
k=O 

91. Obtain the estimates 

2J.L < ap - 2 + p /2, 

2J.L =ap -2 +p/2, 

2J.L > ap -2 +p/2, 

where a,{3,J.L > -1 and p > 0 are fixed. (See (7.34.1).) 
92. Prove that 

1 sin(n + 1)8 · V6 1r 1r 
--< <- __ s:;,o_s;1r--, 

3 = (n + 1) sinO = 9 ' n n 

1 sin(n + 1)8 1 1r 1r 
--< <- -<o<-

3 =(n+l)sinO =s• n = =2' 

391 

and show that all the bounds are obtained for some 8 and n. (Use (7 .8.1) for 
p~l/2,1/2) ( x) I p~1!2,1/2l( 1) .) 

93. Prove that 
d2n 
dx2n (1 -x)--ao +x)-P > 0, -1 < x < 1, a,{3 ~ 0, 

and 

X> 0, a~ 0. 

(Use Theorems 6.72 and 6.73. These results were conjectured by I. Jo6.) 
94. Prove that 

(Use (5.1.9).) 
95. Prove that 

n+m 
Pn(x)pm(X) = L a(k, m, n)pk(x) 

k= ln-ml 

with a(k, m, n) ~ 0 if Pn(x) satisfies 

Pl(x)pn(X) = Pn+l(x) +anPn(X) + f3nPn-1(x), n =1,2, · ··, 

where an ;;s:; 0, f3n > 0, an+l ~ an, f3n+1 ~ f3n, n = 1, 2, · · · ,po(X) = 1, P1(x) = 
x +a. (Askey 4. Use induction. This contains Problem 94.) 
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96. Prove that 

0 ~X~ 1, 

when n(n + 1) = k(k + 1) +m(m + 1). Also show that 

Jo(x) +Jo(Y) ~ 1 +J0(z) 

when x 2 +y2 =z2
• Gri.inbaum 1, 2, Askey 7. 

97. If L;=oa; is finite, a> -1, and if 

0 ~X, y < oo, 

prove that 

98. If ak,m,n are defined by 

1 00 --..,..---.,....--:---:-:----:-------,----- L: a rksmtn 
(1-r)(l-s) +(1-r)(l-t) +(1-s)(l-t) k,m,n=O k,m,n 

show that 

Then use Problem 84 for A. = ! and ( 4.5.4) to show that ak,m,n ~ 0. Generalize 
to .fooo Lia>(x)L~>(x)L~a>(x)xae-3xdx, a~-!. (Szego 26, Askey-Gasper 3.) 

99. Prove that 

k =1,2, .. ·, 

for all choices of plus and minus signs and any choice of integers ni. (Use 
(5.5.11) and Problem 87. See Ginibre 1.) 

100. Show that 

2nn! to ( -1)kLk(2x2 +2y2) =to(~) [Hk(x) JZ[Hn-k(y) )2 

and in particular that 

n (n/2) (2j)l 
2nL(-1)kLk(2x2) =L .

1 
•
1

( "
2

.)! [Hn-2j(x))2. 
k=O j=O}·}· n-} · 

Extensions of this sum to p~a,o>(x) are given in Askey-Gasper 4. 
101. Show that 

[L(a)( ))2=r(n+a+1) ~ (2k)!(2n-2k)! £<2al( 2 ) 
n X 22nn! 6k![(n-k)!]2r(k+a+1) Zk X. 

This formula of Howell is given in Bailey 2. 

----------------------------------·--------------.. -····-·· ., 



APPENDIX 

ON A SINGULAR CASE OF ORTHOGONAL POLYNOMIALS 

In recent publications F. Pollaczek (1-4) has introduced certain remarkable 
generalizations of the Legendre and other classical polynomials which should be 
treated in this Appendix in a brief way. The polynomials of F. Pollaczek show 
in many respects a singular behavior. For a short treatment of this topic we 
refer to Bateman Manuscript Project 1, vol. 2, pp. 218-221. Cf. also Szego 24. 

1. Definitions and formal properties 

Let a and b be real parameters, a > lbl. We write 

) h (()) = a cos .() + b 
(1. 1 2 sm () 

and define the polynomials p n (x; a, b) = knxn + ... by the generating function 
., 

(1.2) 
f(x, w) = f(cos 8, w) = L Pn(x; a, b)wn 

n=O 

or, in another form: 

(1.3) { 
"' wm } f(x, w) = (1 - 2xw + w2)-J exp (ax+ b) ml;;

1 
m Um-l(x) 

where Um-l has the same meaning as in (1.12.3). The polynomials Pn(x; a, b) 
reduce to the Legendre polynomials in the limiting case a = b = 0. 

The following identities are easy to establish: 

(1.4) Pn(x;a, b)= (-1)nPn(-x;a, -b), 

(1.5) Pn(1;a,b) = Ln(-·a-b), Pn(-1;a,b) = (-l)nLn(-a+b) 

where Ln(x) = L;?l(x) is Laguerre's polynomial (Chapter V). The highest 
coefficient kn of Pn(x; a, b) can be obtained by replacing w by wjx in (1.3) and 
taking x --+ oo . We find 

(1.6) k = 2n 2 ""'2" as n--+ oo (
n + l(a - 1)) nl<a-o 

n n - r(t(a+1)) . 

The following recurrence formub holds (cf. Bateman 
loc. cit.): 

nPn(x; a, b) = [(2n- 1 + 2a)x + 2blPn-l(x; a, b) 
(1.7) 

- (n- l)Pn-2f.r; a, b), 

393 

Manuscript Project, 

n = 2, 3, 4, · · · . 

·---------·-·-···· ··--·· 
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Here P 0 = 1, P1 = (2a + l)x + 2b. 
We have the important relation of orthogonality (cf. Szego 24): 

(1.8) ~-~
1 

Pn(x; a, b)Pm(x; a, b)w(x; a, b) dx = (n + Ha + 1))-1 Onm, 

n, m = 0, 1, 2, · · · , 

where the weight function is defined by 

(1.9) w(cos 8; a, b) = e< 2B-.-Jh<OJ [cosh (1rh(8))]- 1• 

We note that 

(1.10) w(cos 8; a, b)= 2 exp l (a+ b)(1- 1r/8)) as 8-t +O. 

The behavior of w is similar as 8 -t 1r - 0. 
The following representation in terms of the hypergeometric function holds 

(Bateman Manuscript Project, loc. cit.): 

(1.11) Pn(cos 8; a, b) = einBF( -n,! + ih(8); 1; 1 - e-2i8
). 

2. Generalization 

Let X be real, X > -!. We define the polynomials p~l (x; a, b) by the gener­
ating function 

.. { .. wm } (2.1) L p;;l(x; a, b)wn = (1- 2xw + w2 )->- exp (ax+ b) L- Um-l(x) . 
n=O m=l m 

For a = b = 0 we obtain the ultraspherical polynomials p;;l (x ). The case 
dealt with in 1. corresponds to X = t. The polynomials P;;l (x; a, b) are orthog­
onal in -1 ~ x· ~ 1, x =·cos 8, with the weight function 

(2.2) w<>-l(x; a, b) = ?r- 122>--te< 28-rlh<BJ (sin 8) 2>--tJr(X + ih(8))J 2• 

Concerning a recurrence formula and a representation in terms of the hyper­
geometric function, see Bateman Manuscript Project, loc. cit. 

3. Integral representations 

The following generalizations of the Laplace integral (4.8.11) and of the Mehler 
integrals (4.8.6) and (4.8.7) hold (Novikoff 1): 

(3.1) 
Pn(cos 8; a, b) = ?r- 1e- 28 h<OJ cosh (1rh(8)) 1r exp { 2ih(8) log ctg ~} 

· (cos 8 + i cost sin 8)-n-l dt 

= e-oh<oJ cosh (1rh(8)) 

(3.2) 
{ 

. 8 + t} 
2 

o sm-
2

-. ; 1 cos (n + t )t - h(8) log . 8 _ t 
o sm--

2 
. (2 cost - 2 cos 8)-t dt 

____________ , __ ·--····-· 
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= e<r-Olh<Ol cosh (1rh(O)) 

(3.3) 
{ 

. t + ()} 2 .. sm-2-
. :;;: [ sin (n + t )t - h(O) log . t _ () 

sm--
2 

. (2 cos () - cos t)-l dt. 
In these formulas 0 < () < 1r. 

4. Infinite interval 

Pollaczek (3) defines another remarkable class of polynomials P':l (x; a) by the 
following generating function: 

.. 
(4.1) L P':l(x; a)wn = (1 - weia)->-+ix(l - we-ia)->.-ix. 

n =0 

Here 0 < a < 1r and A. > 0. These polynomials are orthogonal in the interval 
- oo < x < oo with the weight function 

(4.2) 

Laguerre polynomials appear as a limiting case. Indeed, replacing x by x/ a 
and assuming a--+ 0 we obtain 

lim (1 - weia)->-(1 - we-ia)->- exp -log _. \ {
ix 1 - weia I 

a-->0 a 1 - We Ia J 

= (1 - w)-2>- exp (2x w ) 
1-w 

so that, cf. (5.1.9), 

(4.3) limP~"l(x/a;a) = £<fl(-2x), {3 = 2>.- I. 
a -->0 

It is also clear that the polynomials in 2. arise from P~"l(x; a) as follow::;: 

(-!.4) p~hl(h(O); 8) = P':l(cos 8; a, b). 

5. Asymptotic properties 

(a) By means of the generating function (1.1) it is not difficult to obtain an 
asymptotic expression for Pn(x; a, b) when n--+ oo. We may use Darboux'::; 
method (§8.4). 

First let x be outside of the closed interval [ -1, + 1]. Writing x = ! (z + z- 1 ), 

z == ei8, 30 > 0, we find 

Pn(x; a, b) = I r(! + ih(O))l-1(1 - e2i8)-l+ih(8) 

(5.1) . e-i"8n-l+ih(8) ( 1 + o(~)). 

It is not difficult to extend this to an asymptotic expansion. NO\v let 
-1 < x <+I; forming the real part of the right-hand expression in (5.1), 

--------------------------------------·-·"''' '". " 
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the asymptotic formula for !Pn(x; a, b) arises. Finally, in view of (1.5) we 
find from (8.22.3) 

(5.2) Pn(1; a, b)""' !-n·-le-l<a+bl(a + b)-in-1 · exp l2(a + b)lnlj. 

(b) Novikoff (1) investigated the asymptotic behavior of Pn(cos (tn-l);a, b) 
where t > 0 is fixed. His principal results are as follows: 

Pn(cos (tn-l); a, b) = !1r-l(a + b- t2 )-1 exp (-!(a+ b)) 

(5.3) 

. n-i exp {nl (~at b + A(t))} (1 + o(~)), 

O<t< (a+b)l; 

Pn(cos (tn-l); a, b) = ?r-l(t2 - a- b)-1 exp (-!(a+ b)) 

(5.4) 

· n-1 exp { nl ( ~ a t b)} . {cos ( ~ - nl ~ ( t)) + 0 ( ~)} , 

t>(a+b)l. 

From (5.3) and (5.4) interesting conclusions can be drawn about the "extreme" 
zeros of P n ( x; a, b). Let us denote the zeros of these polynomials, as in Chap­
ter VI, by cos e. where 0 < 81 < 82 < · · · < On < 1r; e. = Ovn. Then, for any 
fixed value of v, 

(5.5) lim nl()vn = (a + b )l. 
n-->ao 

6. Associated orthogonal polynomials 

(a) We consider the system l cl>n (z) I of polynomials which are orthogonal 
on the unit circle lz! = 1 relative to the weight function 

(6.1) f(O) = w(cos O)isin Ol; 

here w (x) has the same meaning as in ( 1. 9). These polynomials show also in 
many respects a singular behavior. 

The relation to the Pollaczek polynomials can be established by means of 
the formulas (11.5.2): 

(6.2) 
z-•ql,, (z) f -(~)' {I ± ql~,;o T p,(x) 

z-n+lcJ>2n-1(z)) +Hz- ~-l) (~Y{ 1 4= c/>
2;LO)r Qn-t(X). 
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We haVB Pn(x) = !n +!(a+ 1)llPn(x; a, b) [cf. (1.8)]; the system lqn(x)l i:s 
orthonormal with the weight function (I - x2)w(x ). Moreover, K2n denotes 
the (positive) highest coefficient of cP2n(z). Between x and z the relation 
x = ~(z + z- 1) holds. 

(b) Let lzl < 1. We investigate the asymptotic behavior of the polynomials 
cf>n(z) as n--+ oo. Let z r= 0, z = ei8, 38 > 0. We rewrite (5.1) in the form 

(6.3) 
Pn(x) = A(x)nih(Olz-"(1 +0(~)), 

A(x) == lr(~ + ih(O))I-1(1- z2)-l+ih<Bl. 

Now the polynomials l q" (x) I can be represented in terms of l Pn (x) I by using 
Christoffel's formula 2.5, taking (1.5) into account. Thus 

Pn-1(x; a, b) Pn(x; a, b) Pn+1(x; a, b) 

L~-1 -L~ 

L" = Ln( -a -b), L~ = Ln( -a +b). 

Denoting the latter determinant by ~" (x) we find by an easy calculation: 

(1 - x2)qn-1(x) = (Ln-1L~ + LnL~_ 1 )-l(LnL~+ 1 + Ln+1L~)-l 

Using (1.5), (8.22.3), and (1.6) we obtain 

(1 - x2)qn-1(x) = ~A(x)nih(Olz-n- 1 

·(~:::YIn- 1 +!(a+ l)ll~n(x). 

(6.4) · { ( 1 + ~: ~ E') z2 + ( E - E' )z - ( 1 - E ~ E')} ( 1 + 0 ( ~)) , 
E= (a-t-b)ln-l, E1 = (a - b )in-~. 

(c) From (6.3) and (6.4) we conclude, since 1 - x 2 = - (1 - z2 ) 2 (2z)- 2, 

!(z- z-1)qn-1(x) _ 

(6.5) 
Pn(X) -

Denoting by k~ :;:= In+ !(a+ 1) Ilk" the coefficient of X" in Pn(x) and by 
[ 11 _ 1 the coefficient of x"-1 in qn-1(x), we find from (6.5) for z--+0: 

------- ·-----·---------------------------·--·······--···. 
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Now the first formula in (6.2) yields: 

(6.7) 
_ (211· )l a/ 2 (E + E

1 

( 1)) 
-r(!(a+1))n -2-+0 n . 

In particular, 

(6.8) 

(d) We obtain from (6.2), lzl < 1, in view of (6.3), (6.5), (6.8), 

cf> 2n(z) = (~Y A (x)nih(O) { 1 + E ~ E' + ( 1 - E ~ E') 

(6_9) . (1 + !(E + E
1

))z
2 

+ iE = ;~)z- (1- !(E + E1

))}(1 + o(~)) 

= (~Y (lrC{j(:
2

i)a(z) n-r(z) I (a+ b)l(1 + z) +(a- b)i(l- z)l (1 + o(~))' 

cf> 2n_1 (z) = (~Y A(x)nih(Olz- 1 { 1 - E ~ E' + ( 1 + E ~ E') 

(6.1Q) . (1 + !(E + E
1

))z
2 

+ iE = ;:)z- (I- !(E + E1

))}(1 + o(~)) 

= (~2) (1 - z
2

)a(z) n-r(z) l (a+ b)l(1 + z)- (a- b)l(1- z)l (1 + o(~)) 
r({j(z)) n 

where we set for abbreviation: 

( ) _ H a ~ 3) + bz + H a + 3 )z2 

az- 1 2 ' -z 

(6.11) 
R( ) = !(a + 1) + bz + t(a - l)z2 
fJZ 1 2 ' -z 

( ) 
_ t(a - 1) + bz + !(a + l)z 2 

-yz- 1 2 -z 

_______________________________ , _____ . _____ , __ , ______ ,_ 
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The argument of the r--function can be written as follows: 

(6.12) a 1 + z2 z 1 
[j(z) = 2 1 - z2 + b 1 - z2 + 2 

and the real part of this expression is >! for \z\ < 1. Hence the function 1/ r 
is never zero in \z\ < 1. The only point of accumulation of the zeros of the poly­
nomials I<Pm(z) I in \zl < 1 is the point 

(a + b )l - (a - b )l (a2 - b2 )l - a 
~~~7---~ = ~--~~--

(a+b)l+(a-b)l b 

appearing only for m = 2n - 1. 
The exponent 'Y(z) of n has a real part > -!. HeRce the series l:l<t>m(z)l2 

is divergent for all lz\ < 1. In particular, 

</>2n(O)l 

(6.13) 
<P2n-t(O)J 

~ (~Y 1 r(!(a + 1)) ,-lnl<a-li((a + b)l ±(a_ b)l) ( 1 +a(~)). 

Taking (11.3.6) into account, this yields again the main term of (6.6). 
(e) Recapitulating, we may point out certain properties of the Pollaczek 

polynomials whieh indicate a rather singular be~avior compared with the clas­
sical polynomials. 

The weight functions w(x) or f(8) in Theorems 12.1.1 and 12.1.2, respeCtively, 
are such that log w(cos 8) and logf(8) are integrable. The weight function w(x) 
of the Pollaczek polynomials vanishes at the endpoints x = ± 1 so strongly 
that log w(cos 8) is not integrable [cf. (1.10)]. 

The normalized .Jacobi polynomials are at x = ± 1 of the order na+! and 
ntl+l, respectively. The orthonormal Pollarzek polynomials at x = ± 1 are of 
order n! exp l2(a + b)!n!j [cf. (5.2)]. 

The Toeplitz minima .Un (f) (12.3) associated with the weight functionf(8) tend 
to a positive limit under the assumption of Theorem 12.1.1. In case of the poly­
nomials discussed in 6. this limit is zero; the weight function defines a "determin­
istic" process. We have in this ease: ~n(f) = K;;

2 ""'n-a. Let f(8) = 0 in a 
certain interval, say -E < 8 < +E, 0 < E < 1r and f(8) = 1 otherwise. We 
have then again .un(f)----> 0, and, more preeisely, !lnU) ""'rn, r < 1; cf. (16.4.3) 
and Problem 50. 

The orthonormal polynomials defined in Theorem 12.1.2 are asymptotically 
of the order (x + (x2 - 1 )l )n if x is not on the cut [ -1, + 1] ). The Pollaczek 
polynomials are under the same condition of the order nK(x + (x2 - 1 )l)n 
where K is a function of x. A similar discrepancy arises if x _is on the segment 
[-1, +I]. 

For the "largest" zeros eos 8., 0 < 8, < 1r, 8, = 8,(n ), v fixed, n----> oo, of the 
.Jaeobi polynomials we have 8,(n) ""n- 1J, "·here j. is the corresponding zero of 

---------------------------------·-----------··"-"'•·-·· 
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an appropriate Bessel function; see (6.3.15 ). The similar zeros of the Pollaczek 
polynomials satisfy the relation O.(n) ""'n-! (a + b )l, see (5.5); the order of 
magnitude is different nnd the constant does not depend on v. 
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sentation, Interpolation, Zeros. 

- , Krawtchouk, 35 ff. 
-, ofS. Bernstein and Szego, 31 ff. 
-, Poisson-Charlier, 34, 35, 37, 377, 389, 390. 
-, Pollaczek, 37, 393 ff. 
- orthogonal on a curve, vii, 364 ff. 

See Asymptotic formula, Zeros. 
- - - -segment, see Orthogonal poly­

nomials. 
Polynomials orthogonal on the unit circle, ix, 

287 ff., 384. 
-, Stieltjes-Wigert, 33. 
-, Tchebichef (of the first and second kind), 

3, 26, 29, 30, 60, 63, 112, 136 ff., 162, 347, 
348, 387, 391. 

See Expansion, Interpolation, Zeros. 
- , ultraspherical, vi, 29, 58 ff., 80 ff., 93 ff., 

107,135 ff., 167, 170 ff., 379,387,390,394. 
See Asymptotic formula, Differential 

equation, Expansion, Generating 
function, Integral representation, 
Interpolation, Recurrence formula, 
Rodrigues' formula, Zeros. 

Popoviciu, 46, 140, 142, 411. 
Principle of argument, 21, 157. 
Probability, calculus of, 35. 

Quadratic form, 24, 123, 187, 366. 
- -of Hankel (recurrent) type, 27, 309. 
Quantum mechanics, iii. 

Rabinowitz, see Davis-Rabinowitz. 
Rau, 197, 214, 249, 411. 
Recurrence formula, general, 42 ff. 
- -of Hermite polynomials, 106. 
- - -Jacobi functions of second kind, 78 ff., 

379. 
- - polynomials, 71 ff. 

- - -Laguerre polynomials, 101. 
- - -polynomials orthogonal on the unit 

circle, 293. 
- - - ultraspherical polynomials, 81, 82. 
Riemann, see Integral, P-function. 
- 's lemma, 254,267,319. 
- 's theory of trigonometric series, 248. 
Riesz, F., 12, 275, 411. 
Riesz, M., 5, 57,304, 411. 
Robin's constant. see Transfinite diameter. 
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Turan, vii, ix, 158, 190, 388, 389, 422. 
See Balazs-Turan, Egervary-Turan, 

Erdos-Turan, Grunwald-Turan, 
Makai-Turan, Suranyi-Turan, 
Szego-Turan. 

Uniqueness theorems, 248 
Uspensky, 53, 107, 203, 219, 220, 251, 415. 

VanVeen, 132, 204, 415. 
Vector, 9. 
-space, 10. 
Vietoris, 363, 422. 
Vitali-Sansone, 415, 423. 
Vitali's theorem, 57. 
Volterra equation, 211. 

Wainger, see Askey-Wainger. 
Walsh, 7, 366, 415. 

See Sholat-Hille-Walsh. 
Wangerin, 84, 415. 
Watson, 18, 20, 96, 102, 104, 107, 159, 162, 

192, 193, 202, 203, 222, 251, 253, 363, 380, 
384,415. 

See Whittaker-Watson. 
Webster, 347,423. 
Weierstrass, theorem of, fi ff., 10, 110. 
Weight function, 9, 37, 68, 159, 160, 162 ff., 

185, 188, 287, 294, 296, 297, 299, 309, 312, 
314,316,347,380,385. 

Weiss, G., see C oifman-G. Weiss. 
W eyl, 110, 251, 310, 415. 
Whittaker-Watson, 14 ff., 58, 63, 65, 66, 71, 

75,84,86,88,93,103,2:48,415. 
Widom-Wilf, 243, 423. 
Wigert, 33, 102, 251, 413. 

See Polynomials. 
Wilf, see Widom-Wilf. 

Williamson, see Csordas-Williamson. 
Wiman, 131, 416. 
Winston, 131, 351, 416. 
Wintner, see Hartman-Wintner. 
Wright, 203,384, 416. 

Young, W. H., 10,248,414. 

Zernike, 132, 416. 
Zero-function, 9, 40, 45. 
Zeros, distribution of, v, 310. 
-, electrostatical interpretation of, 140, 382. 
-of Airy's function, 18, 19,377, 382. 
- - analytic functions, 21. 
- -Bessel functions, 126 ff., 140, 192, 193, 

381. 
- -Hermite polynomials, 117 ff., 123, 

127 ff., 141 ff., 240, 353. 
- -Jacobi polynomials, vi, 116 ff., 140 ff., 

144 ff., 192, 193, 237 ff., 250 ff., 379, 381. 
- -kernel polynomials, 369, 377. 
- -Laguerre polynomials, 116 ff., 122 ff., 

127 ff., 141 ff., 150 ff., 237 ff., 353, 381, 382. 
- - Legendre functions of second kind, 

155 ff. 
- -polynomials, 111, 122, 125, 353. 
-numerators of continued fractions, 57. 
-polynomials orthogonal on a curve, 369. 
- - - - the unit circle, 292, 384. 
-solutions of differential equations, see 

Sturm's theorem. 
- - Tchebichef polynomials, 330, 351. 
- - ultraspherical polynomials, 119, 121 ff., 

138, 352, 381. 
See Orthogonal polynomials. 

Zygmund, 248, 253, 254, 274, 276, 279, 281, 
359,416,423. 
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Rodrigues' formula for Hermite polynomials, 
106. 

- - -Jacobi polynomials, 67 ff., 73, 74, 94, 
99,117. 

- - -Laguerre polynomials, 101, 117, 388. 
- - - ultraspherical polynomials, 81. 
Roever, vii. 
Rogosinski, 34 7. 
Rolle's theorem, 51, 53, 117, 378. 
Roosenrad, 110, 421. 
Ross, vii. 
Rotach, 203, 249, 250,411. 

See Plancherel-Rotach. 
Rouche's theorem, 21, 149. 
Rudin, see Newman-Rudin. 
Runge, 7. 
Runge-Walsh, theorem of, 7. 

Saddle-point, 219, 231. 
Sapiro, 98, 421. 
Sarmonov, 392,421. 

Scalar product, 8, 9, 10, 25,365,3:67,378. 
Schmeiser, 158, 422. 
Schmidt, E., 34, 35,411. 
Schoenberg, 273. 
Schoenberg-Szego, 190, 422. 
Schur, 1., vi, 140, 142, 411. 
Schwid, 204, 416. 
Seidel-Szasz, 94, 422. 
Sen-Rangachariar, 145,411. 
Series, Jacobi, vi, 273. 
- , Laguerre, 240. 
-,Legendre, vi, 42. 

See Expansion, Orthogonal poly-
nomials. 

Sherman, 57, 411. 
Shibata, 145, 412. 
Shohat, v, vii, 42, 48, 159, 163, 189, 309, 333, 

336,340,345,347,350,385,386,412. 
Shohat-Hille-Walsh, 422. 
Singular integral, 13. 
Smirnoff, 275, 27:6, 289, 368, 369, 412. 
Smith, 412. 
Sonin, 96, 100, 102, 104, 159, 16:6, 169, 176, 

189,379, 412. 
Spencer, 132, 412. 
Statistics, mathematical, v. 
Stein, see Muckenhoupt-Stein. 
Steinig, see Askey-Steinig. 
Stekloff, 9, 210, 350, 412. 

See Liouville-Stekloff. 
Stekloff-Fejer, theorem of, 350 ff., 360. 
Step function, 34, 35, 37, 164. 

-polynomial, 329, 339 ff. 
- - , generalized, 331. 
Stieltjes, v, 33, 37, 46, 50, 51, 53, 54, 58, 87, 

89, 90, 92, 93, 121 ff., 136, 139, 140, 142, 
145, 151 ff., 156, 165, 172, 174, 175, 193, 
195,211,382,412,413. 

See Heine-Stieltjes, Hermite-Stieltjes, 
Integral, Laplace, Moments, Poly­
nomials. 

Stirling's formula, 227. 
- series, 212. 
Stone,10,23,251,413. 
Strip of convergence, 253. 
Studden, see Karlin-Studden. 
Sturm-Liouville type, 210. 
Sturm's theorem on differential equations, 

19 ff. 
- -(method)- zeros, vi, 45, 111, 121, 

124 ff., 139. 
Summability, see Abel, Cesaro. 
Suranyi-Turan, 347, 422. 
Szasz,5,190,413,422. 

See Seidel-Szasz. 
Szego, G., 19, 27, 31, 33, 37, 45, 59, 87, 93, 94, 

96, 110, 125, 127, 128, 135, 137, 140, 158, 
163, 164, 167 ff., 189, 190, 197, 198, 203, 
206, 214, 243, 248, 249, 251, 274 ff., 287, 
289, 294 ff., 299, 300, 309, 310, 312, 313, 
340, 346, 355, 360, 361, 366, 369, 371, 377, 
384,388,392,393,394,413,414,422. 

See Fejer-Szego, Grenander-Szego, 
Karlin-Szego, Polya-Szego, Poly­
nomials, Schoenberg-Szego. 

Szego, P., xi. 
See Lorch-P. Szego, Lorch-Muldoon­

P. Szego. 
Szego-Turan, 157, 158,422. 

Tamarkin, vii, ix, 42, 414. 
Tchakaloff, 189, 383, 414. 
Tchebichef, v, 33, 47, 50, 54, 70, 100, 186, 

188, 189, 414. 
See Deviation, Polynomials. 

Thorne, 243, 422. 
Titchmarsh, 37, 57,301,310,311,415. 
Toeplitz matrix, 287, 399. 
-,operator, 99. 
Total variation, 12, 34, 35. 
Transfinite diameter, 364, 369. 
Tricomi, ix, 242, 243, 415, 422. 
Trigonometric polynomials, 3, 5 ff., 11. 
- representation, 90 ff. 
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