RANDOM DOUBLY STOCHASTIC MATRICES: THE CIRCULAR LAW

HOI H. NGUYEN

ABSTRACT. Let X be a matrix sampled uniformly from the set of doubly stochastic matri-
ces of size n xn. We show that the empirical spectral distribution of the normalized matrix
v/n(X — EX) converges almost surely to the circular law. This confirms a conjecture of
Chatterjee, Diaconis and Sly.

1. INTRODUCTION

Let M be a matrix of size n X n and let A1,..., A\, be the eigenvalues of M. The empirical
spectral distribution (ESD) pas of M is defined as

KN = %ZéAl

i<n

We also define iy as the uniform distribution over the unit disk,

feir (s, 1) == %mes(|z| <L;iR(z) <s,3(2) < t).

Resolving a long standing conjecture in random matrix theory, Tao and Vu (appendix by
Krishnapur) have proved that the ESD of random i.i.d. matrices obeys the circular law.

Theorem 1.1. [34] Assume that the entries of M are i.i.d. copies of a complex random
variable of mean zero and variance one, then the ESD of the matrix ﬁM converges almost

surely to the circular measure piciy-

This result is built on earlier developments by Girko [14], [15], Bai [I], Gotze-Tikhomirov [16],
Pan-Zhou [26] and by many others. In view of universality phenomenon, it is of importance
to study the law for random matrices of non-independent entries. Probably one of the
first results in this direction is due to Bordenave, Caputo and Chafai [6] who proved the
following.

Theorem 1.2. [0, Theorem 1.3] Let X be a random matriz of size n X n whose entries
are i.i.d. copies of a non-negative continuous random variable with finite variance o and
bounded density function. Then with probability one the ESD of the normalized matriz
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VnX, where X = (Zij)1<ij<n and Tij = xi/(xi1 + -+ + T4ip), converges weakly to the
circular measure figiy.

In particular, when z1; follows the exponential law of mean one, Theorem establishes
the circular law for the Dirichlet Markov ensemble (see also [7]).

Related results with ”linear” assumption of independence include a result of Tao, who
among other things proves the circular law for random zero-sum matrices.

Theorem 1.3. [30, Theorem 1.13] Let X be a random matriz of size n X n whose entries
are i.i.d. copies of a random variable of mean zero and variance one. Then the ESD of
the normalized matriz %X, where X = (Zij)1<ij<n and Tjj = Tjj — %($11 + 4 T,
converges almost surely to the circular measure Liciy-

With a slightly different assumption of dependence, Vu and the current author showed in
[25] the following.

Theorem 1.4. [25] Theorem 1.2] Let 0 < € < 1 be a positive constant. Let My, be a random
(=1,1) matriz of size n x n whose rows are independent vectors of given row-sum s with
some s satisfying |s| < (1 — €)n. Then the ESD of the normalized matriz ;WM”’ where

o2=1- (%)2, converges almost surely to the distribution peir as n tends to oo.

To some extent, the matrix model in Theorem [1.4]is a discrete version of the random Markov
matrices considered in Theorem where the entries are now restricted to £1/s. However,
it is probably more suitable to compare this model with that of random Bernoulli matrices.
By Theorem the ESD of the normalized random Bernoulli matrices obeys the circular
law, and hence Theorem serves as a local version of the law.

Although the entries of the matrices above are mildly correlated, the rows are still inde-
pendent. This allows sufficient room so that we can adapt the existing approaches to bear
with the problems. Our focus in this note is on a matrix model whose rows and columns
are not independent.

Theorem 1.5 (Circular law for random doubly stochastic matrices). Let X be a matriz
chosen uniformly from the set of doubly stochastic matrices. Then the ESD of the normalized
matriz /n(X —EX) converges almost surely to ficir-

Little is known about the properties of random doubly stochastic matrices as it falls outside
the scope of techniques from the usual random matrix theory. However, there have been
recent breakthrough by Barvinok and Hartigan (see for instance [3| [4, [5]). The Birkhoff
polytope M,,, which is the set of doubly stochastic matrices of size n X n, is the basic
object in operation research because of its appearance as the feasible set for the assignment
problem. Doubly stochastic matrices also serve as a natural model for priors in statistical
analysis of Markov chains. There is a close connection between the Birkhoff polytope and
MS(n,c), the set of matrices of size n X n with non-negative integer entries and all column
sums and row sums equal c. These matrices are called magic squares, which are well known
in enumerative combinatorics. We refer the reader to the work of Chatterjee, Diaconis and
Sly [8] for further discussion.
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There is a strong belief that random doubly stochastic matrices behave like i.i.d. random
matrices. This intuition has been verified in [8] in many ways. Among other things, it has
been shown that the normalized entry nzi; converges in total variation to an exponential
random variable of mean one. More general, the authors of [8] showed that the normalized
projection nXj, where Xj is the submatrix generated by the first k£ rows and columns

of X and where k = O(%), converges in total variation to the matrix of independent

exponential random variables.

Regarding spectral distribution of X, it has been shown by Chatterjee, Diaconis and Sly that
the empirical distribution of the singular values of \/n(X — EX) obey the quarter-circular
law.

Theorem 1.6. [8, Theorem 3| Let 0 < o1,...,0, be the singular values of /n(X —
EX), where X is a random doubly stochastic matriz. Then the empirical spectral mea-
sure %Zi<n 0y, converges in probability and in weak topology to the quarter-circle measure

%\/ 4 — 3321[072]dl'.

The key ingredients in the proof of Theorem are a sharp concentration result coupled
with two transference principles (Lemmas andbelow). These principles help translate
results from i.i.d random matrices of independent random exponential variables to random
doubly stochastic matrices.

It has been conjectured in [8] that the empirical spectral distribution of v/n(X —EX) obeys
the circular law, which we confirm now. For the rest of this section we sketch the general
plan to attack Theorem [1.5

For the entries of X are exchangeable, EX is the matrix J,, of all 1/n. The matrix X — EX
has a zero eigenvalue and we want to single this outlier out due to several technical reasons.
One way to do this is passing to X, a matrix of size (n — 1) x (n — 1) defined as

X2 — 21 ' Ton — T21
— 32 —X31 -+ T3n — T31
X = . .

Tn2 —Tpl *° Tnpn — Tnl

It is not hard to show that the spectra of \/n(X —EX) is the union of zero and the spectra
of \/nX. Indeed, consider the matrix AI,, — v/n(X — EX). By adding all other rows to its
first row, and then subtracting the first column from every other column, we arrive at a
matrix whose determinant is A det(\I,,_1 —1/n.X), thus confirming our observation. Hence,
it is enough to prove the circular law for X.

Theorem 1.7 (Main theorem). Let X be a matriz chosen uniformly from the set of doubly
stochastic matrices. Then the ESD of the matriz \/nX converges almost surely to picir.

One way to prove our main result above is to showing that the Stieltjes transform of p /5%
converges to that of the circular measure. However, it is slightly more convenient to work
with the logarithmic potential. We will mainly rely on the following machinery from [34,
Theorem 2.1].
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Lemma 1.8. Suppose that M = (m;j)i<i j<n ts a random matric. Assume that

o L|M|34= %Zi,j mfj is bounded almost surely;

e for almost all complex numbers zy, the logarithmic potential %log | det(M — zo1,,)|
converges almost surely to f(z0) = [glog|w — zo|dpcir(w).

Then ups converges almost surely to picir-

We will break the main task into two parts, one showing the boundedness and one proving
the convergence.

Theorem 1.9. Let X be a matriz chosen uniformly from the set of doubly stochastic ma-
trices. Then the square sum EQgi,jgn(xij — x41)? is bounded almost surely.

The proof of Theorem will be presented at the end of Section [2} The heart of our paper
is to establish the convergence of 1log|det(v/nX — zoln—1)|.

Theorem 1.10. For almost all complex numbers zy, +log|det(y/nX — z0I,—1)| converges
almost surely to f(zp).

The main difficulty in establishing Theorem [I.10] is that the entries in each row and each
column of X are not at all independent. To our best knowledge, the convergence for such
model has not been studied before in the literature. We will present its proof in Section [6]

Notation. Here and later, asymptotic notations such as O, 2, ©, and so for, are used under
the assumption that n — co. A notation such as O¢/(.) emphasizes that the hidden constant
in O depends on C.

For a matrix M, we use the notation r;(M) and c;(M) to denote its i-th row and j-th
column respectively. For an event A, we use the subscript Px(A) to emphasize that the
probability under consideration is taking according to the random vector x.

For a real or complex vector v = (v1, ..., v,), we will use the shorthand ||v|| for its Ly-norm
1/2
(i)'

2. SOME PROPERTIES OF RANDOM DOUBLY STOCHASTIC MATRICES

We will gather here some basic properties of random doubly stochastic matrices. The reader
is invited to consult [8] for further insight and applications.

2.1. Relation to random i.i.d matrix of exponentials. Let M, be the Birkhoff poly-
tope generated by the permutation matrices. Let ® be the projection from R™ to R(n—1)?
by mapping (zij)1<ij<n t0 (Tij)2<i,j<n-

Let T': R(m1* — R™ denote the following function
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Tij 2<4,5<m

137z 2<i<n,j=1;
F(X):I‘(X)w - ZQ_Q ' : C 1.

I_Zk:kaj 2§j§n71_17

L= =Y pan) i=j=1

Thus I' extends a matrix X of size (n — 1) x (n — 1) to a doubly stochastic matrix of size
n X n whose bottom right corner is X. With the above notation, the doubly stochastic
matrices correspond to (n — 1) x (n — 1)-matrices of the set

S 1= {X = (wij)2<ij<n € [0,1]"7V7 10 < T(X);; < 1}-

The distribution of X as a random doubly stochastic matrix is then given by the uniform
distribution on S,,. We next introduce an asymptotic formula by Canfield and Mckay [11]
for the volume of S,

1 1 1
R N W TS Ve T exp(= +n? 4 o(1)). (1)

1(Sp) =
Vol(S,,) 3

This formula plays a crucial role in the transference principles to be introduced next.

Define

1 . 1 1
Dn = {Y = (yz’j)lgi,jgn : @(EY) S Sn,mln{gyij — F(@(EY))U} Z O} s

where ® : R — R™1? is the projection X = (zi;)1<ij<n — (Tij)2<ij<n-

Let Y = (yij)1<i,j<n be a random matrix where y;; are i.i.d. copies of a random exponential
variable with mean one. As an application of , it is not hard to deduce the follow-
ing transference principle between random doubly stochastic matrices X and random i.i.d
matrices Y.

Lemma 2.2. [§, Lemma 2.1] Condition on Y € D,,, we have (%yi]’)ggidgn is uniform on
Sn. Furthermore, for large n we have

P(Y € D,,) >n~".

Lemma is useful when we want to pass an extremely rare event from the model %Y to
the model X. In applications (in particular when working with concentration results), it is
more useful to work with matrices of bounded entries. With this goal in mind we define

) ) _ 101
S, = {X = (#1)2<i5<n € [0, 107D, 0 < T(X)y < zg”} ’
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L 1 1.
Y €85,,0< ~3jij — r(@(gY))ij < n_4} .

S|

D, = {17 = (§ij)1<ij<n € [0,10logn]"",

Observe that S, corresponds to doubly stochastic matrices X of entries bounded by 10 logn/n.

Let Y = (¥ij)1<ij<n Where g;; are i.i.d. copies of a truncated exponetial 7 of the following
density function

exp(—2)/(1 —n"19) if z €[0,10logn],
py(x) = (2)
0 otherwise.

It is clear that E(7%) = ©(1) and E(§*) = ©(1). We now introduce another transference
principle which is an analogue of Lemma

Lemma 2.3. [8, Lemma 4.1] Condition on Y € D,,, we have that (%gij)ggmgn is uniform
on Sy. Furthermore, for large n we have

P(Y € D,) >n~10",

Notice that in the corresponding definition of D,, in [8, Section 4] the bound 10logn was
replaced by 6logn, but one can easily check that this modification does not affect the
validity of Lemma [2.3

2.4. Relation to random stochastic matrices. Let R = R, , denote the r(n — 1)-
dimensional polytope of nonnegative matrices of size r X n whose rows sum to 1. let u,
denote the uniform probability measure on R and let v, denote the measure on R induced
by the first r» rows of a random doubly stochastic matrix X. As another application of
(1)) (to be more precise, we need a more general form for volume of polytopes generated
by rectangular matrices of constant row and column sums), one can show that these two
measures are comparable as long as r is small.

Lemma 2.5. [8 Lemma 3.3] For a fized integer r > 1 and n > r the Radon-Nikodym
derivative of the measures p, and v, satisfies

dv,
dpy

< (1+o(1)) exp(r/2)

It then follows that, in terms of order, there is not much difference between the models X
and X.
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Theorem 2.6. Assume that B > 4 is a constant, then

Px(n P <nzy; < Blogn) >1—-0(n"5/?),

In particular, since the entries of X are exchangeable, Theorem yields the following.

Corollary 2.7. Assume that X is a random doubly stochastic matriz, then

P(X € S,) = P(|zij| < 10logn/n for all1 <i,j <n)>1-0(n"?).

Proof. (of Theorem It follows from Lemma [2.5] (for r = 1) that

P(n 8 < nzy; < Blogn) < (1+0(1)) exp(1/2)P(n~? < nz; < Blogn),

where x; has distribution B(1,n — 1).

The claim then follows because

Blogn
P(n 8 <nay < Blogn) = (n— 1)/ (1—2)" 2dx
-B
n s )

:1—(n—1)</0n (1—x)"—2dx+/

Blogn
>1-0(n"58?).

(1-— x)"_Qdac>

We end this section by giving a proof for the boundedness of Lemma [1.8

2.8. A proof for Theorem We first focus on the random vector x = (x1,...,2,)
chosen uniformly from the simplex S = {x = (x1,...,2,),0< 2, <1, a5 = 1}. Because

each z; has distribution B(1,n — 1), we have

2
Ex|x|* = Pl (3)

Also, it can be shown that (for instance from [22, equation (19)])

1

Exxle - m
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It thus follows from (3) that ||x|| = O(1/y/n) with high probability. It turns out that this
probability is extremely close to one.

Lemma 2.9. Assume that x is sampled uniformly from S and assume that e > 0 is a
sufficiently small constant. Then there exists a positive constant C > 0 such that

P(||x|| > C/v/n) < exp(—ev/n).
We assume Lemma [2.9] for the moment.

Proof. (of Theorem First, it follows from Lemma (for r = 1) that

P(a:%l + - +xil >C/n) < (1 + 0(1)) exp(l/?)P(az% + - +$% >C/n)
O)P(x? + 254 -+ 22 > C/n)

where (21,22, ...,z,) are sampled uniformly from the simplex S. But Lemma indicates
that the RHS is bounded by exp(—ey/n). Thus

P(z3, + -+ x5 > C/n) = O(exp(—ey/n)). (5)

And so, as x;; are exchangeable, for any j we also have

P@%j +ooet+ 957274‘ > C/n) = O(exp(—ev/n)). (6)

The claim of Theorem w then follows because ) 5, ;e (2ij — r;1)? > C would imply
Yoo xy; > Cf4n for some j.

0

It remains to prove for Lemma[2.9] We apply the following concentration result by Paouris.

Theorem 2.10. [27, Theorem 1.1] There exists an absolute constant ¢ > 0 such that if K
18 an isotropic convex body in R™, then

P(x € K, ||x|| > ev/nLit) < exp(—/nt)

for every t > 1, where L is the isotropic constant of K.

Observe that, by the triangle inequality, for Lemma [2.9] it is enough to give a similar
probability bound for the event |x — (1/n,...,1/n)|| > C/y/n.
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We first shift S to the hyperplane H := {x = (2,...,2),2] + --- + 2}, = 0} by the
translation x = (x1,...,2,) — (1 — 1/n,...,z, — 1/n). We then scale the obtained
body by a factor & = ©(n) to obtain a regular simplex S’ of volume one. Elementary
computations show that this is an isotropic body of bounded isotropic constant. Indeed, if
x' = (2,...,2},) is sampled uniformly from S’ and if ® = (6y,...,6,) is any unit vector in

H, then by and

Eyves (X,0) = Byeg/(D_ 0i))?
7

= ExeS Z Oﬂ(z 92’(1'1

1 1 1
_ 2 2(m )2 2 O — A
—a Zei(x, n) + 20 Zezaj(xl )@ =)
i i#£]
:a2(7 202+2a ! i)e-e.
n(n+1) n2 n—i-l) n2’"
1
_ 2 2
_a(n(n+1))zi:91+oz( (n+1 Ze
n(n+1)

Thus the isotropic constant of S’ is of constant order. Theorem applied to x’ yields
the following for sufficiently large constant C

P(x' € &, |IX|| = CVn) < exp(—ev/n).

Lemma [2.9) then follows because a||x — (1/n,...,1/n)| = [|X|.

3. THE SINGULARITY OF X

In order to justify Theorem|[1.10} one of the key steps is to bound the singularity probability
of the matrix v/nX — 29I,_1. This problem is of interest of its own.

We will show the following general result regarding the least singular value o,,_1.

Theorem 3.1. Let F' = (fij)2<ij<n be a deterministic matriz where |fi;| < nY with some
positive constant vv. Let X be an n X n matriz chosen uniformly from the set of doubly
stochastic matrices. Then for any positive constant B there exists a positive constant A
such that

P(o,1(X +F) <n™?) <n ™,

Combine with Theorem [2.7] we obtain the following important corollary which will be re-
served for later applications.
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Corollary 3.2. Let F = (fij)2<ij<n be a deterministic matriz where |f;;| < nY with some
positive constant v. Let X = (z4;) be a random doubly stochastic matriz where z;; <
10logn/n for all 1 <i,j <n. Then there exists a positive constant A such that

P(o,_ 1(X + F) <n~4) = 0(n™®).

Here X is obtained from X in the same way as how X was defined from X.

We remark that a similar version of Theorem [3.1| had appeared in [34] to deal with random
matrices of i.i.d. entries (see also [6, 25] and the references therein). However, our task here
looks much harder as the entries in each row and each column are not independent. We

will now sketch the proof of Theorem [3.1] more details will be presented in Section

Assume that o,,_1(X + F) < n~4. Then, by letting C' = (¢ij)2<i j<n be the cofactor matrix
of X 4 F, there exist vectors x and y such that ||x| =1 and |y| <n~* and

Cy = det(X + F)x.

So

ICy|l = | det(X + F)|.

Thus by Cauchy-Schwarz inequality, with a loss of a factor of n in probability and without
loss of generality we can assume that

D egil* = n®A 7 det(X + PP (7)
j=2

In what follows we fix the matrix X(, 2y (n—1) generated by the last (n — 2) rows and the
last (n — 1) columns of X (equivalently, we fix the last (n — 2) rows of X).

Let s2,...,s, be the column sums of X(,,_2yx(n—1). By Theorem @7 the probability that

all £11,...,Z1p, T21,. .., Top are greater than n 2872 is bounded from below by 1 — O(n_B),
in which case we have

si<1—n"2P2foralli>2 and 0<s;:=(n—2)—(so+---+5,) <1-—n"2872(8)

Thus it is enough to justify Theorem conditioning on this event.

Next, given a sequence Sa, ..., S, satisfying , we will choose x9 := x99,...,2, = Top
uniformly and respectively from the interval [0,1 — s3], ...,[0,1 — s,,] such that
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s1<ap+---+x, <1 9)

The upper bound guarantees that x1 := x9; = 1 — (2 + --- + ) > 0, while the lower
bound ensures that 11 =1—81 — 291 =29+ -+, — 81 > 0.

We now express det(X + F) as a linear form of its first row (z2 — 21+ fa, ..., Tn — 21+ fon),

det(X + F) = Y coj(X + F)(xj — 21+ foy).
2<j<n

By using the fact that 1 =1 — Zzgjgn x; we can rewrite the above as
det(X + F) = Z (c25 + Z c2i)xj + ¢, (10)
2<j<n 2<i<n

where c is a constant depending on cp;’s and fy;’s.
Observe that
Dleait D el =D e+ Y P> D eyl
2<j<n 2<i<n 2<j<n 2<j<n 2<j<n
Thus, by increasing A if needed, we obtain from and the following
| Z zjaj+c| < n=4,
2<j<n

where

25 + D oci<n C2
(Zzgjgn |c2j + Z2§i§n C2i|2)1/2

(11)

aj =

Roughly speaking, our approach to prove Theorem (3.1 consists of two main steps.

e Inverse step. Given the matrix X(,,_2)x(n—1) for which all the column sums s; satisfy
(8), assume that

Py (| Y a0l <nt) 2P,

2<j<n
where the probability is taken over all z;,2 < ¢ which satisfy @ Then there is a
strong structure among the cofactors cz; of X (,_9)x(n-1)-
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e Counting step. With respect to X(,_)x(n—1), the probability that there is a strong
structure among the cofactors cy; is negligible.

We pause to discuss the structure mentioned in the inverse step. A set Q C Cis a GAP of
rank r if it can be expressed as in the form

Q:{gg—i—klgl—i--“—i—krg?«]ki e, K, <k SKZ/ for all 1 SZS?‘}
for some (go,...,gr) € C""! and (K3,...,K,),(K/,...,K.) € Z".

It is convenient to think of @ as the image of an integer box B := {(k1,...,k,) € Z"|K; <
ki < K!} under the linear map ® : (k1,...,k;) — go + k191 + - - + krgr.

The numbers g; are the generators of @), the numbers K/ and K; are the dimensions of
Q, and Vol(Q) := |B]| is the size of B. We say that @ is proper if this map is one to one,
or equivalently if || = Vol(Q). For non-proper GAPs, we of course have |Q| < Vol(Q). If
—K,; = K] for all i > 1 and go = 0, we say that Q is symmetric.

We are now ready to state our steps in details.

Theorem 3.3 (Inverse Step). Let 0 < e <1 and B > 0 be given constants. Assume that

Pos,.zn (| Z ajz; +c)| < n_A> > n B,
2<j<n

for some sufficiently large integer A, where a; are defined in (11)), and x; are chosen uni-
formly from the intervals [0,1 — s;] such that the constraint (9)) holds. Then there exists a
vector u = (us, ..., u,) € C" 1 which satisfies the following properties.

e 1/2 < |ju| <2 and [(u,r;(X + F))| < n=4T7F2 for all but the first row r1(X + F)
of X + F.

o All but n' components u; belong to a GAP Q (not necessarily symmetric) of rank
r = O0pg.(1), and of cardinality |Q| = nO8.(1).

o All the real and imaginary parts of u; and of the generators of Q are rational numbers
of the form p/q, where |p|, |q| < n*A+3/2.

In the second step of the approach we show that the probability for X(,_9)xn—1) having
the above properties is negligible.

Theorem 3.4 (Counting Step). With respect to X(n—2)x(n—1), or equivalently, with respect
to the last (n —2) rows of X, the probability that there exists a vector u as in Theorem
is exp(—0©(n)).

Proof. (of Theorem [3.4)) Firstly, we show that the number of structural vectors u described
in Theorem is bounded by n@8.<(M+0a()  Indeed, because each GAP is determined
by its generators and its dimensions, and because all the real and complex parts of the
genrators are of the form p/q where |p|, |q| < n?413/2 there are n©4.8.<(1) GAPs which have
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rank Op (1) and size n98.<(1) Next, for each determined GAP Q of size n®8.<() there are
|Q|™ = n98.<(™) ways to choose the u; as its elements. For the remaining O(n¢) exceptional
u; that may not belong to @Q, there are n94(") ways to choose them as numbers of the form
p/q where |p|,|q| < n?43/2, Putting these together we obtain the bound as claimed.

Secondly, as for each fixed structural vector u from Theorem [3.3| we have |(u,r;(X + F))| =
O(n~ 4T *2) for all 2<i<n—1. So

= O(n~M7%2). (12)

‘Zuj(:nij —xi1 + fij)‘ = ‘Zm’u(uj + Zuk) - Zuj + Z“J‘fij

2<j 2<j 2<k 2<j 2<;

We next view this inequality as for the matrix model ¥ and }7_, where Y was introduced in
Section |2 and Y is obtained from Y in the same way as how X was defined from X,

1 -A
IZ;yz’j(%‘ + > up) = uj+ Y uifijl = O(n” AT, (13)
2<5 2<k 2<j 2<)
Observe that
)DRESD DRACES SRt Eev
2<j<k 2<k<n 2<k<n
Thus there exits jg such that
o + > uk| > 1/2/n.
2<k<n

It then follows that for each i, with room to spare

P(\ > %ym’(uj Y u) =y ui+ Y uifil= O(n_A”“))

2<j 2<k 2<; 2<j
1 1 .
=Py, i#i0Pyijq (}ﬁyijo(ujo IR OEDS i (U5 + > u)—...|=0(n ﬂ”)!yz‘j,js«éjo)
2<k<n o 2<k<n

_ O(n—A-i-’y-‘rlO)7
where in the last conditional probability estimate we used the fact that y;; are i.i.d expo-
nentials of mean one.

Hence, for each fixed structural vector u, the probability Py that holds for all rows
r;(Y+F),2 <i<n-—1,1is bounded by
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P, < n(-A+110)(n-2)

Summing over structural vectors u, we thus obtain the following upper bound for the
probability that there exists a structural vector u for which holds for all rows r;(Y +
F),2<i<n-—1

ZP“ < OB.e(MF04(n)  (~A+7+10)(n—2) _ O(n‘A”/z),

provided that A is large enough.

To conclude the proof of Theorem |3.4, we use Lemma to pass from Y and Y back to
X and X. The probability that there exists a structural vector u for which holds for
all rows rj(X 4+ F),2 < i < n — 1, is then bounded by O(n~A"/2+4) = O(exp(—O(n))),
provided that A is sufficiently large. O

4. PROOF OF THEOREM [3.3]

We recall from the assumption of Theorem [3.3] that

Poy. 2 (| Z ajrj+c| < n_A> >n B, (14)
Jj=2
where 9, ..., x, are uniformly sampled from the interval [0, 1—ss], ..., [0, 1—s,] respectively

so that @ holds.

This is a large concentration of linear form of mildly dependent random variables. Our first
goal is to relax these dependencies.

4.1. A simple reduction step. Let F, be the set of all (z3,...,z,) uniformly sampled
from [0,1— s3] X -+ x [0,1— s, so that () holds. We recall from (8)) that s; < 1—n=25-2,

Consider the event s; < zf + -+ + ], < 1, where a:; are independently and uniformly
sampled from the interval [0, 1 — s;] respectively.

Note that E(zf + -+ +23,) = > ocic, (1 = 5i)/2 = (1 — 51)/2. Since the random variables
x, — (1 — s;)/2 are symmetric and uniform, the density function f(z) of zf, + --- + 2}, is
maximized at (1 — s1)/2 and decreases as |z — (1 — s1)/2)| increases. Thus we have
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P((zf,...,2),) € By) =P(s1 <ahy+ -+, <1)
-
T i
> 1-— S1 - 1-— S1
T (l-s)+ o+ (1—5,) 1+
= Qn52),

where we noted from that s < 1—n=28-2,

Observe that if we condition on s,, < &b +---+x], < 1, then the distribution of (2, ..., )
is uniform over the set E,. It thus follows from that

Py (Zajx +ecl <n” )_ n3B-2, (15)

Jj=>2

In the next step of the reduction, we divide the intervals [0,1 — s;] into disjoint intervals

L1, ..., Ly, of length n™3B=2 where k; = (1 — s;)/n~382 (without loss of generality, we
assume that k; are integers). Next, to sample z} uniformly from the interval [0,1 — s;]
we first choose at random an interval from {I;i, ..., Iy, } and then sample 2} from it. By

this way, (15)) implies that there exist intervals I;;,,2 < ¢ < n, such that if 2} are chosen
uniformly from I;;, then

Py o <]Za]:): +cl <n” )_ n~3B-2, (16)

j=2

Observe furthermore that, by shifting c if needed, we can assume that I, = [0,n~35~2] for
all i. Finally, by passing to z := n38%2z! and by decreasing A to A — (3B + 2), we can
assume that all z} are uniformly sampled from the interval [0, 1].

4.2. High concentration of linear form. A classical result of Erdés [12] and Littlewood-
Offord [21] asserts that if b; are real numbers of magnitude |b;| > 1, then the probability that
the random sum ) " ; b;z; concentrates on an interval of length one is of order O(n=1/2),
where z; are i.i.d. copies of a Bernoulli random variable. This remarkable inequality has
generated an impressive way of research, particularly from the early 1960s to the late 1980s.
We refer the reader to [I8] 20] and the references therein for these developments.

Motivated by inverse theorems from additive combinatorics, Tao and Vu studied the under-
lying reason as to why the concentration probability of > ;" | bjz; on a short interval is large.
A closer look at the definition of GAPs defined in the previous section reveals that if b; are
very close to the elements of a GAP of rank O(1) and size n®("), then the concentration
probability of > 7" | bjz; on a short interval is of order n~O9W | where ; are i.i.d. copies of
a Bernoulli random variable.
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It has been shown by Tao and Vu [32), 34, 35] in an implicit way, and by the current author
and Vu [24] in a more explicit way that these are essentially the only examples that have
high concentration probability.

We say that a complex number «a is d-close to a set @@ C C if there exists ¢ € @) such that
la—q| <6.

Theorem 4.3 (Inverse Littlewood-Offord theorem for linear forms). [24, Corollary 2.10]
Let 0 < e <1 and C > 0. Let B > 0 be an arbitrary real number that may depend on n.
Suppose that b; = (bj1,bia) are complex numbers such that Y, ||b;]|?> = 1, and

n
sup Px(] Zbiwi —al<B)=p=n"C,
@ i=1

where x = (x1,...,%,), and x; are i.i.d. copies of random variable & satisfying P(c; <
§—¢& < c3) > c3 for some positive constants c1,c2 and c3 . Then, for any number n'
between n¢ and n, there exists a proper symmetric GAP Q = {>_;_, kigi : ki € Z,|k;| < L;}
such that

e at least n — n' numbers b; are (3-close to Q;
e Q has small rank, r = Oc (1), and small cardinality
ol
|Q| < max <OC’€(\/T7)7 1> :

o there exists a non-zero integer p = Oc (V') such that all generators g; = (gi1, gi2)

of Q have the form g;j = B%2, with p;j € Z and |p;;| = 0076(5_1\/7?).

P )

Theorem was proved in [24] with ¢; = 1,¢o = 2 and ¢3 = 1/2, but the proof there
automatically extends to any constants 0 < ¢; < co and 0 < c3.

The interested reader is invited to read also [23],[28],[39] for other variants and further
developments of the inverse results.

We now prove Theorem Theorem applied to , with n’ = n¢,C = 3B + 2 and
x; being independently and uniformly distributed over the interval [0, 1], implies that there
exists a vector v = (va,...,v,) such that

o |a; —v;| < n~4 for all indices i from {2,...,n};

e all but n’ numbers v; belong to a GAP @ of small rank, r = Op (1), and of small
cardinality |Q| = O(n©B.1);

e all the real and imaginary parts of v; and of the generators of () are rational numbers
of the form p/q, with p,q € Z and |p|,|q| = Op (nA+1/?).

Recall that
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C2j D a<i<n C2i
(XCacjcn le2j + X ocicn cail)1/?

a; =

We will translate the above useful information on a;’s to ¢;’s. To do so we fist find a number
of the form p/nA, where p € Z and —n < p < n? such that

P z2§j§n C2j 1

£ < —.
n (225 le2s + 2 0<icn coil?)1/21 — nA

Thus, by shifting the GAP Q by p/n?, we obtain |a —vi| < 2n~4, and so

la' = v'|| = O(n="*1/2),

where a’ = (db,...,al),v/ = (v},...,v]) and

Co4 p
a; = J as well as v = v; —

(S e Yacicn il ! nA’

By definition, 1/2n? < 3 ]a}]2 < 1, so by the triangle inequality

VIl > |2l = O(n=*Y2) > 1/V2n — O(n=4+1/2)

and

VIl < 2] + O(n=4F12) < 14 O(n= 412,

More importantly, as a’ is proportional to (caa, . .., c2,) (Which are the cofactors of X + F),
a’ is orthogonal to all but the first row of X + F. In other words, |{(a’,r;(X + F))| = 0 for
all 4 > 2. It is thus implied that

(v, 15(X + F))| < n~ AL,

In the last step of the proof, we find nonzero numbers p’, ¢’ € Z, |p'|,|¢'| = O(n) so that
IVll/2 <p'/d" < 2|v]|.

Set
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we then have

e 1/2 < |ju|| €2 and (u,r;(X + F)) < n=4*7*2 for all but the first rows of X + F;

e all but n’ components u; belong to a GAP @ (not necessarily symmetric) of small
rank, r = Op (1), and of small cardinality |Q'| = O(n95<M);

e all the real and imaginary parts of u; and of the generators of Q" are rational numbers
of the form p/q, with p,q € Z and |p|, |q| = OB,e(n2A+3/2).

5. SPECTRAL CONCENTRATION OF I1.I.D. RANDOM COVARIANCE MATRICES

From now on we will mainly focus on the bounded model X rather than on X. This is the
model where we can relate to Y, a matrix of bounded i.i.d entries (defined in Section [ ' for
which concentration results may easily apply. Furthermore, by Corollary [2.7] there is not
much difference between the two models X and X.

Having learned from Corollary that \det(\/ﬁ)z' — 20Ip—1)| is bounded away from zero,

we will show that 1 log | det(y/nX — z9I,_1)| is well concentrated around its mean. This
result will then immediately imply Theorem [1.10

In order to study the concentration of det(\/ﬁ):( — 20l,—1), we might first relate it to the

counterpart Y. However, the entries of the later model are not independent, and so certain
well-known concentration results for i.i.d matrices are not applicable. To avoid this technical

issue, we will modify v/nX as follows. Observe that

det(\/ﬁi - zOIﬂ—l) = det(\/ﬁX(nfl)xn - on)7 (17)

b
NG

where F.; is the deterministic matrix obtained from zoI,,—; by attaching (—v/n,...,—v/n)
and (—+/n,0,...,0)7 as its first row and first column respectively, and X(n—1)xn is the

matrix obtained from X by replacing its first row by a zero vector,

ik . VnEar \/nIga —2zp - N
NA(n—1)xn — L'z = . . . .

\/ﬁff;nl \/ﬁi’nQ U \/ﬁjnn — 20

As it turns out, it is more pleasant to work with X (n—1)xn because the entries of its coun-
terpart 17(71_1)” are now independent. To relate the singularity of \/ﬁf( — zol,_1 to that
of \/ﬁf( (n—1)xn — £, we have a crucial observation below.
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Claim 5.1. Suppose that A is sufficiently large constant. We have

. 1 1 -
n (VX (n—1yxn — Fzy) > - min (Ean,l(\/ﬁX — 20L_1) — O(n™4), n_A).

To prove this claim, let cq, ..., ¢, be the columns of \/ﬁX(n,l)Xn —F,,. Let v=(v1,...,0p)
be any unit vector. If [v;+- - -+w,| > n~A4~1/2, then it is clear that H(\/ﬁj((n_l)Xn—FZO)vH >
lv/n(v1 4 - +wvy)| > n~4. Otherwise, as [v1]? + - -- 4 |vn|? = 1, we can easily deduce that
|va|? + - - + |vp|? > 1/2n. Next, by the triangle inequality,

(VX (—1ysn = Fo)oll = | D vicill =11 D vilei — e1) + (v1 + -+ + vp)ed |

2<i<n 2<i<n
> Y wicil = A e
2<i<n
> ("U2‘2 + -+ "Un’2)1/20n—1(\/7;)2 - ZOIn—l) - \@n_A

> L A(AX — 20Ln 1) — O~ ),

Claim guarantees that the polynomial probability bound for an_l(\/ﬁ)z' — 20l—1) from
Corollary continues to hold for o, (v/nX(n—1)xn — F,) (With probably worse A).

Theorem 5.2. There exists a positive constant A such that

P(O-n(\/ﬁX(nfl)xn - FZ()) < niA) = O(nig)'

Our goal is then to establish a large concentration of % log | det(y/nX (n—1)xn — Fz,)| around
its mean. We now pass to consider Y.

5.3. Large concentration for Y. Consider the i.i.d matrices Y defined from Section
and let Y(,,_1)x, be the matrix obtained from Y by replacing its first row by the zero vector.

We first observe from Claim [B.1] that

1 - 1 . 1 1 = _ _
where
Jn NG N
1 ~ 1 ~ 1 ~
1 - vnY2t pY22 20 T 2n
n (n—1)xn — Fy =

n — 20

&
Q:il
=

3

S‘ .
N

S
:@1
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On the other hand, conditioning on %21, ...,%s1, the entries y;; — ;1 of the matrix Y are
independent, and so we can apply known singularity bounds, for instance [31, Theorem
2.1], for i.i.d matrices to conclude that for any positive constant B, there exists a positive

constant A such that P(an_l(ﬁff — 20I,_1 <n~4) = O(n~B). Returning to ff(nfl)Xn? we

hence obtain the following.
Theorem 5.4. For any positive constant B, there exists a positive constant A such that
1

P(on(\/ﬁ

Vin-1)xn — Fzo) <n~4) =0(nP).

This bound will be exploited later on.

Next, let H denote the following Hermitian matrix

1 1

H:= (\/ﬁif(nfl)xn - FZO)*(\/ﬁif(nfl)xn

—F,,).
It is clear that the eigenvalues A\ (H),..., \,(H) of H can be written as

3 1 -~
Yv(nfl)Xn - on)’ csA(H) = U?L(i}/(nfl)xn - FZ()))

NG

1

)\1(H) = U%(\/ﬁ

where Ji(ﬁff(n_l)m — F,) are the singular values of ﬁff(n_l)m — F,.
The following concentration result will serve as our main lemma.

Lemma 5.5. Assume that f is a function so that g(x) := f(x?) is convexr and has finite
Lipshitz norm ||g||.. Then for any § > CK]||g||r/n, where K = 10logn is the upper bound
for the entries of Y(,_1)xn and C is a sufficiently large absolute constant, we have

P (\ S FOu(H) B fOu(H)| > 5n> — 0 (en(-C ).
i=1 i=1 L
here C' and the implied constant depend on C.

Remark that when F),, vanishes, Lemmais essentially [17, Corollary 1.8] of Guionnet and
Zeitouni. We will show that the method there can be easily extended for any deterministic
matrix F.

Proof. (of Lemma Consider the following Hermitan matrix Ko, of size 2n x 2n

Koo — 0 (ﬁff(nfl)xn - on)*
2n — Y, .
L}/(nfl)xn - on 0

n
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Apparently,

K22 _ (ﬁ?r(nfl)xn - on)*(ﬁ?v(nfl)xn - on) 3 0 3 ‘
" 0 (ﬁy(nfl)xn - FZO)(ﬁY(nfl)xn - FZO)*

So to prove Lemma [5.5] it is enough to show that

n242

2n 2n
P (’ ;g(/\i(fﬁn)) - E(; g()\Z(Kgn)))‘ > 25n> =0 <exp(—C’ K2||9||2L)> , (18)

where \;(Ks,) are the eigenvalues of Koy,.

Next, by following [17, Lemma 1.2] we obtain the following.

Lemma 5.6. The function M — tr(g(ﬁM—i—F)) of Hermitian matrices M = (mi;)1<i j<n,

where F' is a deterministic Hermitian matrix whose entries may depend on n, is a

e convex function;

e Lipschitz function of constant bounded by 2|g||L .

We refer the reader to Appendix |A| for a proof of Lemma, To deduce from Lemma
m, we apply the following well-known Talagrand concentration inequality [29].

Lemma 5.7. Let D be the disk {z € C,|z| < K}. For every product probability p in DV,
every convex function F : CN +— R of Lipschitz norm ||F||r, and every r > 0,

P(|F — M(F)| > r) < dexp(—r?/16K*||F|1),
where M (F') denotes the median of F.

Indeed, let F' be the function : Y+ tr(g(Kay,)) = tr(g(ﬁf/’ + F")), where

and
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Observe that the entries of Y’ are supported on |z| < K = 10logn. By Lemma Fis
convex function with Lipschitz constant bounded by 2||g|/z. The conclusion of Lemma

then follows by applying Lemma

0

In what follows we will apply Lemma for two functions, one gives an almost complete
control on the large spectra of H and one yields a good bound on the number of small
spectra of H. We will choose ¢ to be a sufficiently small constant, and with room to spare
we set

e=0=0(n"°.

5.8. Concentration of large spectra for i.i.d matrices. Following [10] and [13], we
first apply Lemma [5.5to the cut-off function f.(x) := log(max(e, z)). Note that f.(z?) has
Lipschitz constant 2¢~ /2. Although the function is not convex, it is easy to write it as a
difference of two convex functions of Lipschitz constant O(eil/ 2), and so Lemma applies
because § = O(n~¢) > Ce'/2K /n.

Theorem 5.9. We have

P ‘ Z logai(\/lﬁff(n_l)m—FZO)—E( Z logai(...))‘ZCSn

Jg(ﬁif(nfl)Xn_on)ess U?(‘..)GSG

= O(exp(—n?®6’e/K?)) = O(exp(—nlog®n)),
where Se := {x € R,z > €}.

For short, from now on we set

1 1 -~
hey(n_l)m(zo) = 7E( Z log Ui(iy(n—l)xn - on))'
n . \/ﬁ
U%(ﬁif(nfl)Xn_on)ess

Serving as the main term, h_y (z0) will play a key role in our analysis. In our next

n—1)xn

subsection we apply Lemma ﬁ to another function f.

5.10. Concentration of the number of small eigenvalues for i.i.d matrices. Let [
be the interval [0,¢]. We are going to show that the number N of the eigenvalues \;(H)
which belong to I is small with very high probability.
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It is not hard to construct two functions fi, fo such that (f; — f2) — 17 is non-negative and
supported on an interval of length ¢/C, and so that both of gi(z) = fi(2?) and go(z) =
f2(22) are convex functions of Lipschitz constant O(e~1/2). (For instance one may construct
fi(x), f2(z) in such a way that the even function g;(z) = fi(2?) is identical to 1 on the
interval [¢'/2, €'/?] and being straight concave down from both edges with a slope of O(e~1/2),
while the graph of the function go(z) = fa(2?) is obtained from that of g;(z) by replacing
its positive part with zero).

Next, by Lemma [5.5] we have

P | S ANHE) —E(Y AH))] 2 6n | = O(exp(-nlog?n)),
«(H) )

i (H
and
P |3 L) —ECY fa(h(H)| = 0n | = O(exp(—nlogn)),
i (H) Ai(H)

By the triangle inequality, we thus have

P |3 (A= R)uH) = BCY (i = L) N(H))| 2 200 | = O(exp(—nlog?n)).
Ai(H) Ai(H)

Because the error-function f = (f; — f2) — 17 is nonnegative, it follows that with probability
1 — O(exp(—nlog®n))

ST LNE) + D FH) SE(DY D (fL = f2)(Ni(H))) + 26m,
Ai(H) Ai(H)

and hence

Nr= > L(\H) <E( Y (fi = f)(Ni(H))) +20n
N(H
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where J is the interval [0, e+ €/C] and N is the number of eigenvalues of H in J. (Strictly
speaking, we have to set J = [—¢/C, e+¢/C]. However, as \; are non-negative, we can omit
its negative interval.)

To exploit the above information furthermore, we apply a result saying that N; has small
expected value (see also [37, Proposition 28] and the references therein).

Lemma 5.11. For all J C R with |J| > K?log®>n/n'/?, one has
Nj < nlJ|

with probability 1 — exp(—w(logn)). In particular,

where C' is a sufficiently large constant.

Remark that this result holds for any deterministic matrix Fj in the definition of H. We
defer the proof of Lemma to Appendix

In summary, we have obtained the following result.

Theorem 5.12. With probability O(exp(—nlog?n)), we have

Ny > 2Cen + 20n,

where Ny is the number of Ui(ﬁff(n—l)xn — F,,) such that O'?(ﬁy(n_l)qu — F,,) €[0,¢€.

Consequently, it follows from Theorems and that with probability 1 — O(n~?) the
following holds

1 1 —c
— Z loggi(ﬁy(n—nm — F.,) = O((e + 6)logn) = O(n"“logn).

Thus, combining with Theorem we infer the following.

Theorem 5.13. Let zg be fized and let B be a positive constant. Then the following holds
with probability 1 — O(n™?)

1 1
- log | det( —F)| — (20)] <204+ 0O(n “logn) = O(n" “logn),

ﬁyv(n—l)xn

e7Y(71—1)><n

where the implied constants depend on B.
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Cyen (z0). We next claim that % log | det(ﬁff(n,l)xn—
F.,)| also converges to the corresponding part of the circular law, and so giving an asymp-

totic formula for h_ Vin (20).

Theorem 5.15. For almost all zg, the following holds with probability one

5.14. Asymptotic formula for h_ v,

)Xn

1 1 -
108 [ det(T= (10— Fo)| = [ 100 = 20ldpcie (1) = o(1). (19)

vn

Note that this result is more or less a circular law for random matrices of i.i.d. entries. To
prove it we just simply rely on [34].

Proof. (of Theorem D We first pass to Y

Yoo — Yo1 - Yon — Y21
F_ 2732??331 e Usn — U3t |
gn? - gnl e gnn - gnl

where ¥;; are i.i.d. copies of ¥.

As

1

vn

1

\/ﬁ? - ZOITL—I)7

det( Y/v(n—l)xn - FZO) = \/ﬁdet(

it is enough to prove the claim for det(ﬁf/ — 20lp—1).

View Y as a sum of the matrix (Uij)2<ij<n and R, the (n — 1) x (n — 1) matrix formed
by (=%i1,...,—¥i1) for 2 < i < n. Because R has rank one and the average square of its
entries —=>". 92 is bounded almost surely (with respect to o1, ..., %n1), [34, Corollary

n—1

1.15] applied to Y implies that the ESD of ﬁ?’ converges almost surely to the circular law.

Finally, thanks to [34, Theorem 1.20], for almost all zy the following holds with probability
one

1 1 =
—log | det(—=Y — zOIn_l)’ - / log |w — zo|dpcir (W) = o(1).
n C

NG

Theorems and immediately imply that for almost all zg
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he,ff(n,l)m(%) - /c log [w — 20|dpicir(w) = o(1). (20)
By substituting back to Theorem we have

1 1 -
P ‘* Z 108; O-i(ﬁ}/(n—l)xn - FZo) - /C log |UJ - ZO|diuCiI'(w) > 0+ 0(1)

n -
Jg(ﬁxf(nfl)Xn_FZO)ESE

= O(exp(—nlog?n)). (21)
6. LARGE CONCENTRATION FOR X’, PROOF OF THEORE

In this section we will apply the transference principle of Lemma [2.3] to pass the results of
Section 5| back to X. Our treatment here is similar to [8, Section 4].

By Lemma and , conditioning on Y € D,, we have

1 - - -
\f 3 log 75(—=Vin_1)xn — Fy) — / log [ — Zo|djicir(w)| = 8 +o(1)|V € D,
vn C
fY(n 1)><n_F20)€S€

= O(n'" exp(—nlog®n)) = O(exp(—nlog?n/2)). (22)

Next, for each Y € D,, we will compare the singular values of ﬁff(n,l)xn — F,, with those
of \/ﬁf((n,l)xn — F,,, where X is determined by @(%17), e zj; = %gjij forall2 <1i,7 <n.

By definition, as Y € D,,, we have |%gjzl — Z;1] < n™*, and so the operator norm of the
difference matrix is bounded by

1 -
H(ﬁyv(n—l)xn - on) - (\/HX(n—l)Xn - FZO)

This leads to a similar bound for the singular values for every i (see for instance [19])

1 - -

Ui(ﬁy(n—l)m — Fy) = 0i(WnX-1yxn — Fx) (23)

Notice furthermore that, conditioning on Y € D, (.- Ly") is uniformly distributed on the
set S, of bounded doubly stochastic matrices X. Thus, by a slight modification of € by
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an amount of n=2 (thus the order of ¢ remains ©(n=¢)), we obtain from the following
upper tail bound with respect to X

1 -
P - Z log ai(\/ﬁX(n,l)Xn —F,)— /C log |w — zo|dpicir(w) > 6 + o(1)

U?(\/EX(nfl)xanzo)ES&Fn—Q

= O(exp(—nlog?n/2)).

Also, we obtain a similar probability bound for the lower tail

1 -
P E Z loggi(\/ﬁX(n—l)xn*on) /Clog|wzo|d,ucir(w) < *(5+0(1))

U?(\/EX("_UX”—FZO)€S€7n72

= O(exp(—nlog?n/2)).

Notice that these bounds hold for any € = ©(n~¢). By gluing them together we infer the
following variant of .

Theorem 6.1. With respect to X we have

1 -
P ‘g Z logai(\/ﬁX(nfl)Xn - on) - / log ”U) — zo\ducir(w) >0+ 0(1)
Ug(ﬁX(nfl)xanzo)ese C

= O(exp(—nlog?n/2)).

Next, conditioning on Y € D,,, by Theorem and Lemma with probability O(n'%" exp(—nlog?n)) =
O(exp(—nlog®n/2)) we have

Ni > 2Cen + 24n,
where N7 is the number of Uz‘(ﬁ?(nq)xn — F,) such that 0?(%}7(,1,1)” —F,,) €0,¢l.

Because @(l}}) is uniformly distributed on the set S, conditioning on Y € D,,, and also
because of , we imply the following.

Theorem 6.2. With probability O(exp(—nlog?n)) with respect to X, we have

1
Ny > 2C(e + —5)n + 20n,
n
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where Ny is the number of ai(\/ﬁf((n,l)xn — F,,) such that U?(ﬁX(n—l)Xn —F,,) €10,¢€.
We now gather the ingredients together to complete the proof of our main result.

Proof. (of Theorem for X) By Theorems and we have that

P(s > log i (VX (- 1)n — Fry) = O(e + 8)logn) ) =1 - 0(n"%).

n -
G?(ﬁx(n—l)xanzo)e[ove]

A combination of this fact with Theorem [6.1] implies that for almost all 2,

1 5 _
P (‘n log | det(vnX (—1)xn — Fz) — /Clog |lw — zo|ducir(w)‘ = 0(1)> =1-0(n?).

Hence, by ,

1 -
P <‘nlog |det(vnX — z0lp—1) — /C log |w — zo\d,ucir(w)’ = 0(1)> =1-0(n?),

completing the proof.

APPENDIX A. PROOF OF LEMMA

The main goal of this section is to justify Lemma Although our proof is identical to
[17, Theorem 1.1] and [I7, Corollary 1.8], let us present it here for the sake of completeness.

A.1. Convexity. For simplicity, we first show that the function M +— tr(g(M + F)) is

convex. It then follows that the function M +— tr(g(ﬁM + F')) is also convex.

For any Hermitian matrices U and V'

1
g(V + F) — g(U + F) —/O Dg<U+F+77(V—U)>ti(V—U)dn

where

Dg(U + F)4(V) = lim e~ (g(U +F+eV)—g(U+ F)).

e—0
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For polynomial functions g, the non-commutative derivation D can be computed and one
finds in particular that for any p € N,

p—1

(V+E)P—(U+F)" = /01 <Z(U +F V-0V -U)U+F+n(V - U))p“) dn.
k=0

(24)

For such a polynomial function, by taking the trace and using tr(AB) = tr(BA), one
deduces that

tr((U+F)p)—tr((U;V+F)p) :p/oltr ((UJQFV +F+nU;V)p‘1U;V> dn, (25)

1 _ _
tr((V—i—F)p)—tr((U;V—i—F)p) :p/o tr ((U;V—FF—nU 5 V)pflv 5 U) dn. (26)

It follows from , and that

U+Vv

A= tr((U + F)P) +tr((V + F)P) — 2tr(( + F)P)
P P2 1 1
_P / / ndnddtr (U = V) Zo(U = V) 22,7F) (27)
2 Py 0 0 m, uB
with
U+V U-v
Zpo = —; +F—n +n0(U - V).

Next, for fixed 7,60 € [0,1]?, and fixed U, V, ' Hermitian matrices, Zy9 is also Hermitian,
and so we can find a unitary matrix U, ¢ and a diagonal matrix D,y with real diagonal
entries A, g(1),..., A, 9(n) so that

_ *
Znﬁ = UnﬂDnﬂUn,e-

Let Wn’g = Un’g = ;79(U — V)Umg. Then
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A—QH s dndoe (W, g DE W g D2
- 2k0/0 /0 e r( 100,070 0.0 )
p—2
[ W0 S 3 SNl (28)
k=0 k=01<ij<n

But

ok N =X o \pm2
ZA RTRCIES wi el MCYORELAC

Hence, substituting in gives,

D / / / domdndd| Wy (i) 29" (0Ans(G) + (1 — a)Apg(i) >0 (29)

1<z ,J<n
for the polynomial g(x) = zP.

Now, with U, V, F' being fixed, the eigenvalues A, 4(1),..., A, 9(n) and the entries of W, 4
are uniformly bounded. Hence, by Runge’s theorem, we can deduce by approximation that
holds for any twice continuously differentiable function g. As a consequence, for any
such convex function, g” > 0 and

U+Vv

A =tr(g(U+F)) +tr(g(V + F)) — 2tr(g( + F)) > 0.

L \f 4 F)) has Lipschitz

A.2. Boundedness. Now we show that the function M tr(g(ﬁ

constant bounded by 2||g|| L.

First, for any bounded continuously differentiable function g we will show that

> (dntrla(=2 + 7))+ 3 (dagu o=+ F) < 4l

1<4,5<n 1<i,j<n

We can verify that

Az, )t <g(\/17lM + F)) - \}ﬁtr (g’(\/lﬁM + F)Aij) (30)

where A;;(kl) =1 if kl = ij or ji and zero otherwise.



RANDOM DOUBLY STOCHASTIC MATRICES: THE CIRCULAR LAW 31

Indeed, is a consequence of for polynomial functions, and it can be extended for
bounded continuously differentiable functions by approximations. In other words, we have

1 (M + F)id) + g/ (M + F)Gi)) i #
d%(xij)tr(g(%M +F)) -
1 1 ” =]
Lg/ (LM + F) (i) i=J

Hence,

Z; (dmij)tr(g(\}ﬁMﬁ)))Q < i}; Ig’(;ﬁMJrF)(ij)\? = ztr(g'(\/lﬁMW)gf(;ﬁMW)*)

But if Ay,..., A\, denote the eigenvalues of ﬁM + F then

(o (=M + P (=M + F)) = 2 30 ) < [ 12

Thus we have

> (dneptrla(—=d1 + F) ) <202

The same argument applies for derivatives with respect to I(x;;), and so by integration by
parts and by Cauchy-Schwarz inequality

1
vn

1

)tr(g( NG

U+F) = te(g(—=V + F)| < 2llgll v - V|

for any U and V.

Observe that this last result for bounded continuously differentiable function g naturally
extends to Lipschitz functions by approximations, completing the proof.

APPENDIX B. PrROOF OF LEMMA [B.11]

Note that if F,, vanishes then this is [37, Proposition 28] (see also [2]). We show that the
method there extends easily to any deterministic Fj,.

Assume for contradiction that
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for some large constant C to be chosen later. We will show that this will lead to a contra-
diction with high probability.

We will control the eigenvalue counting function N; via the Stieltjes transform

n Ni(H) =z
Fix J and let = be the midpoint of J. Set n := |J|/2 and z := x + in, we then have

4 Ny

I(s(2)5 2

Hence,

S(s(z)) > C. (31)

Next, with H' := (ﬁ@(?) —F,) (2

ﬁ@(?) — F,,)* = LMM* where M := ®(Y) — \/nF,,,

we have (see also [2, Chapter 11])

1 1
s(z) = — ,
(2) n;h%k—z—aZ(H,’c—zI)lak

where h}, is the kk entry of H'; H}, is the n—1 by n — 1 matrix with the k-th row and k-th
column of H' removed; and ay, is the k-th column of H' with the k-th entry removed.

Note that J(1) < ( , one concludes from that

1
- C.
Z ’77+ S(aj(Hy, — zI)*lak)‘ >

By the pigeonhole principle, there exists k such that

1
|n+ S(ag(Hy, — 2I)~'ay)|

> C. (32)

Fix such k, note that

1 1
ar — ﬁMer, and Hli; = ﬁMkM]:
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where r; = rp(M) and My, is the (n — 1) x n matrix formed by removing ry(M) from M.
Thus if we let Vi =V, (Mk), R e Vn—l(Mk) and u; — ul(Mk), ey, Up—1 = un_1<Mk)
be the orthogonal systems of left and right singular vectors of My, and let \; = \;(H},) =
%0]2 (M}) be the associated eigenvalues, one has

*or |2
ai(H - D) lag = Y VD

<1 N T
Thus
S(ajp(Hy, — 21)tay) > 1 Z —]a;;vj|2
ey’ =1 2+ A — 2
<j<n—1
We conclude from that
Z |agv|? < 1
n? +|A\j — z|? Cn

1<j<n—1

Note that a;v; can be written as

0j(Mg)

apv; = rpu;.

Next, from the Cauchy interlacing law, one can find an interval L C {1,...,n—1} of length

|L| > Cnn

such that \; € L. We conclude that

Z o] 2 1
J

Since A; € J, one has 0; = ©(y/n), and thus
Z |I']€u]'|2 < %
JjeEL

The LHS can be written as ||y (r})||?, where V is the span of the eigenvectors u; for j € L
and my (.) is the projection onto V. But from Talagrand inequality for distance (Lemma
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below), we see that this quantity is > nn with very high probability, giving the desired
contradiction.

Lemma B.1. Assume that V' C C" is a subspace of dimension dim(V) =d <n —10. Let
f be a fixed vector (whose coordinates may depend on n). Let'y = (0,y2,...,Yyn), where
y=19; — 1 and y; are i.i.d. copies of § defined from . Let 0 = ©(1) denote the standard
deviation of § and K = 10logn denote the upper bound of g, then for any t > 0 we have

P, (m/(y +£) > V20Vd/2 — O(K) — t) >1- o(exp(—lg;)).

We now give a proof of Lemma It is clear that the function (ya,...,yn) — 7y (y + f)
is convex and 1-Lipschitz. Thus by Theorem [5.7] we have

Py (Imv(y +£) = M(my (y +£))] 2 ) = O exp(~162/K?) ). (33)

Hence, it is implied that
/ 2 2 2
Py (17 (y +£) + mv(y/ + ) = 2M(m (y + )| < 2t) = (1= O(exp(~16¢/K?)))
—1- O(exp(—16t2/K2)>, (34)

where y’ is an independent copy of y.

On the other hand, by the triangle inequality

vy + )+ vy + f) = mv(y — ).

Applying Talagrand inequality once more for the random vector y —y’ (see for instance
[36, Lemma 68]), we see that

Py (]Wv(y —y') = V20Vd| > t) = O(exp(—t2/16K2)>.

Thus,

Py <7rv(y) +7mv(y') > V20Vd - t) =1- O(exp(—t2/16K2)).

By comparing with , we deduce that

M(my(y +£)) > V/1/20Vd — O(K).
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Substituting this bound back to , we obtain the one-sided estimate as desired.
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