SOME NEW RESULTS IN RANDOM MATRICES OVER FINITE FIELDS
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ABSTRACT. In this note we give various characterizations of random walks with possibly different steps that
have relatively large discrepancy from the uniform distribution modulo a prime p, and use these results to
study the distribution of the rank of random matrices over F;, and the equi-distribution behavior of normal
vectors of random hyperplanes. We also study the probability that a random square matrix is eigenvalue-
free, or when its characteristic polynomial is divisible by a given irreducible polynomial in the limit n — oo
in F,. We show that these statistics are universal, extending results of Stong and Neumann-Praeger beyond
the uniform model.

1. INTRODUCTION

Let ¢ be a prime power, and let Mat(n, q) (GL(n, q)) be the group of all n x n (resp. non-singular) matrices
with entries in the field of ¢ elements. Given a (class) function f that depends on M (such as the rank of M,
or the factors of its characteristic polynomial, etc), it is natural to study the behavior of f for a “typical”
matrix, such as for one sampled uniformly at random, we call this the uniform model.

1.1. Some statistics for the uniform model. Our first example is on the rank of M. By exposing the
columns of M one by one, it is not hard to show that the probability that M belongs to GL(n, q) is exactly

P(M € GL(n.F,) = L = D@ =0 (¢" - ") _ ﬁ(l .

n2
q =1

More generally, for 0 < k < n we can show that
1 " (1—=g )T 1—qg ¢
P(M has rank n — k) = ?lel( a )Hzgﬁ;l( a . ) (1)
q Hi:l(l -q7Y) Hi:l (1-q7%)

Our next example is the probability that M does not have eigenvalue in F, (equivalently, M does not have
one dimensional invariant subspace). Beautiful results by Stong [36] and Neumann-Praeger [25] (see also
[15]) showed that this probability tends to the derangement probability of a random permutation. We have

lim lim P(M is eigenvalue-free) = 1/e. (2)

q—00 Nn—+00

More generally, Stong showed that in the ¢ — oo limit, the probability that the characteristic polynomial of
M factors into n; degree 7 irreducible factors is the same as the probability of an element of S,, factors into
n; cycles of degree i, and Hansen and Schmutz [I9] also obtained similar results for joint cycle structures.

In a different direction, random matrices over finite field is also a source to generate random partitions. For
instance it follows from [16] (and the references therein) for the uniform model:
1 ) 1

where A,_1(M) is the partition corresponding to z — 1 in the rational canonical form of a uniform matrix
M. We refer the reader to Section [2] for a precise definition of Ay (M).

oo

lim P(\._1(M) =X) =[]

n—oo

3)

r=1
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The measure above had been studied extensively in Number Theory in the context of the Cohen-Lenstra
heuristics. Indeed, assume that B is a p-group, B = Z/pMZ x - - - x Z/p*" 7, Friedman and Washington [14]
showed that for a Haar random matrix M in Z,

o 1k
nh_{r;o P(M(ZZ)/ZZ ~ B) = Mp()\) = m

We also refer the reader to [42] 43] and the references therein for related results.

In the spirit of , Fulman [I5] [I6] also showed for the uniform model that as n — oo, for any fixed
irreducible polynomial ¢,

lim P()\¢(M) = )\) = queg(¢)()\)

n—oo
and in particularly,
P(¢(x)] det(M — x)) = P(Ay(M) £ 0) = 1 = [J(1 — g =), (4)
i=1
Moreover, it was also shown that these statistics are asymptotically independent for different ¢ in the sense
that for any different irreducible polynomials ¢1, ..., ¢k
k
. k ) — . .
nh_{r;o P(Af_i A, = N) H lim P(Ay, = \). (5)

Ll n—oo
=1

We invite the reader to Section [2| for a useful tool to deduce Equations , and .

1.2. Our main results. Motivated by the universality phenomenon in Random Matrix Theory, we wonder
if the above statistics also hold for other models of M. While there have been many results addressing
universality of random matrices in characteristic zero (to study the spectral behavior of various models of
random matrices), we have not seen much in the literature addressing universality behavior in the finite
fields setting. In fact, to the best of our knowledge, although there had been partial results such as [IL
2, [3L 6, M0, 12, 20, 211 35], universality results of matrices in finite fields only appeared very recently in
[23, 24, 27, B0}, 42], 43]. For instance, regarding the rank distribution, a simple consequence of results of
Maples [23] 24] (see also [27]) and of Wood [42] showed

Theorem 1.3. Let a > 0 be fized. Assume that M = (mj) is a random matriz where m;; are iid copies of
a random a-balanced distribution in F,. Then we have

1 2. (1—pt
lim P(M has rankn —k) = ?Hl—kk“‘l( p. )
n—oo p Hi:l(l _p—z)

Here we say that a random variable  in F,, is a-balanced E| if
maxP({ =a) <1-a.

The method of [23],[24] (see also [27]) relies on a swapping technique from [9} [38] [4], and can yield exponentially
small error bound of type exp(—can) in Theorem However this technique is quite delicate, and does
not seem to extend to other interesting models of matrices such as symmetric matrices. The method of
[42] [43] mainly rely on the moment method, which extends rather easily to matrices of entries over Z/rZ
for composite r (and to control other algebraic statistics beside the ranks), but one has to assume 7 to be
sufficiently small.

One of the main goals of this note is to provide three alternative methods, which we will call the “arith-
metic approach” (after [28] [40]),“geometric approach” (after [32]) and “combinatorial approach” (after [§]).
Although the error bounds obtained by these methods are usually of subexponential type (rather than expo-
nential type), we believe that the methods will be extremely useful for the study of random matrices in finite

LFor simplicity, our notion here is weaker than those from [23 24 271, [30] in that « is fixed.
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fields. For instance the methods can be adapted to matrices with constraints such as symmetric matrices
and antisymmetric matrices [3I] to answer a question from [5]. To highlight a result of this method, we show
in Section [6] the following result

Theorem 1.4 (Rank distribution). Assume that 0 < d < n¢ for a sufficiently small constant c. Assume
that p < exp(n®). Then for a random n x n matrix M with entries being iid copies of an a-balanced random
variable  in F), we have

A Een @ —p™) o

P(rank(M) =n —d)) = O™ ),

= d? d —
p Hi:l(l_p )

where ¢ is another (sufficiently small) positive constant depending on ¢ and a.

Note that we can also establish similar rank distribution for rectangular matrices of size (n + u) x n for a
fixed u by a similar method. These results are not new and weaker than existing results in the literature
(see for instance [23], 24] and [27, Theorem A.4], [30, Theorem 5.3].) However, as mentioned, our approach
is new and seems to be robust. (For instance it can be used to prove Theorems and below.)
More precisely, to establish Theorem [1.4 we will analyze the normal vectors w = (wy,...,w,) of random
subspaces for which we will show that the random sum ), {w; spreads out in F,, uniformly very quickly.

Theorem 1.5 (Non-structure of the normal vectors). With the same assumption as in Theorem let
X1,y Xn—d, Xn—as+1 be the first n —d+ 1 column vectors of M. Let w = (wy,...,w,) be any non-zero
vector that is orthogonal to Wy_q = (X1,...,X,_q). Then with probability at least 1 — exp(—O(n)) with
respect to X1, ..., Xn_q we have

sup P> &wi = a) — 1/p| < exp(—n°),
aclky

where & are iid copies of €.

We will prove the above result by showing that with very high probability the normal vectors do not have
any structure (in any arithmetic, geometric, or combinatorial sense). On the other hand, we will also show
that the normal vectors actually behave like a uniform vector in Fj). This can be seen as a discrete analog of
[29] where it was shown that normalized normal vectors of a random hyperplane in R™ behave like a uniform
vector on the unit sphere.

Theorem 1.6 (Uniformity of the normal vectors). With the same assumption as in Theorem and
conditioning on the event that the subspace W,,_1 generated by X1,...,X,_1 has full rank, we have

e For eachi€{l,---,n},
[P (w; = 0) — 1/p| < O(exp(—n*)).
e For each i # j, and for any a € F,, we have

P(Ow = (wi,...,w,) € Wiy tw; =aAwj=1)—1/p| < O(exp(—n*)).

o Furthermore, with n, being the number of i such that w; = a, if we assume § < 1 and 6 2p =
o(n/logn) then
P(APZY(Ina/n — 1/p| < 6/p) > 1 — e~ /P, (6)

where ¢ > 0 is absolute.

We need p to be smaller than n in Eq. @ so that n, is not vanishing on average. We remark that the above
result holds trivially for the uniform model (when Xi,...,X,,_1 a chosen uniformly at random from IF;}) as
in this case w is distributed as a uniform vector. However, it is not clear at all as to why w also behaves
like a random uniform vector even when the X; are sampled differently.
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In the above results there is a natural connection between the ranks and the normal vectors. Somewhat
more surprisingly, we show that these quantities can also be used to study the characteristics polynomials.
Namely we can obtain the following analog of Equation .

Theorem 1.7 (Divisibility of the characteristic polynomials). With the same assumption as in Theorem
let € <1 be any fized constant. For a prime p and fized polynomial ¢ such that Cy < p < n1=9)/2 gnd
@ s irreducible over F, we have
P (o) det (M —2)) — [1 — [J(1 ~ p~ 5] = Ofexp(~en'~/p?)),
i=1
where ¢ and the tmplied constant depend on € and Cy is a constant that depends only on the degree of ¢.

Also, we will show the following analog of Equation .
Theorem 1.8 (Universality for eigenvalue-free matrices). Assume that M is as in Theorem , We have

lim lim P(M is eigenvalue-free) = 1/e.
P—00 N—00

Thus, for instance, our result works for the following simple-looking model of random matrices of (mean
zero) integral entries. Let A C Z be a finite deterministic set of integers (such as A = {—1,0,3} or
A={-7,-1,0,1,2}, etc.), and let p be a prime so that the projection 7(A) of A onto Z/pZ is not a single
point. Let £ be the image of the uniform measure on A under 7, then with the same notations as above we
have the following result.

Corollary 1.9. Among all \A|”2 matrices whose entries are all in A, there are

. (ﬁ% + O(e*"r/))—portion of them have rank n — d in Fy;

o (1—TI2, (1 — p=idee@®) 4+ O(exp(—en'=°M) /p?)))-portion of them have characteristic polynomial
divisible by a given irreducible polynomial ¢(z) for primes p < nt=°();

o (e71 4+ 0(1))-portion of them are eigenvalue-free as n — oo and p — 00;

e the normal vectors satisfy Theorem [I.5 and [1.6

1.10. Notation. We write P for probability and E for expected value. For an event £, we write &£ for its
complement. We write exp(z) for the exponential function e®. We use [n] to denote {1,...,n}.

For a given index set J C [n] and a vector x = (z1,...,%,), we write x|; to be the subvector of x of
components indexed from J. Similarly, if H is a subspace then H|; is the subspace spanned by x|; for
x e M.

For a vector w = (wy,...,w,) we let supp(w) = {i € [n]lw; # 0}. We will also write x - w for the dot
product Y, x;w;. We say w is a normal vector for a subspace H if x - w = 0 for every x € H.

For I,J C [n], the matrix My ;s is the submatrix of the rows and columns indexed from I and J respectively.
Sometimes we will also write M, for M, ., if there is no confusion.

We write ||.||r/z to be the distance to the nearest integer. Sometimes, for a matrix M we write r;(M) and
c;(M) for this i-th row and column respectively. We write X = O(Y), Y = Q(X), X SY,or Y 2 X if
|X| < CY for some fixed C. We also write that X <Y if X <Y and Y > X.

Our paper is organized as follows. We will first discuss tools to prove Equations , and in Section
We will present our characterization methods in Sections [3] [4] [f] and then use these results to prove
Theorem in Section [6} We will present a short proof of Theorem in Section [7] and of Theorem in
Section [§] The remaining two sections are reserved to prove Theorem and Theorem [1.§| respectively.
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2. THE UNIFORM MODEL

In this part we discuss the method to prove Equations , and . Although this is not the main goal
of the note, we would like to present it here for pedagogical purposes, as for most of the cases the universal
statistics are computed from the uniform model. We refer the reader to [I6] for a comprehensive survey on
the method and its other applications.

We first introduce a simple representative for Mat(n,q) (or GL(n,q)) modulo the conjugacy action of
GL(n,q). To motivate the formulas, let us first introduce a simpler variant for the permutation groups S,,.
For a permutation 7 let n;(7) be the number of cycles of length i of . The cycle index of a subgroup G of S,
is defined as ‘—él dorea it 27 The function f(u,x) = 1+ S st 5 Y res, [list 27 is called the cy-

Zmu™

cle index generating function of the symmetric groups and Pélya’s result shows that f(u,x) =[[,,>;e =
This formula is useful in the study of (conjugacy) class functions of permutations.

For matrices over Fy, the cycle index generating functions can be described by first giving some information
on the conjugacy classes. Let A be a partition of some non-negative integer |\| into integer parts Ay > Ag >
-++ > 0. In what follows m;()\) denotes the number of parts of A of size i, A’ is the partition dual to A, and

(u/q); denotes (1 —u/q)--- (1 —u/q").

Recall that we define the characteristic polynomial of an n x n matrix M as det(M — x). Assume that
the irreducible decomposition of the characteristic polynomial of a matrix M has the form det(M — z) =
Hle #i(x)*#. The rational canonical form of the conjugacy class containing M is a matrix of form

Ry 0 o ... 0
0 R, 0O ... O
0 0 Ry
where each matrix R; has the form
C@) 0 0 0
r_| O Cl) o0 o |
00 e

and ). \; = A\g,. Also we have the constraint that Zle Ag;deg(p;) = n. Here for ¢(x) = Z;.tol a;xt + 9,

the companion matrix C(¢) is defined as

0 1 0 0 . 0
0 0 1 0 0
0 0 0 1 0
C(¢) :: ... DR ... DR ... ...
0 0 o 0 0 1
—ap —ai; —ag ... —Qq—2 —Aa4—1

In other words, we have the decomposition of Fy = @4V, where the characteristic polynomial of a on V; is
¢*, and furthermore V,, = &,V; where V; are cyclic subspaces with dimension \; deg().

Note that in the data given above, each irreducible polynomial ¢ is assigned a partition Ay(a). For example
for M = I,,, then \,_1 = (1,1,...,1), and A\, = 0 for all other ¢; while for

M =



then \,_1 = (2,1,...,1), and Ay = 0 for all other ¢.

To introduce the cycle index formula for Mat(n, q), let z4 » be variables corresponding to pairs of polynomials
and partitions. Define

1
ZMat(n q) * m Z H x¢7>‘¢(0‘)'

a€Mat(n,q) ¢,/ As(a)|>0

Beautiful results of Kung [22] and Stong [36] showed that
ndeg(d))

1+ZZMat(n7q)“n H1+ZZ$¢)‘ deg(¢)z (\)2TI

n=1 n>1A\Fn

i>1(Cas@y dcg(¢) )7n1(/\¢)

Note that one can also define Zgy,(y q) 51mllar1y. The above formula allows one to study class functions for
matrices over IFy, for which we now give a proof for Equation , a proof for Equations and can be
done similarly by specifying the variables x4 ) appropriately.

Proof. (of Equation ) In the cycle index formula above, by specializing the variables x4 » we may count
different subsets of Zys44(n,q)- For instance if we set xy x =1 we get everything so,

" deg(e)

HHZZ LEO O

n>1Akn

=(1—-u)" (7)

izl(m)mi(&p)

We want to count matrices with no fixed subspace. In terms of x4 ) this is the same as x4 x = 0 for linear
¢ and x4 » = 1 otherwise. Making this assignment and using we have,

o] Hn’ . )
1+n§=:1 |GL(”:1Q <1+ZZ =02 Hm( Jm mw) (1-w)

i=1 ki 4

where H,,, is the number of derangements in GL(n,q). Now the n'" coefficient of this generating function
is going to the first term in the product evaluated at «w = 1 and by a result of Fine-Herstein [I3] we have

(with [gli = [Tj—gi-1(¢" — ¢¥)),

H, i(i—1)
GLinq)] (*Zq ) as T oo

Some cursory analysis (using the fact that the asymptotic behavior of the sum is determined by its first

term) shows
i(i—1)

o ( 1—q
<1+Zq ) — 1/e as ¢ — oo,
i—1 [q;
as desired. O

3. STRUCTURES OF VECTORS IN IF;L: AN ALMOST OPTIMAL CHARACTERIZATION

Let G be an (additive) abelian group. A set Q) is a generalized arithmetic progression (GAP) of rank r if it
can be expressed in the form

Q= {ap+xa1+ -+ zra,|M; <x; < M/ and x; € Z for all 1 <i <7}
for some elements ay, ..., a, of G, and for some integers My, ..., M, and Mj,..., M]. One can think of Q
as the image of an integer box B = {(z1,...,x,) € Z"|M; < x; < M/} under the linear map
D (r1,...,2.) = ag+x101 + -+ + Tra5

Given ) with a representation as above, the numbers a; are generators of @, the numbers M; and M/ are
dimensions of @, and Vol(Q) := |B| is the volume of @ associated to this presentation (i.e. this choice
6



of a;, M;, M]). We say that Q is proper for this presentation if the above linear map is one to one, or
equivalently if |Q| = |B|. For an integer ¢t > 1, we let Q; denote the dilation of @ by t, i.e.

Q: ={ao +z101 + - + xpa, [tM; < z; <tM] and x; € Z for all 1 <4 <r}

and we say @ is ¢-proper if Qq is also proper. If —M; = M/ for all ¢ > 1 and ap = 0, we say that @ is
symmetric for this presentation. A coset progression in G is a set of type H + @), where H is a subgroup of

G.

Our main result here is that, if a random walk in Z/pZ does not spread out evenly fast, then the steps must
be arithmetically correlated (and vice versa).

Theorem 3.1 (Arithmetic structure, characterization I). Let € < 1 and C be positive constants. Suppose (i

is a random variable that is a-balanced taking values in Z/pZ and that w = (w1, ,wy) € (Z/pZ)™ is such
that )
pw) = sup [P(uiwy+ -+ ppw, = a) — ~| = 6(n~ ),
a€L/pZ p
where 1, -, 1y are independent and identically distributed copies of u and p is an odd prime possibly

depending on n. Then for any n/? < n’ < n, there is a set W' of n —n' components w; such that one of
the following holds.

o Forp <nC, there exists a GAP of rank one Q that contains W', where

QI < Oc.c(1 + py/(logn)/n).

e For p 2 n®, there exists a proper symmetric GAP Q of rank r = Oc (1) that contains W', where

Q| = O (14 p~ 1 /n?).

Note that our characterization is almost optimal in the sense that it nearly implies the backward direction: if
w satisfies the conclusion of the theorem, then p = Q(n~C). It also implies that for p < n=1/2t°() (for any
p), recovering a result by Maples (see Theoremm This is because that if a positive portion of the w; are non-
zero, then the set ) must have size at least 1 and r > 1.) Our presentation here follows from [30] with some
modifications (as in [30] we focused only on large p, and on the quantity SUPgez/pz Pt1wi +- -+ ppwn, = a)
rather than on p as above.) We will make use of two results from [39] by Tao and Vu. The first result allows
one to pass from coset progressions to proper coset progressions without any substantial loss.

Theorem 3.2. [39, Corollary 1.18] There exists a positive integer Cy such that the following statement
holds. Let @ be a symmetric coset progression of rank d > 0 and let t > 1 be an integer. Then there exists a
t-proper symmetric coset progression P of rank at most d such that we have
QCPC Q(Cld)sd/zt.
We also have the size bound 2
QI < |P| < t!(Crd)*" Q.

The second result, which is directly relevant to us, says that as long as |kX| grows slowly compared to | X|,
then it can be contained in a structure. This is a long-range version of the Freiman-Ruzsa theorem.

Theorem 3.3. [39, Theorem 1.21] There exists a positive integer Cy such hat the following statement holds:
whenever d,k > 1 and X C G is a non-empty finite set such that

K9] > 227 |kx),
then there exists a proper symmetric coset progression H + Q of rank 0 < d' < d —1 and size |H + Q| >
2,6d
272" k4| X| and z,2' € G such that
2czd226d

r+(H+Q)CkX Ca' +2
7

(H+ Q).



Note that any GAP Q = {ag + z1a1 + - + zra, : —N; < a; < N;foralll < i < r} is contained in a
symmetric GAP Q' = {xgap + 101 + -+ 2pa, : =1 <29 <1, —N; < a; < N; for all 1 <i < r}. Thus, by
combining Theorem [3.3] with Theorem [3.2| we obtain the following

Corollary 3.4. Whenever d,k > 1 and X C G is a non-empty finite set such that

4226d

kx| > 2277 kX,
then there exists a 2-proper symmetric coset progression H + P of rank 0 < d' < d and size |H + P| <
256d
24(Cyd)34° /22427 | L X | such that
kX CH+ P

Proof. (of Theorem [3.1]) First, for convenience we will pass to symmetric distributions. Let ¢ = p — u’ be
the symmetrization and let v/’ be a lazy version of v so that

lp(p =2)if
Py =)= { 2oV =D e 70
;P =2)+35, ifzx=0.
Notice that ¢’ is symmetric as 1) is symmetric. We can check that max, P(¢) =) <1 — a, and so
supP(y)' =2) <1—a/2.
We assume that P(¢)' =t;) = P(¢' = —t;) = ;/2 > 0for 1 < j <I,t; #0, and that P(¢' = 0) = Sy, where
t;, £¢5, # 0 mod p for all 1<71,72 < l and j; # ja. Denote S = pjw; + - - + ppw,. Consider a € Z/pZ

Where P(S = a) is maximum (or minimum). Using the standard notation e,(z) for exp(2mv/—1z/p), we
have

P(S = E > el )_E1 > e,g(gS)ep(—m):1+E1 > ep(S)ep(—za). (8)
er/pZ r€ZL/pL p p T €L/ pL,x#0

So

> |Eep(aS)]. (9)

By independence

n

|Ee,(29)| H Ee,(zpw;)| < H(%(|E6p(:pﬂiwi)‘2 +1)) = H |Ee, (2 w;)|

i=1 i=1

It follows that

pg; 3 HBMZ@ 2”’5“» (10)

z€Z/pZ,x#0i=1

S% > Hﬁwzﬂﬂcos”tw’lx

T€ZL/pZ,x#0i=1

where we made the change of variable  — x/2 (in Z/pZ) and used the triangle inequality.

By convexity, we have that |sin7z| > 2|z|| for any z € R, where [|z|| := ||z||r/z is the distance of z to the
nearest integer. Thus,
1
lcos 2| < 1— —sin? = < 1— 2|52 (11)
p 2 p p
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Hence for each w;

l
BOJFZﬂﬂCOS |<17225JH ||2<6Xp QZﬂJ”xtwl‘)

Jj=1

Consequently, we obtain a key inequality

Z H60+Zﬂj|cosﬂxt 'LUzl)S

r€ZL/pL,x#0i=1

S exp( 222,@\\”% L a2

z€F,,v#0 i=1j=1

1
p< 1
p

hSE R

Large level sets. Now we consider the level sets S, := {z|z Z0A D", 22:1 Bj HNJTUJ

T exp 222@““’1 Zexp m —1))Sml-

rEF,,x#0 i=1 j=1 m>1

2 <m}. We have

C<p<

SRR

As >’ o exp(—m) < 1, there must be a large level set S, such that

|Sm| exp(—m +2) = pp. (13)

-C

In fact, since p > n~%, we can assume that m = O(logn). The bound |S,,| > exp(m — 2)pp guarantees that

S 18 non-empty.

Now we consider two cases.

Case 1. We assume p < n®. We know that S,, is non-empty, and hence there exists 2o # 0 so that

n l
Z Z .T()t w; ||2
Set
l
=Y Bi=1-ho. (14)
j=1

Then by definition of &, we have
o > af2.

Thus we can rewrite the above as

l n

Tot;w; _
Z@‘ZII%IIQ <207 'mY ;.
j=1 =1 j

frot

Thus there exists an index jg so that 8, > -, || 2 <2a7'mp;,, that is

t
O E B < 207 m

i=1

So, for most w;

{,C()tjowi ”2 < 20 m
p oo

| (15)

/

More precisely, by averaging, the set of w; satisfying has size at least n — n’. We call this set W’. The
set {wy,...,w, }\W’ has size at most n’ and this is the exceptional set that appears in Theorem By
definition, for w; from this set we have

xotjowi ||2 - m

[P = o), (16)

9



Hence we have seen that, after a dilation by xot;,, W’ belongs to the arithmetic progression P of rank one
and of size O(py/(logn)/n’),

x m
P={zel, H;II =0(/ )}

Notice that in this case we don’t have to assume n’ > n®/2.

Case 2. We assume p > n°. By double-counting we have

>y mu“ D) zmn“ Uh 2 < s,

i=1z€S,, j=1 TES,, i=1 j=1

So, for most w;,

> Z@n” L2 < s (17)

€S j=1
for some large constant Cj.

By averaging, the set of w; satisfying (L7) has size at least n — n’. We call this set W’. The set
{wi,...,w, }\W’ has size at most n’ and this is the exceptional set that appears in Theorem In
the rest of the proof, we are going to show that W’ is a dense subset of a proper GAP.

Since || - || is a norm, by the triangle inequality, we have for any a € kW’
xtja
> ZBJI7||2<k2fISmI (18)
r€Sm j=1

More generally, for any k' < k and a € ¥'W’,

> Zﬂ ||@||2 E2 1S (19)

rESy, j=1

Dual sets. Define

={al 3 Zm” U < S}

€Sy, j=1
where the constant 200 is ad hoc and any sufficiently large constant would do. We have

|Sm|

To see this, define Tj, :== > g 22:1 B; cos 27”;”1. Using the fact that cos 2wz > 1—100]|z||? for any z € R,
we have, for any a € S},

(20)

xtja o
T,> > 1—10025“—” |Sm|.
TESm,

2maz

One the other hand, using the basic identity ZaGZ/pZ cos <=

tj, #tj, mod p)

= pl.—o, we have (taking into account that

Z T2 < 2p|Sm| ZﬂZ < 2p|Sm| max ﬂ] Zﬂj ) < 2p|Sm|o/2.

a€L/pZ

Equation then follows from the last two estimates and averaging.

Next, for a properly chosen constant ¢; we set

a'n’

k::cl

10

m .



By we have UF,_,k'W’ C S¥,. Next, set

W’ = w'u{0}.
We have kW' < S* U{0}. This results in the critical bound
KW = O(1g) = O™ exp(-m +2)) (21)
m

We are now in a position to apply Corollary with X as the set of distinct elements of W'. As k =

(/%) = o),

p—l S nC S k,4C/E+1. (22)

It follows from Corollary [3.4] that kX is a subset of a 2-proper symmetric coset progression H + P of rank
r = Oc,e, (1) and cardinality
|H 4+ P| < Oc¢|kX]|.
Now we use the special property of Z/pZ that it has only trivial proper subgroup. As |kX| = O(n®), and
as p 2 n%, the only way that |[kX| > |H + P| is that H = {0}. Consequently, kX is now a subset of P, a
2-proper symmetric GAP of rank r = O¢ ¢, (1) and cardinality
Pl < Oc. kX (23)

To this end, we apply the following dividing trick from [28, Lemma A.2].

)

Lemma 3.5. Assume that 0 € X and that P = {}"._, z;a; : |z;| < N;} is a 2-proper symmetric GAP that
contains kX . Then X C {>.i_, zia; : |z;] < 2N;/k}.

Combining and Lemma we thus obtain a GAP @ that contains X and

concluding the proof. O

Before concluding the section, we record here an elementary but useful result beyond the polynomial regime.

Theorem 3.6 (degenerate case). Let € < 1 and 0 be positive constants such that 6 < €. Let p be an odd
prime number. Suppose p is a random variable that is a-balanced taking values in Z/pZ. Also, assume that
w = (w1, ,wy) € (Z/PpZ)™ is such that

1
p(w) = sup |P(uywy + -+ ppwy = a) — =| > exp(—n’),
a€Z/pZL p

where fi1,--- , i, are independent and identically distributed copies of . Then for any n/?> <n' < n, there
1s a set W' of n —n' components w; and then a GAP of rank one Q that contains W', where

Q| < Oce(py/n /).

We note that be bound on @ above is very close the the trivial bound p. The result is effective for not too
large p.

Proof. We proceed as in the proof of Theorem until that

n l
xtijw;
> em(=2) > Bl
z€F,,2#0 i=1 j=1 p
11
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We recall the level sets S, = {z|z Z0A D", 23:1 BJHMW < m}. We have

3 exp( 222@\“ i Zexp m —1))[Som].

€ F,,x#0 i=1 j=1 m>1

exp(—n’) < p <

hSRE

As >, o exp(—m) < 1, there must be a large level set S, such that

S| exp(—m +2) > pp. (24)
In fact, since p > exp(—n°), we can assume that m = O(n°). The bound |S,,| > exp(m — 2)pp guarantees
that .S, is non-empty.

Our next step is almost identical to the proof of the first part of Theorem As S, is non-empty, there
exists zg # 0 so that

n xot;w

ot iw;
DY IR <
i=1 j=1 p

With o' as in we have o/ > «/2, and we can rewrite the above as

l n

xot; w; _
Z@-lefn? <27'm Y ;.
j=1 =1 j

zot

Thus there exists an index jg so that 8, > ., || 2 <2a7'mp;,, that is

t
3o et B < 207 m.

i=1

motjow1

So, with W’ be the set of w; such that H

Igt

2 < 20m then W’ has at least n — n/ elements. By

= O( ). and thls implies that after a dilation by xt;, the set
W’ belongs to the arithmetic progressmn P of rank one

definition, for w; € W’ we have ||

m

P={zeFy,| || =0G/ )

Notice that the size of P is bounded by O(py/(m)/n’) = O(py/n®/n’) as desired.

4. STRUCTURES OF VECTORS IN Fg: A GEOMETRIC APPROACH

From now on, for simplicity we will assume our random variables are iid Bernoulli (taking values +1 with
probability 1/2) and p > 3, the general a-balanced case can be treated almost identically (see Remark [£.9})

Let w = (wy,...,w,) be a non-zero vector in F7, where p is a prime. We first cite a result of Erdds-
Littlewood—Offord type from [23]

Theorem 4.1. Let c,5p > 0 be a constant, and assume that
| supp(W)| > cpspn. (25)

Then
plw) = sup [PX - w = r( mod p)) = 7| = O

where the implied constant depends on cysp, and where X = (z1,...,x,) and x; are d Bernoulli.
12



In what follows, if not specified, we always assume our deterministic vector w to satisfy the non-sparsity
property . We remark that this non-sparsity property passes to all other dilations tw of w in [} for
non-zero t.

As mentioned in the introduction, our treatment in this section is motivated by the work of Rudelson and
Vershynin (in characteristic zero) [32] and we hope to develop a “geometric” characterization of the steps of
our random walk in F,, if the walk spreads out slowly. This task is not straightforward; as we will see, there
are many simple concepts in characteristic zero that are hard to find natural (and equally useful) analogs in
the finite field setting (for instance, the notion of compressible and incompressible vectors).

In some situations, if w = (wy,...,w,) is a vector in F}, then by viewing F, as the interval I, = [—~(p —
1)/2,(p—1)/2] in Z, we will consider the components w; as integers from this interval. We then write w’ as

the vector in R™ )
w = (w],...,w),) = ];W = (w1/p, ..., wn/p).

Definition 4.2. Let 0 < v < 1 and & be given. Let w’ = (w},...,w],) € R™ be a non-zero vector in %Z”
where |W'| s < 1/2. We denote by ULCD, . (w’) to be the smallest (infimum) positive integer L such that
dist(Lw', Z"™) < min{~y| Lw’||2, x}

where dist(Lw’,Z™) denotes the smallest Euclidean distance from Lw’ to an element of Z".

Throughout this paper, v < 1 is an absolute constant (such as v = 1/8), and x < n¢, for some positive
constant ¢ < 1/2 to be chosen.

This definition is in characteristic zero. Here we used the notion of ULCD (compared to the notion of LCD
from [32]) to emphasize that (wf, ..., w!) is not normalized (i.e. its fo-norm might not be unit). Notice that
2 < ULCD,, < p.

Furthermore, if ULCD,, ., = p then by definition we would have for all 1 < L <p —1 that
dist(Lw’, Z™) > min{y||Lw’||2, x}. (26)
Remark 4.3. Note that if for some T > 1 we have |w}| < 1/2T for all i, then
ULCD, . (w') > T.

This is because otherwise, ||Lw;|r/z = |Lw;| and hence ), HLwQHfg/Z = >, ||Lw}||3, which cannot be smaller
than || Lw'||3 by definition as v < 1.

Our result below says that if ULCD,, .(w’) is large then the concentration probability is small. In our
notation tw is another vector in Fj;, which again can be viewed as a vector in I} = [-(p —1)/2, (p —1)/2]".
We then define (tw)’ as %tw accordingly in this projection to characteristic zero.

Theorem 4.4 (Geometric structure, characterization II). Let p > 3 be a prime, and let C > 0 be an

arbitrary constant. Let w = (w1, ..., wy,) be a non-zero vector in Z™, where |w;| < p/2, and let w' = %W =
(h,...,“). Then

(1) If there is no non-zero t € F), such that ||(tw)’||2 < k then we have
p(w) < exp(—+2/2).
(2) Otherwise, assume that 1 < ||[W'||2 < k and w satisfies [25), with k < C\/n and
ULCD,,.(w') > L.
Then )
p(w) < O( 77— + exp(~6(x2) ),

Lljw'[l2
13



where the implied constants depend on C, 7, cpsp, and where X = (x1,...,%y) and z; are iid Bernoulli
in the concentration definition p(w).

Corollary 4.5. Assume that there exists a quantity p > exp(—©O(x?2)) such that p(w) > p, then there exists
a dilation tw of w, where t € F,, non-zero, so that with w' = tw we have |W'||s < k and there exists

L =L(w)>1 such that
—1

L:O(Hsz)

dist(Lw’, Z") < k.

and

We next deduce another elementary but useful result, which will be used later on in the applications.

Corollary 4.6. Assume that w has at least m non-zero coordinates, and p < \/m. We then have

p(w) < exp(—m/2p?).

Proof. As tw’ has at least m non-zero coordinates for any non-zero ¢, we have that

[tw'll2 = v/m(1/p)* = v/m/p,
and we are in scenario (1) of Theorem O

We now present a proof of Theorem

Proof. (of Theorem [4.4)) Write e,(z) = €27*/P_then for any r € F,, we have

P(X -w=r)— 1.1 Z HEep(xlwlt)ep(—tr).

pp teF, 140 I=1
So

Z \ H Ee, (xjwt)|

1
PX - w=r)——|<
p tEF, 140 1=1

SRR

1 n

_ 1t Z H | cos(2mw;t/p)|
P ier, 14011
1 n

- Z H | cos(mwit/p)|
P e, 120121

<1 S 2T I
pteIFp,t;éO

< 1 Z 6—222;1 Htw“\?\zm’
ptele,t#O

where we used the fact that [sinmz| > 2||z2||g/z for any z € R, where [|z|r/z is the distance of z to the

nearest integer, and that
1 . 5,27z

2 2
\cosﬂ| <1l—-sin®—<1-— 2H—$H2
p 2 p p
From here, (1) follows as |[tw;||r/z = ||(tw);||r/z-

We are now in the assumption of (2). For each integer m, let T'(m,p/2) be the (level) set of t € F,
corresponding to m,

T(m,p/2) = {t € Fyp: 1w}z = D lltwil s Sm = {t €T, 1w )z < m}.
=1
14



By the non-sparsity of w, we can show that T'(c,s,n/64,p/2) is not all of F,, (we can show this by using the
fact that if w; # 0 then 3, ||'5%HR/Z =D icF, ||%||R/Z). Thus
|T(Cnspn/647p/2)| S p—= 1.
Our next claim shows that the level sets consist of well separated intervals.
Claim 4.7 (spacing of the level sets). Assume that m < k%/4 < cpspn/64 and s < sy € T(m,p/2) and
[so = s1] > 7R/ [[w 2.
Then
SS9 — 81 Z L.
Consequently we have

Py /2]
(T, p/2)] < POV IRL

Proof. (of Claim Assume that ¢1,ty € T(m,p/2), then by the triangle inequality,

[(t1 = t2)W'|lgyz < [taw'l|r/z + [t2W'[|r/z < 2v/m < &.
Thus
dist((tz — t1)w', Z") = [[(t2 — t1)W'[[r/z < K < y(t2 — t1)[W']|2,
where in the last estimate we used |to — 1| > v~ 'x/|[w'[|2. Thus by the definition of ULCD,, ,, we must
have
ty — 1, > L.
(]

Next, we will need a Cauchy-Davenport-type bound on size of sumsets in F,. Observe from the Cauchy-
Schwarz inequality, k([|z1[Rz + - - + |zkllRz) = llo1 + -+ 2x]|f 5, and so
k[T (m,p/2)| <|T(k*m,p/2)|,

where we view these sets as subsets of F),. Hence, by Cauchy-Davenport’s inequality in IF,, ([37]) we have
that

T (k*m)| > [KT(m)| > k[T (m)| - (k - 1).
Thus for all m < min{cps,k?/64, cnspn/64}, by choosing k = | \/min{c,spr2/64, cpspn/64}/m| we have

_ m
T(m,p/2)| = 1 < k™ (|T(cnspn/64,p/2)| = 1) < | [ 5D, (27)
Ocns;nc(li )
where we used |T'(cpspn/64,p/2)] — 1 < p.
We deduce
P(X-w=r)— 1< 3 e 2E ew?
P yer, t#0
1 —1 /
< 7(]9[7 K/||w ||2J T e 4 p 3 efm/2>
pAL OC”SP’C(H ) m<min{cyspk?/64,cnspn/64} m>min{cpspk?/64,cnspn/64}
1
=0cp.p 04 (m +exp(—Ocie,., (HQ))),
completing the theorem proof. O

Remark 4.8. Under the assumption of (2) of Theorem we have actually shown a stronger estimate that

-1/2, 1 ’
1 E 6_222;1 lltw’ || < O( |—C"SP Y K/HW ||2—‘ + eXp(—CnspH2/64)).
p kL
teF, t#£0
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We note that Theorem can be deduced from Theorem by setting x = C4/n with sufficiently large
C; for this there is a dilation w = tw with ||w'||2 of order \/n but ||w'|2 < k. We then just apply (2) of
Theorem [£.4] noting that L > 1.

Remark 4.9. When x; are iid copies of an a-balanced random variable, then by Equation , by convexity,
and by the fact that 1 — /2 < Zl.zl B <1 we have

exp( 222%” oy
1=1 j=1
Zﬁ] Zn“ oy

1
meIFp,z;éO j= 12] 15J j=1 i=1

< exp(-2 Zﬁ] Zn“ oy

. 1 - j i
lLf > exp(—2(1-a/2)Y ||xtJTwII2)
i=1

j=1 Zj:l ﬂj p z€Fp,x#£0

— 1 Z exp(—2(1 — «/2) Z ||%||2)

p z€F,,x#0

*@\H
8

o
21
+

o

It thus boils down to study the bounds for concentration probability of w, for which we have done in the proof

of Theorem [4.4)

4.10. Some properties of ULCD. Roughly speaking, our next result is similar to Theorem[4:4] but instead
of working with the concentration event X - w = r we are working with a coarser event that X - w belongs
to an arc in F,,. We find it more convenient to write in mod 1 as follows.

Theorem 4.11 (anti-concentration modulo one). Assume that 0 < aq,...,a, < 1. Assume that
ULCD, .((a1,...,an)) =L >1.

Then for any
e>2/L

we have

P(I giaillayz < <) < O(= +log(1/2)exp(—#%) + exp(~41 3 a?)])

where & are iid Bernoulli.

Note that we need this result because at some point we need to pass to characteristic zero, and take distance
to Z. A key difference of this bound compared to the classical small ball estimate (say studied in [32]) is
that we are looking at the balls modulo one, rather than with respect to the whole real line.

Proof. (of Theorem4.11)) Let i« be the distribution of ), a;&; modulo one, where we can write jo = pu1%- - ¥y,
and where p;(a;) = u(—a;) = 1/2. Let Ly = |1/]. We use the Erdds-Turdn inequality,

p(l—e.el) = IIZazézHR/z<€ Set+ +Z

As &; are iid Bernoulli, bounding the cosine as in the proof of Theorem @ we have

1 1
Ak = | / =180 g 0) = | T / VTR g ()] < exp(— S [[2aik2,)-

16



Now by definition of ULCD, ., as Ly < 1/e < ULCD,, .((a1,...,a,))/2, for any k < Ly we have
Z ||20L¢k'||f§/Z > min{x?, 4°k> Za?},

and so

oxp(— ) 12kl 2) < exp(—+7) + exp(=47°k* Y a?) < exp(—r?) + exp(=47° Y a7).
i % %

Summing over all k£ < Ly we have
P(| ) &aillr/z < €) < Oe) +log(1/e)[exp(—r%) + exp(—47* ) af)],

as desired. O

It is remarked that the bound above depends on ||a||2, which becomes almost meaningless if ||a||s is small,
say of order O(1). To avoid this situation, we will need to consider vectors w’ that have large size and large
ULCD, ,.(w’) at the same time.

Our next result roughly says that a non-sparse vector cannot have very small ULCD, at least with respect
to F, with not too large and not too small p. To be more precise, we have the following.

Remark 4.12. As we will be working with vectors w satisfying (25)), we easily see that for any t # 0 in F,
1
1(Ew)"[|? > en(~)*.
p

Notice that this quantity is larger than k2 if p < nl/z/n, and in this case the first part of holds, and
hence automatically

p(w) < exp(—ck?).

As such, in what follows we will be working with

p>nt'?/k.
Lemma 4.13 (LCD and size in fields of small order). Assume that k = n® for a positive constant ¢ < 1/16.
Assume that p is a prime smaller than exp(ck?), and w € Fy is a vector satisfying and such that
p(w) > 2exp(—~?/2). Then there exists t € Fy so that with w = tw we have |w’'||2 has order k and either
ULCD,, .(w') = p (in which case we can apply (26)) or else

ULCD, . (w') > /47,

We remark that this result is perhaps the most important one in our treatment, as it allows us to assume
that the ULCD to be sufficiently large to make sense of the bounds. In characteristic zero, this bound is
straightforward if the vector is incompressible (being far from sparse vectors).

Before proving this lemma, we first need the following simple statement.

Claim 4.14. Assume that w € [F}; is a non-zero vector satisfying and such that p(w) > 2exp(—k2/2),
with k = o(y/n). Then there exists t € Fo = F, \ 0 so that with w = tw we have

k)2 < || W'z < k.

Proof. (of Claim As w satisfies (25) and p(w) > 2exp(—x?/2), (1) of Theorem does not apply,
and so there is a fiber w = tw such that |w'|j2 < k. If ||[w'||2 > K/2 the we would be done. Otherwise
we just consider the sequence w,2w,3w, etc. By the triangle inequality (where we recall that (tw) =
%(twl( mod p),...,tw,( mod p))) we have

1k + V)W) ll2 < [ (kw)[l2 + [[w']2-
17



On the other hand, by >_ker, |(kw)'[|2 has order /np, so there must exist a smallest kg > 2 such that
(ko + 1)w)’||2 > k. It then follows that x/2 < ||(kow)’||2 < k. O

Proof. (of Lemmal4.13)) Assume that we are not in the first case, and also assume to the contrary that we are
not in the second case either. We will iterate the following process, which will then result in a contradiction.
Set

B=1/4—c.
We start from any u; = w’ = (w1/p, ..., w,/p) in the fiber tw of w with £/2 < |Juy||2 < k.
Step 1: Let D; = ULCD(u;), then 2 < D; < min{x'*? p — 1}. Let u} = Dyu;(= (D;w)’), then we have

[y l2 < &

Step 2: If this vector has norm smaller than x/2, then we use Claim to dilate appropriately by C; > 2
so that /2 < ||Cru]]l2 < k, and set
Uy = Clllll(: (ClD1W)/.)

g

We then return to Step 1 and iterate the process, note that while the D; are bounded by x'*¢, we don’t

have such a bound for the C;.
Now for each 1 <t < p— 1 we can always write

t =Dy (C1(Da(...) + 1) + 81) + 11,

where 11 < D1,s1 < Cy,19 < Dg, 85 < Cy,.... Indeed, to verify this we first divide ¢ by D; and get a
remainder r1; we then divide the quotient by C; to get a remainder s, and then divide the new quotient by
Do, etc until the last step. Nowast <p—1 < 2%’ (this is where we require p to be small), and as C;, D; > 2,
we must stop the division process after 2 steps.

Next we we analyze the norm of [[tu;[|2 = [|(tw)’||2. We write, with t; =
tiug = D1(C1(Da(...) +r2) + s1)ug +ruy = (C1(Da(...) +re) + s1)Diug + riuy = thu) +riuy.
Thus by the triangle inequality, and as r; < D; — 1 < £+ we have
[t |2 = [ftus o < [[t1uy]lo + £*7
We next consider
tiu) = (C1(Da(...) +12) +s1)u) = C1(Da(...) +ro)u) + s1uf = (Da(...) + m2)ug + syuf := taus + s1uj.

By the triangle inequality

[tuillz < [lt2uzllz + [[s1uil2 < [[touz]l2 + &,
where in the last estimate we used the fact that 0 < s; < C; — 1 and C] is the largest integer so that
k/2 < ||Cruf]l2 < & (where we recall that |u}||2 < &, and the role of C; was only to dilate this vector if its
norm was much smaller than this, as in the proof of Claim [4.14). The analysis for ||tauzl||2 and other terms
can be done similarly.
Adding all the bounds, we hence obtain

[tuy || < &2 x 2P = gAF5,

Now as this is true for all ¢t € ), we thus have

3 ltw'|I3 = O(pr*+?).

teF,
On the other hand, by , as w' has at least ¢,,s,n non-zero entries, the left hand side can be shown to be
at least c,s,np/64, which is a contradiction if x < n® = n!/4=5, O
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With the same proof, we record the following corollary which will be used later.

Corollary 4.15 (ULCD cannot be small). Assume that p < exp(ck?) and that k = n® for ¢ < 1/16. Assume
that w € F}', for m > k422 and w has at least k*720/4=9) pon-zero components. Then we either have
either ||(tw)'||2 > & for all t, or there exists such w' = (tw)’ such that k/2 < ||W'||2 < k and that

ULCD,, . (w') > &%/47¢.

5. STRUCTURES OF VECTORS IN Fg: A COMBINATORIAL APPROACH

Now we present our third characterization. Let 1 be an a-balanced distribution in F,. For simplicity, we
again assume p to be Bernoulli 1, the general a-balanced case can be treated almost identically as in the
previous two sections. Our goal here is the following.

Theorem 5.1 (Combinatorial structure, characterization III). Let k > 1 be an integer. Let f : Zt — Z*
be any function such that f(x) < x/100. For any non-zero vector w = (w1, --- ,wy,) € F} we have

L Ry (w) ~ (I supp(w)])/2
p(W) = Ssup P H1wq + -+ HUnWy = @) — — S e supp(w )
a€Z/pZ o ) pl 2%kn2k\/ f (| supp(w)])

where py, -+ , iy are independent and identically distributed copies of p, and where Ry(w) is the number of
solutions to +w;, £ -+ +w;, =0( mod p), and k < n/f(|supp(w)]).

Our approach here is somewhat similar to [8], which in turn follows the original approach of Haldsz in [1§]).
However, the key difference here is that we are estimating the deviation of sup,¢z,/,7 [P(pawy+- -+ ppwy, =
a) from 1/p rather then giving an upper bound for sup,cz/,7 |P(p1w1 + - -+ + ppwy, = a) as in [§].

Proof. (of Theorem We follow the proof of Theorem until Equation that
T (m,p/2)| = 1 < k~1(|T(|supp(w)|/64,p/2)| — 1),
where k = ©(y/ f(| supp(w)])/m).

Denote 7" := {l € Fy, | 37, cos(27lw;/p)| > n —100f(| supp(w)|)}. Then we see that
T(|supp(w)|/64,p/2)| < |T"|.
By Markov’s inequality,

L - 2k
(n — 100 (| supp(w)]))** D 1Y cos(2mlw; /p)[*.

leT’ j=1

7| <

By expanding out the RHS and summing over | € F,, instead, we can bound the RHS from above by

T(|supp(w)l /64, p/2)| < 17| < Y2HE()

The rest can be completed as in Theorem [£.4}

1 1 n /
POXw=r)— < 37 e mh vl

IN

P Poycp o
1 m V2pRy(w) _ _
oy e Y e
> 22k 2k
PN zr(isamny) ¥ fSPP(W)]) " m> (| supp(w)))
Ry (w) e~ I(supp(w)) /2,
— 22kn2k/f(|supp(w)|)
as claimed. 0
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6. NON-STRUCTURES OF NORMAL VECTORS

In this section we use the three characterizations above to establish Theorem First, it is easy to show
that normal vectors are non-sparse with high probability.

Lemma 6.1. There exists an absolute constant cnsp > 0 such that with probability 1 — exp(—0O(n)) any
normal vector w of span(Xi, ..., Xn,—1) satisfies .

Proof. This follows from Odylzko’s lemma, see for instance [30} 27]. |

Now we use the results from Sections[3} 4] and [f] to show that the normal vectors cannot have any structure.
In our first proposition, we use the structure from Section [3]

Proposition 6.2 (Normal vectors cannot have additive structures). Let C > 0. Let X1,...,X,,_4 be the
first n—d columns of a matriz M whose entries are iid copies of a a-balanced random variable, where d < cn
for some sufficiently small constant c. Let w be any non-zero vector that is orthogonal to Xi,..., Xn_q4.
Then with probability at least 1 — exp(—O(n)), the vector w cannot have structure as in the conclusion of
Theorem[3.1 In particular, we have

p(w) =0(n")

where the implied constant depends on C.

Proof. (of Proposition First of all, from Lemma with a loss of exp(—©(n)) in probability we can
assume that w is not sparse. Assume that

p=pw)=n,

where C' > 1/2. Also, by Corollary it suffices to assume p > n'/2.

For convenience, let p = min{p, p~'}, and so p’ > n'/2. Then by Theorem we have a generalized
arithmetic progression P of rank O(1) in F,, and of size O(1 + min{p~!/n®, p/n°}) = O(p'/n?) that contains
all but n?® entries of w. Note that the number of ways to choose such a P is bounded by

O =00,

2¢e

Given P, the number of vectors w whose n — n“® components are from P is at most

(;;) [P < 2! )

1—25)_

2

€ < 877,(p//n£)n7
provided that p < exp(n

Given w for which p(w) > p, the probability that w is orthogonal to X,..., X,,_4 is bounded by

1 2
8”(])//715)”(* + p)n—d < 8“(]7//71,6)”(*/)"_(1 < n—sn/?)
p p
provided that d < cn for some small positive constant c.

Taking union bound over only p®™) p=CM choices of P, we obtain the claim. O

We next use the result from Section [4] to show that the random normal vector does not have small ULCD, ;.

Proposition 6.3 (Normal vectors cannot have small ULCD). Assume that p < exp(ck?) and that k = n®
for ¢ < 1/16. Let X1,...,Xn—q be the first n — d columns of a random (—1,1) Bernoulli matriz, where
d < nf. Let w be any non-zero vector that is orthogonal to X1,...,X,_q. Then with probability at least
1 —exp(—O(n)), we have
ULCD, (w) > exp(c'x?)
with some ¢’ depending on ¢ and ~y. In particular, Theorem holds.
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We remark that in the above theorem we assume M to be a (—1,1) Bernoulli matrix. Our treatment also
works for other integral matrices E| with ||M]l2 = O(y/n) but it does not seem to extend to a-balanced
ensemble as in Proposition (although Theorem holds for this setting). The main reason is that at
some point in the proof we pass to a net of vectors in R™, and then under the action of M the size of this
net will blow up if M has large norm, see .

Proof. (of Proposition We will show that with high probability, there does not exist w in the fiber of
tw such that k/2 < ||[w'||2 < k and that

k11479 <« ULCD, . (w') < exp(c'k%/2)/k.
To do this, we divide this range into O(x?) dyadic intervals (D;, D; 1 = 2D;). For D = D;, let
Sp = {w’ = (w1 /p, ... wn/p) : /2 < W]z < kA D < ULCD,, (W) < zp}.

Lemma 6.4 (Size of the approximating net). Let ¢o > 0 be given sufficiently small compared to ¢ (where
Kk =n¢). Sp accepts a O(k/D)-net N of size D(CkD/\/n)" if KD > coy/n and of size Dn®™ if kD < co\/n
and such that N C Sp.

Before proving this result by following [32], let use introduce a fact that will be useful to our nets.

Fact 6.5. Assume that S accepts a §-net U of size |N|, then S also accepts a 26-net U’ such that U’ C S
and which has size at most |N|.

Proof. By throwing away vectors from U if needed, we assume that each u € U d-approximates at least one
vector s’ from S. Let A/’ be a collection of such s’ (we choose an arbitrary s’ from S that is d-approximated
by any u.) Thus AV C § and |NV’| < |N|. Now for any s € S, there exists u € U such that |ju — s|j2 < §, and
also by definition there also exists s’ € U’ such that ||u — s'||2 < §. Thus we have ||s — §'|l2 < 2§, soU’ is a
26-net of S. ]

Proof of Lemma[6.4 By taking union bound over a small number of choices (at most O(k x (D/k)) = O(D)
choices) we assume that for some T € k/D - Z we have

T—k/D < |Wl2<T+r/D.
By definition, as ||Lw'[|g/z < & and D < L < 2D, there exists p € Z" such that

ILw' = pll, < k.

This implies that

e S
L~ D’
and hence ol
K Pll2 K
T-2—< <T+2—.
D~ L — + D
Thus
[w' — [[2 < [|w' *M+H—*—4b
HH IW
< = bl —ﬁ
HH L
K
< 3—.
,3D

2Here the random entries of M take value in Z, although in our results we view M as a matrix of entries from Z/pZ (or Fp)
via the natural map Z — Z/pZ.
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Now as |wW'||2 < T + 2x/L, we also have ||p/L||2 < T + 3x/L and so
Ipll2 < 2DT + 3k < 2D(k + /D) + 2k < 4Dk.

Let NV be the collection of vectors Tﬁ, where T ranges over O(D) choices in the set /D -Z, and p ranges

over all integer vectors in Z™ satisfying ||p|l2 < 4Dk.
Now we bound the size of N basing on the magnitude of xD.

Case 1. If kD > cpy/n, then the number of integral vectors p of norm at most 3xD is known to be bounded
by (CkD/+/n)™, and so
IN| < D(CkD/+/n)".

Case 2. If kD < cp\/n, where cq is sufficiently small, then all but O((kD)?) entries of p are zero. So the
number of such vectors p is bounded by ((Rg)Q)(O(l))(“D)Q, and so

n 2
<D C(KD) < Dncom.
12 D((, )0 < D
Finally, we can always assume A to consist of vectors from Sp by using Fact O

Now we use the obtained net to show that normal vectors in iid matrices cannot have small ULCD.

For short, the method below works as follows: for w’ (viewed as vectors in Q™) we have Mw’ € Z", where

w’' = (w1/p,...,w,/p). Then we approximate this vector by an element from the obtained net, and then

pass to consider the probability from each net element. After approximation, we have that Mu’ is close to
Z" in f3-norm, and so we can apply the classical Erdés-Turan bound.

Now we complete the proof of the proposition. Assume otherwise, then by the argument above, by passing
to an appropriate tw, we can assume that x/2 < ||w'[|2 < k, and that w’ € Sp for some D; from O(x?)

dyadic intervals. As w is orthogonal to Xi,...,X,_1 in Fp, we then have the following key property for
w =1lw
P

Mw' e 72",
where M is the n x (n — d) matrix formed by Xi,..., X,_1.

By Lemma, there exists u’ € N such that
[w" —u'[l2 = O(k/D).

It is well known that ||M| = O(y/n) with probability at least 1 — exp(—©(n)) (We note that this is the only
place where we used M = O(y/n) to prevent the net from expanding), and so we will condition on this event.
We then have

|MTw' — MTW||, < O(v/nk/D). (28)
Therefore,

dist(MTu’, 2"~ %) < O(y/nk/D).
Let £ be this event, whose probability will be bounded shortly. By Theorem as obviously k/D > 1/D,
we have

P(|X; - w|[g/z = O(r/D)) = O(/D + (log(D/r))(exp(—r*) + exp(—4y*[[u[3))
= O(x/D), (29)

where in the last estimate we used the fact that D < exp(c’s?) with sufficiently small ¢’.

By Lemma we thus have for some absolute positive constant C’

P(E) < (C'k/D)" .



Putting together using union bound over all u’ from the net, as k = n¢, we obtain in the case kD > coy/n a
bound

P(3u’ € N, | Mw||g,z = O(viix/D)) < D(CkD/m)" x (C'w/D)"
< D*(CC'K?/\/n)"™ < exp(—O(n)).

Note that here we have to assume x = o(n'/*) at least.

Also, in the second case that kD < cgy/n, noting that D > k5/4-c
P(3u’ € N, MU' ||g/z = O(v/nr/D)) < n®" x (C'x/D)"~*
< nfom x (O f)(/A=In
< O peon x pe(l/4—om
<o/,

assuming that cq is sufficiently large compared to ¢, and that ¢ < 1/16. |

In our last result of this subsection, by using the terminology of Section [5] we show the following.

Proposition 6.6 (Normal vectors cannot have combinatorial structure). Assume that p < exp(ck?) and
that k = n® for ¢ < 1/16. Let Xy,...,X,—q be the first n — d columns of a matric M whose entries are
11d copies of an a-balanced random variable, where d < c'n for some sufficiently small constant ¢, Let w
be any non-zero vector that is orthogonal to X1, ..., X, _q. Then with probability at least 1 — exp(—cn), we
have that

p(w) < e

where ¢, ¢ and ¢ are constants that only depend on ¢ and «.

Note that this result holds for a-balanced ensembles where we don’t have to assume || M|z = O(y/n).

Let Z = (z1,...,2n) be any vector in . We first record the following elementary relation (where we recall

p(.) from Theorems and [1.1)).
Fact 6.7. For any I C [n] we have
p(Z1) = p(Z).

Proof. It suffices to show this for I = [k]. We first write

1<i<k k+1<i<n
< max P( Z ziw; =1') —1/p,
" 1<i<k
and hence
max P(zqwy + -+ zpwp, =7) — 1/p < mz}xP( Z ziw; =1') —1/p,
" " 1<i<k
where we note that both sides are non-negative.

We can bound the minimum in a similar fashion

P(ziwi + -+ zpwn =7) = 1/p =By 1.0, [P( Z Zw; =T — Z ZiW;) | W1, - -y W) — 1/p]
1<i<k k+1<i<n

< min P( Z ziw; =71") —1/p,
" 1<i<i
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and so
mTinP(zlwl +Fzw,=7)—1/p < n}di/nP( Z ziw; =71') —1/p,
1<i<k
where we note that both sides are non-positive.

Putting this together, we thus obtain
m7ax|P(zlw1 + -+ zpw, =71) — 1/p| < max |P( Z ziw; =1") —1/p|,
o /,./
1<i<k

completing the proof. O

We next need the following key definitions and results from [§].

Definition 6.8. For an a € ), k € N and ¢ € [0, 1], we define R?(a) to be the number of solutions to
+a;, +a;, -+ ai,, =0modp

that satisfy |{i1,...,%25}| > (1 + 0)k.

We will make use of the observation from [§] that Ry (a) is never much larger than Rj(a).
Lemma 6.9 (Lemma 1.6, [8]). For all integers k,n with k <n/2 and any prime p, a € F} and § € (0,1),
Ri(a) < R{(a) 4 (40k'~Ont+o)k,

As we will have the occassion to deal with subsets of vectors which we consider as vectors in their own right,
we introduce the notation |a| to mean the dimension of a vector a. By b C a we mean that b is a truncation
of a. The key technical result in [§] is the following combinatorial lemma, which helps control the number
of vectors with many “local” arithmetic relations.

Lemma 6.10. [8, Theorem 1.7] Denote

22k|b|2k
— 1

Bi,s,zt = {a € IFZ,Ri(b) > for every b C a with |b| > s}

Then s
Bsdl < P60,

At this point, we fix § = 1/2, k = [n'/®] and define
22k b 2k
tﬁ}.
p

So roughly speaking, this is the set of a which are not arithmetically rich. As Lemma[6.10] suggests, this set
captures most of the vectors. More precisely we have the following (see also [§]).

H, = {a € IF),3b C a,supp(b) > n1/4,R,1€/2(b) <

Corollary 6.11. If p < exp(ck?) and k = n° for ¢ < 1/16, then for t > n'/16

4 n
o [supp(a)] =t a g i} < () 0

Proof. (of Corollary We can assume that ¢ < p, otherwise the statement is trivially true as the left-
hand side is zero. Fix a subset S C [n] with |S| > n'/% and enumerate the vectors a with supp(a) = S.
By assumption, a ¢ H; so the restriction als of a to the set S is an element of By, ,,1/4 >4(|S|). Therefore,
Lemma guarantees that the number of possible choices for a|g is at most -

n1/4 k=t 2p ‘Sl 1/4 2p " 1/4
(r) () e =(T)
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where the second inequality follows from our assumption that ¢ < p. We obtain the final result by summing
over all subsets S. O

The next lemma is a simple consequence of Theorem
Lemma 6.12. Suppose that a € Hy. If p < exp(ck?) and k = n® for ¢ < 1/16, then if t > n'/1, there exists
a constant C > 0 such that

t
pla) < C—l
pnt/8

Proof. (of Lemma [6.12) Let b be a subvector of a with |supp(b)| > n'/4 and RJ(b) < t22*|b|?* /p. In the
notation of Theore if we let f(z) = /x then

Rk(b) —nl/8/2
p(b) < 92k [p[2kpl/s /

1/2
Ry (b) + (40K 2P ) s
= 92K |b| 2y 178 ¢
o 2B/ (0K 2P, e
= 22k|p[2kp 1/8
k/2

t % / n e_n1/8/2
= pnl/8 bl '
This expression is dominated by the first term by our bound on the range of p and our choice of k. We recall
that

p(a) < p(b)
to finish the proof. O

Now we complete one of our main results of the section.

Proof. (of Proposition We let V denote the vectors in Fj) with support larger than c,spn and W the set
of non-zero vectors w € [} that such that

A 2
p(w) >e .
By Corollary we can assume p 2 y/n. Observe that
PEGveWv.iXy,.. , Xopq)=PEveWnV,v_lX;, ..., Xp0)+PEveWnVvVivlX... X, qg).

By Lemma [6.1]
P(3v e W,v € V) < exp(—0O(n)).

Therefore, it suffices to focus on the vectors in V. Note that any w € V must reside in H), since R,lc/ 2 <
22k‘b‘2k.

There are two cases to consider.

Case 1. We begin with vectors in VN W N H,1/16. Let a be such a vector, then by definition of W and By

Lemma [6.12]
1

e < p(a)

Because of the lower bound, by Theorem there exists a generalized arithmetic progression P of rank one
in F, and of size O(p/n®) that contains all but n?® entries of a. Note that the number of ways to choose
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such a P is bounded by p©(!). For a fixed P, the number of vectors a with at least n — n?®

P is at most

components in

n _ .28 2 _ .28 2
The probability that any a € VN W N H,116 with at least n — n? components in P is orthogonal to
X1,...,X,_q is bounded by

1 ont/e
8" (p/n°)" (- +

5 W)n—d < Sn(p/na)n(2/p)n—d < n—£n/27

o(1)

provided that d < cn for some small constant c¢. Finally, we take a union bound over p choices of P to

conclude the proof.

Case 2. We address the remaining vectors. Let 7 = n'/'0. We show that no vector in (W N V) \ H,1/16 is
orthogonal to X1, ..., X,_4. We can now partition (W N V) \ H,1/16 as

J
|_| H2j7- \HQJ'*lT

j=1

where J is the smallest integer such that 27 > p. Clearly, J < k2. We then have

J
P(Fve WNV)\ Hyjie,v L X1, Xpg) = > P@Ev e WNV)N (Hyp \ Hyyo1r),v L X1, X)),
j=1
Combining Corollary and Lemma we have (noting trivially that 277 > n!/16)
J J n ; n—d
4p 1 e (1 C2r
. IP(EVEWm(HQjT\HQj—lT),VJ_Xl,...,Xn_d) Szl (2j—17> (2] 17') <p pnl/w)
j= j=
J n ; n—d
4p 1 npl/a (20297
<> (2]‘17—) (277r) <pn1/16>
j=1
P
< nf(nfd)/lticnpd Z (2j717)n1/4
k=n-+1

< KQn—n/32pd+2n1/4

< exp(—nlogn/64)
where the last line follows from small enough ¢”.
Combining the above estimates, we can conclude that

PEveW,vLl Xi,...,X,_q) <exp(—0O(n)) + exp(—c'nlogn),

as desired. (]

7. DISTRIBUTION OF RANKS REVISITED

In this section we give a short proof for Theorem We start with a high-dimensional lemma, which, in
some sense, is a discrete analog of [33] where they considered distance of a random vector to a subspace of
condimension d in R".

Lemma 7.1. Assume that H is a subspace in F)) of codimension d, and such that for any w € H we have
p(w) < 6. Then

[P(X € H) - 1/p"| <.
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Proof. (of Lemma|7.1)) Let vy1,...,v4 be a basis of H. Our assumption says that for any t1,...,t4, not all
zero, we have

Note that in Fy

1111:0,“‘711(1:0 = p_d Z ep(tlal + -+ tdad)-
1, ta€Fp
We have

_ 1
PN X -vi=0)=p" Y = etaX -vi+ - +taX -va)))
t1,...,ta€Fp p teF,

_ _ 1
=p +p? > 52 enltX D tavi)).
t;€F,, not all zero~ t€Fp i
Now by our assumption
1
=) e (X ) tiva))| <6
P icF, i

Thus we have
|P(/\1X sV, = 0) — p_d‘ S (57
completing the proof. O

Now we apply Propositions and [6.6] to prove the following.
Lemma 7.2. Assume that p < exp(ck?) and that k = n° for ¢ < 1/16 and 0 < d,u < n°. There exists an

’

event g with probability P(E) > 1 — ™ such that the following holds
‘P(X € Wiyl Arank(Wy,—y) =n—u—d) — 1/p“+d‘ < exp(—n®),

where Wy, _,, is the subspace generated by X1, ..., Xn_vy-

Assume this Lemma, we can then complete Theorem by direct calculations, or by applying [30, Theorem
5.3], we leave it for the reader as an exercise.

Proof. (of Lemma We have seen from Propositions and that there is an event & with P(€) >

1 —e ™ such that for any w € W,,_,, we have

Now conditioning on this event, if rank(W,,_,) = n — « — d then the codimension of W,,_,, is u + d, and

hence by Lemma [7.1] we have
1 e’

—n

P(X € Wh_u) — W' <e ",

as claimed. O

8. EQUI-DISTRIBUTION OF THE NORMAL VECTORS

In this section we prove Theorem [I.6] For convenience we decompose the task into two parts.

Proposition 8.1. With the same assumption as in Theorem [I.6 we have

e For eachi € {1, ---,n}, we have

[P(w; = 0) — 1/p| < O(exp(—n®")).
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e For each i # j, and for any a € F, we have

POw = (wi,...,w,) E Wi, tw; =aAw;j =1) —1/p| < O(exp(—n®)).

Proof. (of Proposition We prove the first item of Proposition It suffices to show this for i = 1. Fix
i = 1. We seek to bound the probability of the event that our normal vector v has v; = 0 under the condition
that our first n — 1 columns achieve full rank, i.e. rank(M,, «,—1)) = n — 1. Suppose we are given such a
normal vector. Then restricting to the bottom n — 1 rows, we see that this is equivalent to the event that the
submatrix M, _1)x(n—1) has a nontrivial nullspace. So we rewrite P(v; = 0|rank(M, x(n—1)) = n — 1) as
P(Mn—1)x(n—1) is singular |rank(M,  ,—1)) = n—1). We can simply view this as P (rank(M,—1)x (n—1)) =
n — 2 |rank(M,x(n—1)) =n —1) := P(A|B) = P(AN B)/P(B).

By Theorem (see also [27, Theorem A.4]), we know that

o0
P(B)=[[(1-p ) +0(™).
i=2
Now consider the event AN B. This is the event that rows rs, - -- ,r,, span a subspace H of dimension n — 2

and ry is not in the span of H, which can be expressed as P(A'NB’) = P(A")P(B’|A’). For P(4’), we again
use Theorem [T.4]

P(A/) _ ;Hl(_ﬁ(_lp__f))_l) + O(efcn)'

For P(B’|A"), our previous section tells us that if we condition on rows ra, - - - ,r,, having rank equal to n —2,
then our normal vector v/ exists and has large ULCD, i.e. p(v') < exp(—cx?). So the probability that r;
is in the span of H under this condition is

P((B')°|A') = 1/p + O(exp (—n%)).

Putting this all together, we have

P(ANB)
P(B)
P(A)P(B'|A)

- P(B)

1 C/
=—4+0(").
, T oE™)

P(A|B) =

Now we prove the second item. It suffices to assume (i,5) = (1,2). The event that w; = a,ws = 1 is
equivalent to the event that ar; + ro + ryws - - - + ryw, = 0, where r; is the i-th row of our matrix. If a is
zero, we are done via the previous argument, so assume a is nonzero.

Let H be the span of rows r3,--- ,r,, which has full rank n — 2 by our rank assumption on M,y (,—1) and
the fact that ar; +ro +rsws - - +ryw, = 0.. Further, let 7 be the projection to the orthogonal complement
H*. For each evaluation of rows r3, - - - , 1, 7 is deterministic and 7(r) = (r,n), where n is the deterministic

normal vector. Applying this projection to the linear combination, we have
a(ri,n) + (rs,n) = 0.

Since n is deterministic, each inner product takes values b, ¢ € F,, with probability uniformly 1/p with error
O(exp (—n°)) by Theorem This means that a, as the ratio of the inner products, is also uniformly
distributed with probability 1/p and similar error. O

We next prove the second part of Theorem [1.6] restated for convenience.
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Proposition 8.2. Assume that p < n/logn. Let n, denotes the number of w; such that w; = a. Then for
any & < 1 which might depend on n such that 6=2p = o(n/logn). We then have

P(/\Z;(l)ﬂna/n —1/p| <d/p) >1— e—c8°n/p.

Proof. (of Proposition Let € denote the set of vectors under consideration up to scaling, and € be the
complement. We first have the following elementary fact.

Fact 8.3. We have
_ 2
|g‘ < 2pne—c§ n/p'

Proof. First, we note that each n, has distribution Bin(n, %) with variance

1 1 n(p—1)

n()(1 - )= R

p p p

Letting 0 < § < 1 and g denote the mean of this distribution, the upper-tail and lower-tail Chernoff

inequalities combine to form the following bound:

P(|ng — p| > 6p) < 2e~#".

For each ¢ in {0,1,--- ,p— 1}, let F, denote the event that |n, — %| < 6n/p. Then trivial union bound gives
P(FyN---NE,_y)>1—2pe=5n/p,

Since there are p™ different choices for v, the number of non-equidistributed vectors v is at most p™ (2pe’c‘;2”/ Py,
a

Now we complete our result. Let w be an arbitrary vector in F}. We seek to upper bound P(w is normal
and w € £). Immediately we have P(w is normal and w € £) is bounded above by

STPWLX, o Xui) < 3 (p(w)"

weé weé

Similar to our previous sections, we may decompose the sum into classes where w is sparse and w is non-
sparse. By Lemmal6.1] the contribution over our sparse vectors is negligible. For our non-sparse vectors, we
appeal to Theorem [6.3] We can now bound the sum via:

S W) S (e

we(€),non—sparse

IN

2p Cnfm—
= m(l +pe )l

4p

< ecd?n/p

— O(efcézn/Qp%

as long as 0~ 2p = o(n/logn), completing the proof. O

9. PROOF OF THEOREM

It suffices to prove Theorem[0.1]below. Again, for simplicity we will assume M,, to be an iid Bernoulli matrix
taking values +1 with probability 1/2 and p > 3. We recall that ¢(x) has degree d and p is sufficiently large
and

p < n1/2—5.
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Let « be a root of ¢(a) = 0 and consider the field extension F, = F,[«a]. Notice that any element x of this
field has form
-1
T = Z cat.
i=0

More importantly, the event ¢(x)|Dps(x) is equivalent to the event that M, — a has rank at most n — 1
in this field F;. In other words, let W;,_j be the subspace in Fy generated by the first n — k columns of
the matrix M,, — « (equivalently, the columns of M) xin—k) — «), then the event that M,, — a has rank at
most n — 1 is the union of the (disjoint) events & that W, _j has rank n — k and the n — k + 1-th column
Xp—k+1—0a€p_ir1 belongs to W, _. In what follows we will be mainly focusing on the case of £, treatments
for &, &3, ... will be discussed later, and summing over these events will imply Theorem

Theorem 9.1. There exists an absolute constant C such that

1 1 —e
IP(&) — —| = [P(X, — ae, € Wy_i[rank(Wy,—1) =n — 1) — —| < Ce ™ /7",
p p

Consider the normal vector v = (v1,...,v,) of Wy, (i.e. the column space of the matrix M,)x—1] — @).
This vector can be written as
d—1
v = Z R
i=0

where u; = (u14, ..., uni)” € FJr. Notice that as for 1 < j < n —1 we have v - (X; — aej) = 0. So we have
that
d—1
Zal(ui . X]) = oﬂ“ui - €j.
i=0
This implies that
u; - X] = Uj(ifl). (30)
Let
Q= M, 11y (31)
By fixing the last coordinates w;,, = fi € Fp of each u; (and with a loss of a multiplicative factor p?
in probability), and by fixing X = r, (M, xn-1)) (i.e. X is the last row of M, x[n—1]), With v; be the
truncated vectors (uyj, ..., U—1);) We can rewrite as (with vg = vq)
Qvi+ fiX=v;_1,1<i<d. (32)
In what follows we set
m = n'"%/2

Conditioning on f;, X, we will show the following key lemma.

Lemma 9.2. With probability exp(—O(n)) with respect to the columns of the matriz M, for any vector v
that is orthogonal to the first n — 1 columns of M,, — « the subspace H generated by vi,...,vq (defined as
above) in ¥ cannot have m-sparse vector. In other words, there do not exist coefficients o; € Fy, not all
zero, such that

|supp( _ aivi)| < m.

3

We can actually prove a slightly more general version of this lemma, which will be used to control &, &, .. ..

Lemma 9.3. With probability at most exp(—O(n)) with respect to the columns of the matriz M, for any
vector v that is orthogonal to the first n' columns of My, — a (where n' = (1 — o(1))n) there do not exist
coefficients o € Fpy, not all zero, such that

|supp()_ aivy)| < m.

%
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We remark that the above lemmas are somewhat similar to Propositions but the situation here
is much more complicated as the relation between v; and X1, ..., X, are non-trivial (for instance v; is not
orthogonal to X), and also the diagonal entries are perturbed by c.

We postpone the proof of this lemma for a moment, and let us use it to prove the following result, which
automatically implies Theorem (9.1

Theorem 9.4. On the event of Lemma[9.9 we have
P, ((Xy —aen) v =0) = 1/p| < exp(—cm/p?).

Proof. (of Theorem Notice that the event (X,, — ae,) - v = 0 implies that (by , using the same
notations for v;, f;,z,) forall 1 <i <d

Vi Xolno1) + fizn = fi-1.
In other words, conditioning on x,, and by letting Y,, = X, |j,,_1) and by choosing deterministic numbers

gi € F,, appropriately we have

P(AY,-vi=g)=p° Z ep(ti(Yn-vi—g1) +- +ta(Yo - va — ga))
ti€F,

:p*d Z %Zep(t[tl(yn-vl _gl)+"'+td(Yn'Vd—gd)])

t;€Fp © teF,

=p4+p? Z ep(t1(Yn - vi—g1) + - +ta(Yn - va — ga))
t;€F,, not all zero

_ _ 1
=p 4p? Z p—1 Z ep(t[Yn'Ztivi_Ztigi])a
t;€F,, not all zero teF,,t#0 i g
Now as ), t;v; is not very sparse for any non-trivial choice of (¢1,...,t4), by Corollary we have
1
= D e(tYa- ) tivi— Y tigl)| < exp(—em/p?).
P ek, 140 i i

Thus we have

- p
IP(AY, - vi=gi)—p 9 < p— exp(—cm/p?).

|
Notice that in the above proof, with Z,, = X,, — ae,,, then the event Z,, - v = 0 can be written as
1 1 1
P(Zy-v=0)=-> eptr(tZy,-v))==+- > ep(tr(tZ, v)),
teF, T 9yer, 120
where tr : F, — F,, is the field trace. We just showed that
1 1
P(Zo-v=0)=~|=|- > etr(tZy-v))| < exp(—em/p®). (34)
q 9 ek, 10

In the same way, we show the following more general version of Theorem 9.1
Theorem 9.5. On the event of Lemma as long as k = o(n) we have
Px, s (Xn—ps1 — @€n_pi1 € Wy_g|rank(W,,_y) = n — k) — 1/p™| < exp(—cm/p?).
In particularly,
P(E) — gzl < expl—cm/p?)
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Proof. (of Theorem [9.5) Notice that the event Z,, 41 = Xp—p41 — a€n—gt1 € W, is equivalent with the

event that this vector is orthogonal to the (orthogonal basis) w1,..., wy of Wi, in F2'. We have
PN Znki1- Wi =0)=q " Z ep(tr(te(Zn—k+1 - Ww1)) + -+ + tr(te(Yo—pgr - Wi)))
t;€Fy

=q " +q" > ep(t(Znri1 - D tiws))
4

t;€F,, not all zero

=q kg Z % Z ep(tr(tZn—k+1 - thwz)) (35)

q
t;€F,, not all zero tEF,,t#£0

Now observe that v = Zi t;w; is a non-zero vector that is orthogonal to the first n’ columns of M, — «. By
Lemma and by the proof of Theorem (via Equation ) we have

1 1
|- Z ep(tr(tZn—p+1 - Ztiwi)| == Z ep(tr(tZn—r+1- V)| < exp(—em/p?).
9 yer, 10 i 9 4er, 10

Plugging this bound into Equation for each non-zero tuple (t1,...,ts) we complete the proof.
|

For the rest of this section we will be focusing on Lemma[9.2] The proof of Lemma[9.3] can be done similarly.
Indeed, assume that w; = Zz;é vy, with vy, € Fg, then a;w; can be expressed as Zz;é aFayvyy for
some ayi, € Iy, one of which is non-zero if ; is non-zero. Hence if ), ayw; = Zz;é ak(zi QikVik) 1s m-
sparse in F,, then ZZ ;i Vi are m-sparse for any 0 < k < d — 1. Choose one index k where « is non-zero,
and hence not all oy are zero.

In what follows we prove the key lemmas on non-sparsity. We will mainly focus on Lemma because the
proof for Lemma [9.3|is almost identical as long as n’ = (1 — o(1))n.

9.6. Proof of Lemma Let us assume that ). c;v; is an m-sparse vector. We first note that by a
proper “rotation”, we can assume that this vector is vq. This can be seen by, where v and u; are as before,

d—1 d—1 d—1 d—1  d-1
( g cia')v = ( g ciat) g a'v; = g a' Yy ciju_j.
i=0 i=0 i=0 =0 j=0

By iterating we have (with g = X and @ from , and t; are deterministic, being determined by f;
from ([32))

d—1
del + Z thjg = Vi. (36)
j=0
Our goal is that, assuming that vy is m-sparse, then conditioning on a realization of (::l) p™ = exp(o(n))
possible values of vy, we show that the probability P(Q%v; + Z?;é t;Q7g = v1) is very small, so that after

1/2—¢

taking union bound the probability is still negligible (where we will use the assumption that p < n and

m S nl*QE).

We will estimate P(Q%v; + Z?;é t;Q’g = v1) by a decoupling process, which roughly speaking allows us
to pass from polynomials of @) to multilinear forms where the factors are sparser matrices than @, but they
are independent, and so that we can control the probability easier. This process, roughly speaking, can be
described as follows: assume that M; is a matrix obtained from ) by replacing all entries by zero, except
the i-th block of rows (in general we decompose the rows of @ into 2¢ groups, each with consecutive indices
of size approximately (n — 1)/2¢, and our matrices are formed by rows within a group). Then we can write

M; = M1 + M,
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where M;; and M;s are submatrices obtained from M; by dividing the i-th block of rows into two groups of
(almost) equal size.

In general, in each step of our process, we decrease the polynomial degrees of a given matrix (the total
degree remains the same), but double the number of matrices, and hence the probability. We will rely on
the following well-known decoupling result (see for instance [7, 4I]).

Claim 9.7. Let X,Y be two random vectors in R* and R', and let f : RF*' — R be a function. Then for
any a we have

Pxy(f(X.Y)=0a)' < Pxyy (f(X.Y) - f(X,Y') =0))?
S PX,X’,Y,Y’(f(Xv Y) - f(X7 YI) - f(XI7Y) - f(ley/) = 0)7
where X' is an independent copy of X, and Y’ is an independent copy of Y.

In our application below X,Y, X’ Y’ etc will be matrices. Now we describe the process in more details.

e We start by decomposing Q = M; + M5 in . Factoring out, we will obtain a sum of many
products of M; and M. In the next step we will be using Claim to remove M{ and M4 (i.e. the
highest degree polynomial of M7 and Ms) accordingly.

e In general, assume that we have X 71 X 75 ... Z; X, where Z; are products of matrices that do not
contain X (it is possible that Z; is just the identity matrix), and X appears k times; we then
decompose X = X’ 4+ X" into block matrices, expanding the products we obtain

(X' + X" (X' + X" 2. 2 X' + X" = X' 0 X' Zo .. 20X + X" 2\ X" 2. .. Zu X" + R,

where in R the total number of appearances of X’ and X" are at most k—1. We then keep X', decou-
ple X" by another independent matrix Y of the same distribution to remove X'Z1 X' Z, ... Z, X',
and then keep X" and Y, decouple X’ by another independent matrix Y’ of the same distribu-
tion to remove X" Z1X"Zy ... Zp, X" —Y" 71 X"Zy ... Z,Y". More precisely, by Claim (with
{z1,22} = {f,v1})

P o (AKX + (X + X'V 2 (X + X" 2o . Zy(X 4 XYz = 0)
—Px: xu,.. (A(X’, XNy + (X' 21X Zo o Zp X'+ X" Z1X" Zo ... Zp X" + R(X', X"))22 = 0)4
<Py xryr. ([A(X’, X") = AKX, Yz + (X" Z1 ... Zu X" —Y"Zy .. ZY" + R(X', X") — R(X",Y"))zs = 0)2
<Py oy ([AK X)) = AL Y") = AV, X") 4+ AY Y
F(RX,X") = RX",Y") — R(Y',X") + R(Y",Y"))z5 = 0).

It is crucial to note that by doing so, if the highest degree of X (which was decomposed into
X'+ X") was also k, then the products having k factors of X’ (and also Y, X", Y") are canceled
out in A(X', X") — AX",)Y")— AY', X"+ A(Y",Y").

e In summary, after each round of the decoupling process, we will not create higher polynomials
elsewhere but replace X which appears k times in the product form by four matrices X', X", Y, Y
which appear at most k — 1 times. Hence, after 4¢ steps of iterating the process, we will create a
sum of many multilinear forms in which each matrix factor appears at most once. In other words
they might have the form

d—1
. d
P(Q%v + thQ]g =vi) < P((Z Xo)Xo(@) -+ Xo(a) + R)z1 + S22 = 0),
=0 o
where R, S are also multilinear forms which might also contain X5, ..., X4, ... but the total degrees

are smaller than d.
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Notice that in the matrix X; the are approximately n/4% non-zero rows.

Proof. (of Theorem [9.4) We have seen that
d—1 ) 44
P(de1 +3 Q78 = v1) < P((X1X2 ... Xgv1+ Rv, + Sg = 0). (37)
7=0

Set
n' =n/4<.

A simplified case. In order to motivate our next step, let us assume for now that our RHS has only
the term X ... Xy, that we are estimating the probability that P((X1Xs ... Xgv1 = 0).

Let 1 <mg < m be fixed. We will assume v; to have exactly mg non-zero entries (noting that taking union
bound over mg will not significantly change our bounds), then by the fact that sup, P(>/~, &z, = a) <1—c¢
for some absolute constant ¢ and by the fact that X4 has Cyn iid row vectors (where Cy ~ 1/4d) we have
that

P(X4v; has at least Cyn non-zero entries) > 1 — ¢%4". (38)

In the next step, conditioning on this event of X4, we consider the vector X4_1(Xyv1) and apply the following
fact (by relying on Theorem [4.1))

Claim 9.8. Assume that w is not Cyn-sparse, and X 1s a random matriz with n’ #id rows as in M. Then
for sufficiently large p, and for p < \/n

P(Xw is n'/3-sparse) < p~ " /2.

Proof. Note that if w is not Cyn-sparse then by Theorem
sup P(Z zow; = fi) <1/p+1/4/Caqn S 1/p. (39)
i

fi€Fp

As such, as p is sufficiently large the probability under consideration is bounded by

(C/ptitom (n’f//g) < ¢/,

where we take a union bound over all possible positions for the zero coordinates of Xw. (Il

We remark the the above might continue to hold for small p, but we will not be focusing on this case for
simplicity.

We next iterate Claim by taking union bound and with an assumption that m <4 \/n we obtain a bound

p"(2/p)™ < (1/p)d”
for the event that X; ... Xgvy =0 (or Xj ... Xgvy is m-sparse).
General case. First let us record here a slightly more general variant of Claim We say that a random

vector w is m-free if all but at most m coordinates of w are determined. So for instance m-sparse vectors
are m-free because all but at most m coordinates of w are zero. By an identical proof to Claim [0.8 we have

Claim 9.9. Assume that w is not Cyn-free, and X is a random matriz with n’ iid rows as in M. Then for
sufficiently large p, and for p < \/n

P(Xw is 1’ [3-free) < p~™/2.
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To continue, recall that we would like to estimate P (" Xo1)Xo@) - Xo@@) + R)z, + Sz5 = 0), and here
we cannot expose Xy, and then X, 1, etc one by one in order as in the simplified case above because X;
might not appear exactly in the i-th position of each multilinear forms. However we can adjust the process
using the following observation.

Fact 9.10. For any i, and for any vector u, the vector X;u of R™ have non-zero entries only in the i-th
block. In particularly, if a vector ), X;u; is n'-sparse, then Xiuy is also n'-sparse.

Now we describe the method. First, basing on Fact we just need to address all the multilinear forms
beginning with X;. The vector obtained by summing over these forms is of type Xl(ZfZQ a; X;R;w;). To
estimate the probability that this vector is not m-free, we will focus only on the submatrix restricted by the
columns of X7 having the same index as the rows of X5, and condition on the remaining entries of X;. Only
using the randomness from this submatrix X of X7, it suffices to show that (X| + F)(X2R2v) is not n'-free
with high probability. To show this, assume that we already know that XsRyv is non-sparse, we then can
use (i.e. Claim , where f; is allowed to depend on F. Now to show that XsRov is not n'-free with
high probability (where the randomness is on Xa, ..., X,), where Ry is a sum of multilinear forms without
X and X,, we again focus on the submatrix X} of X, restricted by the columns having the same indices as
that of X3, and continue forward. So in the last step of our argument (or the first step if we go backward as
in the simplified case above), we just need to show that X v; is not n’-free with high probability with respect
to the randomness of X4 and for some appropriate number n’ = O4(n), but this was exactly . O

10. PROOF OF THEOREM [L.8|

We are going to prove the following result.
Proposition 10.1 (asymptotically independence). Let d > 1 be fized. Then for any distinct numbers
ai,...,aq mFp,

1
Pu, N NEqy) = 1? +exp(—cdn/p2)’

where &, is the event that a is an eigenvalue of M.

Proof. (of Theorem Let X, , denote the random variable

Xop =) le,.

a€lF,

By Proposition one easily has EX,, , = 1 + p x exp(—c1n/p?) = 1 + o(1), and more generally for any
fixed integer d > 1
lim EX!  =EX‘,

n— 00

where X ~ Pois(1). It thus follows that X, , is asymptotically distributed as Pois(1). In particularly
lim P(X,,=0=P(X=0)=¢".

n,p—0o0

It remains to justify the above independence lemma.

10.2. Proof of Proposition [TI0.1I} The event A&, is equivalent to the event that there exist v;,1 <7 <d
such that
Mvi=a1viA--- ANMvyg = agvqy.
We condition on M, [n—1)- Let u; be a normal vector of M{,jx[n—1] —a;- The event AE,, then implies that
(Xn — aien) -u; = 0, 1 < 1 < d. (40)
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We are going to show that the probability of this event with the randomness on X, is 1% modulo a small

error term for almost all realization of Mi,jx[,—1). To be more precise, we will restrict on the following event
of probability close to 1.

Lemma 10.3. Let c¢q be a sufficiently small constant to be chosen later. With probability at least 1 —
O(exp(—O(n)) with respect to Mpjxn—1] , none of the vectors ), Biu; for all B; € ¥y, not all zero, is
Cqn-Sparse.

Assuming this for now we can conclude our main result.

Proof. (of Proposition [10.1)) Conditioning on the event consider in Lemma we can then just follow the
proof of Theorem applied to the events in . More precisely, the estimates following Equation
hold with ¢g; = a;e, - u; for 1 <i <d. O

10.4. Proof of Lemma Set m = ¢qn, for sufficiently small c¢q. By taking union bound (with a loss of
a multiplicative factor p? in probability), it suffices to consider the probability that w = >, Biu; is m-sparse
for a fixed choice of B4,..., Bq.

Lemma 10.5. With probability at least 1 — O(exp(—©(n))), w cannot be m-sparse.

As in the previous section, let @ denote the matrix M, [F‘Zfl]x[nfl]. Our result says that the vectors w can be

viewed as null vector of a polynomial of degree d of ). More specifically, let X be the last row of M,y [n—1]-

Claim 10.6. There exist coefficients o; and o such that
d d—1
Z a;Q'w + Z aiQ'X = 0.
i=0 i=0

It is clear that, by using this claim, we can complete the proof of Lemma by following exactly the
decoupling process in the proof of Theorem in the previous section (which in turns yield the bound
1 —exp(—©(n)), obtained at the last step of the process). This bound is clearly strong enough to absorb all
union bounds of type p©(® given the range of p. It thus remains to justify the result above.

Proof. (of Claim|10.6) By fixing f; = u;,, (and hence we lose another multiplicative factor of p¢ in probability),
and w; is the concatination of u;, by (M — a;)u; = 0 we have

(Q—aj)w; = fiX.
As such
(Q—ar) Zﬁiwi =B1fiX + Zﬂz‘fiX + Zﬁi(ai — ap)w;.

i>2 i>2

In other words, under the action by @ — a1, we eliminate w; (or we changed it to a deterministic vector).
Iterating the process, we then obtain that

d d—1
Z a;Q'w + Z QX =0,
i=0 i=0

where ag4 # 0, a;, o depend on By, ..., B4, a1,...,aq and X. O
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11. REMARKS

First, among the three characterizations provided, Theorem was less effective in our current applications
because of the polynomial restriction, but this result is expected to have other implications beyond random
matrix theory because of its near optimality. The remaining two characterizations, Theorem[£.4and Theorem
yield sub-exponential bounds in application. The later is more amenable to perturbations (that we don’t
have to assume ||M]|2 = O(v/n)).

Second, we remark that the error bounds in Theoremand in Propositionare of the form exp(—n'—°M) /p?),
which were obtained by applying Corollary Compared to the justification for the uniform model in Sec-
tion [2) our approach seems to be natural and does explain the main terms in Theorem (obtained from
Theorem and Theorem and in Theorem (obtained from Proposition [10.1)). Following our treat-
ment of Section E it is natural to expect that these error bounds can be made exp(—n¢), but for this
improvement one has to show that the vectors vy in or w in Claim to have large ULCD or large
Ry, but this task seems to be extremely challenging.

Universality is an extremely complicated phenomenon. While we have addressed only a few universal ex-
amples for random matrices in (prime) fields in the current note, there remains so many interesting and
tantalizing questions. Beside the obvious (and doable) direction of extending the current results to general
finite fields [y, we conjecture that the following statistics of the uniform model are universal in terms of iid
random matrix model:

o the distributions of Ay, ..., Ag, are asymptotically independent for different irreducible polynomials
¢1, ..., ¢ (which would then generalize (f]));

e the results of Stong and of Hansen and Schmutz [I9] connecting the distribution of degrees of
irreducible factors of the characteristic polynomial to the cycle lengths of a random permutation.

Lastly, we conjecture that for a fixed random matrix model (such as the Bernoulli (0,1) or (—1,1) model),
the considered statistics over I, for different primes p are asymptotically independent.
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authors are partially supported by National Science Foundation grants DMS-1600782 and CAREER DMS-
1752345.

APPENDIX A. TENSORIZATION LEMMA

The following is an analog of [32, Lemma 2.2].

Lemma A.1. Let K,09 > 0 be given. Assume that &1, ...,&, are iid real-valued random variable and that
P(||&illr/z < 6) < K6 for all 6 > &y. Then

P([€1llkyz + - + €nll/z < 0n) < (CoKd)",

where Cy is absolute.

Proof. Assume that § > §y. By Chebyshev’s inequality

P(€1lRz + - + €allz 2 < 0n) <Eexp(n = ||&llr/z"/6) = exp(n) [ [ Eexp(—||&illz/z"/9)-
i=1 i=1
On the other hand,

1 o)
Eexp(—|&lr/z°/0) = /o P(exp(—||&lrz/0) > s)ds = /0 2u exp(—u®)P(||&illr/z < ou)du.
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For 0 <u <1 we use P(||&;lr/z < 0u) < P(||&illr/z < ) < K6, while for u > 1 we have P(||&;||r/z < du) <

Kéu. Thus
1 [eS)
Eexp(—||&; ||R/Z2/5) = / 2u exp(—u?) K ddu + / 2u exp(—u?) K dudu < Co K4,
0 1
as desired. 0
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