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Comparison of the coefficients of @" in (11.4.5) leads to (11.4.6). By taking

the reciprocal polynomials of both sides of (11.4.6), and eliminating ¢,,.(2),
we find (11.4.7).

11.5. Relation to polynomials orthogonal on a real interval

(1) THeorEM 11.5. Let w(x) be a wetght function on the interval —1 < z < +1,
and let

(11.5.1) f(6) = w(cos 6) | sin 6 |.
Further let {p.(x)} and {q.(x)} be the orthonormal sets of polynomaals which
belong respectively to w(z) and (1 — Hw() in -1 < ¢ < +1, and {pa(2)} the

orthonormal set associated with f(8) on z = e®, Then, on writingx = 1(z + z7),
we have forn = 1

~}
Pa(z) = (27r)"*{1 + %@} {27 d2n(2) + 2"¢pon(z™)}

-}
= (2n)7? {1 - ¢2n(0)} (27" o a(2) + 2 o iz

Kon

(11.5.2)

Qn(x) — (2/71_)%{1 _ ¢2n+2(0)}_} z“n-l¢2n+2(z) _ zn+1¢2n+2(z—1)

K2n 42 z—z!

z2— 21!

= (2/71')%{1 + 4)_%(_())}—} 2 " ¢onpa(2) — zn¢2n+l(z—l).

Kont2

See Szegd 6, pp. 204-206. The second equation follows from the first one,
and similarly, the fourth follows from the third, by means of (11.4.7). The
function f(6) is even; so the polynomials ¢,(z) have real coefficients.

The constant factors in these equations are different from zero (see (11.3.6)).

These formulas, except the second one, hold also for n = 0.

(2) The right member of the first equation represents a =, in z; the property
of orthogonality can be expressed in the form

+r
/ pa(cos ) cos vf-w(cos 6) | sin 8 | do = 0;

*

1
or, for z = %,

+r
./ {z_n¢2"(z) + znd)?"(z_l)} {zl' + z_"}f(a)df) = 0: Vo= 0! 1; 2: e, — L.

s

This is the case because
+r

b2n(2) " + 2)f(0)do = 0,

-

and ¢on(2) = ¢2.(2). Moreover,
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ﬁ 1 6am() + o) 1(0) 8

T

+=
=7+ 7+ QR{/: 27" an(2) “2" paa(271)f(60) dﬁ}

ROt do} — or + 2 220

K2n

= 2r + ER{

-

For the third formula the proof is similar, except that it is convenient now to
express the orthogonality in the form

+x ‘;-
/ gn(cos 6) in—gni{;i)a sin® 6-w(cos 6) |sin 8 |d6 = 0,

»y=10,1,2 - ,n— L

A new proof for the formulas (2.6.2) and (2.6.3) can be derived from the first
and third formulas in (11.5.2) by use of (11.2.2).

If in the last two equations of (11.5.2) we replace n by n — 1, we can express
2 "$2,(2) and 27" ¢y, _,(z) aslinear combinationsof p.(x)and (1 —z?)"%q._ (),
where z = 3(z + 27). (See Szego 18, pp. 9-11.) These relations enable us to
calculate the polynomials ¢,(2) associated with

(11.5.3) f(8) = | 1 — 2)"(A + 2)°)F = 2771 — cos 6)"(1 + cos 6)°, z = €”,
in terms of Jacobi polynomials. We find
2 an(2) = AP P (3 + 7)) + Bz — 2P (3G + 27D,
(11.5.4) 27 ¢ona(z) = CPI V(4 + 271
+ D@z — 2P (4 — 7)),

where A, B, C, D are proper real constants.




CHAPTER XII

ASYMPTOTIC PROPERTIES OF GENERAL ORTHOGONAL
POLYNOMIALS

The following sections deal with the asymptotic properties of polynomials
orthogonal on the unit circle, or on a real, finite interval, when the degree
n of these polynomials becomes infinite. In both cases the weight function
will be restricted merely by certain conditions of continuity and boundedness.

Two important problems appear in connection with polynomials orthogonal
on the unit circle. These are (a) the asymptotic behavior exterior to the unit
circle, (b) the behavior on the unit circle itself. For a weight function iden-
tically unity, the system in question is {z"}. This latter instance is typical to a
certain extent.

The corresponding problems for polynomials orthogonal on a finite segment.

are (a’) the asymptotic behavior in the complex plane cut along the given seg-
ment, (b’) the corresponding question on the segment itself. (See Chapter
VIII.) We give the following illustration as characteristic:

To(@) = 3" + 277, z =3+ 27).

Problems (a) and (a’) are simpler, and relative to them comparatively general
results will be obtained. It is only recently that problems (b) and (b"), which
are much more difficult than (a) and (a’), have been treated by S. Bernstein
and G. Szegd. We remark that the weight function conditions in case (b) are
more restrictive than those in case (a). A similar comment may be made
concerning (a’) and (b’).

The results of Chapter X are applied 1n discussing the above problems. Our
investigation is first concerned with questions (a) and (a’). As regards (b’)
we may state that S. Bernstein’s main result is obtained in a new way which
is shorter than his original argument. Then there follows Szegd’s older method
as applied to (b’).

12.1. Results

(1) Let @ denote the class of functions f(6) = 0, defined and measurable in
[— &, +7], for which the integrals

+r +r
(12.1.1) / f(6) as, / | log f(6) | 48
exist with the first integral supposed positive. With such a function f(§) we
associated in §10.2 a uniquely determined analytic function D(f; 2z) = D(2),
regular and nonzero for | z | < 1 with D(0) > 0. The conditions for the class G
imply the existence of the “geometric mean” ®&(f) = {D(0)}* of f(9).
296
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THEOREM 12.1.1 (Asymptotic formula for the polynomials orthogonal on the
unit circle, considered for z exterior to the unit circle).. Let f(8), belonging to the
class G, be a weight function on the unit circle z = e”. If {$a(2)} denotes the

corresponding orthonormal set of polynomials, then in the exterior of the unit circle
(12.1.2) $a(2) = 2" {D(EH} 7, |z > 1.
This holds uniformly for |z| = B > 1.

TrEOREM 12.1.2 (Asymptotic formula for the polynomials orthogonal on the
segment [—1, +1], considered for = exterior to this segment). Let w(z) be a
wetght function on the interval —1 £ x < 41 such that w(cos 6) | sin 6 | = f(6)
belongs to the class G.  If D(f;z) = D(z) denotes the analytic function corresponding
to f(6) in the sense mentioned, the orthonormal polynomials {p.(x)}, associated with
w(z), possess the asymptotic formula

(12.1.3) pa(z) = (2n) 2" (DT

Here x 1s tn the complex plane cut along the real segment [—1, +1], and z =
Lz + 27", where | z| > 1. Formula (12.1.3) holds uniformly for |z| = R > 1.

(2) In order to obtain the deeper asymptotic formulas valid on | /| = 1 and
on —1 < z £ +1, respectively, we must impose certain further restrictions on

f(8) and w(z).

TueoreM 12.1.3 (Asymptotic formula for the polynomials orthogonal on the
unit circle, considered for z on the unit circle). Let f(8) be a positive weight
function on the unit circle, which satisfies the Lipschitz-Dint condition

(12.1.4) | 7(6 + 8) — 7(6) | < L |loga| ™7,

where L and X are fized positive numbers. Then we have, for |z | = 1,
(12.1.5) $u(2) = 2" (D)7 + ) = 2 {DE)} T + eala),
where M , . €,(2) = 0, uniformly for | z| = 1. More precisely,
(12.1.6) | e.(2) | < Cllog n)™;

the positive constant C depends on L, \, and the minimum and mazimum of f(8).

TueoreM 12.1.4 (Asymptotic formula for the polynomials orthogonal on the
segment [—1, +1], considered for z on this segment). Let w(z) be a weight
function on the interval -1 = z < +1, z = cos 8, such that the function
w(cos §) | sin 6 | = f(8) satisfies the conditions of Theorem 12.1.3. Putting

(12.1.7) sgn D(e®) = lD(e") "D = 7O
we have uniformly on the segment —1 < 2 = +1or0 =0 = 7, 2 = cos ¥,

(12.1.8) (1 — 2w @) palz) = (2/7) cos {n6 + v(6)} + O{(log n)™}.
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The constant factor in the O-term depends only on L, N\, and the minimum and
mazximum of f(6).

(3) Finally, we prove two theorems similar to Theorems 12.1.3 and 12.1.4
under conditions possessing a kind of ““local”’ character.

TrEOREM 12.1.5 (Asymptotic formula for the polynomials orthogonal on the
unit circle for | z | = 1, and with weight function subject to a “local” condition).
Let f(8) satisfy the conditions of Theorem 10.4.1. Then (12.1.5) holds for z = a =

x

e'®, wn the less informative form
(12.1.9) ¢a(a) = a"{D(@)} " + e, €n — 0.

From this we obtain the following theorem of “local’’ character, which cor-
responds to Theorem 12.1.4:

THEOREM 12.1.6 (Asymptotic formula for the polynomials orthogonal on the
segment [—1, +1] for z on this segment, and with weight function restricted
by a “local” condition). Let w(z) be integrable in Riemann’s sense, and let it
have the form

(12.1.10)  w(x) =t@) |z — 2 ||z — 2| - |z — x|,
where ) < A = i(z) S Bjand -1 2z << - <,y =1,7,>0,v=1

= 3

2,
oo, 1% Further let w(x) be differentiable at the fized potnt x = £, where —1 < ¢

<+l andt=z,,v=12 ... 1 and let
12.1.11 w(z) — wE) — (z — Hw'¢)
( ) (x — §)?

be bounded if x ©s near to &.
Then (12.1.8) holds in the less informative form

1 — 'w®) pa®) = 2/7) cos {na + y(@)} + e,

E=cose, 0 <a<mlime =0,

n == 00

(12.1.12)

where y(a) has the same meaning as in (12.1.7).

12.2. Remarks

(1) Theorems 12.1.2) 12.1.4, and 12.1.6 follow readily from 12.1.1, 12.1.3,
and 12.1.5, respectively. We observe that D(z) = D(z) in (12.1.3); that is,
D(?) is in this case a “real”’ function.

In Theorems 12.1.3-12.1.6 the function D(z) has boundary values at the point
considered (in Theorems 12.1.3 and 12.1.4 even continuous boundary values
on the whole unit circle |2| = 1). This follows from the considerations of
Chapter X.

The important function y(6), defined by (12.1.7), is completely determined

8 For z; = —1 it suffices to assume 7, = —1/2; similarly for z; = +1.
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save for an integral multiple of 2=. If we choose (see (10.3.9))

1 +x 0 — ¢t
(12.2.1) v(6) == | [log f(t) — log f(8)] cot 5 dt,

then () is continuous. In the cases occurring in Theorems 12.1.4 and 12.1.6,
v(6) can easily be expressed in terms of the weight function w(z). Let

(12.2.2) f(8) = w(cos §) | sin 8| = W(cos 6).
From (10.3.9) we obtain (see S. Bernstein 2, p. 132),

+x
v(0) = 4% f {log W(cos t) — log W(cos 8)} cot ‘?_g__t dt

_1 /7 _ 0 —t 0+t
= 4W£ {log W(cos t) — log W(cos 9)} {cot —5 + cot ——2——} dt

(12.2.3)

- L / {log W(cos t) — log W(cos 8)} __snfé di
27 Jo cosi — cosf

i — log N
= %r /_1 log W(E)g - iot, W(z) <11 - §2> i, o — cos .
In this case
(12.2.9) v(—8) = —v(6).
For the functions {(f(6))'¢.(2)}, 2 = ¢*, » = 0, 1, 2, ..., which form an

orthonormal system in the usual sense (see the Definition in §11.1 (2)), we
obtain from (12.1.5) the simple asymptotic expression 2”@ = ¢'("+7®}

(2) Theorem 12.1.1 is a direct consequence of Theorem 12.1.3 provided con-
dition (12.1.4) is satisfied. Infact, the function z "¢.(2) — {D(z™")} " is regular
for | z| > 1 and continuous for | 2| = 1. In this special case, (12.1.2) follows
in the more informative form

(12.2.5) 2 "¢a(2) = (D)} + Of(log n) ™},

uniformly for [z | = 1.
(3) Concerning Theorems 12.1.1 and 12.1.2, see Szeg6 6. Under more re-
strictive conditions than those in Theorem 12.1.2, Faber (4) proved

(12.2.6) lim | pa(z) V" = | 2], 2| > 1.

This less informative statement suffices for various applications, for instance,
for the purposes of §12.7 (2) and (3). Theorem 12.1.3 is new, while 12.1.4 is
due to S. Bernstein (2). The proofs of Theorems 12.1.3 and 12.1.4, given in
§12.4 and 12.5 (2), respectively, are based essentially on an idea of S. Bernstein,
used in his original proof, and on another idea similar to that used in connection
with the method of Liouville-Stekloff (§8.61). As mentioned, this arrange-
ment seems to be simpler than S. Bernstein’s original line of argument. The-
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orem 12.1.5, and Theorem 12.1.6 which is its consequence, are due to Szego (8).
The conditions required in the present treatment are slightly more general than
those in the paper just cited.

S. Bernstein assumes (2, p. 132, (18))

| W(z+6) — W) | <L|logs| ™ —-1Szs+1, -15z+06s +1,
instead of (12.1.4). These conditions are, however, equivalent since

log {|cos 6; — cos 6, |}
log {61 — 62}

is bounded from 0 and o« if 8, and 6, are arbitrary in [0, z], | 6, — 8 | < 3.%

12.3. Proof of Theorem 12.1.1; applications

(1) Before we proceed to this proof, let us consider the special case f(8) =
{g(6)} ™", where g(8) is a positive trigonometric polynomial of degree m. Let
h(z) have the same meaning as in §10.2 (1). According to the second formula
in (10.2.12) we have D(f;z) = {h(2)}™". On the other hand, by (11.2.2)

(12.3.1) ¢a(2) = 2"h(z) = 2" {D(™H}7, n = m.

The limit relation (12.1.2) can therefore be replaced by one of equality in this case
provided n Z m.

(2) Now let f(6) again be an arbitrary function satisfying the conditions of
Theorem 12.1.1. Let p(2) = 2" 4+ 2" 4 ... + a. be an arbitrary =, with
the highest term 2". According to Theorem 11.1.2, the minimum g, (f) of

1 [ 2 i
(12.3.2) 5 | f0) | p(2)]|" do, z=¢e",
is k. %, attained for p(2) = &, 'pn(2).

LeEmMMA. Let f(8) satisfy the conditions of Theorem 12.1.1, and let u.(f) have
the previous meaning. Then

(12.3.3) m u.(f) = &),

where ®(f) is the “geometric mean’ of £(6).%

If p(2) 1s any one of the polynomials considered, then zp(2) is a wn;1 Wwith the
highest term 2™, and |2p(2) |* = | p() |*if 2 = ¢*. Thus pan(f) £ w(f).
(This follows also from (11.3.6).) Conscquently, lim, . u.(f) = u(f) exists,
and u(f) = 0. We must show that u(f) = &(). '

(3) Using the inequality for the arithmetic and geometric means, we have

(]
forz = €%,

60 If ] 6 — 02] = §, § £ v/2,is given, the maximum and minimum of ]cos 6, — cos Gzl
are 2 sin (6/2) and 2 sin? (5/2), respectively.
61 Cf. §10.2.
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+

+r r
5 [ 10 100 Pas 2 60 exp L [ rog oo a0}

-—r

(12.3.4) e
= B exp {Zr [Teslrer da} 2 6() [0 [ = 6,

according to Jensen’s theorem (see, for example, Titchmarsh 1, p. 125). There-
fore, l‘n(f) = ®(f): and /‘(f). = ®(f)

On the other hand, let T(6) be a non-negative trigonometric polynomial of
degree k, not vanishing identically, and let T(6) = | P(e) | * be the correspond-
ing normalized representation in the sense of Theorem 1.2.2. Then &(T) =
{P(0)}>. The highest coefficient of {P(0)} "P*(z) is 1, so that

+
G) < ) S ) < o | 0| (PO)P*) de
(12.3.5) o
- {@(T)r‘%r | 1016 ds, —_—
By Weierstrass’ theorem, the inequality
. +
(12.3.6) O < uh S (BMDI7" 5 | [OTEO)ds

holds for an.arbitrary positive and continuous function 7'(4) which has the period
27. For the special case in which f(6) is positive and continuous, the lemma
follows from this by writing T(8) = {f(6)} ™"

(4) Now in the general case assume first f(§) = u > 0, and let ¢ be an arbi-
trary positive number. By Theorem 1.5.3; we can find a trigonometric poly-
nomial ¢(8) such that ¢(8) = p and

+
(12.3.7) —2—1;-'_ /; | f(6) — ¢(8) |do < e.

s

We then have

(12.3.8) log ¢(6) — log f(8) < w™' [(6) — f(6) [;
hence G(¢) < G(f)e" . In (12.3.6) we write T(6) = {¢(8)}". Then

- 1 +r

-r

+r
(12.3.9) |2i7r | 1076 a0 - 1‘ < u 116) — 60) | do < u”%,

so that

(12.3.10) () = () = G A + v le);

whence, since ¢ is arbitrary, u(f) = &(f).
In the general case we use the obvious inequality u(f) £ u(f + ¢ =

& + ¢, e > 0, from which u(f) = &(f) follows again. This establishes the
proof of the lemma.
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(5) For the proof of Theorem 12.1.1 let us now consider the functjon
(123.11)  D@¢n(z) — 1 = [DO)ks — 1] + duz + dgt® + ...
which is regular for [2| < 1. If r < 1, we have
1 [ NP » 1 [ TRV
5 / | D(re¢™)pn(re”) — 1°dg = 7 / | D(re”) |* | én(re”) |*db
(12.3.12) o .
+1— 2% {51; D(re”)pn(re’) df)}.

—

The third term is evidently —2R[D(0)¢n(0)] = —2D(0)kn. Asr — 1 — 0,
we obtain, by use of (10.2.9),

r—»1-.0 27!' —r

+" . . +” .
lim & [ | DGe®ek(re™ — 17ds — % / £6) 1%(™) [Pd8 + 1 — 2D(O)x,

1 [* ”
=5 /_r fO) | ¢a(e”) °d8 + 1 — 2D(O0)kn = 2 — 2D(0)xs
2 — 2{8(N (N

or in another form,
| DO)n = 1P 4 [dua [ + [ du [P + [ dog [P+ - -
=2 — 2{6(N)} ()}

In consequence of Cauchy’s inequality this yields, for |z| < 1,

(12.3.13)

2
,dﬂlz+dn232+dn3z3+ |2§ (Idnl]2+ldn2|2+ Idn3|2+ )1 l—z[lZ[z

(12.3.14)
|2 [*

1 — 1212[2 - 2{®<f>}§{#n<f)}_é],

<

The same is true for | D(O)k, — 1|°. Theorem 12.1.1 now follows at once
from (12.3.11).

(6) As an application we calculate the limits occurring in Theorem 11.3.3.
The second limit in (11.3.12) is given by (12.1.2); the special case z = o yields

and as n — «, the last expression tends to 0 uniformly in z for lz| = r < 1.

(12.3.15)  lim x = lim lim {7 ¢.(2)} = (D(0)} * = (&)},

n—>0 Nn—>00 20

The same formula (12.1.2) furnishes, for |z | < 1,

(12.3.16) im ¢rii(e) = lim 2" Gz = (D))

n-—>0 n—>o0

and a similar formula holds for ¢n.,(a), la| < 1. Since ¢npi(a) — 0 and
¢n1(2) — 0 (see (11.3.13)), we have from (11.4.5)
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. S 1 1 1
(12.3.17) lim s.(a,2) = 2_ $.(@)¢(2) = — ,
n—sw ( v=0 ) 1 — az D(a) D(2)
For instance,
o 1 1
2' . ’ v 2 =
(12.3.18) ;hﬂdl =2} (DO l2] < 1,
and in particular (see (11.3.6))
Dn_l 1 1

(12319 Z16OF = lim & = lim =" = iy = s

From the last equation (12.3.15) follows again.
12.4. Proof of Theorem 12.1.3

(1) Let g(6) be a positive trigonometric polynomial of degree m, determined
as in §10.3 (3), and let D(g; z2) = h(2), as there, so that D(g™"; 2) = {h(z)} "
Let {yn(2)} be the orthonormal set of polynom1als associated with the weight
function {g(6)} ' on the unit circle. We have, by Theorem 11. 2,

(12.4.1) ¥al2) = 2"h(z ), n = m.

In close relationship with an idea of S. Bernstein (2, p. 158, (75)), we shall
now express the polynomial ¢.(z), associated with f(8), in terms of the poly-
nomials ¥,(z), corresponding to {g(6)} ™

i@ = 2 et = andinl®) + o +"{g<z>r‘¢m<c>{:"§ m¢,<z>}dz

+x -
(242 = antal® + 5 [ 1001 = 1010 S 5OW b
+o ] f<‘>¢m<f>{2¢ (I)%(t)}dt _

The last term vanlshes because of the orthogonality of ¢,.(2).
Let «,, and «,, = h(O) be the hlghest coefficients of ¢..(2) and ¥..(2), respec-
tively; then a,, = k&' = K, [h(0)}™". Furthermore, by §12.3 (2), we have

(DO = 60) 5 mlD) = 67 £ o= [ 10) | 1HO} 1) o

+x
= {h(())}_22i7r' /_, | D(2)h(z) |* d8, z =¢";

and because of (10.3.12) this equals
{R(0)}*{1 + Ol(log m)™)} = {D(0)}* + O[(log m)™],
so that

(12.4.3) &k = {DO)}™ + Ollog m)™),  am = 1 + O[(log m)™].
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(2) We shall next try to find a bound for
(12.4.4) max |¢.(2) | = M = M(m).
Jz|=1

Using (10.3.11), we find from (12.4.2) that

m—1

20 (2)

y=0

(12.4.5) M =< 0(1) + O[(log m)™"]- M -max /‘H

|z]=1 J—=x

dt, ¢ = e,

Because of (11.4.5), the sum under the integral sign can be represented in
the form

(12.4.6) ; W) = h(s“)h(z)l—_ h;z(f)h*(z)

We now show that
(12.4.7) / +" h(f)h(z)l—_ i;*(()h*(z)

uniformly in z for | 2| = 1. Indeed, the numerator is a ., in z, which vanishes
forz = ¢.  Therefore, the theorem of S. Bernstein (see M. Riesz 1, especially p.
357) furmshes O(m) for the integrand. Thus the contrlbutlon of the arc|¢ — z|
< m " is O(1), while the complementary arc | { — z| > m~ ! supplies

dt
lt—zi>m—1 |1 — Fz]

Returning to (12.4.5), we obtain
M = 0(1) + O[(log m)™"|M,

so that M = O(1). Hence, in view of (12.4.3), (12.4.1), (10.3.11), and (12.4.7),
equation (12.4.2) yields

(12.4.8) ¢n(z) = {1 + Ol(log m)™1}2"k(z™") + O[(log m)™""JO(1)0(log m).

The assertion of Theorem 12.1.3 now follows because of (10.3.12). The con-
stants of all O-terms of this section depend only on L, \, and the minimum
and maximum of f(6).

= O(log m), c=é"

0(1) = O(log m).

12.5. Asymptotic formulas for the polynomials on a finite segment; proof
of Theorems 12.1.2 and 12.1.4

Theorems 12.1.2 and 12.1.4 follow from Theorems 12.1.1 and 12.1.3, respec-
tively, almost immediately by using (11.5.2). It suffices to use the first formula.
(1) If z and 2z have the same meaning as in Theorem 12.1.2, we have
lim 2% ¢oa(2) = {D(z7)} 7" lim ¢g.(z7") = 0;

n—> 0 N—» 00

lim ¢2,(0) = 0; lim xg, = « > 0.

n—+o0 n-—»0

(12.5.1)
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Here we took into account (12.1.2), (11.3.13), and (11.3.12). If (11.5.2) is
taken into consideration, this establishes Theorem 12.1.2.

(2) For the proof of Theorem 12.1.4, let n be an arbitrary integer, m = n — 1,
and let g(8), as well as h(z), be determined as in §10.3 (3). Then by (12.1.5)
and (12.1.6),

1 +r 1 +r n N ~
$a(0) = o= | du(2)do = — | 2"[{D()}™ — h(z)]d8
27 J—» 21 |
(12.5.2)

+x

+ 1 Z"h(2) d6 + Ol(log n)™], 2z = ¢”.
27

The first integral on the right is O[(log n)™], while the second vanishes, since
h(2) is a m,_1. Therefore,
(12.5.3) ¢.(0) = O[(log n)™"].
The sequence {xz,} is bounded from 0 (k2 = | $o(0) |* = {max f(6)} 7", accord-
ing to (11.3.6)), so that
Pa(2) = (2m)7{1 + Ollog )™} 2R {"(DE]™ + Ol(log n)™])
(12.5.4) = 2/m' | D(") | cos {nd + v(6)} + Ol(log m)™,

0
r = cos b,z =¢",

which is identical with (12.1.8). The assertion concerning the constant of the
O-term 1s immediate.
The same result is obtained from the second formula in (11.5.2).

12.6. The asymptotic problem under “local” conditions ; proof
of Theorems 12.1.5 and 12.1.6

In this section essential use is made of the approximations given in Theorems
10.4.4 and 10.4.5.
(1) First the following problem will be considered:

ProBuEM. Let N, u, and a be arbitrary complex numbers, and let f(8) be an
arbitrary weight function on the unit circle. We intend to determine the mazi-
mum of

(12.6.1) | Ao(0) + wp(a) I,

when p(2) ranges over the set of all =, which satisfy the condition

+r )
(12.6.2) 51; £0) |o() Pdo = 1, )

Concerning the special case A = 0, ¢ = 1, see §11.3.
We write

p(2) = uspo(2) + w1 (2) + - -« + uspn(2),
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where {¢.(2)} is the orthonormal set associated with f(6). Then D", | u, |*
= 1, and with the notation of (11.3.3), according to Cauchy’s inequality,

(12.63) [ 2O + wola) [ = Z:;u»{x¢y<0>+u¢y<a>} §§|X¢u(0)+#¢y(a) §

= | A 500, 0) + 2R {Aus.(0, @)} + |u Ps.(a, a).

The cxpression in the right-hand member is the desired maximum.

(2) For clarity we now write s.(f; @, 2) instead of s,(a, z) and use an analogous
notation for the orthonormal polynomials ¢,(z) = ¢.(f; ), associated with f(8),
and their highest coefficients k. = x.(f). Then the preceding solution of the

maximum problem shows immediately that for the functions f1(0), f(6), f2(6) of
Theorem 10.4.4,

[N sa(fi0,0) 4+ 2R {Nusa(fi 50, @)} + |1 Psalfy; @, @)
(12.6.4) 2 [N [*sa(f;0,0) + 2R {Musa(f; 0, @)} + | u [sa(f; a, a)
2 [\ [F8a(f2;0,0) + 2R{Xusa(f2; 0, @)} + | u [Psa(f2 ; g, a).

In particular, we have for arbitrary a
(12.6.5) $a(f158,a) = s.(f; 0, a) = s.(f2; a, a).
Furthermore, we find
[ 8n(f;0, @) = sa(2;0,0) [
(12.6.6) = (8.(£50,0) — 8(f2; 0, 0)}Hsa(f; @, @) — 8a(f2 ; @, @)}

= {'Sﬂ<fl 707 0) - Sﬂ<f2 70; 0>}{Sﬂ<fl ) @, a) - Sﬂ<f2 y @, a’>}
Then, by virtue of (11.3.5) and (11.3.6),

| ka(f)ébn (f; @) — kalf)dn (fa ; @) [
= [l = kel (30(f1 5 @, @) — 80(f2 ; @, @)}

Here ¢. denotes the polynomial reciprocal to ¢,. 1f | a | = 1, the same
inequality holds for ¢, , that is

I k()P (f; @) — ka(f2)on(f2 ; @) |2
(12.6.7) . .
= k(] — (D} sa(f1 5 @, @) — sa(fe ;s a, @)}
Now, if n is sufficiently large,
(12.6.8) $n(f2; @) = a"{D(fz;a)} "
(see Theorem 11.2). Next, according to (12.3.15),

(12.6.9) lim k.(f) = (&)} = exp{—zl;r/_‘ " log f(6) dO};

n—0 x
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and similar relations hold for f1, fo. By Theorem 10.4.4,
(O — (®(f))

= exp {—51; /_ ”” log £2(6) dO}{exp <%r /_ :”'[Ingz(O) - 10gf1(0)]d0> - 1}

< {OWN} ™ - D.

Thus
3 2
Iiril_’s;xp éa(f; a) — {(%(%))} " {D(fz;a)} ™

< (" — 1) lim sup {s.(f: @, @) — s.(fa; q, @)},

n-—>00

or (see Theorem 10.4.4)

lim sup | n(f; @) — a"{D(f; @)} "
(12.6.100
<€ 4 (¢ — 1) lim sup {s.(f1; @, a) — s.(fa; a, @)},

n—rQ
where ¢’ is arbitrarily small with . This reduces the proof of the statement to
the discussion of the difference
Sﬂ(fl ) @, a) - Sﬂ<f2 ) @, a)'

(3) Let us use the abbreviation D(f3'; z) = h(z). We find from (11.4.5)
and Theorem 11.2 that

R(a)h(z) — (az)" " R(a@)h(z")

(12.6.11) sn(f2;a,2) =
1 — az

provided n exceeds the degree of {f(6) 7' = g2(6); consequently using I'Hospi-
tal’s rule, a = €', we obtain

sa(fa;0,0) = (n + 1) |k(a) |* — 2R{ak(a)}'(a)}

(12.6.11") e
{fz(a)}_l{n + 1 + 2% [“ %%‘3}}

(4) The discussion of s.(fi; a, a) is slightly more complicated. From
(10.4.24) 1t follows that '

(12.6.12)  D(fi;2) = D(gi; 2){(1 — 52)(1 — 22) --- (1 = Z2)}%
Now let p(2) range over the set of the =, satisfying the condition

+r )
(12.6.13) %r £160) | 0(2) Pdo = 1, 2= e

which can be written in the form
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1 +x

(126 14) 57; . {g1<0>}_ll {(1 - 212><1 - Z2Z) cee (1 _212)}v/2p<z) I2d0 _ 1’

z=¢".
Therefore, by Theorem 11.3.1, if ' = 41/2,
swrn(gi' 0, 0) Z max | (1 — 20)(1 — 5a) -~ (1 — 2a) |" | p(a) |
=|(1 - 2a)1 - za) --- (1 — za) |s.(f1 ; a, a).
Making use of the previous result, we find that

sao(fi;a,0) £ (1 —2a)Q — 2a) -+ (1 — Za) ™

(12.6.15)

: ' g1 ;@)

ot 1+ D)

provided n + I’ exceeds the degree of ¢,(6). Now from (12.6.12) we have
LW _ DiGa) oy —a

D(git;a) D(fiza) 25 1-=3za’

2m[a%H] _ 2*[“%7“))] e

Consequently, the important inequality

(12.6.17)

. -1 D'(f:; a)
(12.6.18) sn(f1;0,0) £ {fi(e)} {n + 1+ 2R [a m]}

holds provided n is sufficiently large. Since fi(a) = fa(a) = f(a), we have

lim sup {s.(f1; @, a) — s.(f2; a, a)}

o (s DU _ Do)
s {o Gl - o B

D'(fi;a) _ D'(fy; a)
D(fi;a)  D(fs;a)

But this expression is arbitrarily small with e, which establishes the proof of
Theorem 12.1.5.
(6) Under the assumptions of Theorem 12.1.6, the function

(12.6.20) f(8) = w(cos ) |sin 8 |

satisfies the conditions of Theorem 12.1.5 or of Theorem 10.4.1. Indeed, we
have, if 2, = c0s 8,,0 < §, < =, ¢ = ¢,

lIA

(12.6.19)

< 2{f()}™

l
fO = 277 T  eos 0) | — 1) I 2 — e = B0,
(12.6.21) v=1
g = e“o;
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whence
(12.6.22) $(6) = 27T T Y (eos 6).

We also observe that f(6) is differentiable at 6 = « and that the ratio (10.4.2)
is bounded near 6 =

As in §12.5, we use Theorem 11.5, particularly the first formula in (11.5.2),
and find that ke, = x2,.(f) tends to a positive limit and lim,_,« ¢:.(0) = 0. Thus

Pa(t) = palcos @) = /M1 + &} R {D(F;a)} Y], lime, = 0.

n—0

By use of the function y(«) discussed in §12.2 (1) we obtain

Ria"{(D(F:a)} '] = | D(f; @) |7 R{ae "} = {f(@)}7! cos {na + v(a)}.

This establishes Theorem 12.1.6.
The validity of the asymptotic formula (12.1.9) has been extended lately

by G. Freud (3).
12.7. Applications

(1) By means of Theorem 12.1.2 we can readily derive certain asymptotic
formulas for the highest coefficients of the orthonormal polynomials {p.(z)}.

TuroreM 12.7.1. Let w(x) be a werght function on the interval —1 <z < 41,
satisfying the conditions of Theorem 12.1.2, and let

(12.7.1) (@) = knox” + k2" + k2" P+ .-, =012 ...,
be the associated orthonormal system. Then asn — o,
" 1 [ dz
(12.7.2) kno= 72" exp {—:‘2—7; /—‘1 log w(x) 2)}}
and

by o — 7 12" /+l z log w(x) _dz
- -1 (1 — z®)t

-exp {—517-; _/—1 log w(x)( E 2)*}

Concerning these formulas, see Shohat 2, p. 577. If the right-hand member
of (12.7.3) vanishes, we read (12.7.3) as follows: lim,— 0 2™ "k, = 0. There is no
difficulty in deriving corresponding formulas for the later coefficients k,, , » fixed.
(See Problems 54, 55, 56.) From (12.7.2) we readily derive an asymptotic

(12.7.3)

formula for D,/D,_,, where D,-is the determinant of Hankel’s type defined |

by (2.2.7) (see (2.2.15)). The first asymptotic investigation of these deter-
minants is due to Szegé (1, p. 517). The coefficient k., was denoted by k. in
Chapter II (see (2.2.15)).

The proof follows immediately from (12.1.3). If

D(Z) =do+d12+d222+---,

we have
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L=+ CO

Y AN
lim 2"" <1 + (12 - ) > (knO + knlx_l + k,,gx_2 + . -)
= e Mo+ dit + )7 = (207 (do‘l - %r + - >
0

Now we use Titchmarsh 1, p. 95 and (10.2.10). We note that on account of
the mean-value theorem of Gauss,
)

+r ¥ -+ 2

exp{—‘f—~7r /ﬂ log IsinOIdO} = exp {—Zl;-r /_" log{!__éf,
= _1 1 _ of 18

_exp< 210g§>_2, z=c .

Combining Theorem 12.7.1 with the formulas (3.2.2), we obtain for the
coefficients 4, , C, of the recurrence formula (3.2.1),

(12.7.4) lim A, = 2,  lim C, = 1,

n— 0 n—o0

provided the conditions of Theorem 12.7.1 are satisfied. If we compare the
terms with " in (3.2.1), we obtain

knO <knl kn—-l l>
12.7.5 B, = — | — /).
( ) . kn—-l.O knO kn-~l,0
Thus, under the same conditions,
(12.7.6) lim B, = 0.

The formulas (12.7.4) and (12.7.6) are noteworthy from the point of view
of a classical theorem of Poincaré on recurrence formulas (see Blumenthal 1,
p. 16).

(2) For the further applications we need only the lessinformative form (12.2.6)
of our asymptotic formula.

TuaeoreMm 12.7.2 (Distribution of the zeros). Let the weight function w(x)
satisfy the conditions of Theorem 12.1.2, and let

(1277) Tin , Ton , -+ Tnn

.
)

denote the zeros of the orthogonal polynomzal p.(x). Letz,, = cosb,,,0 < 8,, < 7.
If F(8) is an arbitrary Riemann-integrable function, we have

(1278) lim F<01n) + F<02n) + Tt + F<0nn) _ 7T_l AV”F(O) de.

n—o0 n

Using the terminology of Weyl, we say that the values {6,,} are equally
distributed in the interval [0, =] (see Poélya-Szego 1, vol. 1, p. 70). This
result is proved under slightly more restrictive conditions by Szego (1, p. 531).
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It is rather remarkable that the asymptotic nature of the distribution is inde-
pendent of the weight function. As a consequence of (12.7.8) we obtain the
following result: Let [a, b] be a subinterval of [—1, 4+1], and let a = cos a,
b=cosB,r=a>p=20 IfN = N(n,a,b) denotes the number of the zeros
of pa(x) in the interval [a, b), we have

(12.7.9) lim V(8,0 _2—8

n—o0 n T

Thus the ‘“density” of the zeros z,, towards the end-points of the interval
[—1, 41] becomes large.

For the proof of Theorem 12.7.2 we write (12.2.6) in the following form (see
(12.7.2)):

Tyn

lim n" {log | pa(z) | — log | kmz"|} = lim n™* 2. log’l -

n—» 00 n—0 y=]
(12.7.10) z ‘ o / i l cos 8
95| =7 ) o8|l ——-

Here |z | > 1. The last formula follows from Gauss’s mean-value theorem,
since

= log

‘1__§+§‘”’=ig—z)<§—2}

10
= ln
2 + 2 %z | £ =]zl >

Thus,

(127.11) lim 27" 25 R<log (1 — cos O )4 _ 7! Jt{log{ 1 — cos 6 ds,
z x
n—»00 y=1 0

so that (see Titchmarsh 1, p. 95)

(12.7.12) lim n™" Y (cos 8,,)* = 7—1/‘ (cos 6)" d8, k=0,1,2,---.
n— 0 y=] 0
This establishes the statement (see Pélya-Szego 1, loc. cit.).

(3) Further applications are the following theorems:

Tueorem 12.7.3 (Expansion of an analytic function in terms of orthogonal
polynomials). Let the weight function w(x) satisfy the conditions of Theorem
12.1.2, and let {p.(z)} be the associated orthonormal system of polynomials. Let
f(x) be an analytic function regular on the segment [—1, +1], and let

f@) ~ fopo(z) + fim(x) + -+ + fapalz) + -+,

(12.7.13) +1
" /;1 f(x)p,,(x)w(x) dx: n =0, 1) 2) Yy

be its Fourier expansion. Let R be the sum of the semi-axes of the largest ellipse
with foct at =1 in the interior of which f(z) is regular. Then the Fourier expan-
ston (12.7.13) s convergent (with the sum f(x)) in the interior and divergent in
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the exterior of this ellipse. The convergence is uniform on every tlosed set lying
in the interior of the ellipse. Moreover
(12.7.14) lim inf |f. 7" = R.

TrEOREM 12.7.4.  Let the weight function w(x) satisfy the conditions of Theorem
12.1.2, and let

(12.7.15) Jfopo(x) + fipi(x) + fope(x) + -+ + fapa(@) + - -

be an infinite serves proceeding in terms of the orthonormal polynomials pn(x)
associated with w(x). Let

(12.7.16) lim inf |f.|™" = R.

Then the series (12.7.15) vs convergent in the interior of the ellipse with foci at +1,
whose semi-axes have the sum R; it s divergent in the exterior of this ellipse. The
series represents an analytic function which ts regular in the interior of the ellipse

and has at least one singular point on the ellipse itself. The expansion assoctated
with this function ts identical with (12.7.15).

Thus the “‘ellipse of regularity’’ coincides with the “ellipse of convergence”;
(12.7.14) and (12.7.16) are the analogues of the Cauchy-Hadamard formula (see
(9.1.4)). Concerning these theorems, see Szegé 1, p. 538; 6, p. 193. Theorem
12.7.4 must be modified in an obvious way if R £ 1,orif R = .

As a consequence of (12.2.6), we see that the domain of convergence of series
of type (12.7.15) is always an ellipse | z| = const. To prove Theorem 12.7.3,
we use Theorem 1.3.5. We can find a m,_;, say p(z), such that

(12.7.17) /@) — p(2) | < MR + o™
Here ¢ > 0 is arbitrarily small, and M = M(e) is independent of n. Thus,

+1 +1
fn = /_1 f@)pn(@)w(z) dov = /_ (@) — p(x)}pr(z)w(z) dz,

1

so that
+1 +1

nF S @+ 0" [ ) ute) do [ wte)
whence lim sUp_w |fo|"* £ R™'. This furnishes the statement of Theorem
12.7.3 concerning the convergence. Now the last relation must be an equality,
for otherwise, the expansion would be uniformly convergent in the interior of
an ellipse larger than that of the ellipse of regularity, and f(z) would be regu-
lar therein. This argument also furnishes the divergence in the exterior of the
ellipse of regularity.

Theorem 12.7.4 can also be established without difficulty. It is quite re-
markable that the domain of convergence of expansions of type (12.7.13) and
(12.7.15) is independent of the weight function w(z) (compare Theorem 9.1.1).




CHAPTER XIII

EXPANSION PROBLEMS ASSOCIATED WITH GENERAL
ORTHOGONAL POLYNOMIALS

We shall now prove four theorems of the equiconvergent type in the sense
of Chapter IX (see the introduction). Two of them, Theorems 13.1.2 and
13.1.4, deal with expansions of a preassigned function on a finite segment in
terms of polynomials orthogonal on this segment. The other two Theorems,
13.1.1 and 13.1.3, are concerned with the expansion of the boundary values of
an analytic function, regular in the interior of the unit circle, |z2| < 1, in
terms of polynomials orthogonal on the unit circle. In all cases the expangions
in question are compared with trigonometric and power series expansions, and
the weight functions are subject to conditions similar to those in the asymptotic
theorems of Chapter XII. The function developed is very general and merely
satisfies certain integrability conditions.

The basic idea of the method used in the proof of Theorems 13.1.1 and
13.1.2 1s due to Szegod (see 9 where ‘only the case of a segment is considered).
Our present treatment of these theorems is slightly different from and more
general than in Szeg6 9. The two other theorems are new. It is noteworthy
that no direct use is made of the asymptotic results of the previous chapter.
The methods, however, are very closely related.

After having finished the manuscript, I came into possession of three im-
portant papers of Korous (3, 4, 5).

In 3, Korous deals with the expansion problem of Theorem 13.1.2. His con-
ditions are of “local” character but less restrictive than those of Theorem
13.1.2. Also, his method is entirely different from that used by Szeg¢ in 9 or
from that of the present treatment.

In 4 and 5, Korous proves two other equiconvergence theorems generalizing
the Laguerre series of Theorem 9.1.5.

13.1. Results and remarks

(1) TueorEM 13.1.1 (quiconvergence theorem on the unit circle |z | = 1
if the weight function is subject to “local”’ conditions). Let f(8) be a weight
function on the wunit circle which satisfies the conditions of Theorem 12.1.5
(= 10.4.1). Let F(z) be an analytic function regular in |z| < 1 and of the
class Hp (§10.1).

If sa(2) denotes the nth partial sum of the expansion of the boundary values
F(2), | 2| = 1, in terms of the orthonormal polynomials {¢.(2)} associated with
1(6), and of s.(2) ts the nth partial sum of the ordinary power series expansion of
F(z), we have

313
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(13.1.1) © lim {s.(a) — s.{a)} = 0.
Here a = ¢'® has the same meaning as tn Theorem 12.1.5.

THeorEM 13.1.2 (Equiconvergence theorem on a finite real segment if the
weight function is subject to “local’”’ conditions). Let w(z) be a weight functio’en
on the segment [—1, +1] subject to the conditions of Theorem 12.1.6. Let &(2)
be an arbitrary real-valued function, measurable in Lebesgue’s sense, for which
the tntegrals

(13.1.2) /_:rl {o(2))? w(z) da, /_:1 | o(@) | (1 — 2D dz

extst.

If s.(x) and s,(x) denote the nth partial sums of the expansions of ®(z) in terms
of the orthonormal polynomials {p.(x)} associated with w(zx) and of the Tchcbzchef
polynomials {cos no}, cos 6 = z, respcctwely, we have

(13.1.3) lim {s.(8) ~ s.(6)} =

n—oo

Here —1 < & < +1, and ¢ has the same meaning as tn Theorem 12.1.6.

It is remarkable that in both cases a wide class of expansions display the
same convergence behavior. The expansion into a series of cos n6 occurring
in Theorem 13.1.2, is, of course, the ordinary cosine expansion of ®(cos 6). A
comparison of s,(¢) with other special expansions can also be readily made.
In making such comparisons, existence of certain other integrals must be re-
quired. By the use of theorems thus obtained, the customary convergence
and summability theorems of the classical Fourier expansions can be easily
extended to the general expansions in question. Theorem 13:1.2 can be easily
extended to an arbitrary finite segment instead of the segment [—1, 41].

‘These theorems hold under the conditions of “local” character of Theorems
12.1.5 and 12.1.6.

(2) The following theorems correspond to the conditions of ‘‘S. Bernstein’s
type”’ occurring in Theorems 12.1.3 and 12.1.4.

Tueorem 13.1.3 (Equiconvergence theorem of S. Bernstein’s type on the
unit circle). Let £(6) be a weight function on the unit circle z = ¢* which satisfies
the conditions of Theorem 12.1.3 with X > 1. Let F(2) be an analytic function,
reqular and bounded for |z | < 1. Employing the same notation as tn Theorem
13.1.1, we have

(13.1.4) lim {s,(z) — s.(2)} = 0, lz] =1

uniformly in the whole closed unit circle |z | = 1

The function F(z) has integrable boundary values F(e™) (for almost all 8).
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TreoreM 13.1.4 (Equiconvergence theorem of S. Bernstein’s type on a finite
real segment). Let w(z) be a weight function on the interval —1 < z < +1,
x = cos 0, which satisfies the conditions of Theorem 12.1.4 with N\ > 1. Let
®(x) be an arbitrary bounded function, which is measugable in Lebesgue’s sense.
Employing the same notation as in Theorem 13.1.2, we have
(13.1.5) lim {s.(z) — s.(z)} = 0, ~1 <z <41,

uneformly in the interval [—1 + ¢, 1 — €, 0 < e < 1.
In the proofs of Theorems 13.1.3 and 13.1.4 essential use is made of Theorems
12.1.3 and 12.1.4, respectively.
13.2. A maximum problem on the unit circle

(1) Let f(6) and F(z) have the same meaning as in Theorem 13.1.1. We
write G(0) = (2r) "'f(8)F(e™), so that

(13.2.1) ﬁ 160 |do

L

1s convergent. In what follows we may vary f(6), but G(6) is supposed to'be a
fixed function for which (13.2.1) exists.

ProBLEM. Let N and p be arbitrary complex numbers, and let |a| = 1. We
intend to determine the mazximum of

+x 2 : R
(13.2.2) I)\p(a) + u f G0)p(z) do |, z = e“’,
for p(z) ranging over the set of all =, which satisfy the condition
1 i 2 10
(13.2.3) ‘—?;[_ FO) | p(2) |°do = 1, z=e".

Concerning the special case A = 1, u = 0, see §11.3. Compare also with §12.6
(1). We write again

(1324) p(Z) = u0¢0(z) + uld’l(z) + .- + un¢n(z))

where {$.(z)} has the usual meaning. Then 2 7~ |u |* = 1, and
‘ +x e 12 ’ n +r . ."2

o+ [ = 5w +u [ GWe w0

(13.2.5) | ‘

+ 2

n

<2

y=0

’ G—(ge)d’l'(z) dé

A, (a) + #/

bt 8

+0

= [N [Fsala, @) 4+ 2R {Nasa(a)) + |u " Ha, z =e"

Here, as in Theorem 13.1.1, s.(a) is the nth partial sum of the expansion of
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2rG(6) {f(6)} " in terms of the polynomials {¢.(z)}, and

n

+x
(13.2.6) H,=2, G0)s,(2) do

2
)
p=0 —x

The right-hand member of (13.2.5) is the maximum in question.

(2) For clearness, as in §12.6 (2), we now write s.(f; a, 2), s.(f; @), ¢.(f; a),
H.,(f) for the expressions involved in the previous considerations, which are
associated with the weight function f(8). We note that s,(f; a) is the nth
partial sum of the expansion of 2xG(8){f(6)}™" in terms of the polynomials
é-(f; 2) associated with f(6). We add that in all subsequent considerations,

even if f(6) is replaced by some other weight function, we shall keep the func-
tion G(6) used before.

Applying Theorem 10.4.4 again, we obtain
[\ Psalfi ;s a, @) + 2R (Masa(f 5 @)} + | o [*HA(f)

(13.2.7) 2 [N Psa(f; 0, @) + 20 Nas.(f; @)} + | w PHA)
2 [ [salfa s 0, @) + 2ROz 5 @)} + | PHA().

In particular, we have

(13.2.8) $a(fi5a, @) 2 s.(f; a,a) 2 s.(f25 @, ),

(13.2.9) H.(f)) =2 H(f) = Ho(f),

[$a(f;0) = salfo; @) [} S {HAf) — Hu(f)} 50([3 0, a) — su(f2 5 0, @)}

Hu(N{sa(f1 50, 0) = su(f2 5 0, @)}

13.3. Proof of Theorem 13.1.1

(1) Bessel’s inequality enables us to obtain

v

IIA

(13.2.10)

IIA

v +r o
1330  Hu) <2 /_ OOV o ds = & [ 1R f0) o
Whence (12.6.19) shows that
lim sup | s.(f; @) — s.(fo; @) |*
+r
1332 = :21; R P10 do-lim sup {s,(fi5 0, 0) = 5. @, @)}
1 tr 2,30y 12 . -1 Dl(fl}a) _ Dl(f23a)

The right-hand member is arbitrarily small with the positive number ¢ occurring
in Theorem 10.4.4. ‘

(2) Next we discuss the behavior of the partial sum s.(f; ; a) as n + .
As in §12.6 (3), we use the abbreviation D(f7'; 2) = h(z). We find that if n
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is sufficiently large (see (12.6.11)),
+x n+l 77y
sulfa; @) =/ G(O)sa(f; 2, @) d0=/ G(o)h(a)h(z> l(azzl ZOLION"
r - — az
(13.3.3) - Q)T — "
= 5 | 10rEMOE = @ TN gy e
mT j—7 1 — a2z
Comparing this latter expression with
_ n+l '
(13.3.4) sn(a) = — / Py L= 4 z = e
27 J_» 1 — az !
we obtain

sa(f2; @) — s.(@) = 517; /

(13.3.5)

*’ Pz )f(ﬂ)h(a)h(z) —1

— 1 — az

27

_Lﬁﬂmmwm?

The second integral approaches zero as n — o, since

(13.3.6)

has a limit at § = a.

JOr(a)h(z) — 1

1 —az !

do

( "y, z ="

The first integral can be written as follows:

) = 1ip 4 r@ﬂ”
1 — a2

[,

(13.3.7)

(13.3.8)

By virtue of Schwarz’s

47" lim sup | $.(fs; @)

n— o

fz(") h(a)Rz) do

= /_: I’(z)f(e) fz((?) h(a)h(z) do, z =%ei9.

since (see the remark at the end of §10.1)

/I I‘()l_h(a)/h(iz)d
|2 =1

inequality,

— s.(a) [

=[Tirara [T

" 4sin? b —c

+r +r _
= ™ [ 1r@ e [TEOSO

T

< {4 f(2) }7 max f3(6)

. -
sin? ——

2

J—T

= 0.

LEO SOV )00y o

— log f(6) 2o

o ]F(z)]2 46 /J”r log f,(6)

sin? ——

2
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Combining this result with (13.3.2), we find lim sup._. | $.(f; @) —— sa(a) |
to be arbitrarily small with the positive number € occurring in Theorem 10.4.4.
This establishes the statement.

13.4. A special case of Theorem 13.1.2

(1) In this section we consider the special case
(13.4.1) wiz) = (1 — ) Hp(2)} 7,

where p(z) is a m; which is positive in the interval [—1, 4+1]. The corresﬁ)onding
orthogonal polynomials (for 2n > I) have been calculated in §2.6. We shall
verify the validity of Theorem 13.1.2 in this special case. To this end it
suffices to assume the existence of the integral ‘

+1
(13.4.2) / | ®(z) | (1 — o) de,
-1
a condition which is more general than that required in Theorem 13.1‘}.2. As
in that theorem we have ¢ = cos o, —1 < § < +1,0 < a < 7.
By virtue of the Christoffel-Darboux formula (3.2.3)

Sn(é) _ kk:] [:1 (15(13) pn+1($)pn(£:)r : ?n(x)pn—fl(é) w(x) dil),
or

kn+1
. sn(cos a)

(13.43) _ /r 5(cos d) Dnr1(cos 8)pa(cos o) — pn(cos 6)pn+11(cos a)
o b cos f — cos «

+{p(cos 6)} " de. 3

Assume now 2n > . Use formulas (2.6.2) and write (2/x)}e™™ h(e®) = u.(6)
+ w,(6). Then ‘
pn(cos ) = u,(6), ‘
(13.4.4) , o
Dns1 (€S 0) = R{e“[ua(0) + w.(0)]} = u.(6) cos 6§ — v,(8) sin 6,
so that ‘

Pns1(C0s 0)p,(cos @) — Pa(cos 6)paii(cos &)
cosf — cos «

{1(0) COS 0 — ,(8) sin 8} un(a) — un(0) {Un(a) COS & — vn(a} sin a}
(13.4.5) cOS § — Cos a 3
o sinf — sin «
cosf — cos a
Un(0)va(e) — v,(0)un(c)

+ £ sin a.
CoOsSf — cos o :

= un(e)un(a) - Un(e)un(a)
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In view of Riemann’s lemma, this leads to

]%‘nil sa.(Cos a)
(B4Y  _dna A ®(cos ) UoO0nle) = Ounle) | oo g)11gp 1 o),
Now .
{p(cos 0)}~1{un(:0)vn(a) — Va(0)un(e)}
= —{p(cos )} 7 F{un(6) + wa(0)} {un(@) — tva(c)}
(13.4.7)

= —72-r {p(cos 0)} I {em h(e®)h (™)}

_ _g ino~a) R (€")

Repeated application of Riemann’s lemma shows that h(e™){A(e®)}™ can be
replaced by 1, and

1n

2 2

by {2sin (@« — 6)/2}”". Thus the right-hand member of (13.4.6) assumes the
form

. -1 . .
sin & (Cos @ — cos &) = sin « {2 sin

a+08. a—O}kl

1 / (cos 6) RO — ) 4o o o(1)
/e sin0 - ¢

2

+7 :
! / ®(cos 6) sin (n + 3)(6 — o) do + o(1).
T J—x .0 —
sin —3

Finally k./kn1 = § when n is sufficiently large (see (2.6.5)). This establishes
the statement.

(2) In the same special case we intend to calculate K,(¢, £), where K, is the
kernel polynomial defined by (3.1.9). We have, by (3.2.4),

kx

kn—H

(13.4.8) K.(t 8 = (Prt1(OPa®) — Pr®pasa(®)}.

Now, by (13.4.4), for a sufficiently large n,
sin a p,(cos a) = —u;(a),
(13.4.9) sin @ p, i(cos a)

= —u,(a) cos a + v, () sin a + un(a) sin @ + v,(a) cos «,
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and k,/k.s1 = 3. Thus,
2 sin & K,(cos a, cos @) = {—u, () cos a + v, (@) sin «
+ ua(e@) sin a + va(e) cos a}u,(a)
+ un () {un(a) cos a — va(@) sin a)
= sin @ J{[ua(e) — wa(@)[uw(e) + v, ()]}
* un(@) S [un(@) + wa(@))e™};

hence

2 sin « — sina un(a) + RE)
PROETACL: K, (cos a, cos a) = sin oS {un(a) T z'v.,,(a)}

1 q' 1 [un(a) + ivn(a>]2 ‘o
Tasnedt 43 {[u,,@ Fiva(a) }

Observing that
g {u;(a) + z‘u;(a)} _ _g {u;(a) - iv;(a)}

Un(et) + tva(c2) Un(a) — v, ()
o e MED 1 (a)
= n -8 jiomy | = 7w e it )

we get the important formula

-1 1 hl(a)
p®) KW, 8 =n+ 1 - R [a 73"('6)’}

(13.4.10)

+ (2sin o)7'S [az"“ ZE%]’ E=cosa,a=¢e%0< a<m.

This holds for sufficiently large values of n.
13.5. Preliminaries for the proof of Theorem 13.1.2

(1) Let w(x) and ®(x) have the same meaning as in Theorem 13.1.2. Write
G(r) = w(x)®(z), so that the integral

(13.5.1) /:1 | G(z) | dx

is convergent. In subsequent considerations we may vary w(z), but G(z) is
supposed to be a fixed function for which the integral (13.5.1) exists.

(2) In what follows we apply Theorem 10.4.5 with f(6) = w(cos 6) | sin 6 |.
This function satisfies the conditions of the theorem mentioned (see §12.6 (5)).
We define the functions w;(z) and w,(z) by
(13.5.2) J.(6) = w,(cos 6) |sin 0|, v =1, 2,
Obviously, £ = cosa, 0 < a < =,

(13.53) 0 = w(z) £ wx) < wa(x), wi(§) = w(E) = wy(f).
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Moreover, wy(z) is of the form (13.4.1), while wi(z) = k(@)u(z) = {r(z)}u(z).
Here u(z) is of the form (13.4.1), and r(z) is a polynomial of degree ol/4. (See
the remark to Theorem 10.4.4.)

(3) ProBLeM. Let N\ and u be arbitrary complex numbers, and assume that
—1 < & < +1. Wentend to determine the maximum of

+

(13.5.4) ’M(E) + u [_1

2

1 G(x)p(z) dx

when p(x) ranges over the set of all w, which satisfy the condition
+1

(13.5.5) / | o(2) Pw(x) dz = 1.
—1

This is the problem corresponding to that of §13.2. We substitute again

(13.5.6) p(z) = Uopo(2) + wpi(x) + - + unpa(z),

where {p.(r)] is the orthonormal set of polynomials associated with w(z).
Then 2 7o | u. | = 1, and according to Cauchy’s inequality

2 7

2

+1 +1
]m@+m[;amx@m Om&ma+#[1mwmwm}

| v=

2

(13.5.7) < 2 I + u /_jl G(z)p,(z) dx

n
y=0

= INPKL®) + 2R [Rusa®)] + || Ha.
Here K,(¢§) = K.(w; £) has been written for the “kernel” K,(¢, £), and

+

G KA, o) da,

n +1
(13.5.8) s.(8) = s.(w; &) = p;o p.(£) g G(2)p,(z) dz = /

(13.5.9) H, = H,(w; §{) = io {/_ILI G(z)p.(x) dx}z.

==

We notice that s,(£) is the nth partial sum of the expansion of ®(z) =
{w(z)} 'G(x) in terms of the polynomials Pa(z) associated with w(z).
The right-hand member of (13.5.7) is the maximum in question. Hence

NP Ka(wr 5 8) + 2R [Ausa(wr ; )] + | u|* Ha(wy)
(13.5.10) 2 | M Ka(w; §) + 2R [Rusa(w; §)] + | [ Ha(w)

2 [ M Ka(ws 5 £) + 2R Nusa(ws ; O] 4 | 6 " Hawa),
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In particular

(13.5.11) Ka(wy; §) 2 Ka(w; §) 2 Ka(wp ; §),
(13.5.12) Ho(w) 2 Ha(w) = Ha(w).
Furthermore,
| sa(w; £) — salwn; 8 [P S (Ha(w) — Ha(wn)} {Ka(w; &) — Ko(ws ; £)}
(13.5.13) = Ha(w) {Ka(wi ; §) — Ka(ws ; £)}

41
= [ @) e delKon 9 — Kutwn 9

if we observe Bessel’s inequality. We next show that the last difference is
arbitrarily small with ¢, uniformly in n.

13.6. Proof of Theorem 13.1.2

The main tool of this proof is the special equiconvergence theorem of
§13.4 (1) and the representation (13.4.10) of the kernel. The latter yields
immediately the representation

D/(fz‘ a)
Tf(@En(wn;8) = n+ 3+ R | a5r2o
(13.6.1) l: (fz,a)il

+ (2sin )7y [a”‘“ Dlfaza) }

D(fs; a)

since {ga(a)} ™" = fale) = fla). We derive, on the other hand, an inequality
for K.(w; ; £) analogous to that in (12.6.18). Using the notation introduced
in §13.5 (2) and writing 36l = I/, we obtain as in §12.6 (4), i

(13.6.2) Kunpip(u; §) 2 {19} Ka(ws 5 £) = k(O Ka(w ; £).
Also, u(z) = u(cos 6) = {g:(6)} ™" |sin 6 |, so that from (13.4.10)

i)} Knop(u; 8) =n +1/24+ 4 — R l:a D'(gs; a)}

D(g:;a)
+ (2sin o)™y [a”‘*"“ gég 3 Z;]
(13.6.3) LG )
, L g1 ;a
:=n+l/2+2+m[am}

D(gr*; @) 1’
where, as before, £ = cos o, @ = ¢**. Now we can use (12.6.17). Moreover
from (12.6.12)

D(fi;a) _ D{i';a) ¢ (1 —z,a>”’2_ g Rlitia)
D(f1; a) D(gi';a) =i\l — 2,6/ D(g7%a) ’

+ (2 sin o) 7' l:a

(13.6.4)
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also {gi(a)}7k(£) = fila) = f(a), so that from (13.6.2)

: 1 D'(f1; a)
mf(@)Kn(wi;¢) S n4+ 34+ Rla At e
(13.6.5) [ D(f; a) }

4 (2 sin a)—_ls( l:a2"+1 D(fl’ a) ]

. D(f1; a)
On comparing this with (13.6.1), we have

Ka(wy; §) — Ka(ws; )

f(@)) ™ D'(ji;a) _  D'(fr;0)
{mf(e)} {m[“' D(fya) D(fz;a)]

lIA

(13.6.6) + (2sin )Y l:a2"+1 D{f1;0) _ awnr D(2j0) }}

D(fy; a) D(fs; a)
D'(fi; @) _ D'(f:; a)
D(fi;0)  D(fp;0a)

lIA

{rf(e)} ™"

D(fi;a) _ D(ji;a)
D(fia) ~ D(wa) |

+ {27f() sin a}*l

The left-hand side is non-negative, while the right-hand side is arbitrarily small
with e.

Returning to (13.5.13), we notice that s.(w, ; £) is the nth partial sum of the
expansion of {wy(z)} 'G(x) = {wy(x)} w(z)d(x) in terms of the polynomials
associated with wy(z). Since {wy(zr)} w(z) = 1, and since the second integral
in (13.1.2) exists, the result of §13.4 (1) can be applied. Thus s.(w; ; £§) =
$a(we ; cos ) can be replaced by the nth partial sum of the corresponding
Fourier expansion with an error o(1), n — =. Also {ws(z)} w(z) = 1 for
z = £, so that the partial sum can be replaced by that of ®(x), which is s.(£).
This completes the proof of Theorem 13.1.2.

ReEMark. It is easy to show that the difference

(13.6.7) H.(w) — H,(w),

occurring in (13.5.13), is also arbitrarily small with e. If this fact were used,
it would suffice to obtain an upper bound for the first difference in (13.6.6).
This remark furnishes a slight variation of the preceding argument.

13.7. Proof of Theorem 13.1.3

(1) It is sufficient to discuss the statement for | z| = 1. The partial sums
in question are
1 +r 1 _ "Z n+1
rp L= 897,

1 +r o
(13.7.1) Zr/_, F()sa(¢,2)f(x) dxz and 5= | T r, {=¢€",
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where s,(¢, z) has the usual meaning. We introduce the difference of the
“kernels”

z \ntl
(13.7.2) La(S, 2) = sa(8, 2)f(x) — l—g(—@“ )
1 —¢z
and show that
+r
(13.7.3) lim F(©)A(,2)dz = 0, ¢ =e",
uniformly on the unit circle |z | = 1.

(2) First, as a consequence of the Lipschitz-Dini condition (10.3.10) assumed
for f(6), we prove that a similar condition (with the exponent —\ instead of
—1 — ) holds for D(f; 2) = D(z); that is,

(13.7.4) | D) — D™ | < L' |log s ™,

where L’ is a positive constant. Let m be an arbitrary integer. By use of
(10.3.12) we obtain

lD(Gi(a+6)) _ D(eia) [ < ZQ(IOg m)-—)\ + [ {h(ei(a+6))}_1 _ {h(eia)}-l [
The last term, according to Theorem 1.22.2 is equal to é0(m); whence the
bound O[(log m)™] + 80(m) follows. Putting m ~ 67 |log 6|, we have
(log m)™ ~ |log & I, and ém ~ | log & |, which establishes the statement.

This furnishes, for the function v(6) = J{log D(¢®)} defined by (12.1.7), also
the relation

(13.7.5) |76 4+ 8) — v(6) | < L |log 6|7,

where L is a positive constant. These results hold for an arbitrary A > 0.
By the same argument the following more general inequality follows:

(13.7.6) | D(@) ~ D) | < L' |log | 21 ~ 2 ||,
where z, and 2 are arbitrary in the unit circle |z | < 1.
@) Let|z]| =[¢]| =125 ¢ From (11.4.5) and Theorem 12.1.3 it is seen
that
N7 ~1 _ rz \ntl YR !
e, ) = DOPOI = G DOD@
_ (7 \ntl
- 11— e olog Y
(13.7.7) e
— D(g‘){D(z)}ﬁl -1 _ (g'.z)nﬂD(g‘){D(Z)}‘1 =1
B 1 —¢2 1 — ¢z

+ |1 = fz[" Ol(log )™,

Now, according to Cauchy’s theorem,
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(13.7.8) 2Lm F(e) PO DE) 17— 1

It)=1 {— 2

dg':o,

since the integrand is a function of { which is of the class H, (see the remark

at the end of §10.1). Here we used the condition A > 1. And by Riemann'’s
lemma,

YN YA

(13.7.9) lim | ()R 2OUPR =1, ¢ = o,
n—oo J|{|=1 1 — g‘Z

(Concerning the uniformity cf. below.) Therefore we obtain, if € is an arbi-

trary positive number, E = E(z, n, ¢) is theset on | ¢| = 1 with [¢ — 2| =

en” ', and E’ the complementary set, the relations

/EF(f)An@, 2) dz = —/EIF((){D(O {1D<_2>§;‘ —1_ B@{ID'?S;:;I - 1}dz

+ o(1) + O0{(log n)™} Lll — Fz| M dx
= o [ 11~ lloglz — £ P

+ o(1) + O{(log )™} /Ell — fz| 'tz

= O{(log n)' ™} + o(1) + O{(log n) ™} 0(log n)

= o(1), ¢ =¢% n— o,

On the other hand, the numerator of (11.4.5) is bounded in the present case
so that Theorem 1.22.2 yields (see §12.4 (2)) s.(¢, 2) = O(n), and hence also,
An(f, 2) = O(n). This holds uniformly for |z| = |¢| = 1. Therefore, we
have

| 6845, 9.0z = oen = 0, —_—

where O(1) 1s independent of ¢ and n. This establishes the statement.
(4) The uniform validity of (13.7.9) needs some explanation. According to
(13.7.4) (sce the remark at the end of (2)),

DD} -1
' 1 — ¢z

= K(©)

is a function of ¢ which is of the class H;. If p.(¢) denotes the nth Cesaro
mean of the partial sums of the power series expansion of F(¢), we have

Zntl o = _ gntlg - Hdr =
/”=1,¢ FOKE dz /mzls“ (P = oK ds /Eﬁ‘ /
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where Eyis theset on | ¢ | = 1 with [ — 2| 2 ¢, and E1 the complementary
sct. The integral over E; as n — « is

o) / [P = m(©) |dz = 0(1) / TIEE) = o) | de

The integral over E; (since F(¢) — pa(¢) is uniformly bounded) is equal to

o [, 1K@ |
1
that is, it is arbitrarily small with e.
13.8. Proof of Theorem 13.1.4
(1) We show that

+1
(13.8.1) lim /_ 1 (OAE 1)1 — g = 0,

n—o

uniformly in —1 + ¢ < 2 £ 1 — ¢; here A, (¢, ) 1s the difference of the
‘“kernels”’; that is, according to Christoffel’s formula

Anlg,2) = 1 — DHw ® = bn Do (@)pa®) — pal@)paia(®)

n+] X — E
(13.8.2) 1 [sin @ + 1) ° + T sin@n+1) "__‘5_4’}
- + ]
2 .0+ . 60— 9
[ Sin —5— Sin 2 )

£ =cos¢, x = cosé.
The symbol k, is used for the highest cocfficient of p,(x).
(2) We first notice that from (11.5.2) for n = 1

—
= 2r )“*{1 + ¢2"(0)} 2" {kan + ¢24(0)}

K2n

_ (2 )—5{1 + ¢2n(0)} on Kan

K2n

(13.8.3)

follows so that on account of formulas (12.4.3) and (12.5.3) (see also Theorem
12.7.1)

ka = (2m)7 {1 4 Ol(log m) 112" {IDO)]™ + Ol(log n) ™}

3.8.4
U89 o DO 21 + 0ltogm ™, B 3+ OlogmL.

kn+1
From (12.1.8) we conclude, using the notation (12.2.2), that
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An(t, 1) = A;(éos é, cos 8)
=7z — O THW@IHW© P {cos [(n + 18 + v(6)] cos [ng + v(¢)]
— cos [nf + v(6)] cos [(n + D¢ + v(#)]}

sin (2n 4+ 1) ?;2{_—6 sin 2n + 1)
- 5= +

27r[ sin¢—2{—6 . ¢ — 40

sin
2

+ |z — £ Ol(log n) ™
= A.($,0) — Ba(o,0) + |z — £]7 Ol(log n) 7.

The first term can be written in the form

¢—8
13.8.5 ¢!
(13.8.5) 5

fM%®=@ﬂ{%m?iwmﬂgﬂﬂwmwmemww

-feos [ng + (n 4+ 1)6 + v(¢) + v(6)] 4 cos [np — (n + 1)6 + v(¢) — v(6)]
—cos [(n+ Do + nb + v(¢) + v©0)] — cos [(n 4+ 1)¢ — nb + v(¢) — v©O) ]}

= {27r sin @ _2{_ O sin® ; 6}-1 {W (cos 6)} H{W (cos ¢)}*

-{sin [<2n + 004 ) + 7(0)] sin #

13.8.6
( ) + sin [(277, 0?20 e - 7(6)] sin &1 6}
. L % sin [(271 + 1) ¢t + 6 + v(¢) + ’Y(@)]
= 5 (W(cos 6)} ™" {W(cos ¢)| $n¢+

sm[@n+1) +7@)—7@]
4ot ¢ ~ .

2

sin

(3) The integrals

/” {W(cos )} {W(cos ¢)}* cos [v(¢) = v(6)] — 1
- . ¢ 0

sSin
+r
Lr

de,

2

sin [y(¢) %= v(0)]

¢ =0
2

(13.8.7)

dé

sin
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exist (see (12.2.4), (12.1.4), and (13.7.5)), so that by Riemann’s lemma,
+

(13.8.8) lim [ ®(cos ¢) {A.(¢, ) — B.(¢, 0} dé = 0

?
N0 —T

uniformly in 6. let nbhe an arbitrary positive number, £ = E6, n, n) the
set | cos ¢ — cos 0| = yn™' and E’ the complementary set. We have

+r
/ d(cos ¢)A, (cos o, cos ) do
= /¢(OOS¢){An(¢,0) — Ba(0,0) }do + OI(logn)“*]/lcow — cos 6| 'dg
E E
(13.8.9) +/ ®(cos ¢)A,(cos ¢, cos 6) d¢
El

= —Lgb(cos ¢){Anle, 6) — Ba(g, 0)} do + o(1)

+ Ol(log n)_;\]/ |cos ¢ — cos8| ' do +/ d(cos p) A, (cos ¢, cos 0)d¢.
. E El

Now
- fmax W) |! sin [v(8) + +6)} !
2 sin 5
(13.8.10) | +

2 sin ?%—6

sin{y() — v()} l}

=0n) +01) [¢ — 6" |log|o — 8|,
| Ba(o,0) | < o7 (2n + 1),

so that the first term in the right-hand member of (13.8.9) is

o) /,d¢ +0(1) /F,l¢ =617 [log[¢ — 017 do = 20(1) + (log m) ™ 0(1),

n — oo,

where the bound of O(1) in the term 70(1) is independent of 5. The third
term is O[(log n)™0(log n). Finally, in the last term we apply Theorem
1.22.3.  Since the polynomial p. 1 (2)p.(¢) — Pa(@)Pnsa1(g) is uniformly hounded,
—l =2 +1, -1 =t = +1, we have An(g, z) = O(n), uniformly in z and
§, confined to an interval of the form [—1 + ¢ 1 — . Thus, for the term
in question, the bound 7n~'0(n) = 10(1) can be obtained. Here O(1) is again
independent of 5. This completes the proof of Theorem 13.1.4.




CHAPTER XIV

INTERPOLATION

In this chapter we shall consider certain problems of interpolation related to
the theory of orthogonal polynomials. In particular, we are interested in inter-
polations whose abscissas are the zeros of the orthogonal polynomials p.(x)
associated with a given distribution of the type da(x) or w(z)dz. We deal with
the ordinary Lagrange polynomials and with the “step polynomials” (Treppen-
polynome) introduced by Fejér. This topic is naturally very closely related
to that of the next chapter on mechanical quadrature.

Concerning the subject matter of this and of the next chapter, see the
recent monograph of Feldheim (4).

14.1. Definitions; problems
(1) Let [a, b] be a finite or infinite interval, and let

(14.1.1) ‘S’n: xln < x2n < tre < xnn, Tin g a; xnn é b

denote a set of n distinct points of this interval. Let I(z) be a ., not iden-
tically zero, vanishing at = x,,, v = 1, 2, ... | n; it is determined save for a
constant nonzero factor. When there is no ambiguity, we shall write z, instead
of z,, . The polynomials

(14.1.2) L(z) = l_(E)_l(%:E—) yo1,2,

are called the fundamental polynomzals of the Lagrange interpolation cor-
responding to the set S,. They have the property

(14.1.3) IL(z,) = b, vyu=12 ... n
Let fi, f2, -+, f be arbitrary values. Then the expression
(14.1.4) Lu(z) = 2 fl.(2)

y=1

represents the uniquely determined 7, which assumes the value f, at z = z,.
This is the nth Lagrange polynomial corresponding to the absecissas S,. It is
readily seen that

(14.1.5) L) + Lz) + -+ + lu(z) = 1.

(2) Nowlet S.,n = 1,2 3, ..., be a sequence of sets of abscissas. If f(x)
is a given function defined in [a, b], we can consider the sequence of the cor-
responding Lagrange polynomials L.(z), n = 1, 2, 3, - .-, defined by (14.1.4)
with f, = f(z,,). Various convergence and divergence properties of this sequence
have been studied under proper conditions of continuity concerning f(z). In

329
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what follows we shall be interested exclusively in the case in which the abscissas
S, are the zeros of the orthogonal polynomials associated with a preassigned
distribution. Different types of ‘‘convergence’” can then be considered; for
instance:

(a) ordinary convergence: lim,_ . L,(z) = f(z);

(b) convergence in mean: lim,.., [& | L.(z) — f(z) |"dz = 0;

(c) generalized convergence in mean, arising from (b) by replacing the ex-
ponent 2 by p, where p is positive;

(d) quadrature convergence: lim,_. [o{L.(z) — f(z)}dz = 0.

The last type is particularly important from the point of view of Chapter XV.
Of course, a certain fixed weight function can be introduced into the integral
conditions.

(3) Let a and b be finite. If only the continuity of f(z) is assumed, the
behavior of the Lagrange polynomials is rather irregular. Faber (2; see also
Fejér 11, pp. 450-453, and Marcinkiewicz 1) proved that for a given arbitrary
sequence {S.} there exists a continuous function f(z) such that the sequence
{L,(z)} is not uniformly convergent. S. Bernstein (4) has even proved the
existence of a continuous function for which L,(z) is unbounded at a preassigned
point z,. According to Helly’s theorem (§1.6), this is equivalent to the un-
boundedness of the sequence of “Lebesgue constants’’

(14.1.6) Do o) |, asm — o,
y=1
In the case of the special sequence
.lfun':(‘OS(2V— l)i";‘%, VvV = 172, -..’n’

a = —1,b = +1, that is, for the zeros of T',(z), much more is known. Griin-
wald (1) and Mareinkiewicz (2) proved the existence of a continuous function
f(z) for which the sequence of Lagrange polynomials corresponding to these
z,, 1s everywhere divergent, even everywhere unbounded.

(4) In order to obtain convergent sequences of interpolation polynomials,
it is necessary to introduce additional restrictions concerning either: (a) the
function f(z), particularly, restrictions concerning its modulus of continuity
(see Theorem 1.3.2), or (b) the interpolation polynomial, such as conditions
concerning its derivative, and the like.

We introduce the polynomials

h(z) = {1 _ lf(%) (x — :u)}uy(:c)}z
= Z)‘,(III){ZV(III)}Z,
h(z) = (& — 2) (L@}

called the fundamental polynomials of the first and second kind of the “Hermite

(14.1.7)
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interpolation” corresponding to the set S,. These m,_; are completely deter-
mined by the conditions

h(zy) = Ouu h:(xu) = 0; b"(xu) =0, b:(xu) = b,

(14.1.8)
y’# = 1,2, R ,n‘
and for any given set of values f, , f, ,
(14.1.9) Wa@) = 22 f,h(@) + 2 f10.(3)
y==] yem]

represents the uniquely determined m3,.; for which
(14.1.10) Waz) =71, Wilz) =/, y=1,2-..,n

(5) Again, let S,, n = 1, 2,3, ---, be a sequence of scts of abscissas. If

f(z) is a given function having a derivative in [a, b], we can take f, = f(z,,),
f: = f'(z,») and consider the corresponding ‘“Hermite polynomials”62 W.(z),
n=1,23, .., defined by (14.1.9). If only the continuity of f(x) is known,
we may choose f, arbitrarily; for instance, we may take f: =0. Iff, =0, we
call W,(x) the step polynomials corresponding to {S,}. In the more general
case | f, | < A, where A is a constant independent of » and n, they are called
generalized step polynomials.

The simple and generalized step polynomials W,(x) display a more regular
behavior as n — o« than do the ordinary Lagrange polynomials L.(zx). They
coincide with the given function f(z) at the same points as do the corresponding
Lagrange polynomials, but they satisfy certain additional restrictions concerning
their first derivatives. Their degree is 2n — 1 instead of n — 1. We shall
show that for certain sequences {S,} the step polynomials (even the generalized
step polynomials) are uniformly convergent if f(z) is an arbitrary continuous
function.

The step polynomials and their generalizations have been introduced and
investigated by Fejér (10, 11, 13, 16). The trigonometric analogue for f, = 0
had been previously considered in the simplest case of equidistant abscissas by
Jackson (4, p. 145, Theorem VI).

For the fundamental polynomials (14.1.7) the following important relations
hold:

hi(z) + ha(z) + -+ + ha(z) = 1,
(14.1.11) n n
2_1, z, h(z) + ; h(z) = z.

An important consequence of the first identity may be pointed out for the step
polynomials, that is, when f, = 0. Let the set {S.} be such that

(14.1.12) h.(x) = 0, a<z=<brv=12 --,n.
62 We write “Hermite polynomials” in quotation marks in order to avoid confusion

with the Hermite polynomials of Chapter V.
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Then (14.1.9) implies
(14.1.13) min f, £ W,(z) £ maxf,, a=z=bn=123 -...

We observe further that (14.1.12) is equivalent to the fact that the linear
functions

lll(xy)
U(x,)
do not vanish in the open interval ¢ < z < b, or, what amounts to the same
thing, that the “conjugate points”

(14.1.14) (@) =1 — (z — z,)

(14.115) - r 4+ L@ b= 1,2, m,
I (z)

lie outside of this interval. (See Fejér 13, 16.)

14.2. Fundamental polynomials of the Lagrange interpolation

(1) Tueorem 14.2.1.% Let da(z) be an arbitrary distribution on the interval
la, b], {pa(2)} the associated orthonormal polynomials, and I(x), l(z), -+, L(x)
the fundamental polynomials (14.1.2) of the Lagrange interpolation corresponding
to the set of zeros of pn(x). Then we have

b
(14.2.1) [ L@h@ie@ = ni,,  u= 120,

where N, are the Christoffel numbers defined by (3.4.1).

This follows immediately from (3.4.1), since I,(z)l,(z) vanishes at the zeros of
Pa(z) if v 5% p. Forv == u the zero z, is the only exception, and we have {1,(z,)}
= 1.

Also, by (14.1.8),

/b h(z)da(z) = N, , /bh:(x)da(x) = /bxh:(x)da(x) = 0;

a
b

(14.2.2) ) )
h(z)da(z) = 0, / by (z)da(z) = N, / zh,(z)dz = N,

v=12,...,n,
(2) We obtain as an important conscquence the following result:

TuroreM 14.2.2.  Let K.(x0, ) have the same meaning as in (3.1.9). Then
the following identity holds:

n—1

(14.2.3) Kni(zo, 1) = Z; p(20) P, (z) = Z‘: N (ol (2).

8 Krdos-Turdn 1,
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Indeed, let p(z) be an arbitrary m7,_; . The polynomial K, _,(z,, z) is uniquely
determined by the condition (3.1.12). But by (14.1.4) and (14.2.1),

[ {2 " zmux)} {; p<x,‘>z,‘<x>}da<x>

n n

= 2 p@)(z0) = 2 (@)L (F) = (o),

y=]1 y=1

and this establishes the statement.
On setting zo = z = 1z, in (14.2.3), we obtain a new proof of (3.4.8).
(3) In view of (14.2.1), (14.1.4) shows that

(14.2.4) / L@ Pdat@) = S AL

Furthermore, let f(z) be an arbitrary complex-valued function for which the
integrals fof(z)z"da(z), v = 0,1, ... ,n — 1, exist. Then (14.2.3) yields the
identity

(14.2.5) "5;‘:

[ 7@)p () da(@)

2 n
-1
= Z A
y=1

Thus, according to Bessel’s inequality (see (3.1.5)),

[ ' () dal@) i

(14.2.6) 2ot
y=]1

/ F@LE) da(@) | < [ 1@ Pda@),

provided the last integral exists.

14.3. Convergence in mean of Lagrange polynomials

(1) TaeoreM 14.3.1.%  Let da(z) be an arbitrary distribution on the finite inter-
val [a, b], and let {pn(x)} be the corresponding set of orthonormal polynomials. For
the complex-valued function f(x) let the Riemann-Stieltjes integrals

12 12
(14.3.1) / f(2)z" da(x), / | f(z) | *da(z), n=20,12, ...,
exist. Then if L.(x) denotes the Lagrange polynomial of degree n — 1 which
cotncides with f(x) at the zeros of p.(x), we have
b
(14.3.2) lim / | f(x) — L.(z) | *da(z) = 0.

The convergence in mean in the usual sense follows from (14.3.2) for any f(z)
integrable in Riemann’s sense in the case where da(z) = w(z)dz, w(z) =z » > 0.

For the proof we use (14.2.4), (14.2.6), and the later Theorem 15.2.3 on
quadrature convergence. Now

84 Cf. Erdos-Turdn 1 and Shohat 8.
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1@ ~ L@ P = [ 150 Paata) + 30 110
~ 2 X @) [ LG dat
< [ @) Fdate) + 3501162

n 4 n
+ 2{§x, flz,) |"’} {Zj A

(14.3.3)

Z S (@)l (2) da(z)

2}}
< | 176 Fdat) + 2w, Ifte)

n 3 b 3
+ 2{2 M 112 |2} { INE |2da<x)}.

Hence, using Theorem 15.2.3, we obtain

(14.3.4) lim supl | f(z) — L.(2) |*da(z) < 4 /b | f(z) | da(z).

n—roo

Next let € be an arbitrary positive number, and p(z) a polynomial for which
(Theorem 1.5.2)

(14.3.5) / | f(x) — p(z) P da(z) < e

If L.(f;z) denotes the Lagrange polynomial of degree n — 1 corresponding to
f(z), we have

(14.3.6) J(@) — La(f;2) = f(2) — p(x) — La(f — p; ),

provided n exceeds the degree of p(x). This establishes the statement.

(2) Incaseda(z) = (1 — )7 ¥z, a = — 1,b = +1 (thatis, for the Tchebichef
abscissas of the first kind) Erdés and Feldheim showed that we may even assert
the validity of the following theorem:

TrEOREM 14.3.2.% Let p be an arbitrary positive number, and let f(z) be a

continuous function. Then for the Lagrange polynomials corresponding to the
T'chebichef abscissas of the first kind,

+

(14.3.7) lim ]1 | /(@) — L.(z) P (1 — 25 7tdz = 0.

n—o J—1

It suffices to show this for even integral values of p. In the proof which is
based on induction with respect to the even integer p essential use is made of the
property of the Tchebichef abscissas formulated in Problem 57 (see below).

6 Erdos-Feldheim 1; cf. also Feldheim 2 and 8, pp. 33-36.
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Feldheim points out (2, p. 330) that (14.3.2) is not true in general if da(z) =
(1 — zHidz,a = — 1,b = +1 (that is, for the Tchebichef abscissas of the second
kind), and if the exponent 2 is replaced by p = 4. For the same abscissas it is
also not true that

+1

(14.3.8) lim, / | f(x) — Lalz) |"dz = 0.
n=—ro) Jeel

In both cases the superior limit of the integrals in question may be + « if f(z)

is a properly chosen continuous function,

(3) From Theorem 14.3.1 the mean convergence in the sense of (14.3.8) fol-
lows immediately for the Jacobi abscissas, that is, for the zeros of the Jacobi
polynomial P\ (z), provided max (a, 8) < 0 (cf. Erdés-Turan 1); here f(z)
is an arbitrary continuous (or even Riemann-integrable) function.

Recently, A. Holl6 (1) proved this mean convergence for the Jacobi ab-
scissas with max (a,8) < 3 provided f(z) is continuous. The bound % is
the precise one, on account of the last result of Feldheim mentioned in (2).
Holl6 also investigated the validity of

+1
(14.3.9) lim f | (=) — La(f) | dz = 0,
n—ow v—1

where f(z) is continuous, and showed that (14.3.9) holds for max (o, 8) < .
The latter bound is again the precise one, at least in the sense that for
max (a, 8) > % and for a proper continuous f(z), the statement (14.3.9) does
not hold. (This follows from the second part of Theorem 15.4.)

14.4. Lagrange polynomials for Jacobi abscissas

For the following discussion Theorem 8.9.1 will be found invaluable, while
the bounds of P{**(cos 6) obtained in §7.32 will also be used.

(1) Assume o > —1,8 > —1,and let z; > 2, > ... > z. denote the zeros
of the Jacobi polynomial P{*®(z) in decreasing order. Here z, = cos 6,,
0 < 6, < m. Then we may assert the following theorem:

TororEM 14.4. Let f(x) be continuous in [—1, 4+ 1] with the modulus of con-
tinuity «(6)." Then the Lagrange polynomials coinciding with f(x) at the zeros
of P\ () converge uniformly to f(z) in every interval [—1 4 ¢, 1 — €], where
0 < e < }, provided that w(8) = o(|log 8| ™"). The same holds in the interval
[—1 4 ¢ 114f cither « = —% and w(®) = o(|logs| Noru—3 £ a <p+ 3"
and f(x) has a continuous dertvative of order p with modulus of conttnuity w,(8)
salisfying the condition w,(8) = o(3°*™), u =10,1,2, -+ - .

In case o < —1% the Lagrange polynomials are conver ent at the point x = +1
if f(x) 18 an arbitrary continuous function.

There exist functions continuous in [—1, +1] whose Lagrange polynomials are

¢ Cf, Theorem 1.3.2,
07 For u = 0 the equality sign, that is, the cuse « = —1/2, is excluded.
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divergent (unbounded) ot a preassigned point o, —1 < zo < + 1; the same is true
at the point g = 41 provided that « = — 1.

Similar statements hold in the interval [—1, 1 — ¢ and at the pointz = —1
if we replace a by 8. The convergence is uniform in the whole interval (=1, +1]
provided max (o, 8) = —} and w(8) = o( |log | ™), oru — 3 < max (a, 8) <
s + 3 and f(z) has a continuous derivative of order w with modulus of con-
tinuity wu(8) = o(8™* P\ = 0,1,2 .... Again the equality sign in
case u = 0, that is, the case max (@, 8) = —1, is excluded.

Compare Fejér 13, pp. 22, 24, 27; Shohat 5, p. 146. The present results are
more precise than those obtained in these papers.

(2) We shall start with a discussion of the “Lebesgue constants”

n

(14.4.1) 2 L) |,

y=1

where —1 < zp < +1. Let & be a fixed positive number, 5 < 1 — |z, |.
Then PP (zy) = O(n™Y, so that

2 )| =0a™ X P

|zy—z0| > |zy~—zq|>8

(14.4.2) )
= 0™ 22 | Py (x,) |7
y=1
According to (8.9.2)
(14.4.3) 22 |P®(z) | = 0(1) 22 ™2 + 0(1) 3. 02 = o).
y=1 y=]1 ye=1

Consequently,

(14.4.4) 2. 5 |L(z) | = OQ1).

lzy—z0| >
On the other hand, assume |z, — x| < 6. Fora fixed » we have (see (8.8.2))

PE(@) — PE(ay
ry, — Iy

(14.4.5) L(zo) = O(n™) = 0(1),

so that if 2o = cos 6,0 < 6, < ,
2 L@ = 2 |L(zo) | + O(1)

|zy—zol S nTl|8,~00] S8

(1446 =0@™HoW™) X o, — 6| + 0,
nTle6,~00] 58’
where &' is a fixed positive number. According to (8.9.1) the last expression is
O(log n). The same bound holds for (14.4.1), and does so uniformly if the con-
dition —1 4 ¢ = 70 < 1 — ¢ is satisfied.
We can also show that
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(14.4.7) 2> Lz |~ logn,

|zy—20| 53

if n tends to + = over a proper sequence of integers. 1t suffices to choose n so
that | cos(N6 + v) | = cos ¢, where N and v have the same meaning as in Dar-
boux’s formula (Chapter VIII), and ¢ = 4 min (6, , ® — 6). This is obviously
possible since from

(m+%)7r—e<N90+‘Y<(m+%)7"+f;

m integral, the inequalities
m+Dr+ e< N+ Db +7v < (m+ Pr — ¢

follow. Now the formula of Darboux coupled with the previous argument
and (8.9.1) gives us the desired proof.

(3) Asa consequence of the last result, we may conclude by means of Theorem
1.6 (Helly’s theorem) the existence of a continuous function f(z) whose Lagrange
polynomials are unbounded at the interior point z = z,. On the other hand,
let f(z) have the modulus of continuity w(8) = o( |log 5| ™), and let L.(f; z)
be the Lagrange polynomial of degree n — 1 corresponding to f(z). Approxi-
mate f(z) by a m,_; = p(z) such that

(14.4.8) f@) — p(z) = o[(log n)™Y], —1 =<z < 41
(Theorem 1.3.2). Then (see (14.3.6))
L.(f; —_ = | L.(f — p; —_ -
(14.4.9) | La(f;2) — f(@) | = | La(f _pl z) — {f(z) — p(x)} |
= o{(log n)""} O(log n) = o(1).

(4) Assumel — 6 < 2o < 1. Onputtingu =n + 1 — v, g = O(n), we
have, by Theorem 7.32.2 and (8.9.2),

2 L@ =0 |PCP@)| X | PPz [

|zy—zo|>d |zy—29|>8
(14.4.10) =0 T Wit = 0,

a = max (o, =%).

1l

We now pass to the determination of an upper bound for

(a,8)
S (b | = X | B (008 8) [ pasingos gy
8

|2p—2z0| < cos By —~ cos b,
(14.4.11)

at+i —a—2

- 0(1) | PP (o3 8) | 3 l”?—ﬁ—ez—l
0 v

(since (85 — 6%)/(cos 6 — cos 6) is boundéd). In what follows we use both
bounds (14.4.11). We have by (4.21.7),
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' PL (cos 6) — PSP (cos 6,) |

(e ,8)r —1
(14.4.12) cos 6y — cos b, | Pn*%""(cos 6,)]

= 0Q1) | PSH* (cos 1) | »oH n~¢

where 7 is between 6, and 6, . :

Let 6 = n7'¢, and consider first the case £ = O(1). Let » = O(1); then
(14.4.12) becomes O(1)n*"»**n™*"" = O(1). On the other hand, if » is larger
than a sufficiently large fixed positive number, the second expression in the right-
hand member of (14.4.11) becomes (see the second bound in (7.32.5))

(14.4.13) O(Mn* 325 »™Hn™"7%0,7 = 0(1) T v = 0(n"™), 0 (log n), O(1),

accordingas a« > ~4, a0 = —~%, ora < —3. '
Now let ¢ be “large” and £ — v= = O(1), so that the number of these values of
v 1s bounded. Then we obtain for (14.4.12) (see the first bound in (7.32.5))

C (14414 O T T = () (o/my T e e = o),

Finally, assume that both £ and ¢ — vr are “large”. Then the second ex-
pression in the right-hand member of (14.4.11) becomes (see the first bound in

(7.32.5))
yott
(14.4.15) oE*H X T = 2+ 2+ 2,

where the summation is extended over vr < £/2,£/2 < vrr < 3£/2, v > 3£/2,

respectively. Here we have to take into account the fact that the ratio

£ — [ 4+ 01))

82 —_ V27I'2

has a positive lower bound. 1In the second sum |¢ — vr | is larger than a fixed
positive constant. We find now

T = 06HoE T v = o,

(144.16) 22 =O0CE " HOE™ 2 |t —wr|" =0(ogt) =0(og ),

t/2<rrs3t/e
Zs =0E™*hH > o O(n“ﬂ), O(log n), O(1),
vu>3¢/2
according as o« > ~4, 0 = — 5, ora < —1.

Recapitulating, we obtain for the Lebesgue constant (14.4.1), the bounds
O(n* and O(log n), uniformly in —~1 4 ¢ £ 2, < 1, according as « > —1 or
« £ —3%. A similar result is found for the interval —1 < 2, < 1 — « by re-
placing o by 8. In the whole interval —1 £ 2z, £ 41 we obtain the bounds
O™ and O(log n) for y > ~zand ¥y £ —1 respectively, where we have
v = max («, B).

Now an argument similar to that in (3) must be used. Assume first that
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-1+ €= 20 =1, and let f(z) satisfy the conditions of Theorem 14.4.
According to Theorem 1.3.3 a 7,y = p(z) exists such that

n_“o(n'*ﬁ“—‘) = o(n*“—g),

(14.4.17) f(z) — plz) = .
v o[(log n)™], -1 =z =< +1,

according as @ > —% or o < —1. This establishes the statement concerning
the convergence in the interval [—1 + ¢ 1]. ~ The proof is obviously the same
" for [—-1,1 — €] and for [—1, 41].

(5) There remain to be discussed the “Lebesgue constants’ for z, = +1,
that is, the expressions

(14.4.18) 2L ~nt X (1 — 2 | PP ()
ye=1 v=1

The positive zeros z, furnish a contribution ~n® 3 (v/n) % ip=*2 = 3 o}
which is O(n“*), O(log n), 0(1), according asa > —1,a = —3, « < —%. The
contribution of the negative zeros is '

ne Z l Pff‘"ﬁ)’(x,,) l—l ~ n Z VBHn—B—-? ~ na+}.

And now, one more step, namely, the application of Helly’s theorem, yields the
desired proof of Theorem 14.4.

14.5. Preliminary discussion of the step polynomials in the classical cases

We calculate the linear functions »,(z) occurring in (14.1.7) for the Jacobi,
Laguerre, and Hermite abscissas, respectively. We assume o > —1, 8 > —1
in the first and @« > —1 in the second case.

(1) From (4.2.1) we obtain in the Jacobi case, since I(z,) = 0,

I'"(z,) _a—B+(a+8+ 2)1:,,.

(14.5.1) T = —

Whence
—zle B+ @+ B8+ Dl + (@ =Pz + @+ 5+ 1z

1 — 222

(14.5.2) 1,(z) = 1

In particular,

5(—1) = 14+ a0 +z,) — 80 — z,)

1 — 2z, ’

(14.5.3)

v,(+1) = 1+ “1 i)x,— a(1 + z)

The zeros z, are everywhere dense in [—1, 4-1] (Theorem 6.1.1) if n is large.
Thus »,(—1) is non-negative for each » and n if and only if 8 < 0. Similarly,
v(+1) =2 0if and only if @ £ 0. Since »,(z) is linear, we obtain the following
result:
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THEOREM 14.5.  The fundamental polynomials h,(z) of the first kind associated
with the Jacobr abscissas, are non-negative in —1 < z < 41 Sor all values of v and
n, if and only if

(14.5.4) —1<a=<0, —1<B8=0.

(2) In the Laguerre case (cf. (5.1.2), first equation)

(14.5.5) w(z) = P& = @) ‘*‘;’.("‘ t1l-%) - —a

Here v,(z) changes its sign for all values of « if » and n are properly chosen.
In the Hermite case (cf. (5.5.2), first equation) we obtain

(14.5.6) 0,(2) = 1 — 2z,z + 222,

14.6. Step polynomials and ‘“Hermite polynomials” for Jacobi abscissas
We again assume « > —1, 8 > —1 and use the same notation as in §14.4.

THEOREM 14.6. Let f(z) be continuous in [—1, +1]. The generalized step
polynomials (14.1.9) [f, = f(z.), | f, | < A] converge uniformly to f(z) over every
interval [—1 + ¢, 1 — €|. The same holds over the interval [—1 + «, 1] provided
a < 0. The step polynomials are in general divergent at x = +1 if f(z) is merely
continuous and a = 0.

The “Hermite polynomials” (14.1.9) [f, = f(z.), f» = f'(z,)] converge uniformly
to f(z) in [=1 + ¢ 1] of @ < § and f(z) has a continuous second derivative, or if
p/2 £ a < (u+ 1)/2 and f(z) has a continuous (u + 1)st derivative with modulus
of continuily w.11(8) satisfying the condition w,41(8) = o(8°°™*), u =1,2,3, -+ - .

Similar statements hold in [—1, 1 — €] and at z = —1 if we replace a by 8,
and in the whole interval [—1, +1] if we replace « by max (a, 8). (Cf. Shohat 5,
pp. 138-139; Szegd 14.)

(1) We start with the discussion of the convergence for —1 < zy < 1.
Here again Theorem 8.9.1 is virtually indispensable.

If z = z, , the numerator of v,(z) in (14.5.2) is

1 —gfa — B+ (a4 B8+ 2)z] + (a — Bz, + (a + 8 + Dzt
(14.6.1) 2
= 1 b xy > O.

Therefore, v,(zo) is positive if | z, — =z, | is sufficiently small, that is, | z, — x|
=< é. The same is of course true for h,(z;). Furthermore, v,(z) has for these
v a positive lower bound which is independent of 5. We therefore obtain, on
account of the first identity in (14.1.11),

(14.6.2) Zéalh,(xo)l= 2. () =1 - > h(z),

|Zy—zo | |zy—2zo| S |Zy—zq|>8

and from (14.1.7) we see that
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(14.6.3) X (x| =6 [P (o) | =0M)s >, h(z).

2, 70| 58 lzv=zg1z8 V(o) 2,701 <8

Here the bound O(1) is independent of 5.
We shall now find a bound for the corresponding sums if |z, — 2o | > 6. From
(14.5.2) and (8.9.2) we have

2 k@ =00 ¥ (- )7Lk

|z,—xg|> |z,—zo| >

= O({PEP ()} > (A — )P (z))

|xv_10|>5

(14.6.4)
— O(n—l) Z (V/n) —2 2a+3 —2a—4 + 0( ~1) E (V/n)—z 2843 —2ﬁ —4

pe=]
-1
= 0(n).
Moreover, we notice

2 Ib@) =00 X (L)

|zy—2ol |Zy—z0|>d

-0 Pia.ﬁ) . 2 Ela,ﬁ)/ , -2
(146.5) (4 (z0) } Iz”_%zm (P2 (2) )

_ O(n—l) Z V2a+3n——2a—4 + O(n——l) Z V2B+3n—2ﬂ—4

pye=] ye=]1
= 0(n™).

This yields the convergence of the generalized step polynomials of a continuous
function if —1 <z < +1. Indeed, according to (14.1.9) and (14.1.11),

[ Waleo) — fa) | S 215 — 1) | | hu(eo) | + 4 pOITRERY
< max lf(xv) —f(xo)l > h (z0) + O(1) 2 [B(a) |

(14.6.6) lzv=zol s lzy=a0l< lz,=0 | S8
+ 2max | f(z) | ; ;p | ho(z0) | 4+ O1) " _‘x\:> |9, (z0) |
= max | f(m) — f(zo) | O(1) + 80(1) + O(n™) + O(n™Y).

The factors O(1) in the last expression are independent of é.

(2) Nowassumea < 0and1 — § £ zo < 1. Thesecond formula in (14.5.3)
shows that v,(x0) and k,(z0) are again positive and v,(z) is bounded from zero
if |z, — x| = 8, provided 4 is sufficiently small. (We have v,(z0) = v,(+1)
fa— 8+ (a+ 8+ 2)z >0.) Then the analogues of (14.6.2) and (14.6.3)
follow immediately. 1In (14.6.4) and (14.6.5) a slight modification is necessary
due to the fact that in this case P{*"® (zg) = O(n%), @ = max (o, — 1). (The
formulas corresponding to (14.6.4), (14.6.5) hold for arbltrary a > —1; this
remark 1s used in (3).) Since a < 0, the conclusions of (1) remain valid; this
establishes the convergence of the generalized step polynomials if « < 0 and f(z)




342 INTERPOLATION [XIV]

is continuous. (Of course, the same is true for the “Hermite polynomials” if
f'(z) is bounded.)

(3) We postpone the discussion of the step polynomials at z = +1 if f(z) is
continuous and « = 0, and we pass on to a discussion of the “Hermite poly-
nomials’ for1 — § g xo £ 1 with a arbitrary but greater than — 1. First we ob-
serve that the numerator of (14.5.2) vanishes for z = z, = +1; thus we have
for |2, — | < 3,

(14.6.7) Lo (zo) | < (1 — 2)7e(5),
where €(6) - 0if § > 0. Now,

> @) | = €(0) > A= 2H ML ()}

|zy—2g | < |#y—z0 | <0

8
@ | 3 - T pe

[2y—2g| S5 4

(14.6.8)

By use of the notation and argument of §14.4 (4), we obtain for the sum above:

(a) O(nD)ifE = 0(1), v = 0(1)

b o) > vz"_l(v/n) O(nz") 0(n* log n), O(nY), accordmg as a > 1,
a=1a<]l,ift= 011) and v 1s “large’’;

(c) 0(1)(v/n)'2 = 0(n}) 1f$15 “large” and § — v = 0O(1);

d) OE** 2057 E — o) /)™ = 2oa + D.s + D if both £ and
¢ — vr are large. The summations in the last three sums are extended over
the same values of » as in (14.4.16). We have

200 = 0E=") 20 /" *0/n)T = 0E*n?) = 0@,

vrSE/2
aa69) e =00 3 ¢ —m70/m = 06 = 06,
D= 0E™ ) ;38/21'2“‘1(1'/ n) 7 = 0(n*), O(n® log n), 0o(n?,

accordingas a > 1, @ = 1, ora < 1. To these cases the bounds

(14.6.10) > k(@) | = e(8)0(n*), €(3)0(n* log n), €(8)0(n’)
|Zy—2o | S
correspond.
In order to obtain the analogous bounds for h,(z), we cancel in (14.6.8) the
factor (1 — 22)™ ~ (v/n)~>. Thus, we readily obtain

(14.6.11) > lb(xo) | = 60(n*%), 80(logn), §0(1),

Zy—2Zg _

accordingasa > 0, = 0, or a < 0.
The corresponding bounds for | z, — z,| > 6 are O(n**) (cf. the remark made
in (2)). Thus, (14.1.9) and the first formula in (14.1.11) give the result
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0(n®)
| Walzo) — f(zo) | élxvrilﬁijlf(xu) — f(@) | €(8) < O(n* log n)
(14.6.12) 0tn)
0(n*)
+ ,zyrili)lcéé | f'(z,) | 840(log n) p4 max |f(z) | O(n™)
0(1)

+ max |f'(z) | 0(n*);a = max (o, — 1).

In the first term we have the alternative « > 1, « = 1, or @ < 1, in the second
term « > 0,a = 0, ora < 0. The O-expressions are independent of f(z) and é.

We now apply the usual argument. Let W,.(f; z) be the “Hermite poly-
nomial”’ corresponding to f(z), and p(z) an arbitrary m,; . Then

(14.6.13) Wa(f; m0) — f(z0) = Walf — p; 1) — {f(m0) — p(z0)}.

Under the condition mentioned in Theorem 14.6 we can determine p(z) (cf.
Theorem 1.3.3) such that

f@) — p(x) = o(n7?), f'@) — p(x) = o(n™) ifa <,
(14.6.14) f@) — p(z) = o(n™**7),  f(z) — p'(z) = o(n*),
if%ﬂ§a<%(ﬂ+1)yﬂ=1,2,3,“'-

This establishes the statement concerning the “Hermite polynomials.”’
(4) Finally, we discuss (cf. 14.5.3))

(14.6.15) S = 31 LH0 —2) — o +2) (L)}
yel v=1 | 1+ 7
The part of this sum defined by z, 2 1 — i, for « # 0,

(146.16)  ~n™ 2 (1= @) PP @)~ 3 (fn) T
zy=21—38

ZyZ1—b

which is of the order n** or 1, according as @ > 0 or @« < 0. This shows
that the step polynomials (and also the generalized step polynomials) of a
continuous function are in general divergent at z = +1 if « > 0. (The con-
vergence for o < 0 has been proved in (2).) The possibility of divergence in
case « = 0 follows by choosing f(z) = 1 — z. The corresponding step poly-
nomial is in fact

> hf@) = a4+ 5 S22 gy

(14.6.17) — (1 +8) DU+ z) (PO ()

p==]

~ Z v/ n)_2 RS 1,




344 INTERPOLATION [ XIV]

so that it cannot tend to f(1) = 0. Still simpler is the proof of the divergence
of the step polynomials of f(z) = (1 + 8)(1 — z) — «(l + z) if « > 0, since
f1) = —2a < 0.

14.7. Step polynomials for Laguerre abscissas

Assume o > —1,and let 2, <z, < -.- < z, denote the zeros of the Laguerre
polynomial L,'”(z). We prove the following theorem:

Tueorem 14.7.%° Let f(z) be continuous for z = 0 and f(z) = O@GE™) if
x — o ; here m 1s an arbitrary but fixed positive number. The generalized step
polynomials (14.1.9) (f, = f(z.), | f | < A) converge uniformly tof(z) over every posi-
tive interval ¢ £ x < w. The same holds 1n the interval 0 < z < w provided a < 0.

The step polynomials are in general divergent at x = 0 f f(x) vs continuous and
a = 0.

For the proof we shall need considerations similar to those in the Jacobi case
(§14.6). In particular, we shall use Theorem 8.9.2. Some modifications in the
argument are necessary due to the fact that the zeros are unbounded. The
mechanical quadrature appears as an important new tool (cf. (15.3.5)).

(1) Assume 0 < € = 20 £ w. If v,(z) has the same meaning as in (14.5.5),
the values v,(z,) and A,(zo) are positive, and »,(z) is bounded from zero and
infinity provided | z, — z, | is sufficiently small. Thus for small g,

(14.7.1) 2 k@)= 2 olw) =1 = 2 h(zo),

|#y—z0| <8 fzy—z0l S [zy—2q]|>$

(14.7.2) 2 b | = 80() > h(zo).

lxy—zols |zy—20| <8

Here O(1) is independent of 4.

If z, is small, v,(z0) = O(z;); if z, is large, v,(z0) = O(x,). Therefore (cf.
(7.6.8))

> k| =00) X x;l{ L{™ (zo) }

|zy—a0 | >8 sy<mo—s  \LE (z) (0 — 2)
L(a)(xo) }2
1 y n
+0( )zy>§+ax{Lﬁ.a>’(zy)(zo =)

=0 2 S @) TP+ 00 2 ML @)

zy<zg—0 zy>x0+0

(14.7.3)

— 00 3 ML (3))

v=1
But combining (15.3.5) with (3.4.5), we find
17 (e ~ _I(n+ DT(a+ 1)
(14:7°43) ; Xy {Ln (.’E,,)} - I‘(n + a + 1) T
which yields the bound O(n* H0O(n™%) = O(n"*) for (14.7.3).
88 Cf, Shohat b, p. 139; Szegs 14, p. 597.
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More generally, we find from (15.3.5) and (3.4.1), if m is a positive integer,
m £ 2n — 1, that

75 n w1 I'(n+ 1)I'(m + « + 1)_
(1475 > &L @) ot 1)
Hence the same argument as before leads to
(14.7.6) > o) | = o™,

|zy—z0|>
m fixed. We have also
(14.7.7) | _ZM 1, (20) | = O ™).

Equations (14.7.1), (14.7.2), (14.7.6), and (14.7.7) establish the uniform con-
vergence of the step polynomials in the interval e £ zp < w (cf. (14.6.6)).

(2) Now assume a« < 0 and 0 < z, < 8. If § is sufficiently small, and
|2, — x| = 6, both v,(z) and h,(zo) are positive, and v,(zo) is bounded from
zero. Hence (14.7.1) and (14.7.2) are again valid. In (14.7.3) only the bound
of {L:¥(x0)}* must be changed. According to (7.6.11) this will be O(n™)
where ¢ = max (Ja — i, «). Therefore,

(14.7.8) | ZM | h(z0) | = O™,

and the same bound holds for the sums in (14.7.6) and (14.7.7). Since the ex-
ponent 2a — a« = max (—3%, a) < 0, these sums tend to zero. From this the
uniform convergence in 0 r < w follows.

(3) The case ©p = 0, « = 0, can be readily disposed of by choosing f(z) =
r — a. We have

IV IA

Zlf(xV)hV(O) = :Z; (.’L‘,, - a)z{lv(o)}z
(14.7.9) . \
= (T + 1} 2 <x,, 3 q) (L™ (@)}
y==] v
Since this expression is positive, it cannot tend to f(0) = —e« if « is positive.

If o = 0, the last expression in (14.7.9) is 1 (cf. (14.7.5), m = 1), and f(0) = 0.

14.8. Lagrange polynomials for certain general classes of abscissas

(1) Let z1n > %3n > - -+ > Za. denote the zeros of the nth orthogonal poly-
nomial p.(x) associated with the weight function w(z) in the interval —1 =<
r < +1. We consider two classes A, B of weight functions characterized by
the following conditions:

A. There exists a positive number g such that

1A
S

1A
+
—

(14.8.1) w(z) = u, ~1

B. There cxists a positive number u such that
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(14.8.2) w(x) = u(l — zH)7 —1<z< +1.
By using this notation we prove the following statement:

THEOREM 14.8. Let f(z) be defined in —1 < z < +1. Let {L,(f; )} denote
the sequence of the Lagrange polynomials coinciding with f(z) at the zeros
of the orthogonal polynomials p.(z) associated with the weight function w(z),
—1=z=+41. Thenlima... L.(f; 2) = f(z), uniformly in the interval [—1, +1],
provided that w(z) belongs to A and f(z) has a continuous derivative in [—1, +1].
The same conclusion holds +f w(z) belongs to B and w(8) = 0(6*). Moreover
limnw L.(f; 2) = f(z), uniformly in the interval [—1 + ¢ 1 — ¢, where
0 < e < 1, provided that w(zx) belongs to A and w(8) = 0(6*).

Compare Shohat 7, Griinwald-Turdn 1. Here, as before, (5) is the modu-

lus of continuity of f(z) in [—1, +1].
(2) We show that for the fundamental polynomials of Lagrange interpolation
| o), —1 <z < +1,
(14.8.3) 2 L@ =40@), -1 =z < +1,
y=1

OmY), —1+e<z=1—¢

where w(z) belongs to A in the first and third case, and to B in the second case.
From (14.8.3) the statement follows by reference to Theorems 1.3.2 and 1.3.3.
Let z be fixed, ¢, = sgn l,(x). We write in the case A

n n—1 ,
(14:84) P(t) = Z Grlv(t) = Z CvPv(t)’
ve=1 y==(
where P,(¢) is the »th Legendre polynomial. Then

@ = 51001 = Sorw = {5 NS o+ pewr]

y==( y=(

{[ voraf{% o+ virr}
<o { / ‘w@[p(wdt}{z o + DIP, <x>1} .

1

(14.8.5)

Now, according to (14.2.4),
+1 n +1
(14.8.6) /_1 w®) )] dt Zx lo(z)] ;xe, _Z;x, = /_1 w() dt.

Statement (14.8.3) is readily derived by using (7.21.1) and (7.3.8).
The only essential modification of the proof in the case B is that we write

(14.8.7) o@) = 3 ell) — ;d 70,

ye=]

where T,(t) is Tchebichef’s polynomial of the first kind.




[14.9] FURTHER RESULTS ON INTERPOLATION 347

14.9. Further results on interpolation

We indicate briefly a few more recent results on interpolation.
(1) We employ the notation of §14.8. Let the weight function w(z) be con-
tinuous with a positive minimum in {—1, +1] and let ¢ > (. Then

max |[,(z)] > 1 as n—

where the maximum is taken in the interval [—1 4+ ¢ 1 — ¢ and the limit
relation holds for any sequence v = »(n) for which the corresponding zero
T, =2x,isin{—1+¢1 —¢. (Erdos-Lengyel 1.)

(2) The result of Grinwald (1) and Marcinkiewicz (2) mentioned in §14.1 (3)
has been deepened by Erdos-Griinwald and Erdés. We consider the zeros of
T.(z) as the set of abscissas.

Erdos-Griinwald (1)); have shown the existence of a continuous function
f(z) = f(cos @) the Fourier series of which is uniformly convergent and at the
same time the sequence of the corresponding Lagrange polynomials L.(z) is
everywhere divergent, even everywhere unbounded.

Erdos (2) has shown that if z, = cos (p7r/q), p and ¢ odd, there exist continuous
functions f(z) for which L,(zq) — . Erdés-Turan (1) have shown previously
that this cannot hold for any other points xo; see also Erdés 2, p. 313.

(3) Important results have been obtained by Erdos for the “normal’ sets of
abscissas introduced and investigated by Fejér. They are characterized by the
property that the ‘“‘conjugate points” (14.1.15) lie outside of the interval [a, b]
of interpolation.

Fejér showed that for a normal set z, — z,_; tends to zero asn — «. Erdos-
Turan (2) have sharpened this result and Erdgs (1) proved that

Ty = Tyoy = g (1 — 22)~ + O(n )

provided that z, = z,, is restricted to a fixed interval [—1 + ¢, 1 — €.

Erdés (1) solves the following remarkable extremum problem. We consider
all normal sets {z,.}, » and n fixed. (We follow the notation (14.1.1).) What
is the minimum and maximum of z,,? They are given by z, and —z._, where
z, = 2,, are the zeros of P,(z) + P._1(z).

(4) Griunwald (2) and Webster (1) have studied a certain type of ‘“sum-
mability”’ for Lagrange polynomials similar to a procedure of W. Rogosinski for
the partial sums of Fourier series. The abscissas used are the zeros of the
Tchebichef polynomials of the first and second kind, respectively.

Griinwald (3) gives a survey of divergence properties of the Lagrange poly-
nomials. This paper contains also a discussion of the convergence of the
Lagrange and Hermite interpolation polynomials under the condition that the
abscissas form a normal set.

(5) Balazs-Turan (1, 2) and Suranyi-Turan (1) have investigated various
properties of certain polynomials of interpolation connected with ultra-
spherical abscissas. The novel feature of this investigation is the study of inter-
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polation polynomials for which f(z) and f”’(z) are prescribed.
(6) Erdos (3) has investigated the ‘‘Lebesgue function”

2 @),
v=1

see (14.1.6). Denoting the maximum of this function in the interval — 1
<z =1, by M,, he proved the following inequality

M, > (2/7) logn — c.

This is a rather deep result. It is known that for the zeros of Tchebichef
polynomials

M, <(2/x)logn +c.
Here ¢ is a positive absolute constant.
(7) The more difficult analogous problem concerning the fundamental

polynomials §,(x) of Hermite interpolation has been solved by Erdés-Turan
(4), who prove that

2
max Z |6,(x)] =2 = (— logn —czloglogn> .
-lgxs+1 ,1 T
This is “asymptotically best possible” as the case of Tchebichef abscissae
shows.
The paper Erdos-Turan 4 also contains a proof that

_ Inax - Z (2] > - logn —csloglogn,

<x<+

which is weaker than the result cited in (6) above, but preceded it in time.
(8) If L,(x) is the Lagrange interpolation polynomial of a continuous

function f(x) with interpolation at the zeros of P?(x), a,8= — %, then

1
(14.9.1) lim 1 | Ln(x) —f(x) |7 (1 +x)%dx =
when p <min(4(a +1)/(2a+1),4(86+1)/(28+1)) =A(a,8) and for p >
A(a,p) there is a continuous function f(x) for which (14.9.1) fails. See Askey 6.

(9) By simple methods of interpolation Egervary-Turan 1 have proved the
following beautiful identity

S o P e

v=1 1 —X, Prlz(xy)(x —xy)

where the x, are the zeros of the Legendre polynomial P,(x). From this they
derive a new proof of the inequality (7.21.1). By similar reasoning one can
obtain a new proof of the inequality (7.21.3). See Egervary-Turan 2.




CHAPTER XV
MECHANICAL QUADRATURE

The reader will recall that the Gauss-Jacobi mechanical quadrature was
studied in §3.4. In the present chapter we turn to other mechanical quadra-
ture problems which are also connected with the theory of orthogonal poly-
nomials.

15.1. Definitions
(1) Let [a, b] be a finite or infinite interval, and let
(15.1.1) Snt Zin < Tow < - v < T, @ = Tyn, Tun £ b,
denote a set of n distinct points in [a, b]. Furthermore, let
(15.1.2) An i Mny Aany ooy Ann

be a set of real numbers. If f(z) is an arbitrary function defined in [a, b], we
write

(15.1.3) Q.(f) = mef(xm)-

We call the numbers z,, the abscissas and the numbers ),, the Cotes numbers
of the “mechanical quadrature” Q.(f). Having been given the sequences of

corresponding sets {S,} and {A.}, n = 1, 2, 3, --., we are interested in the
convergence properties of the sequence
(15.1.4) (), Q(f), -, @ulf), - -

associated with a given function f(z).

As in Chapter XIV we write z, and A, instead of z,, and \,» when there is
no ambiguity.

(2) An important specizil case is the following. Let the set {S,} be an
arbitrary set of distinct numbers in [a, b], and let u(z) be a given non-decreasing
function. We shall define the Cotes numbers A\, by requiring that

(15.1.5) Q.(f) = / fz) du(z)

shall hold if f(z) is an arbitrary =,_; . Obviously, ufider such a condition,

b
(1516> A= / ly(.’L') du(x), Vv = 1’ 2) R (2

a

where [,(z) denote the fundamental polynoiials (14.1.2) of the Lagrange inter-
349
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polation corresponding to the abscissas {S,}. In this case Q,(f) is called a
quadrature of the interpolatory type.

The Gauss-Jacobi quadrature is seen to be a special case of the interpolatory
type when the abscissas {S.} are the zeros of the orthogonal polynomials
associated with the distribution du(z). Another remarkable case of the inter-
polatory type is u(z) = z with {S,} arbitrary. The integral (15.1.5) is then
the ordinary integral of f(z) over the interval [a, b], which is assumed to be
finite in this case.

We shall use the previous notation throughout the whole chapter.

15.2. A general convergence theorem on mechanical quadrature;
theorem of Stekloff-Fejér

(1) TueorEM 15.2.1.%° Let [a, b] be a finite interval, and let the system {S.}
(in [a, b)) and {A.} be arbitrary; let Q.(f) be defined by (15.1.3). Denote by u(z) a
non-decreasing function, and assume the ‘“‘quadrature convergence’

b
(15.2.1) lim Q.(f) = / f(z) du(z)
for an arbitrary polynomial f(xz). Then a necessary and sufficient condition for
the validity of (15.2.1) for an arbitrary continuous function f(z) is the bounded-
ness of the sequence of the ‘‘Lebesque constants”’

(15.2.2) [ Mat |+ [ Xn2 ] + - 4 [ Xan ], n— .

This theorem is an immediate consequence of Theorem 1.6 (Helly’s theorem).
It is to be noted that condition (15.2.1) holds for an arbitrary polynomial f(z)
if the quadrature is of the interpolatory type (cf. §15.1 (2)).

(2) As an application we shall prove the following important theorem of
Stekloff and Fejér:

TueoreM 15.2.2."° Let [a, b] be a finite interval, and let the Cotes numbers
{A,} be non-negative. If the quadrature convergence (15.2.1) for an arbitrary
polynomial f(z) s assumed, the same convergence can be stated for an arbitrary func-
tion for which the Riemann-Stieltjes integral in the right-hand member of (15.2.1)
ex1sts.

The expression (15.2.2) remains bounded in the present case, since

has a limit as n — . Therefore, (15.2.1) holds for a continuous f(z). The

8 Cf. Po6lya 4, p. 267, Theorem I.
70 Cf. Stekloff 2, pp. 176-179; Fejér 15, p. 291; Pélya 4, p. 282, d); Shohat 7, pp. 474-476.
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extension to Riemann-integrable functions is made by means of Theorem 1.5.4.

Theorem 15.2.2 holds without change if the Cotes numbers {A,} are non-
negative only for sufficiently large values of =.

(3) A remarkable special case of Theorem 15.2.1 1s obtained by considering
an arbitrary quadrature of the interpolatory type (defined by a monotonic
non-decreasing function u(z)), and by choosing for the set {S.} the zeros of the
orthogonal polynomials {p.(z)} associated with a preassigned distribution
da(z). Here a(z) is in general different from u(z). Then (15.2.1) holds for an
arbitrary polynomial f(z).

The Gauss-Jacobi quadrature is derived as a special case by taking a(z) =
u(z). The Cotes numbers are then identical with the Christoffel numbers of
§3.4 and are all positive. Applying Theorem 15.2.2, we obtain the following:

THEOREM 15.2.3. Let da(z) be an arbitrary distribution on the finile interval
[a, bl, and let Q.(f) be the corresponding Gauss-Jacobi mechanical quadrature
(that s, Z.» are the zeros of the orthogonal polynomials p.(z) associated with do(x)
and M\ the corresponding Christoffel numbers). Then the ‘‘quadrature con-
vergence”’

b
(15.2.4) lim Qu(f) = / §(@) da(@)
holds for an arbitrary function f(z) for which the Riemann-Stieltjes integral in the
right-hand member exists.

(4) Another remarkable special case arises upon choosing u(z) = z with
a(z) arbitrary. Such a choice permits us to assert the following theorem:

THEOREM 15.2.4.7"  Let x, be the zeros of the orthogonal polynomial p.(z) asso-
ctated with the arbitrary distribution da(z) on the finite or infinite interval [a, b].
If we define the mechanical quadrature Q.(f) of the interpolatory type by the re-
quirement in §15.1 (2) with u(x) = =z, the corresponding Cotes numbers can be
represented as follows:
kn+1 Kn(xv)
(1529 M= TR @) 2
with

b b n n b
1526 K@) = [ K0 = [ {Sp@mofa = 5@ [ po

Here we use the symbols k, and K, (zo, t) in the sense explained in (2.2.15) and
(3.1.9); z, and \, stand for z,, and N, , respectively.
For the proof we write (15.1.6) as follows:

(1527) }\, = {p;(xy)pn+1(xv)}'—l /b p"(t)pn+1(xv) - pn+1(t)pn(xv) dt.

a t_"xv

71 Szegb 17, p. 94.
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Comparison of this formula with equation (3.2.3) establishes the statement.
According to (3.3.6) we have

(15.2.8) sgn A\, = sgn K,.(z,).

In particular, if K,(x) = 01in [a, b], the Cotes numbers are non-negative. Then
the Stekloff-Fejér theorem can be applied.

The polynomial K,(z) may be characterized by the following condition:
b b
(15.2.9) / K. (2)p(z) da(z) = / o(z) dz,

where p(z) is an arbitrary =, . In case da(z) = w(z) dz, we see that K,(z) is
the nth partial sum of the expansion of {w(z)}™ in terms of the poly-
nomials p.(z).

(5) In the next sections we consider the special cases previously mentioned,
namely:

(a) u(z) = a(z) (cf. (3)),
(b) u(z) = z (cf. (4));
here the abscissas {S,} are the zeros of the orthonormal polynomials associated

with the distribution da(z) with the additional specialization that phese poly-
nomials are.the classical ones.

156.3. Cotes-Christoffel numbers in the case u(z) = a(z) (Gauss-Jacobi
quadrature) for the classical abscissas

(1) We use the representation (3.4.7) of the Christoffel numbers A, and
arrange the zeros z, in decreasing order in the Jacobi and Hermite case and in
increasing order in the Laguerre case. Concerning the following results see
Winston 1. The representation (15.3.5) has already been used in §14.7.

By use of (4.3.4) and (4.21.6), the second formula (4.5.7) furnishes for the
Jacobi abscrssas

s _ e T+ a4+ Dl + 6 + 1)
153.1) T(n + DI'(n + a + 8 + 1)

y=1,2 - ,na>—1,8> —1,

(1 — )PP @),

and, in particular, for the ultraspherical abscissas (cf. (4.7.1) and (1.7.3))

)\v — 22—2)\7r{r(>\)}—2 P(n + 2>\)

e YL PN Y2
(15.3.2) T D) @ B @)

y=1,2 -+, m;A> —3 A =0.
For A = 0, that is, in the “Mehler case” w(z) = (1 — 2™ we find

(15.3.3) A= - y=1,2 --- ,n,
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that is, Ay = As = ... = \,. For A = 1, that is, in case w(z) = (1 — 29}
we obtain

15.34 M= (1 —2h) = T sin® 2T - .
( ) n+1( z,) e e PR 1,2, ,n

For the Laguerre abscissas we have from (5.1.10) and (5.1.14)

_ T(n+oa+1) i/, —2 _ ;
(15.3.5) A= —W Z, {Ln (x,,)} , Vv = 1, 2, N, o > 1,
whereas for the Hermite abscissas, from the second identity of (5.5.10),
(15.3.6) A= w2 H L (2) 7 y=12--.,n.

(2) In the Jacobi case the argument of §7.32 (2) shows that, for « > —3% and
B > —13, that part of the sequence Ay, X2, - -, \, corresponding to the zeros
z, > xo (cf. (7.32.1)) is increasing, and that part corresponding to z, < ¢ is
decreasing. The opposite is true if « < —%,8 < —3. Ifa> —3% 8 < -4,
ora < —3%,8 > —3, the whole sequence in question is increasing or decreasing
according as the first or second pair of relations holds.

In the ultraspherical case this argument furnishes

(15.3.7) M <A< o < Mzl if A >0,
and
(15.3.8) M > A > e D> N/ if A <O

The symmetry relation (Problem 11) yields the analogous statement for the
other A, . The values (15.3.3) correspond to the case A\ = 0. In the Legendre
case we have (15.3.7).

In the Laguerre and Hermite cases we use the argument of §7.6 (1). In the

Laguerre case the sequence Ay, Az, - -+, A\, is increasing for z, < a + %, and
decreasing for z, > « + 3. In the Hermite case we have (z; > 22 > --- )
(15.3.9) A< A< oe < Memtnya

(3) In the Jacobi case, if 2, = cos 6, , and 6, belongs to a fixed interval in the
interior of [0, 7], Darboux’s asymptotic formula (cf. (8.21.10) and (8.8.1)) yields

2a+ﬂ+l7r 9 2a+1 6 28+1
(15.3.10) M= Aon - (sm 5) (cos 5)
Here, for « = 8 = —% the symbol = can be replaced by =, according to

(15.3.3). The same is true for o = g = +1} (see (15.3.4)) if we replace n by
n + 1. On the other hand, if » is fixed and n — «, we obtain, by use of equa-
tion (8.1.1),

(15.3.11) M = A 2 274G, /2)2 (T4 () ) P
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where j, is the vth positive zero of J,(z). (Here the symbol 2 can be replaced

by = if « = 8 = —3.) Therefore, on account of the monotonic property
proved in (2), we have uniformly in »,
(15.3.12) AN =00) or O™ ifO0 <6 <r— ¢

according as « = —3, or « £ —3%. Here ¢is a fixed positive number.
By use of the argument and notation in §7.32 (3), we readily see that for
increasing v, v = »,

g, \ 21 0,\ %1
(15.3.13) ¢,) <sin 5") <cos 5") N

is increasing or decreasing according as «® = 2 oro® < %, and 0 < 6, < §,
where ¢ is a sufficiently small positive number. (If n is sufficiently large,
#(6,) > 0,v = .) Thus (15.3.13) has uniformly the “order” nif 0 < 6, < 6.

In view of (15.3.10) and (15.3.11) for 0 < 6, < 7 — e this yields (see (8.9.1))
(15.3.14) A~ G2~ ety 0<6,=rm—c¢

)

that is to say, the ratio of these expressions is uniformly bounded from zero and
infinity if » and n are arbitrary, 0 < 6, < v — e. The expression in the right-
hand member of (15.3.14) attains its greatest value for v ~ n or » ~ 1 according
as @ = —3% or a = —3. This again furnishes (15.3.12).
Similar results can be obtained if 6, is confined to the interval ¢ < 6, < .
(4) In the Laguerre case, if ¢ £ 2, £ w, we obtain (cf. (8.22.1) and (8.8.4))

(15.3.15) A o= N ome Pzt n— «,

where e and w are fixed positive numbers. On the other hand, if » is fixed and

n — o, we find from (8.1.8)
(15.3.16) M = M 2 (/2 T2} P,

where j, has the previous meaning.
Applying an argument similar to that in the Jacobi case to the fourth equa-

tion in (5.1.2), and taking into consideration the argument of §7.6 (2), we find
that the sequences

1 — 4°
4z,

-1
<4n L 2% 42—z + ) e i ML (2,)),

(15.3.17)

1 — 4o _
4n 4+ 2a + 2 — 2, + P W
4z,
. . . 2 )
are monotonic as » increases provided «° < +and 0 < z, £ w. Incasea” > %
the same sequences consist of two monotonic parts (v = »). On account of

(15.3.15) and (15.3.16) we obtain for the second sequence (15.3.17) the uniform
“order”’ n*, so that
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(15.3.18) A ~ gt 0<gz <
Because of (8.9.10) we may write

(15.3.19) T 0<1z = o

)

The condition z, = O(1) is equivalent to v = O(n*).

156.4. Quadrature of interpolatory type with u(x) = z for Jacobi abscissas

(1) In this section we prove the following theorem:

THEOREM 15.4. Assume o > —1,8 > —1, and let the mechanical quadrature
Q(f) be defined by the following conditions:

(34) P;"‘.ﬂ)(xy) = 0, y = 1’2’ <o, n,

(15.4.1) n +1
b Q") = nyx’:=f de, k=012 --,n—1.
: y=1 —1
Assume max (e, B) < 3/2. Then for an arbitrary function f(z) which is con-
tinuous in [—1, +1],

+1
(15.4.2) lim Q.(f) = / f(z) dz

n—+o —1
holds. If the numbers a, 8 are such that max (o, 8) > 3/2, there exist continuous
functions f(z) for which (15.4.2) is not true.

Notice the difference between this statement and that of Theorem 15.2.3.
Apart from the special case max (a, 8) = 3/2, @ ¥ 8, this theorem has been
proved by Szegd (17, pp. 102-108). The present proof is simpler; it is based
on the bounds (7.32.5) of P*®(z), and on Theorem 8.9.1 concerning the zeros
of P** )(x). The notation of §14.4 is used.

(2) First assume o < 3/2, 8 < 3/2. We must show the boundedness of the
sum (15.2.2) if A\, = \,, is defined by (15.4.1). We discuss A, only in case
0 <z <10r0 < 6 = x/2. For the remaining values, (4.1.3) can be
used. According to (8.9.2)

3 (a,B)
P,*%(cos 6) s

0do.
cos 8§ — cos 6, n

(15.4.3) A ~ g Te? f
0

We decompose the last integral into five parts I, II, III, IV, V, corresponding

to the intervals
0<6=<6/2 6/2<6=<6/2 6/2=<0c36/2
(15.4.4)
36,/2 = 6 < 37w/4, 3r/4 <0 =S

and we note that (6° — 67)/(cos § — cos 6,) is bounded in all these integrals.
Since 6, = O(n™),
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0172

(15.4.5) I = 0(n% / ,260d0 = O(n* D) (p/n)7t = 0(: *n).
0

Further, applying (8.21.18), we obtain

8,/2 —}
k() .
II = _nkO)

L/z cos § — cos 6, cos (N + ) sin 6 df

(15.4.6) P

n
+ 0(1) b2 —m d0

The first integrand can be written as follows:

_* 0—a+§

(15.4.7) —— (0, , 8) cos (N6 + ),

0 — 6

where ¢(6,, 6) and its partial derivative with respect to 6 remain bounded in
the interval considered (uniformly in »). Therefore, integration by parts gives

(15.4.8) O(n_g)[ff; ]m+0 n?) fj g ao{ o ¢(0,,0)}’d0

Here the symbol [f(6)le means f(b) + f(a). A simple discussion gives for the
first term of (15.4.8) (cf. (8.9.1))

(15.4.9) 076, + 0737°60%) = 07 W) + 007,

and for the second term

( ) 0( 3) / v/2{ —a+§ 0—0:—5 0—a+; }
15.4.10 n” do
02 60 — 6 03—02+(03—02)2

We readily see that (15.4.10) can be combined with the second integral of II.
On putting § = 6,z in this integral, we obtain

8,/12 p—a—t 4 —a—4
(15.4.11) o} / A / T iz
Jur 65 — ¢ 1 — a?

The lower limit of integration is 6;/(26,) ~ 1/v, so that the last integral is
O(v"_*), O(log v), or O(1) according as @ > 3, @ = %, ora < 3. Consequently,

(15.4.12) II = 0 %), O( ntlog»), or OG “ %),

accordingas a > 3, a = §,ora < §.
Now by (8.8.2),

30,/2 () ° (N6 + ~) — cos (NG, + )

III = sin 8 df
(15.4.13) 8,/2 cos § — cos 6,

+ 016, Ine} .
Here n*k(8,) = O(n7t6;* ™ = 0 **n®), and the same bound holds for the
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second term. Furthermore,

.-,
0,280 N — 6 — 0 sin
[,/2 ————————Sin0 — sin (N —5 + N6, + 7) ) db
5 sin —5—
(15.4.14) wpsin N (L; 6,
“ for g < ) + 0w
sSin h‘z——

36,/2
1 sin (N6, + )/ smzv(—*i————)dO—{—O(l)

06— 6,
sin ——

since |sin § — sin (6 + 6,)/2| < | (8 — 6,)/2|, and 6,{sin (6§ + 6,)/2}7" is
bounded. The term with cos (N6, + v) vanishes, since the integrand is an odd
function of & — 6,. The denominator in the last integral can be replaced by
(6 — 6,)/2. Hence (15.4.14) is bounded, and

(15.4.15) III = O *'n").

Now, as in II,

3m/4 4 6‘—0‘_” 31r/40—a—§ -3
(15.4.16) IV = / no g 2¢(0,,0) cos (N6 + ) do + O(1) - db,
0,02 6 — 30,12 6¢ — 0.
and the first integral is
0 . 0—-a+§ 3r/4 - 3r/4 9 0—01—{-5
(n ) [02 _ 03]30,/2 + O(TL ) 10,2 a—b{g— ‘_ 2¢(0~, 0)}(d0
_ 3x/4 0—a+% 0—01—5
= 0™ + 0 ™H6,° 7 + 0(n7H) {2 s T 2
(15.4.17) e\ =6, 6 =6,
. 0——a+3
* @)
3r/d —-a—}
= 0(™ %) + 0(n™Y 53 df.
30,/2 0 — 0

On putting § = 6,z, we have

3r/4 0—01—5 3w/ (46,) x—a—i
(15.4.18) a7} s—3d0 = n g, dr = O™ n"%),
sa,2 00 — 0, 3 22 — 1

so that
(15.4.19) IV = 0(™"'n®).

Finally, the second mean-value theorem gives (compare (4.21.7) and also
§7.32 (2))
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8’

V = —(cos 6, — cos [3r/4])" / / PL*® (cos 6)sin 8 df
4

3r

54200 _ 060 | P50 (0os ) — PLAT (cos 3r/4) |

= O[n™* 2P _ o(n¥), 3r/4 <0 < T
Here we used the assumption 8 < 3/2. Hence
o= O G i 4 i o nY)
= O ™™ 4 n7h = 0™ + yeHigmeh,
In all cases we obtain

(15.4.22) > In] =0,

052,<1

(15.4.21)

and this establishes the boundedness of (15.2.2) and the first part of the
statement.

(3) Now assume a = 8, « > 3/2. We assume that 6, lies in a fixed interval
[a, 8], 0 < a < b < 7; then » ~ n, and the number of zeros 6, satisfying this
conditionis also ~n. Let ¢ and w be fixed positive numbers, ¢ < min (a, = — b).
Decompose the integral in question into the parts I, II, III, IV, V, corresponding
to the intervals

0<0=w/n, w/n =0 <6, — ¢ 6 — e =0 =<0, + ¢
(15.4.23)
6+ e <0 =7 — w/n, T —w/n £ 0= T
Then,
w/n
I=( - cos()y)”l/ PP (cos)sin 0 do
0
(15.4.24)

w/n
+0(1)/ | P{*P (cos 6) | 66 df.
0

The first integral can be calculated according to (4.21.7), and we obtain (cf:

(7.32.5))
T alB 2 iy {Pfﬁfl'ﬂ_l)(l) — P30 <cos 2)}
44
(15.4.25) + 0(n"™)

2 na—Z —a+4 a—2 a—3
- P(a)l—cos0,+w 0(™) + 0(™).

= (1 —cosb,)”"

The bound of the term O(n“™*) is independent of . In the same way we find

wln B,a)
n—t Py %(cos 9) .
- (— ML et 6de
v (=1 ﬁ cos @ -+ cos b, st

(15.4.26) o

56 T ooss, T W oM + 0,

— (_ l)n—l
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where O(n*™*) has a bound independent of w. (For 8 = 0 the first term
vanishes.)

Furthermore,

r~w/n

0,~—e
I+ 1V = 0@ f / 6~ do + O(nh) (r — 0) g

8,1+e

=0 M0m* ™) 4+ * O + o(n™).

Here the same remark applies to the O-terms as above.
Finally, according to (8.8.2),

III = n_}k(G.,) /o,+. cos (N6 + 'Y) — cos (N6, + v)
—~e cos § — cos b,

(15.4.27)

sin9do + O(n™)

6,

e blnN—————
= 0(n™ f N 0 d6 + O(n™).

(15.4.28)

The last integral is O(log n) (cf. Zygmund 2, p. 172); whence
(15.4.29) III = O(n! log n).

Now assume a > 8, « > 3/2; then the previous results give

I+II4+ I +IVHV = n"‘”{ 2 1 + w”"“O(l)}

(15.4.30) I'(a) 1 — cosé,
+ o(n*™%),
where (1) is independent of w. Hence, by (15.4.3)
(15.4.31) In ]~ neh
ag8,<h

In the more complicated casec « = 8 > 3/2 we find

I+II+III4IV+YV
(15432) a——z{ 2 1 2 (_1)n~l
=N

SN T Ty U il AN —a+i a—2
I'(a) 1 —cosd, T(a)l -+ coss, + o 0(1)} + o(n*7),

where again O(1) is independent of w.  This furnishes the same result (15.4.31).

15.56. An alternative method in the ultraspherical case

In the ultraspherical case @ = B the convergence theorem (15.4.2) follows
from the following theorem:

Tarorvem 15.5. Let —1 < a = B £ 4. Then the Cotes numbers \, , defined _
by (15.4.1), are positive provided that n is chosen sufficiently large. In the cases
—1<a=BZ=20und } £ a= B = 1 the statement is true for all values of n.
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In view of the Stekloff-Fejér theorem (Theorem 15.2.2; cf. the last remark
11 §15.2 (2)) this leads indeed to another proof of the convergence theorem of
§15.4, even for Riemann-integrable functions. It is very probable that A, > 0
for all values of n provided —1 < a = 8 < 3.

Concerning this section, refer to Szego 17, pp. 95-99, 109-110, where the
positiveness of A, is proved for —3 £ « = 8 =< 0 and for certain other special
cases.

(1) We prove A, > 0 by showing that the function K, (z) = K (z) of §15.2
is positive for —1 < z < +1; here da(z) = (1 — z")**dz with A\ = a -+ 3
(cf. (15.2.8)). We can assume that n is even, since the last integral in (15.2.6)
vanishes if n is odd, and this assumption will be made throughout this section.

According to (4.7.15), (4.7.14), and (4.7.3), we have (cf. (1.7.3))

Ny o3-2A T'(2)) N+ m N
w50 @ =T R E IO S D S @ Fn - DmED T @

= den”Pf,?)(x), m=0,24,--,n.

Let N\ < 2. From a remark made in connection with (15.2.9), we have by
Theorem 9.1.2, for —1 < 2z < +1,

(15.5.2) lim KM @) = Q4 — 257,

n—+x0

uniformlyin —1 + ez =1 — e
(2) First assume 0 < N < 3. Then

(15.5.3) di¥ >0, dw’ <0, m=2,4,6, .

ey A . . . .
In addition, P (cos 6), as a cosine polynomial, has non-negative coefficients
A . . ..
(cf. (4.9.19)). Therefore KM (cos 6) attains its minimum for 6§ = 0, and
this minimum decreases as n increases. Now

. P(Z)\)
AV PV() = 28R
Y M o F DT = 5

1 1 2A+m—1

g TR —1)
T(A+ 2T\ — 2)

2)\+m—2>+<2)\+m— 1)}
m=0,2,4,"* m m+1

g T@-1D ¢ (2)\+m—2>_
=2 I‘(>\+%)I‘(>\—%)mz=:o m =0

(15.5.4)

and this establishes the statement for 0 < A\ < 3. If A = %, we have d,’ = 0,
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m =246 ..., and KP(z) = 1. In the limiting case A — 0, we find (cf.
(4.7.8))

; 2 2 1 1

1 KS) 3 = - — - < — ) 4
1555 K (s =2 =2 =1 ) s,

m=2,4,--,n.

Therefore, this case can be discussed as before. (See Szegé 17, p. 96.)

(3) Next, assume that —% < A < 0. In this case d’ > 0. According to
(4.9.19), the coeflicients of the trigonometric polynomial P! (cos 6) are non-
negative except for the highest coefficient, that is, that of cos mé, which is
negative, m > 0. Therefore, the coefficient of an arbitrary term cos mé,
m > 0 even, in K("”(cos 6) appears as a sum of the form —wo + u; + u2 +

««. + w with non-negative uo, u;, ---,u; where I = (n — m)/2. If m is
fixed, n — o, [ — oo, this expression tends to the coefficient of cos mf in
(1 — 2™ = |sin 6"®. But this is negative (cf., for example, Pélya-

Szegd 2, pp. 31-32), so that the same is true for the partial sums

—up + u + U + --- + u;. Consequently, K\’ (cos 6) is again of the same

type as in the previous case, and it attains its minimum for § = 0. The terms

dV P (1) are negative, except for m = 0. This establishes the statement.
(4) Incase 1 < N £ 3, we start with the following identity:

(15.5.6) (1 — 2KV (@) = K&V @) + on PR (2), n even,

where o, is a proper constant. We readily show (we can write z = 1, or com-
pare the highest terms, cf. (4.7.9)) that o < 0. For later purposes we give
the value of o :

2 r(2)) n 4+ 2
15.5.7) PTIATO+ T — P2 Fn—1

To prove (15.5.6), let p(z) be an arbitrary =, . Then, by (15.2.9),

+1
(15.5.8) f_ Ca- KV (@) + PR @)] — 1}p@) dz = 0,

where o\ must be determined so that the right-hand member of (15.5.6) vanishes
for z = 1.

According to the result in (2), the coefficient of cos m8, m > 0, in the right-
hand member of (15.5.6) is again non-positive, and the minimum is attained
for = 0, orz = 1; whence (1 — DKV () >0, -1 <z < +1.

This argument needs only a slight modification for A = 1. (See Szegd 17,
pp. 96-97.)

(5) We now prove KM(@x) >0, —1 < z < +1, for sufficiently large values
of n, provided 3 < A < 1l,or§ <X = 2.

We may assume n even, 0 < z < 1. First let A <1. By (7.33.6), we have
for = cn™*

(15.5.9) P (cos 6) = 67 0(x").
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Now from (15.5.2), n even, we obtain

(15.5.10) KP(cos 6) = (sin 6)" — > [d | | P (cos 6) |.

m=n+2,n+4,. -

The last sum is (cf. (15.5.1)) equal to
(15.5.11) 01) 22 m™'67m™! = 670
since n”' > m ™ and A < 1; this furnishes

Ki}\)(cos 6) > i(sin 6)'> > 0

)

provided n is sufficiently large and 6 > en™!) wlhere ¢ is a proper positive con-
stant.

This argument also holds for A = | with the following modification. We
have (cf. (4.7.2))

K (cos 6) — 4 ) 1 sin (m + 1)? _ 14 ) 1 sin (m + 1)0.

T m4+1  sin6 T sinb r~m4i1  sng

Here m is even; in the first sum m < 7, in the second sum m > n. By (1.11.6)
we find

(15.5.12) K. (cos 8) = (sin )™ + 67°0(n™") > 0,

provided § > cn™", ¢ > 0.
In the case § < A < 2 we use (15.5.6) and (15.5.7); taking the previous

results into account, we find
(15.5.13) K27"(cos 6) > 3(sin 0)' Y, 0PN (cos 8) = 60,
15.5.1

o > cn,

which again shows that K% (cos 6) is positive provided 8 > ¢'n”", where ¢’
is a proper positive constant. For A = 2 we use (15.5.12). Since o, =
—2/% + O(n™"), we obtain for 4 > c¢n,

sin’ § K32 (cos 6) > (1 — 2/x)(sin 9)

(15.5.14) I e
+ 67°0(n™) + O(n™) (sin )~ > 0.

(6) Finally, we assume 6 > 0, 6 = O(n™"), n even. According to (4.7.1),
we have, A = « + 1,

2—2a .

w ) QE = 2 - e - A;_J__ ._7_'?7 [ - ¥‘(7Qj ‘2A) P(a,a) < . Q_?)

Kn <COb ’n) - F(a) Z (2}\ +m — 1)(m + 1) f‘(m + )Y + %) m COoS /)
where m = 0,2, 4, ... ,n. By (8.1.1) we obtain for & > 0:

Ry z\ 27 e 2z <7_r_ziv>“_l <rﬁ:£>}
(15.5.15) K <C%ﬁ> YOS R Z{ 7)) T\

+ > m (1) + 0Q), m=24,---,n.
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If n — oo, the first term of the right-hand member is
= 27 (e)) "2 (),

uniformly in z, 0 < z < z, where

(15.5.16) 2 (2) = g7 [ zt"‘_lJa(t) dt = / 1tz"“{(tx)“'J,,(t:c)} dt.

The second term is equal to o(n*%), & > 0.

Obviously, lim._ 4o 27%f.(z) exists and is positive. We shall show that the
integral function fo(z) > 0 for x > 0 provided 0 < « < 3

The representation (Watson 3, p. 170, (3))

(15.5.17) e = 2o [T Clsinte t>0
J. a - P(%—-a) ; (uz _ 1)a+§ ) J
holds for —3 < & < +3. Assuming 0 < a < %, we can integrate by parts.
We thus obtain the following representation, valid for 0 < a < §:
- 2% /w (tu)
15.5.18 7 () =
(15.5.19 0= )

“lsin tu — cos tu
u(u? — 1)

This reduces the statement to the discussion of the special case

du, t> 0.

(15.5.19) (r/2¥fi(z) = / (t'sint — cos b) dt = / {'sin tdt — sin z.
0 0

This function increases for 0 < z < ¢ and decreases for t;, < z < t,, where
ty and ¢; are the least positive roots of sin¢ — ¢ cost = 0; 4 < 2r < t,. Thus
we need only prove fij(z) > 0if z = 2r. We have, however, for z = 2r

(15.5.20) / tlsintdt = /2 — / ™! sin t dt.
0 z

According to the second mean-value theorem the modulus of the last integral
is less than 227" < 2(2x)™". The left-hand member of (15.5.20) is therefore
greater than »/2 — 2(2r)™" > 1.

(7) The positivity of all the Cotes numbers A, for 0 Sa =8=<3/2 has
been proven in Askey-Fitch 1, and for «,620, a4+8=<1 in Askey 5. Two
inequalities of Vietoris 1 for trigonometric polynomials give the positivity
of another sum which is related to a more general quadrature problem (inter-
polate at the zeros of P\*#(x) but integrate with respect to (1 — x)(1 + x)’dx).
For this and a summary of other positive sums related to quadrature problems
see Askey-Steinig 1.

(8) A new proof of the divergence half of Theorem 15.4 was given by Locher 1.




CHAPTER XVI
POLYNOMIALS ORTHOGONAL ON AN ARBITRARY CURVE

In Chapter XI there were introduced certain systems of polynomials which
play a role with respect to the unit circle similar to that which the orthogonal
polynomials previously discussed do for a real interval. We shall now give a
short survey of a further generalization which uses a rectifiable Jordan curve
in place of either the unit circle, or a real interval.

16.1. Preliminaries; definitions

(1) Let T be a simply connected region in the complex z-plane, containing
x = o ag an interior point; let the boundary C of T be a continuum consisting
of a finite number of rectifiable Jordan arcs. When integrating along C, the
parts of C are described in an arbitrarily fixed order; along the parts which
have the character of cuts, we must integrate twice. The integrals considered
will have the form

(16.1.1) /Cf(x) |dz].

Here f(z) is a Lebesgue-integrable function defined on C, and | dz | is the arc
element on C. We denote the total length of the boundary C by L, counting
the cuts twice.

A particularly important case is that of a rectifiable Jordan curve. Another
remarkable instance is that of a Jordan arc. The case of a finite interval is of
this type.

(2) Let

(16.1.2) t=¢() =c+eaot+ar Fez+ -, ¢ >0,

be the analytic function, regular and univalent for | z | > 1, which maps |z | > 1
conformally onto the region 7', preserving the point at infinity and the direc-
tion therein. According to a theorem of Osgood and Carathéodory (Cara-
théodory 1, p. 86), the function ¢(2) is continuous in | z| = 1 and furnishes a
one-to-one and continuous correspondence between the unit circle |z| = 1
and the boundary C of T (described in the way indicated above). The function
$(z) is uniquely determined, and the number ¢ is called the transfinite diameter
(Robin’s constant, capacity) of C (ef. §16.2 (5)).

Let C be a Jordan curve, and let o be a preassigned point in the interior of C.
In this case we may consider also the function

(16.1.3) t=y@) =20+ diz + d” + -+, “dy > 0,

which is regular and univalent for | z | < 1, and which furnishes the conformal
364
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mapping of |z |< 1 onto the interior U of C; it carries the origin z = 0 into
r = %, and preserves the direction at the origin; ¢(z2) is also uniquely deter-
mined and continuousin |z | = 1.

For the interval —1 < z = +1 we have ¢(2) = 3(z + 2z7") (cf. §1.9), while
¥(2) has no sense in this case. For the circle |z | = 1, 2, = 0, we have ¢(z) =
¥(z) = 2

We shall denote the inverse functions of (16.1.2) and (16.1.3) by z = ®(z)
and z = ¥(z), respectively.

A particularly simple case oceurs when the boundary C of T (or of U) con-
sists of a finite number of analytic arcs. Then ¢(z2) is analytic on |z] = 1,
apart from a finite number of points corresponding to the corners of C. The
length of any subarc of C corresponding to z = ¢”, 6, < 6 < 6., can be repre-
sented in the form

by

(16.1.4) A | ' (e") | db
1

(similarly for the mapping (16.1.3)).

(3) Let C be a Jordan curve and w(z) a positive and eontinuous weight
function defined on C. Then the considerations of §10.2 can be applied to
the functions wizb(c‘w)} and w{y(¢”)} which are both positive and continuous
on the unit circlez = ¢*, —7x < 0 < +. Substituting into the corresponding
analytic functions D,(z) and D;(z) the functions z = {®(z)} " and z = ¥(2),
we obtain certain analytic functions A.(z) and Ai(x) which have the following
properties:

(a) A.(z) is regular in T’ including ¢ = o, A,(z) is regular in /;

(b) A.z) = 0, Ai(x) = 0;

(¢) A.() and Ai(zo) are real and positive.

Furthermore, we have
(16.1.5) ‘ lim |Al(z.) |* = lim | Aiz) | = w(z),
where z, — z indicates an exterior approach to the point x of C and 2, — =z
stands for an interior approach to x of C. The convergence is in hoth cases
uniform with respect to .

These considerations can he generalized by replacing the continuity of w(z)
by more general conditions, and also the eurve C by more gencral point sets.
If C is an arc (for instance if C is a finite segment), A,(x) is meaningless.

(4) We define the scalar product of two functions f(z) and ¢g(z), z on C, by
the integral

(16.1.6 G0 =} [ r@sten | iz,

We can then orthogonalize the system

(16.1.7) 1, z, xz, N AR
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and this procedure will lead to a set of polynomials uniquely determined by
the following requirements (cf. §§2.2, 11.1):

(a) pa(x) is a polynomial of precise degree n in which the coefficient of z"
is real and positive;

(b) the system {p.(z)} is orthonormal, that is,

(16.1.8) L / @) pn@)w(z) |d2 | = 6nm, n,m=0,1,2, ---.

L

If C is a finite real segment, or the unit circle, we obtain the polynomials
previously considered. In the next section we take up certain fundamental
properties of the polynomials p,(xz) which can be classified as follows: formal
properties (minimum-maximum properties, zeros), asymptotic behavior of
pa(x) if n — o and z is in the interior of C, asymptotic behavior of p,(z) if
n — o and z is in the exterior of C, asymptotic behavior of p,(z) if n — «
and z is on C.

In what follows we give only short indications of the proofs, particularly
when no essential change is necessary in the arguments used for the previous
special cases.

Concerning the definition and principal properties of orthogonal polynomials,
see Szegd b and Walsh 1, Chapter VI. Most of these properties have analogues
for the polynomials orthogonal on the interior U of C; they are associated with
the following definition of scalar product:

(16.1.9) f,9 = z%//f(ac)g_(—w) do,

where A is the area and do the element of area of U. These polynomials have
been investigated by Carleman (1, pp. 20-30). Here a weight function can
also be introduced.

16.2. Formal properties

(1) Let D, > 0 be the determinant of the positive definite quadratic form
(cf. (2.2.8) and (11.1.4))

%] luo + waz + w2’ + -+« + uaz" [F w(x) d
c

(16.2.1)
= Z kw& Uy Uy,
rop=0,12,4**,n
1 v
(16.2.2) k., = I / r #w(r) |dz |
c

(cf. (2.2.1) and (11.1.2)). The orthogonal polynomials p,(z) can be represented
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as follows (cf. (2.2.6), (2.2.10), and (11.1.9)):

po(x) = D5},
koo k1o Ko
kOl kn > kﬂl
pﬂ(x) = (1)',1_11):,1)“i ----------------------
kO n—1 kl,ﬂ—l kﬂ n—1
(16.2-3) 1 Xz e xﬂ
D..,D,)"
= (_“I—,l?;ﬁ)__ /C/C(x —z)(x —2) +++ (T — Tn_y)
my R * w@ow(@) -+ w@Eno) |dzo||dzs| -+ | dza].
B, ;<"““,ﬂ—

We have (cf. (2.2.7), (2.2.11) and (11.1.5))
Dn = [kvu]v.u=0,1,2,-~-,ﬂ
1 2
24) = | oo , =
(16.2.4) Lﬂ+1(n+1)!/c Laoglx z, |

r<p
- w@)w @) - w(Ea) | dao| | da| -+ | da].

(2)"” Let f(z) be a continuous function defined on C. Then the partial sums
sn(z) of the Fourier expansion

f(x) Nfopo(x) +f1p1(27) +f2p2(27) + .- +fnpn(x) + -,

(16.2.5) 1 —
fo= Eﬁf(x)p)ﬂ(x)w(x)ldxl, n=2012-:--,

minimize the integral

({6-2-6) %/g |f@) — p(@) | w(z) | dz |

if p(x) ranges over the class of all »,. The minimum is

wan L[ 1@ Fe@laz = 16F = 15F = = AP
This also yields Bessel’s inequality

(16.28) Ll + [AF + A+ - = % ﬁ /@) [ w(@) | dz .

Let C be a rectifiable Jordan curve, and let f(z) be an analytic function regular
in the interior of C and continuous on C. Then the equality sign in (16.2.8)

72 Concerning the considerations of (2), (3), (4), cf. §3.1, §11.1, §11.3.
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is to be taken: that is, Parseval’s formula holds. This follows from Theorem
1.3.4.

Smirnoff (1) investigated the validity of this formula for the more general
class of functions f(z) for which

(16.2.9) FH@ID() (' ()}

is of class Hyin | 2| < 1 (cf. §10.1); here we have used the symbols previously
introduced. Parseval’s formula holds for this class if and only if the map
function ¥(z) satisfies the hypothesis

1 — 7

’ 16 _ _:_1__ + 17 1t )
(6210 |losl¥0e)|=5 /_ g V() | e =y £ 2 @
0=r<l1.

(See Smirnoff 1, pp. 164-168.) According to Keldysch and Lavrentieff (1),
there exist rectifiable curves for which the hypothesis (16.2.10) is not satisfied.

(3) Let p(z) be an arbitrary », in which the coefficient of " equals unity.
Then

(16.2.11) min % /C | o(@) [* w(z) | dz |

is attained if and only if p(x) = (D,./D,._l)%p,.(x), and this minimum is D,/D,_,.

(4) Let zo be an arbitrary but fixed point in the complex plane, and let p(z)
be an arbitrary =, with p(xz¢) = 1. Then the minimum of (16.2.11) is attained
for p(z) = {Kn(zo, 7o)} 'Kn(xo, x), where

(16.2.12) K.(xo, ) = po(z0)po(x) + Pri(o)pr(z) + - -+ + Pal@0)pa(2).

. . . -1 .
The minimum is {Kn(zo, zo)} . (The same result can be expressed in terms

of a maximum property; see §3.1 (3) and §11.3.) The ‘“kernel polynomials’
K.(xy, x) can be characterized by the condition

(16.2.13) I%/CK"(%’ z)p@)wz) |dz | = p(x0),

where p(x) is an arbitrary =, (cf. (3.1.12)).
Using K,(xo, ), we can express the nth partial sum s,(z) of the development
(16.2.5) in the following form (cf. (3.1.11)):

(16.2.14) @) = 1 / FOKE, 2w | ).

(5) The extremum problem of (3) can be generalized as in the case of an
interval (§3.11). For instance, the problem of the “Tchebichef deviation”
corresponding to (16.2.11) consists of the determination of the minimum of
"max | p(x) |, z on C, when p(z) is an arbitrary =, in which the coefficient of

z" is 1. The polynomials which solve this problem have been investigated
by Faber (3).
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Let u, be the minimum in question. Then (cf. Faber, loc. cit.)
(16.2.15) lim '™ = ¢

n )

where ¢ is the transfinite diameter defined in §16.1 (2). We shall see that a
similar formula holds for the minimum of the problem in (3) (cf. (16.4.3)).

Fekete (1) extended the definition of the transfinite diameter to an arbitrary
closed set in the complex plane by showing that for the corresponding minimum
values u, (which have meaning if we replace the curve C by an arbitrary closed
set), the limit (16.2.15) still exists.

The general transfinite diameter is a remarkable set-function which can be
calculated in various cases (cf. for instance Szeg6 5, p. 254).

Concerning the extension of §3.11 (5) to an arbitrary curve, see Julia 1.

(6) The zeros of pn(x) lie in the least convex region containing the curve C.
See Szegd b, pp. 236-241; Fejér 7. The proof can be based on an argument
similar to that of §3.3 (2) (cf. also §16.4 (1), (a)).

Concerning the location of the zeros of K,(xo, ), see Szegd b, pp. 241-244.
See also Theorem 11.4.1 and Problems 5 and 49.

16.3. Asymptotic behavior of K,(zy, z) in the interior of the curve C

(1) In this section we assume that C is an analytic Jordan curve and the
weight function w(z) defined on C is positive and continuous there. Let z,
be an arbitrary point interior to C'; denote by 2 = ¥(x) = ¥(xzo, x) the inverse
function of the map function ¥(z) defined by (16.1.3). In the present case
¥(2) is regular and univalent in a certain circle | 2| < P where P > 1. Let
Ai(z) have the same meaning as in §16.1 (3). We shall prove the following
theorem:

TrEOREM 16.3. Let {p.(x)} denote the set of orthogonal polynomials defined
by the conditions (16.1.8). Then the series

(16.3.1) Kz, 2) = po@)po(z) + pE)pa(@) + - -+ + Pal@o)palz) + -

is convergent provided xo and x are arbitrary points in the interior of C. The
convergence is untform both in xy and z if xo and x are limated to a closed set in
the interior of C. Furthermore, we have

(16.3.2) K(zo, 2) = é‘;—r {Ai(x0) Ai(z) ) I (20) T (2) ).

In case w(z) = 1, see Szegd 5, pp. 244-251. The assumptions of this theorem
concerning w(z) and C can be generalized (cf. Smirnoff 2, pp. 3563-356). For a
Jordan arc (especially for a finite segment) these considerations have no sense.
For the special case where C ig the unit circle, see (12.3.17).

As a consequence of the convergence of (16.3.1) we notice that

(16.3.3) lim pa(z) = 0,

n—+w0
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if z is in the interior of C' (uniformly on every closed set in the interior of C).
(2) Let p(z) be an arbitrary =, , and let zo be in the interior of C. Then
according to Cauchy’s theorem,

(16.3.4) @}’ = 5 z/ip(f)a}oo
Consequently,
163 1n(@ 5 5 [ 2DL 1) s L1 [0 put e,

where w(xr) = u and é denotes the least distance of z, from the points x on the
curve C. Taking into account §16.2 (4), we have

_11

(1636) K (xo, xo) 27I“6 .

Hence the series K(2, 2o), and therefore (16.3.1), are convergent, as is readily
shown by Cauchy’s inequality.
(3) Now we show that

I
(16.3.7) K(zo, 20) = lim Kn(x, 20) = {A (20) } W' (o).
To this end we consider the function

]
(16.3.8) (21‘7) (a@)) V@) = FE),

which is regular in the interior of C, that is, for |z | < 1;2 = ¥(2), 2 = ¥(z).
(The last factor is regular even for | z| = 1.) Let rbe fixed,0 < r < 1, and ¢
an arbitrary positive number. According to Theorem 1.3.4 we can find a
polynomial Q(z) such that

(16.3.9) | F(rz) — Q) | < e, zon C.

Writing po(z) = {Q(z)} 'Q(z), we obtain from §16.2 (4), for a sufficiently
large n,

-2
(16.3.10)  {K(z, 20)} £ {Kau(zo, 20)} lQ(xO) | / | Q@) " w(z) | dx |;
whence, on allowing e to approach zero, we obtain

16310 (K, 2™ £ QL [ 1562 Fu ae).

Now if r — 1 — 0, we have

< |F( F<0> ™"

(16.3.12)  {K(xo, 20)} /I\If’()lldxl IF(O)I~2

which is equivalent to (16.3.7).
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(4) Finally, we consider

JIn = rggr_lo%lflzlzr IKn(xo, ) As(z) {¥'(2)} 7 — % {As(zo) ) W (20} 2Id:zl

- %, l | Kn(20, 2) [*w(z) | dz |

(16.3.13)
— lim 7 'r{Adze) } TH{ ¥ (20) } / Ko(zo, 2)Ai(z) {¥'(z) ) %2
|z|=r 12

r—1-0 z

+ 2£7r {Ai(zs) }-—2‘1’,(370) .

The first term equals K.(xy , 2o); for the second term we obtain

(16.3.14) —W—I{Ai(xo)}—1{'11’(230)}&'2%’]{,;(230, 20)Ai(2o) { W' (20) ) = —2K.(%0, o) ;

SO
(16.3.15) Jn = —Ku(2o, 2) + % {As(20) } N (m0).

Therefore, limy~w J» = 0 by (16.3.7). From this it follows, if [ 2| < 1, or if
z is in the interior of C, that (cf. (7.1.4))

(16.3.16) m K (2o, 2)A:(2) {¥'(2)}) 7 = é {Ai(20) } T () 1,

n—+x0 2

which is the same as (16.3.2).

16.4. Asymptotic behavior of p,(z) in the exterior of the curve C

(1) We shall introduce the assumptions concerning the curve C and the
weight function w(r) used in §16.3. We denote by z = &(x) the inverse func-
tion of the map function z = ¢(z), defined by (16.1.2); in the present case ¢(z)
is regular and univalent in the closed exterior of a certain circle | z| = r where
r < 1. Let A.(x) have the same meaning as in §16.1 (3). We may then make
the following assertion?

TuEOREM 16.4. Let {p.(z)} denote the set of orthogonal polynomials defined
by the conditions (16.1.8). If x ¢s in the exterior of the curve C, we have

1
(16.4.1) P = (L) 161 @ PR}

The ratio of these expressions as n — o« tends to unity uniformly in every finite
or tnfinite closed region exterior to the curve C.

In case w(z) = 1, see Szegd b, pp. 260-263.

We mention the following noteworthy consequences of (16.4.1):

(a) The zeros of p.(z) approach the closed interior of C uniformly asn — «
(apply Theorem 1.91.3 (Hurwitz’s theorem)).
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(b) If z is in the exterior of C,

(16.4.2) lim p;:gf;) = lim (p.(@)}" = ().

Cf. (12.2.6).

(¢) The convergence domain of the expansion (16.2.5) of an analytic func-
tion, regular in the closed interior of C, is the interior of a level curve Cr of the
conformal mapping z = ¢(z) (cf. §1.3 (2)). The determination of R from the
coefficients f, is analogous to that in the case of a power series (cf. Theorems
~ 1.3.5 and 12.7.3).

(d) Let k. be the coeficient of 2" in p.(z). Then

(16.4.3) kn = <£>} {Al(0)} e

27
where c is the transfinite diameter of C' (cf. §16.1 (2); §16.2 (5)). This result
can easily be expressed in terms of the determinants D, introduced in (16.2.4).
(2) The proof of (16.4.1) is based on an argument similar to that in §16.3;
here the minimum property of §16.2 (3) is used. We first show that

(16.4.4) lim sup ¢ 2*k;? < %” (A ()}

To this end we introduce the polynomials of Faber’s type f.(z) (Faber 1),

defined as the polynomial part in the Laurent development of the function
L\}

(164.5) (%) (s@FE @@ = 06

around z = . The function g.(z) is regular for |z | = r, and f.(z) is clearly
a 7, . Let C, be the curve corresponding to |z | = r. On applying Cauchy’s

theorem to the ring-shaped region bounded by C, and a large circle, we obtain,
if z ison C,

T 2m t—z 27 Je, E—x

where the integration is extended in the negative sense. Hence
(16.4.7) | gu(z) — fulz) | < MP" for z on C,

where M depends only on C and . The functions g.(x) are uniformly bounded
if z1s on C.
Now let v1, vz, - -+, vm be arbitrary constants, n > m. The polynomial

Y
(16.4.8) p(z) = <%)l @) + 1faa@) + vafae@) F 0+ VYmfaom(@) )
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is of degree n, and its highest coefficient is unity. Then, accordmg to §16.2 (3)
and (16.4.7),

k;2 = <2£;‘r>~ Czn+1 %{ ‘l |fn(x) + 'Ylfn-—-l(x) + -
+ 'men—m(x) |2w(x) |d.’1)|

(16.4.9) o
S
= <Zr> ¢ HZ l | g2(x) + vign(x) + - --
+ 'Ymgn—fm(x) lz'U)(x) ldx l + C2n0(rn)’
so that
lim sup ¢ " 7'k
(16.4.10) 1 |
=z /1— 114 71z + 722+ o+ vz ™ Pwle) |dz |
or
(16.4.11) lirilfllp T < %[lzl | v (@) fwiz) | dz|,

where y(z) is an arbitrary analytic function, regular for | z | = 1, with y(e) = 1.
On putting

(16.4.12) v(z) = {AA"S((R’;)}} , R>1,

and allowing E to approach 1 4 0, we obtain the inequality (16.4.4).
(3) Now we consider

' . 1
J. = lim ‘—/
R—~1+0 L Jizj=x

32
Pa(@)A @) {#'(2)} H &)} — <£>

|

2
(16419 -1 / | 9a(2) P @) | dz |
e
- im 2 (%) /. L P@AREEI @) E 41

The second term is

-1 (£) 2 im p. @A@Y @I o) - 2(%) a(w)e

Therefore,

(16.4.14) Jn=2—2 <2£'> A(0)c" .

In view of (16.4.4), this implies lim,~. J, = 0, which establishes the statement
(16.4.1).
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16.5. Asymptotic behavior of p,(z) on the curve ¢

Finally we have the following result:

TuEOREM 16.5.  The asymptotic formula (16.4.1) holds uniformly outside and on
the curve C provided the function A,(x) is regular in the closed exterior of C'; more
precisely we have

LY '
1650 5@ = (L) (80 @@ 2@)" + 00,

where 0 < h < 1; this constant h depends on C and w(z).
The same formula holds in a sufliciently small neighborhood of C in the interior

of C.
(1) For the proof we use the polynomials F, (z) of Faber’s type associated with

1
(1652 (&) 18617 @@ @) = 6.

(which is the “principal part” of the right-hand side of (16.5.1)) in the same way
as the polynomials f.(z) defined in §16.4 (2) are associated with (16.4.5). If
0 < r < 1and rissufficiently near to 1, the function G,(z) isregular for | z | = r.
We have again

(16.5.3) | Gu(z) — Fo(z) | < Mr" for z on C,

where M depends only on C, r and w(z). The functions G.(z) are uni-
formly bounded on C.
We write (cf. §16.4 (2))

-4
(16.5.4) olz) = <%> A(0)c" P FL ().

This is a 7, with the highest coefficient unity. Hence

w2 () et L[ R@E e o)

(1655 = <§> (a0 e L / 6@ w(@) |da | + 00"

- 2£r {A( )}2 2n+1 C2n0(rn).

(The simpler nature of this argument is due to the fact that A,(z) is regular on C.)
On the other hand,

A @t el - L [ [P0
(16.5.6) !
> lim anx; 2 {A( )}2 2n+1k2
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so that

(16.5.7) N
consequently

(16.5.8) Bt = O (ade) 12 4 0.

(2) Now let

(16.5.9) Pa(2) = NoFo(z) + MFi(2) + NFa(x) + -+ + MF.(2),
where Mo, A, Az, - -+, A, are proper constants, \, = A(v, n); we have

. 27!' n+4
(16.5.10) A = A A(0)c" Pk,

so that X\, is real and, by (16.5.8),
(16.5.11) A=14 00").

From the definition of F,(z) we conclude that

(%) 8@ @@ @ - 2ra@)

375

= <2L7r> A(@) (&' ()} (NoFole) + MFi(z) + - “ A Fra(2)}

(16.5.12) = X+ MB(2) + Mf®@)} + -+ + A (3@} 4+ yiz

+ yaz” -

=N+ M2+ M2" + o ™ i oy

! .
where v, , v, are certain constants. Therefore,

Nl 4+ NP+ oo+ A

= 2% 2i | A:2) {®' (@)} Hpa(@) — AaFol@)} [P dz|
T Jisl=1

= % / | pa () [Pw(z) | dz |

_ 2\

’

I pn(x)F @wz) |dz| + F /IFn(x) Pw(z) |dz|.
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In the second term F,(z) can be replaced by A, 'p,(z); in the third term we use
(16.5.11) and (16.5.3) and obtain

(16.5.14) N>+ M+ -+ + [ Ma|* = —1 +%£|Gn(x) Pw(z) |dz | + O¢™),

or
(16.5.15) Ml 24 M2+ oo F [ M |2 = OFD).

Now F.(z) = O(1), uniformly if z is on C. Whence, according to Schwarz’s
inequality,

(16.5.16) MFo(z) + MFi(z) + -+ + MaaFasi(z) = O@b™?);
and from (16.5.9), (16.5.11), and (16.5.3),
Pu(2) = MaFu(@) + O(nr™") = Fu(z) + O(n'r™")
= G.(z) + O(nr™™).

This establishes the statement. The extension of (16.5.1) to the interior of C
also follows immediately, since (16.5.3) holds if z is in the interior of C and
sufficiently near to C.

(16.5.17)




PROBLEMS AND EXERCISES

1. We denote by 71 < ¢ < ... the positive zeros of Airy’s function A4 (z)
(Use (1.81.4), (1.81.1), and (1.71.7).)

(§1.81); then 7, ~ »*if » — o,
2. Let A(z) denote Airy’s function (§1.81). We have, for real values of z,

oo

8<{62m'/3 j exp (—p° — pe*z) dp} = A(z).
0

(Develop both sides in a power series in z; see (1.81.4), (1.81.1), and (1.7.3).)
3. Let p.(x) denote the Poisson-Charlier polynomial (2.81.2); then

(—=1)"a™™*(n})’pa(z) = pa(a)
satisfies, forz = 0, 1, 2, ... , the relation
Px(z) = p:(n).
4, By use of the notation (2.2.1), (2.2.7), the “kernel” polynomials K,(zo , x)

(cf. (3.1.9)) can be represented as follows:

Co C1 (3 Cn 1
G C C3 Cnt1  To
-1
Kn(xo’ x) = ._Dn .........................
Cn Cnt1 Cnyz *°+  Cam  Ip
1 =z z’ " 0
(Use (3.1.12) with p(z) = 2", v = 0,1, -.- ,n.)

5. Location of the zeros of the “kernel” polynomials K.(zo, x) (cf. (3.1.9)).
Let a and b be finite, and let xo be an arbitrary non-real number. Every zero
£ of K,(zo, x) lies in the area bounded by the interval [a, b] and by the circular
arc through a and b whose continuation passes through o . (Cf. Szeg6 5, p. 244.

By (3.1.12)
b 2
/ (6 -z @ D228, 0 o,
a — £ T — X
In the conformal mapping (x — §)/(z — z;) = 2/, theimageof a = 2z S bisa
circular arc; the segment bounded by this arc and its chord contains ' = 0.)
6. Derive from (3.2.1) the representation, n = 1, 2, 3, -+,
Az + By Cé 0 e 0
Ci Az + By Ci = 0
pn(x) = pO(x) 0 § A3.’1: + B3 L 0
0 0 0 C} A.z+ B.
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7. Prove the reality of the zeros of p.(z) using (2.2.9), or using Problem 6.
8. Letz,, 2, -- -, 2, be distinct values in [a, b], and let f(x) have a derivative
of order 2n in [a, b]. If H(z) is the m,; satisfying the conditions
H(:E,) = f(x”)r H’(:C,) = f,(xl‘)y Vv = 11 21 e,

)
there exists a value ¢ = §(z) in [a, b] such that

2n)
1@ - H@ =158 @ — 2l — )" - o = 2

(See A. Markoff 6, pp. 6-8. Let = be a fixed value, z > z, ; and to the function
of z given by

f(x) — H(z) 2 2 2
J&) — He) — (x — 2)* @ — 222 -+ (& — ) =) —2)" - G =z
apply Rolle’s theorem.)

9. Let f(z) have a continuous derivative of order 2n in [a, b]. By using the
notation of Theorem 3.4.1 obtain

(2n)
[ 01 date) = nasted + 2t + - +fte) + I Dk
Here ¢ is a proper value in [a, b], and k., is the highest coefficient of the ortho-
normal polynomial p.(x) associated with the distribution de(z) (cf. (2.2.15)).
(See A. Markoff 6, p. 81; use the preceding problem.)

10. Let 21, x5, - - - , T be the zeros of the arthogonal polynomial p.(z) asso-
ciated with a given distribution da(z) on the interval [a, b], and let Ay, Az, + -+,
A» denote the Christoffel numbers (3.4.3). Define the scalar product of two
functions f(z), g(z) by

(f} g) = yz:, )\vf(xv)g(xv)-
The functions 1, z, z*, - -- , 2" are linearly independent; by orthogonalization
we obtain the polynomials po(z), pi(z), - - -, Pas(z) which are the same as
those associated with da(z).
11. If da(z) = w(z)dz, w(—2z) = w(z) and a + b = 0, we have for the Chris-
toffel numbers (3.4.3)

Ay=k,,+1_,, 1/=1,2,--~,n.
12. For the Jacobi polynomial P (z) the Christoffel numbers are

2r

A= In +1(1+.’Cy) V=1,2,"‘,n.

(Cf. (4.1.8) and (15.3.1).)
13. In the special case P —+ ”(:c), the numbers y, = cos ¢, , 0 < ¢, < m, of
the separation theorem of §3.41 are
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¢ = (n — v)x/n, v=12 ..., n—1.
Verify the separation theorem for P\ ¥ (2), PP (z), P& (5).

n

14. Let 21, 22, - - - , z, be the zeros of P{**”(z). Then

n

Tit Tt o+ Za = (B—a)z————n+a+ﬂ.
(Cf. (4.21.2).) »
15. New proof of (4.7.31). Combining the second part of (4.1.5) (polynomials

in 1 — 2z%) with the first formula in (4.22.1), we find
PP @) = 27 (n +2 - 1) " F(=n/2, (1 — n)/2, —n — X + 1;279).

16. The generating functions (4.7.16) and (4.7.23) of the ultraspherical poly-
nomials PM(z) are identical if and only if A = }, that is, in the Legendre case.
17. The functional equation

(1 — 2)f'(2) = M(-2),
where \ is a parameter, has a polynomial solution f(z) s 0 if and only if X =
(=1)*(n + 1) and f(z) = const. {Pu(x) + Pan(@)},n = —1,0,1, --. ; P_y(2)
= 0. (Write

N

f@) = El e {Py(z) + P,u(2)},

where c_;, ¢, - -+, ¢y are constants, and use
(1 = 2){Po(@) + Pra(@)} = (0 + 1D{Paz) — Pan(z)},

which follows from (4.7.27).)
18. Show that

’ n/2 2.4 cee
0) = (—
Q.(0) = (-1) 13 =1 n  even,
_(_pymtn22:4 - (n—1)
Qn(O)— ( 1) 35 ... n y n odd.
Here Qo(0) = 1, Q;(0) = —1. (Use the recurrence formula (4.62.13), (4.62.14),

(4.62.3).)
19. The “Laplace transform”

(e = fo ) e "F(t) dt,

of Laguerre’s function F(£) = t*L{ () is

r(n + a + 1) —n—a—1 n
f(s)=—1‘(7f—?—1-)_—s (S—l).

(Cf. Sonin 1, p. 42; use the method of the “generating function”.)
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20. Writing
LY@ T + a + 1)) = f(n, o 2),
we have, fora > g8 > —1,

Jn, a;2) = fza%-ﬁ-) ﬁ (z — W f(n, B; u) du.

(Kogbetliantz 22, p. 156. Take the generating function of both sides and use
(5.1.16); the resulting formula for Bessel functions can be verified by means of
(1.71.1) and (1.7.5).)

21. Writing ¢ **2*2L{*(z) = f.(z), we have

1@ = [ e no .

(Hardy 1, p. 139; use (5.1.9) and (1.71.1).)
22. Assumez 20,y = 0, max (z,y) > 0. Then

—T =y 3 Ln(x)Ln(y) _ Lw —1 —t
e 1?-"3 s u(m)t e dt.

(E. R. Neumann 1, Watson 6. Apply Theorem 9.1.5 and use the formula

(n-+1) ﬁz La(t) dt = 2{La(z) — L.(2)}

(cf. (5.1.2)).)
23. From (5.1.15) derive Mehler’s formula

5: H,.(x;flfn(y) W/2)" = (1 — v exp {2:l:yw _1 E,;? u;z{_ yz)wz}.

n=0

(See Watson 5, Erdélyi 2.)
24. From (5.1.9) and (5.6.1) derive the following generating function for
Hermite polynomials:

“H,() . L , (uw
”}__; W= (1 + 47} + 22w + 4w’ exp T aw)
where m = [n/2]. (Cf. Doetsch 1, p. 590, (7).)

25. Assume k > —1 and let H¥(z) denote the orthogonal polynomials cor-
responding to the weight function ¢ | z [* in [— e, 4 ©]. Then the follow-
ing differential equations are satisfied:

0, neven,

"+ 20k — 2y + 2nz — ey = 0, =
zy"” + 2( Ny ( ex )y € {2,0’ nodd;y = HP(2);

n _ 1.2 2
2" 4 {2n +2+1 -2+ S:-—l—)—gk——k-}z = 0; z=e" lz:ckH,(.k)(:c)~

(Generalizations of (5.5.2).)
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26. For fixed 8, n, and = we have

lim o PP (z) = 1 <'Ej———1>”

a—»o n! 2

(Use (4.21.2).)
27. Let {z,} be the zeros of P{**?(z) in decreasing order, « > —1,8 > —1.
Thenforv =1,2, ... ,n

m z, = —1, lim z, = +1.
a—>+w B-r+w

In the first case 8 and », and in the second case « and n, are fixed. (Use Prob-
lem 26 and (4.1.3).)

28. Let {z,} be the zeros of P{"(z), A > 0. We have for fixed n
m z, = 0.
A4
(From (4.7.6) limy—. (2}\)_"Pf.7"(x) = z"/n!; see also (5.6.3).)
29. Assume @ > —1,8 > —1;if {z,} and {z,} denote the zeros of P3*"*(x)

and L{¥(z) in decreasing and increasing order, respectively, we have (a, n, and
v fixed) '

lim 8(1 — z,) = 2z,.
B+t

(Use (5.3.4).)
30. For fixed n and z we have

lim oL (o) = L= %)

a—rw nl |

(Use (5.1.6).)

3l. Let jo = 0 < 71 < j» < --- be the positive zeros of J.(z). Then {j,}
is a convex sequence if —3 < a < +1%, thatis, j,;u — j, is increasing. Further-
more »~j, is increasing. (Apply Theorem 1.82.2 to (1.8.9).) ‘

32. With the same notation and assumptions as in Problem 31, we have

> @+ a/2 - 1/4)m, v=123,.--.

(Putn = 2v — 11in (6.3.13).)
33. We have for the factor C,., defined by (6.31.13),

(W/9* < Cm < 4.

Here 7, is the least positive root of Jo(z). These bounds are the best possible.
(Use the increasing property of »~'5, ; see Problem 31.)

34. Assume a > —1; denote by z; < 22 < -+ < zn the zeros of L\ (z). If
of < 1 the sequence z} — z;_y, v = 2, 3, --- , n, is increasing; if «® > 1, thisis
true for z,_, > (& — ). (Apply Theorem 1.82.2 to the fourth equation in
(5.1.2).)
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35. With the notation of the previous problem,

min (@} — z3-) ~ 77, max (@} — 2d) = 2t — 2 271374, — i)n,

n — oo,

where 7; and 4, are the least positive zeros of Airy’s function A (z). (Use (8.1.8),
(8.22.1), and (8.9.15).)

36. Let 21 > z2 > .-+ > Z(wtn/z be the non-negative zeros of the Hermite
polynomial H,(x). Write

Ty = Tyy = hp — (6ha) b, he = (2n + D

Then for fixed » and increasing n, the numbers ¢,, are decreasing. Further,
show that for1 < » £ (n + 1)/2,

n = ha _Vn*pvn,

where P < p,n < Q here P and Q are two absolute positive constants. (On
writing £ = (6h.) " in (6.32.10), we have

d*z
dt2

The monotonic character of ¢,, follows by means of Theorem 1.82.1. Further-
more, see (6.32.3),

+ {t/3 — (6Rh.) "}z = 0.

iv < tvn § tv,2v—1 = 6i hgv—l-
Now apply Problem 1.)
37. Consider n unit “masses’”, n = 2, at the variable points z;, 22, - - - , Za
in the interval [—1, 4+1]. For what position of these points does the expression

H |.’l2y—$,,|

l‘,}l-l.2,' e n
r<u

become a maximum? (Stieltjes 4, p. 441; the maximum position is the same
as in Theorem 6.7.1, obtained by replacmg n by n — 2 and writing p = q = 1.
We have (1 — z )Pf,l_lz)(:c) = const. {P.(z) — Pn._s(z)} = const. (1 — z*)Pr_i(z);
see (4.7.27).)

38. Consider n unit “masses’”, n = 2, at the variable points z;, z2, - - - , Za
in the interval [0, + =], such that

"l 2t +2) S K

where K is a fixed positive number. For what position of these points does the

expression
H |$,. - Ty |
viu=1,2,2+,n
y<p

become a maximum? (Cf. Problem 37 and Theorem 6.7.2. We have zL{",(z)
= const. {L.(x) — L._4(2)} = const. zL,(z); see (5.1.14).)
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39. Assume @ > —1, 8 > —1. With the notation of (7.32.2) we have, for
n — oo,
(T(g+ D} 7'n ifgz -4,
max |Pf.“"5)(:c) | ~ w"*n_* | a+ %|—a/2—} |f3 + % |—ﬁ/2—-} |a +8+1 |(a+ﬁ+1)/2
—1gz5+1
if -1 <¢= -1
(Cf. (7.32.2).)
40. From (7.33.10) derive
P.(cos ) — P.ii(cos 8) = lo(n™), 0 <8 = x/2
(Use
(1 — 2){Pa(@) + Pan(@)} = (n + 1){Pua(z) — Pun(2)}
(see Problem 17) and (7.33.9).)
41. We havefor0 < § < =
(sin 6)} | Q. (cos ) | < {n/(2n)}%.

The constant (x/2)! cannot be replaced by a smaller one. (See Hobson 1,
p. 309, where the bound (x/n)! is obtained; compare Theorem 7.3.3, and Prob-
lem 18.)

42. Let f(z) be an arbitrary =, , non-negative for all real values of z, and let

+o0
/ e_’zf(:c) dz = 1.

o0

Then

35 C@m+1) o,
24---2m — "

(Use Theorem 1.21.2, (7.71.2), (5.5.9), and (5.5.5).)
43. A mean-value theorem for polynomials. Let f(z) be a s . Then

J) — fla) = (b — a)f'(®),
where £ is a proper point in the interval
Ha+b) - b -am=t=<3ia+d)+ 30— o).

Here z; denotes the greatest zero of the Legendre polynomial P.(z). (Tchaka-
loff 1; use (3.4.1).)
44, Derive the formula of Lipschitz

max f(0) = =} m = [n/4],n — «.

/ e Jobt) dt = (a® + b)), a>00b>0,
0

from the generating function of the Legendre polynomials, that is, from (4.7.23)
for A = 3. (Write w = ¢*", z = cos (b/N), a and b fixed, N — «, separate




384 ' PROBLEMS AND EXERCISES

2 mmo Pr(z)w™ into m < N and m > wN (w a fixed positive number), and
use (8.1.1) and (7.3.8).)

45. Derive (5.4.2) from (5.1.9) by writing z = a/N, w = e™'", a and b fixed,
5> 0,N— +o. (See Problem 44; use (8.1.8) and (7.6.8).)

46. New proof of the asymptotic formula (8.22.4) of Hilb’s type for Laguerre
polynomials. From the generating function (5.1.9) we obtain

1-)
L) = / exp{—’f i——+ w} 1 - w™ " w™"  dw
+

217 o 21 ~w
) —
= 2—}-—1” exp {—-g i—m——t Z_} (1 — e e™dz
1 o+)

= 57 | e g (x, 2) de,

where ®(z, z) is regular in |z | < 2x. If we develop ®(z, z) in a power series
in 2, the resulting integrals can be reduced to Bessel functions (Watson 3, p. 176,
(1)). (This argument furnishes not only (8.22.4) for an arbitrary real «, but
also an asymptotic expansion of Hilb’s type whose terms are Bessel functions;
see Wright 1. This is the analogue of Szegé’s argument used in 16 for Legendre
polynomials.)

47. Let a be real, but different from zero. The infinite series

o0

E n—)\ eianl/2

nm=]

is convergent if A > }, and divergent if A £ 1. (For A > 0 the convergence of
the series is equivalent to that of the integral [T z*¢™*'’* dz.)

48. The polynomial sa(a, 2) (see (11.3.3)) admits the following representation,
in which the notation of §11.1 is used:-

€ C1 "' Copp1 C_q 1
(] Co ctr Cong2 Copp1 @
—1
s”(a’ z) — _D” ........................... .
=7
Cn Cp-a 51 Co
—1
1 =z 2" 20

(Cf. Problem 4.)

49. Second proof of Theorem 11.4.1 on the zeros of s.(a, z). Use the argument
of Problem 5.  (If 2 is the zero in question, and (z — 2)/(z — a) = #, the image
of | 2| = 1 contains 2’ = 0.)

50. Theorem 11.3.3 on the convergence of D ey |$.(2) |% | 2| < 1, isnot true
if the weight function f(6) is such that log f(6) is not integrable in Lebesgue’s
sense. (Letf(6) = Ofor —e < § < +¢,and f(6) = 1fore < 6 < 2r — ¢ and
apply (16.4.2). In this case | 4,(0) /" —> R, R > 1.)
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51. Let f(6) be a weight function on the unit circle, —x < § £ +, for which
§i7 log f(6) 9 exists. Assume p > 0, and let u, = ,u,.(f ; ?) be the minimum of
1

+n
~ [0 100 o, —

where p(z) = 2" + ... is an arbitrary =, with the highest term z”. Then

1 [+
lim (3 7) = exp {2 / " log 1) do} — 6.

(This is a generalization of (12.3.3); see the argument used there.)
52. Let kno be the highest coefficient of the orthonormal polynomial p.(z)
associated with the distribution de(z) on the finite interval [a, b]. Then

ko > 2770 — @)™ { / b da(z)}_}.

(Cf. Theorem 12.7.1; Shohat 2, p. 575, (24). Use the extremum property of
Theorem 3.1.2, choosing p(z) = 2'7"(b — a)"T.{2(z — a)/(b — a) — 1}.)

53. Use the notation of Problem 52. Let [a’, b'] be a subinterval of [a, b]
such that a(z) is constant in [a’, b’]. Then two positive constants 4, B exist,
B > 4/(b — a), such that k., > AB". (Cf.Shohat 2, p. 577. Use the extremum
property of Theorem 3.1.2, and choose for p(z) the “Tchebichef polynomial”
corresponding to two disjoint segments in the sense of §16.2 (5).)

54. By use of the notation of §12.7 (1) we have, under the assumption of
Theorem 12.7.1,

2m)? (=™ PR AP e even
w27 007
kny =~
4 (=D b s
(2 ) ‘(—“:—W'é— 2 n do dl, v Odd

Here v is fixed, n — ». If d; =0, the second formula is to be read as follows:
lim,—w 272%™k, = 0. (See the special cases in Shohat 2, p. 577. Use
Theorem 12.1.2 and observe that on putting

Ml 4+ 1 — 2 =1 oy v

we have v, =~ (2*!)7(=n)’, v fixed, n — =.)
55. In case of the Jacobi polynomials

PP = 157 2" + 1572 + -
we have, v fixed, n — «,

_1y2 —1/2
lny ~ 1r-} (( /12)), n—v+a+ﬁn(v—1)/2’ (Ot _ B) —% [(( 1)1)/2 2n—v+a+ﬁnvl2—- ,
14 :

according as v is even or odd. In the second case we assume a # B. (See
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Geronimus 1, p. 380; usc the result of Problem 54; in this case we have dp =
2~(a+ﬁ+1)/2’ dl — (B _ Ot) 2—(a+5+1)/2.)

56. With the notation and assumption of Problem 54 we have

kn2

= —n/4 + ¢+ e, lim e, = 0,

kn() n—+w

where ¢ is a constant. (Cf. Shohat 2, p. 577. Use the same argument as in
Problem 54.)

57. Let L(z), » = 1, 2, --. ,n, be the fundamental polynomials of the La-
grange interpolation with the zeros of T'.(z) as abscissas. Then if k is even,

/_:1 L@, (x) - 1,@0 - 2Htde = 0.

Here v, v, -+, » are distinct integers between 1 and n. (E. Feldheim 1;
{T.(x)}*", z = cos 6, is a cosine polynomial not containing terms with cos »8,
v < n.)

58. In the ultraspherical case « = 8, —1 < @ = 8 < 0, we havefor —1 < z
< +1 (notation as in Problem 57)

@ + LY+ -+ L@ = ]

(For « = —1 see Fejér 13, p. 5. Use Problem 59 and the first identity in
(14.1.11).)
59. In the ultraspherical case « = 8 > —1 we have (cf. (14.5.2))

1—2(a+ D2z, + (2o + Day

L) =
(z) 1 — 22

I
I
—
IA
8
IA
+
—

60. In the Legendre case we have

3r
> 2 __ " -1 < .
v,(z) 2 tan e T ) 1=z +1

(Cf. Fejér 13, p. 23. Use (6.6.5).)
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61. Prove the following identities:
Py (z) = 2n + 1)aPg4 (222 — 1),
zP,(2) = nP,(z) + (2n — 3)P,_s(x) + @n = Puy(z) + -,
(I = 2P/ (x) = —n(n — 1)Pa(x) + 2(2n — 3)P,—2(x)

+2@2n — 7)Pou(z) + - .
62. Prove:

P (z) = Un(z);

-z if n

Il
p—
-

/P,._l(t)dt if oo

63. Prove the formula:

+1 ) 1 (n+2)! T@E+1)
/.1 Do dn = o T T ¥y = 0L2

64. Prove the identity

+1
/ Pa(x)e=?=dx = (2 /M .y (V).

-1

(Use Problem 63 and (1.71.1).)
65. Prove that
+t= 2m)HPa(z) if —1<z <1,
/ ey = |ETEE) i
— l 0 if z>1lorz < —1.

(Use Problem 64 applying Fourier’s inversion formula.)
66. Prove the identity

S (n\PP() w2 P+ 20y + 42z + y))
2:6 (V) PO (1) y = (1 + 2zy + y2)~2 PO )

in particular the identity

n

2. (7:) P,@)y~ = (1 + 2zy + y®)"*P,{ (1 + 2zy + y2)~}(z + y)].

v =0

(Use (4.7.23).)
67. Prove the identity

n Lga) Lgx) + 1)t
2 () ot = o BUGER

387
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(Use (5.1.9).)
68. Prove the identity

?::o (:f) H.(@2)@y) = Ho(@ +v).

(Use (5.5.7).)
69. Let z be a parameter, —1 <z < +1. The zeros of the polynomial in z:

Po(z) + (7;) Pi(x)z + (g) Py(x)z* + -+ + P.(z)z"

are all real.
(Use Problem 66.)
70. Prove Turan’s inequality

{Pa(x)}? — Ppoy(x)Pryr(z) 2 0, —-1=z= +1.

(Turan 1, see also Szego 22, Karlin-Szego 1 and Csordas-Williamson 1.) If
a, and a, denote the first and second elementary-symmetric function of n

real numbers, we have:
(al//n)2 = az/(Z) .
(Use Problem 69.)

71. Derive from Problem 66 the generating series (4.10.6) and, in particular,
(4.10.7). (Puty = n/z, n — «;use (8.1.1).)

72. Derive from Problem 67 the generating series (5.1.16). (Put y = n/z,
n — o ; use (8.1.8).)

73. Prove the following formula of the “Rodrigues type’’:

1) a\"

—zpaf (@) = (_______ nt+l | 2 —1/tf—a—1 —
e~z L (x) o ¢ (dt) (e~ ), xt = 1.
(Use Taylor’s formula and (5.1.9).—In the special case o = 0 this is due to

G. Pélya, 1941.)

74. Let {u,} and {v.} be two sequences;n = 0,1,2, --- . One of the relations
o (n + « v _~(nta Y
u"—;,<n——u)( 1),; v,.—Z%(n__y)( 1)u,

implies the other.
75. Using Problem 74 and (5.1.6) prove

Z_ 5 (" + "‘) (— 1)L ().

nl = \n —v
76. Let u, and v, be two sequences; n = 0, 1,2, --- . One of the relations
In/2l (— 1) m/2) |
U, = ] Un—gy, Up = —f Up—2v
v=0 v. v =0

implies the other.
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77. Prove the identity:

@o)r W1 Ho,(z)
n! v (= 2!

(Use Problem 76 and (5.5.4).)
78. Prove the following identities:
v+ 2y + 20+ Dy =0,  y = e?H, ()

* — 2 —_ - Hv (x)
t/2dt= by 1\ 2v4+1
/Oe 67 25 (=) @ + Dyl

lim (-’4) H, (—“—) = 1,
now \N 2y

(Use (5.5.4). Cf. P. Turan, Matematikai Lapok, vol. 5 (1954), pp. 134-137.)
80. Prove that

Iim o™ 2LP (edx + @) = (= 1)"2-"2(n)~\H ,(27}x).

o~ ©

79. Prove that

81. Let {pm(z)] be the orthonormal polynomials associated with the distribu-
tion da(z) In 0 = x < +o. Denoting by &, &, -+, & any zeros of pn(z) we
have

f@) = / e (& —x) - (Br — )] Hpm(x) ) 2dalx) > 0, t> 0.
0
(See Karlin-McGregor 1, pp. 507-509. Since f(0) = 0, we have
et = [t 0 e 0 @] da(e) = o0
0

t
ft) = e‘fk‘/ e o (1) dr. Induction.)
0

82. Notation and assumption as in Problem 81, p,.(0) > 0 for all m. Prove
that

/w e D (2)pa(x) da(z) > 0. t > 0.
0

(See Karlin-McGregor 1, loc. cit. Let m > n. We represent p, () by Lagrange’s
interpolation formula corresponding to the abscissas &, -, &, chosen as
in 3.3 (6); use Problem 81.)

83. Let {p.(x)} be the Poisson-Charlicr polynomials (2.81, sgn p,(0) =
(—1)"). Wehave, A > 0, m = n, j(z) asin (2.81.1),




390 FURTHER PROBLEMS AND EXERCISES

ée‘“j(x)pn(x)pm(x)

= exp [a(e™ — 1)]at™m™ (m]/nl)} 5: (n) (e~ — 1 )ntm—2 (aer)~
14

b =0 (m —v)!~

84. Let X\ > —3, A # 0. Using the notation (4.9.21) we have

+1
/ (1 = 22APP () PR ()P (x) dar

1

+1
— [6 2[4 PRGN o PN / (1 . xz))\—-g {PQ\) (x) } 2 dx.

6.4 1

provided that [ + m + n = 2s is even and a triangle with sides I, m, n exists.
The integral on the left is zero in every other case. (Cf. (4.7.15): cf. Hsii 1.)

85. Let {,(x) have the same meaning as in (2.8.1); we have then
(z) = (= 1D"(N—1—uz).

Here n and z run over the range 0,1,---, N — 1. Prove also that

tn(N—l)=n!<N——l> :

n
86. Let p,(z) have the same meaning as in (2.81.2); we have then
pa(0) = (— D)™a"/n)* = (= 1)"e*/*(j(n)) "
Prove also that, writing p.(z)/p.(0) = c,(z,a), we have
cu(z3a) = c.(n;a).

87. Writing H,(z) = H, we have

° 2%alply!
“H,H;H, dx = x'*
j:me a 3 b T Ll (s——a)!(S‘ﬂ)!(s—v)!

provided that.« +8-++ =2s is an even integer and sZ«a, s=8, s=7.
In all other cases the integral is zero.

88. Prove that
n 2
lim n! ( - —y-2-> L (5‘—> =,
- n y

89. Prove the following identities:
LP(z) =y, (e2**'y")’ + ne *z°y = 0;

e 2L (z) =h, zh” +h + (n + 2 ; x) h=0.
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90. Prove the identity

LEttt(x 4y) =3 L4(x) LP(y).

k=0
91. Obtain the estimates
) neP= 2u <ap —2+p/2,
ﬁ (1 —x)*| P&*?(x)| Pdx ~{ nP2ogn, 2u=ap—2-+p/2,
n?? 2u>ap —2+p/2,

where «, B8, u > —1 and p >0 are fixed. (See (7.34.1).)
92. Prove that

_lssin(n+1)0 S\/é., Isosr——’—r,
3 (n+1siné — 9 n- n
_L_sinlntDo 17 _, T
3 (n+lsind 5 n~— T2

and show that all the bounds are obtained for some 8 and n. (Use (7.8.1) for
P’Sl/2,l/2)(x)/P’gl/2,l/2)(1).)
93. Prove that

>
E—x—%(l——x)""(l—l—x)'ﬂ>0, —1<x<l,a,820, |

and
2n

mx_"ex>0, x>0,a20.

(Use Theorems 6.72 and 6.73. These results were conjectured by 1. Joob.)
94. Prove that

(= Dkame f L (x) L (2) L& (x) x%e “dx 2 0, a> —1, k,m,n=0,1,---.
0

(Use (5.1.9).)
95. Prove that

n+m

Do) pm(x) = D a(k,m,n)py(x) |

k=|n—m| |
with a(k,m,n) =0 if p,(x) satisfies
pl(x)pn(x) =pn-+l(x) +anpn(x) +6npn—l(x), n= 17 2, tt

where @, 20, $.>0, apni1Z n Buy1Z B B =12, ., polx) =1, py(x) =
x +a. (Askey 4. Use induction. This contains Problem 94.)
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96. Prove that
Py(x) + Pu(x) S 1+ Py(x), 0=xs1,
when n(n+1) =k(k+1) +m(m +1). Also show that
Jo(x) +Jo(y) =14 Jy(2)

when x? +y%=2% Griinbaum 1, 2, Askey 7
97. Ifz;:’:oa,% is finite, « > —1, and if

- n'L“”(x)L“”(y)
g +a+1) =0? Oéx,y<°°,

prove that
.1
a, =] x"du(x),du(x) = 0. (Sarmonov 1.)
0

98. If aym are defined by

1 Z mtn
T DY S O Y s i R v e M L

show that

Apmn = ﬁ Ly(x) L,(x) L,(x)e 3dx.

to o~ Li¥(x) L (x) L (x) x%e 3"dx a2 — % (Szegd 26, Askey-Gasper 3.)
99. Prove that '

Then use Problem 84 for A = 1 and (4.5.4) to show that @pn, = 0. Generalize

f (%) = Ho(y)e ™ Ydxdy = 0, k=1,2, ---,

for all choices of plus and minus signs and any choice of integers n;. (Use
(5.5.11) and Problem 87. See Ginibre 1.)
100. Show that

n

2'n1 > (—D'Li2x +25) = > ( Z) [Hy(2) [ Hy (9]

k=0

and in particular that

23" (— DHLy(20) _‘"f”___L')._.. [Hooi(0) ]2
k=0 j= —0 J 1N 20! "

Extensions of this sum to P{*%(x) are given in Askey-Gasper 4.
101. Show that
rn+4a+1) & (2k) ! (2n — 2k)!

(2a)
2?‘"n! b= ok'[n—k)'] k+a+1) 2x)

[L(x)]* =

This formula of Howell is given in Bailey 2.




APPENDIX

ON A SINGULAR CASE OF ORTHOGONAL POLYNOMIALS

In recent publications F. Pollaczek (1-4) has introduced certain remarkable
generalizations of the Legendre and other classical polynomials which should be
treated in this Appendix in a brief way. The polynomials of F. Pollaczek show
in many respects a singular behavior. For a short treatment of this topic we
refer to Bateman Manuscript Project 1, vol. 2, pp. 218-221. Cf. also Szegé 24.

1. Definitions and formal properties
Let a and b be real parameters, a > |b|. We write

acosf +b

(1.1) hO) = —5sns

and define the polynomials P,(x; a, b) = k.x" + - -« by the generating function

[z, w) = f(cos 6, w) = > P.(z;a,b)uw
(]2) n=0
= (1 — wew')—Hih(o)(l — we—if)—i—ik(®)

or, in another form:
(1.3) flz,w) = (1 — 2zw + w?)~}exp {(ax +b) > %—n Um—1(x)}
m=1

where U, has the same meaning as in (1.12.3). The polynomials P.(z; a, b)
reduce to the Legendre polynomials in the limiting case a = b = 0.
The following identities are easy to establish:

(1.4) P.(z;a,b) = (=1)"P.(—=z;a, —b),
(]5) Pn(ly a, b) = Ln(_'a _b)) Pn(_ly a, b) = (_l)nLn(_a +b)
where L.(x) = LY (z) is Laguerre’s polynomial (Chapter V). The highest

coefficient k, of P,(x; a, b) can be obtained by replacing w by w/z in (1.3) and
taking x — «. We find

N S WP
(1.6) k,=2 < n )_:2 CICES)) as m— «,

The following recurrence formula holds (cf. Bateman Manuscript Project,
loe. cit.):
nP,(z;a,b) = [(2n — 1 + 2a)x + 2b)P,._i(x; a, b)
—(n — 1)P,_2fx;a,b), n=2234,---.
393

(1.7)
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Here Py =1, P, = (2a + 1)x + 2b.
We have the important relation of orthogonality (cf. Szego 24):

(1.8) /:1 P.(z;a,b)Pn(z;a,b)w(z;a,b)dxr = (n 4+ 3(a + 1)) um,
nm=012 -+,

where the weight function is defined by

(1.9) .w(cos 6;a,b) = e?—mr® [cosh (wh(6))] .

We note that

(1.10) w(cos 0;a,b) = 2exp {(a +b)(1 — n/6)} as 06— +0.

The behavior of w is similar as 6 — = — 0.

The following representation in terms of the hypergeometric function holds
(Bateman Manuscript Project, loc. cit.):

(L.11) P,(cos6;a,b) = e™F(—n} + 1h(6); 1;1 — %),

2. Generalization

Let A be real, A > —1. We define the polynomials P$’(z; a, b) by the gener-
ating function

(2.1) i P¥(x;a, b)w = (1 — 2zw + w?)~> exp {(a:c + b) i %; Um_1(:v)}.
n =0 m=1

For a = b = 0 we obtain the ultraspherical polynomials P{®(z). The case
dealt with in 1. corresponds to A = 3. The polynomials P’ (z; a, b) are orthog-
onal in —1 £ r £ 1, x = cos §, with the weight function

(2.2)  wM(z;a,b) = 7121 DRO) (sin 0)2-1T (A + h(6))[%

Concerning a recurrence formula and a representation in terms of the hyper-
geometric function, see Bateman Manuscript Project, loc. cit.

3. Integral representations

The following generalizations of the Laplace integral (4.8.11) and of the Mehler
integrals (4.8.6) and (4.8.7) hold (Novikoff 1):

P.(cos0;a,b) = x e~ 2*® cosh (wh(6)) / exp {2ih_(0) log ctg é}
0

3.1)
- (cos @ + tcostsinf) "1 dt
= ¢~ %%® cosh (wh(8))
6+t
9 [ sin —5—
(3.2) - - / cos{ (n + %)t — h(8) log =————
T Jo . 60—t
sin

- (2cost — 2cos 0)} dt
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= e(x=9h® cosh (rh(9))

. t+6
9 [r sin —
(3.3) '—/ sin< (n + $)t — h(9) log ———
T Jo sint — 0
2
- (2cos 8 — cost)tdt.

In these formulas 0 < 6 < 7.

4. Infinite interval

Pollaczek (3) defines another remarkable class of polynomials P (x; «) by the
following generating function:

(4.1) > PP (x;a)uwr = (1 — we'l*)~Miz(] — qeia)-r-iz,
n =0

Here 0 < @ < wand X > 0. These polynomials are orthogonal in the interval
— o <z < « with the weight function

(4.2) 7712 sin a)P—le=(r=2a)z| (X + 4z)|%

Laguerre polynomials appear as a limiting case. Indeed, replacing z by z/a
and assuming a« — 0 we obtain

lim (1 — we*)™(1 — we=i)~> exp {E log 1 = weir
¢4

a0 1 — we=i=f
- _ -2\ w
(1 — w)2exp <2x T w)
so that, cf. (5.1.9),
(4.3) lim PP (x/a;a) = LB (—22), B =2\ — 1.

a—0
[t is also clear that the polynomials in 2. arise from P (z; «) as follows:
(4.4) PP (R(6);0) = PP (cos 8;a,b).

5. Asymptotic properties

(a) By means of the generating function (1.1) it is not difficult to obtain an
asymptotic expression for P,(r;a,b) when n — . We may use Darboux’s
method (§8.4).

First let x be outside of the closed interval [— I, +1]. Writingz = 3(z + z™1),
z = e 30 > 0, we find :

P.(x;a,b) = {T(} 4+ ih(8))}~1(1 — e2i0)~t+ir®

(5.1) . p=inbpy=}+ih(d) <1 + 0(%)) .

It is not difficult to extend this to an asymptotic expansion. Now let
—1 <z < +1; forming the real part of the right-hand expression in (5.1),
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the asymptotic formula for 3P,(x; a, b) arises. Finally, in view of (1.5) we
find from (8.22.3)

(5.2) P.(l;a,b) = jrte it (g + b)~tn~t - exp {2(a + b)int}.

(b) Novikoff (1) investigated the asymptotic behavior of P,(cos (tn~t);a,b)

where ¢ > 0 is fixed. His principal results are as follows:
P.(cos (tn¥);a,b) = snt(a+ b — t2)texp (—i(a + b))

- n- exp {n* (’2’ atb, x(t))} (1 + 0(%))

(5.3)
Ait) = axt — atb arc tg a,,
a, = t7a + b — 2)}, 0<t< (a+bd)
P.(cos (tn*);a,b) = »4(t? —a — b)~texp (—3(a + b))
b 1
- n~texp {n* <72r ot )} . {cos C—; — n*u(t)> + O(;)} ,
(5.4) P
M(t)=alt_a2t 10g1i217

=Nt —a—b)Y, t> (a+ b

From (5.3) and (5.4) interesting conclusions can be drawn about the “‘extreme’
zeros of P,(x; a,b). Let us denote the zeros of these polynomials, as in Chap-
ter VI, by cos 8, where 0 < 8, <80, < --- <8, < =n; 0, =0,,. Then, for any
fixed value of »,

(5.5) lim n!0,, = (a + b) .

n-—

6. Associated orthogonal polynomials

(a) We consider the system {¢.(2)} of polynomials which are orthogonal
on the unit circle |z] = 1 relative to the weight function

(6.1) f(8) = w(cos 0)]sin 6];

here w(z) has the same meaning as in (1.9). These polynomials show also in
many respects a singular behavior.

The relation to the Pollaczek polynomials can be established by means of
the formulas (11.5.2):

o (z) | = <2> {1 n 4)2"2(0)} (@)

(6.2) | , o
2'"+1¢2n—1(z)J + 3(z — 271 (g) {1 + ?%} gn1(T).
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We have p.(z) = {n + §(a + 1)}!P.(z; a, b) [cf. (1.8)]; the system {g.(x)} is
orthonormal with the weight function (1 — z?)w(z). Moreover, k2, denotes
the (positive) highest coefficient of ¢1.(2). Between x and z the relation
z = 3(z + z7!) holds.

(b) Let |2| < 1. We investigate the asymptotic behavior of the polynomials
dn(z)asn— . Letzs0,z=e¢" 30 > 0. We rewrite (5.1) in the form

6.3) pa(x) = A(x)n+®zn <1 + 0(}1)),
A@) = {TG + h(0))] (1 — 1)+,

Now the polynomials {q,(x)} can be represented in terms of {p,(x)} by using
Christoffel’s formula 2.5, taking (1.5) into account. Thus

P, i(z;a,b) Pa(z;a,b) Pnpi(z;a,bd)
(1 — 2%)qu—1(x) = const. Loy L, Ly ,
Ly, —-L, Loy
L,=L,(—a —=b), L, = L.(—a +b).
Denoting the latter determinant by A,(xz) we find by an easy calculation:
(1 = 2)qn-1(x) = (LurL} + LuLn 1) (LaLyyy + Loy Ly)™

kao_1\?
.<w>gn-1+%w+wﬁmwl

kn+1

Using (1.5), (8.22.3), and (1.6) we obtain

(1 — 22)qn_s(x) = LA (x)nir®zn=1

(6.4) . {(1 4 *2‘ f') 224 (e — €)z — (1 - ¢ ; ‘)}(1 + 0(%»,

e = (a4 b)in € = (a — b)in.

(¢) From (6.3) and (6.4) we conclude, since 1 — z2 = — (1 — 22)%(2z)7%,
be— e g®) _ 1 f{ L et ),
(6.5) Px() “r—a Ut )?

om0l

Denoting by ki, = {n + 4(a + 1)}, the coefficient of z* in p.(z) and by
l.—. the coefficient of z*~! in ¢,_,(x), we find from (6.5) for z — 0:

(- 5)(o)
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Now the first formula in (6.2) yields:
k) [ ¢2,,(o)} ( )% f 4)2"(0)} 1
1 1 —
4)2"(0” < ){ + K2n 2~ 1 K2n 2"
so that

can = 7 (k)2 + B} - 270 = rindk, - 2 (1 et )(1 + 0(%))

(6.6) .
N 2.0 LI _ e+ € 1
“TE@r™ (1 1 ><1+0<ﬁ>>’
IO G el - T P P : 1
¢ (0) = =t CACES AT - 270 = pintk, - 2 *(e—{—e —{—0(;))
(6.7)

_ (2 ) €+ ¢ 1
“TGa@r " ( 2 +O<ﬁ>>'

In particular,

(6.8) Pl0) et ey 0<1>.

Kan n

() We obtain from (6.2), [sf < 1, in view of (6.3), (6.5), (68),
b2 (2) = < ) A(x)nlh(o){l +e +e +<1 e _Z e')

©9) A3+ )+ (=)= (1 e+ e'))}(l +0<%>>

" 4 —_ 2Ya(z) /
- (5) Lo e + 01 +2) + @ = b1 = ) (1 +0<%)),
e+ ¢

i ’
i = (3 s (459

(6.10) ARt o e)e (- det e’))}(l - 0(1))
— 2 n

_ (g) %')‘_”nw ((@+ b} +2) — (a—bP( —2)] (1 + 0(%))

where we set for abbreviation:

b(a = 3) + bz + 3(a + 3)27

a(e) = bet ,
La+1)+bz+ @ — 1)z
(6.11) B(z) = 2@+ 1) liz/(a 2

1(2) = 2(a_1)+1bi_; (a+1)z
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The argument of the I'-function can be written as follows:

al+ 2* 2 1
+b——7+§

(6.12) B(z) = 51— 5 =

and the real part of this expression is >4 for |z| < 1. Hence the function 1/T
is never zero in |2| < 1. The only point of accumulation of the zeros of the poly-
nomials {¢n(z)} in |2| < 1 is the point

_(a+b)} —(@a—b)} _ (a* =0 —a
@+ b} + (a—b) b

appearing only for m = 2n — 1.
The exponent y(z) of n has a real part > —}. Hence the series ) _|¢(2)|?
is divergent for all lz| < 1. In particular,

b2n (0)1
¢2n-1(0)j

= (3) v+ D)+ 2 @ - o (140(2)).

(6.13)

Taking (11.3.6) into account, this yields again the main term of (6.6).

(e) Recapitulating, we may point out certain properties of the Pollaczek
polynomials which indicate a rather singular behavior compared with the clas-
sical polynomials.

The weight functions w(z) or f(8) in Theorems 12.1.1 and 12.1.2, respectively,
are such that log w(cos ) and log f(6) are integrable. The weight function w(x)
of the Pollaczek polynomials vanishes at the endpoints x = 1 so strongly
that log w(cos 8) is not integrable [cf. (1.10)].

The normalized Jacobi polynomials are at £ = 1 of the order ne+! and
nf+t respectively. The orthonormal Pollaczek polynomials at r = 21 are of
order nt exp {2(a + b)int} [cf. (5.2)].

The Toeplitz minima u,(f) (12.3) associated with the weight function f(6) tend
to a positive limit under the assumption of Theorem 12.1.1. In case of the poly-
nomials discussed in 6. this limit is zero; the weight function defines a ‘‘determin-
istic” process. We have in this case: u.(f) = k72 ~n-°. Let f(6) =0 in a
certain interval, say —e < 0 < 4+¢, 0 < e < 7 and f(6) = 1 otherwise. We
have then again u.(f) — 0, and, more precisely, u,(f) ~r", r < 1; cf. (16.4.3)
and Problem 50.

The orthonormal polynomials defined in Theorem 12.1.2 are asymptotically
of the order (x + (x? — 1)})"if x is not on the cut [—1, +1]). The Pollaczek
polynomials are under the same condition of the order n®(z + (z* — 1)H"
where K is a function of z. A similar discrepancy arises if z is on the segment
[—1, +1].

For the “largest’’ zeros cosf,, 0 < 8, < =, 6, = 6,(n), v fixed, n — =, of the
Jacobi polynomials we have 6,(n) =~ n~Yj, where 7, is the corresponding zero of
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an appropriate Bessel function; see (6.3.15). The similar zeros of the Pollaczek
polynomials satisfy the relation 6,(n) = n~t(a + b)}, see (5.5); the order of
magnitude is different and the constant does not depend on ».
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— — Tchebichef polynomials, 330, 351.
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See Expansion, Orthogonal poly-

nomials.
Sherman, 57, 411.
Shibata, 145, 412.
Shohat, v, vii, 42, 48, 159, 163, 189, 309, 333,

336, 340, 345, 347, 350, 385, 386, 412.
Shohat-Hille-Walsh, 422.
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163, 164, 167 ff., 189, 190, 197, 198, 203,
206, 214, 243, 248, 249, 251, 274 ff., 287,
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