RANDOM MATRICES: TAIL BOUNDS FOR GAPS BETWEEN EIGENVALUES

HOI NGUYEN, TERENCE TAO, AND VAN VU

ABSTRACT. Gaps (or spacings) between consecutive eigenvalues are a central topic in random matrix theory.
The goal of this paper is to study the tail distribution of these gaps in various random matrix models. We
give the first repulsion bound for random matrices with discrete entries and the first super-polynomial bound
on the probability that a random graph has simple spectrum, along with several applications.

1. INTRODUCTION

Let M,, be a random Hermitian matrix of size n, with eigenvalues \; < --- < \,,. In this paper, we study the
tail distribution of the gap (spacing) J; := A\;+1 — A;, and more generally the tail distribution of A\;y; — A,
where [ is fixed and 1 <17 < n—I. We are going to consider the following classes of random matrix ensembles.

Wigner matrices. A Wigner matrix X, is a random Hermitian matrices whose strictly upper triangular
entries are iid sub-gaussian random variables with mean 0 and variance 1 and whose diagonal entries are
independent sub-gaussian random variables with mean 0 and variances bounded by n'—°() | with the diagonal
entries independent of the strictly upper triangular entries. Here and in the sequel we say that £ is a sub-
gaussian random variable with sub-gaussian moment mg > 0 if one has P(|¢| > t) < mg ' exp(—myt?) for all
t>0.

Adjacency matriz of random graphs. Let G(n,p) be the Erdés-Rényi graph on n vertices with edge density
p. We denote by A, (p) the (zero-one) adjacency matrix of G(n,p).

Random matriz with arbitrary mean. We consider a random Hermitian matrix M,, of the form M,, := F,+X,,
where F = F, is a deterministic symmetric matrix of size n and of norm ||F,||s = n®®), and X, is a random
Hermitian matrix where the off-diagonal entries &;;,1 <4 < j < n are iid copies of a random real variable
& of zero mean, unit variance, and finite (2 + €¢)-th moment with fixed 9 > 0. The diagonal entries are
independent random variables with mean zero and variance bounded by O(1).

Here and later all asymptotic notations are used under the assumption that n — oo.

Gaps between consecutive eigenvalues have a central place in the theory of random matrices. The limiting
(global) gap distribution for gaussian matrices (GUE and GOE) has been known for some time [16]. Recent
progresses on the universality conjecture showed that these limiting distributions are universal with the class
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of Wigner matrices; see [30, [I0, [3T] for surveys. However, at the microscopic level, there are many open
problems concerning basic questions. In the following discussion, when we say limiting distribution, we
always mean after a proper normalization.

The first natural question is the limiting distribution of a given gap d; := A\j41 — A;.  For GUE, this
was computed very recently by the second author [25]. Within the class of Wigner matrices, the four
moment theorem from [33], Theorem 15] asserts that this distribution is universal, provided the four matching
moment condition. The matching moment condition was recently removed by Erdés and Yau [I3] using
sophisticated techniques from the theory of parabolic PDE to analyze a Dyson Brownian motion, allowing
for a computation of the gap distribution for random matrix ensembles such as the GOE or Bernoulli
ensembles.

Another issue is to understand the size of the minimum gap dmin := mini<;<p—1(di+1 — 6;). For the GUE
ensemble, Bourgade and Ben-Arous [3] showed that the minimum gap 0y is of order n~%/6 and computed
the limiting distribution. To our best knowledge we are not aware of a polynomial lower bound (of any fixed
exponent) for §,,;, for discrete random matrices, which are of importance in applications in random graph
theory and theoretical computer science. Even proving that dmin > 0 (in other words the random matrix
has simple spectrum) with high probability in the discrete case is already a highly non-trivial problem, first
raised by Babai in the 1980s (motivated by his study of the isomorphism problem [4]). This latter problem
was solved only very recently by the last two authors [34].

Our main goal is to provide lower tail bounds for the gaps d;, and hence on the minimum gap dy;,. For
the model X,,, by Wigner’s semi-circle law [16], most eigenvalues are in the interval [—2+/n,2+/n], thus the
average gap is of order n~/2. The question is to estimate the probability that a particular gap is significantly
smaller than the average:

Question 1.1. Estimate P(§; < n~/268), where § may tend to zero with n.

As well known, tail bounds (or deviation) are essential tools in probability, and we believe that good bounds
for the probability in question will have a wide range of applications.

Let us first discuss a few results related to this question. The last two authors showed [33] that for every
constant ¢y > 0 there exists ¢; > 0 such that for Wigner matrices and for fixed € > 0 one has

sup  P(5; <n073) <
en<i<(l—e)n

The restriction to the bulk region en < i < (1 —¢)n was removed in [29], and the mean zero requirement was
partially removed in [I9]. The weakness of this theorem is that ¢; is small (much smaller than 1, regardless

the value of ¢p), and thus one cannot use the union bound to conclude that §; > 0 simultaneously for all :.

In [11], Erdds et. al. proved for real Wigner matrices

1
= Y P <mTV?) <8, (1)

n
en<i<(l—e)n
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for any constant ¢, > 0, with a similar result also available at the edge of the spectrum. The quadratic
decay 62 here comes from an eigenvalue repulsion phenomenon, reflecting the first-order decay of the two-
point correlation function ps(x,y) of the GOE ensemble as one approaches the diagonal x = y. However,
this result only give a bound on the average probability, and furthermore ¢ needs to be a constant.

Under some strong smoothness and decay hypotheses on the entries of a Hermitian Wigner matrix X,,, it
was shown by Erdds, Schlein, and Yau [I2] that one has the Wegner estimate
€ € . 2
P (Enl/2 - <N < Aigp1 < Ent/? + iz for some z) < e (2)
for any fixed k > 1 and any € > 0 and any bounded E € R (note that the normalization in [12] is different
from the one used here). Setting & = 2 and applying the union bound (together with a standard bound on
the operator norm of X,,), we conclude that

P(6min < 5n*1/2) < nd® + exp(—cn)

for some absolute constant ¢ > 0. This is a strong (and essentially optimal) bound for small §, but it is
only established for very smooth and rapidly decreasing complex probability distributions on the entries; in
particular it does not apply at all to discrete ensembles such as the Bernoulli ensemble, or to real ensembles
such as GOE.

Finally, in [34], the last two authors established the bound
P(6; =0) < n

for all 1 <4¢ < n and any fixed A > 0, for any of the three random matrix models (Wigner, Erdés-Renyi,
random matrix with arbitrary mean) considered above. By the union bound (and shifting A by 1), this also
gives

P((Smin - O) < ’I’LiA.

In this paper, we are going to give answers to Question [[.I} and also to the more general question of
bounding P\ — A < n~1/2§), for a fixed I. As with [34], our method is based on probabilistic inverse
Littlewood-Offord theorems (avoiding the use of moment comparison theorems or analysis of Dyson Brownian
motion), and works for any of the three random matrix ensembles introduced above, without requiring any
smoothness on the distribution of the entries. (However, the two special models of Wigner matrices and
adjacency matrices allow a more delicate analysis leading to better bounds.)

2. MAIN RESULTS

For the sake of applications, we will be mainly focusing on real symmetric matrices. All results can be
extended to the complex case.

We begin with the Wigner model, where our results are strongest. Our first main theorem is as follows.

Theorem 2.1 (Lower tail bound for a single gap). There is a constant 0 < ¢ < 1 (depending on the sub-
gaussian moments) such that the following holds for the gaps §; := Ni+1(Xyn) — Ni(Xy) of real symmetric
Wigner matrices X,,. For any quantitiesn™ ¢ < a <c and § > n_c/o‘, we have

1 1)
PO, <én2)=0(—).
S PO < on7E) (\/5)
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Notice that there is a trade-off between the quality of the bound and the range of . At the one end, taking
« to be a small constant, we have

Corollary 2.2. For any constant Cy > 0 there is a constant cg > 0 such that for real symmetric Wigner
matrices X,,, we have

sup P(0; < (5n_%) < ¢p0,
1<i<n—1

for all 6 > n=C°. Consequently, by the union bound,

6min > n73/27o(1)

with probability 1 — o(1).

At the other end, taking a = n™¢, we have

Corollary 2.3. Let X,, be a real symmetric Wigner matrix where the upper triangular entries are Bernoulli
(taking value =1 with probability 1/2), then X,, has multiple eigenvalues with probability at most O(exp(—n®))
for some constant ¢ > 0.

This corollary improves the polynomial bound in [34] for this specific case, although the result in [34] holds
in a more general context (the main assumption being that the distribution of any individual entry on the
matrix is not concentrated at a single point). We conjecture that the probability that a Bernoulli matrix
has multiple eigenvalues is in fact O(exp(—cn)) for some constant ¢ > 0.

In the next theorem, we treat the gap \;4; — A;, where | > 1 is fixed. Let d := |log, 1], and set

(3143 —2d+1)2d _ 1

C| = 3

2
Thus ¢o = 3 and ¢; > #

Theorem 2.4 (Repulsion for multiple gaps). There is a constant 0 < ¢ <l (depending on the sub-gaussian
moments and on ) such that the following holds for real symmetric Wigner matrices X,. For any quantities
nc<a<candd>ntc/

1 S\
sup HWH@H—M@MS&zﬂ_O<()>_
1<i<n—1
Similar to Corollary we have

Corollary 2.5. For any constant l,Cy > 0 there is a constant cg > 0 such that for real Wigner matrices X,

sup P(INisi(X0) — Mi(X)| < 6n77) < o6,

1<i<n—1
for all 6 > n=Co.
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The key feature of this result is that the bound §¢ yields evidence for the repulsion between nearby eigen-
values. For [ = 2, we have ¢; = 3, yielding the bound O(8%). If there was no repulsion, and the eigenvalues
behave like point in a Poisson process, then the bound would be O(4?) instead. The bound ¢; > 12%21 seems

to be sharp, up to a constant factor; compare with .

We next consider the general model M,, := F}, + X,,. It is often useful to view M,, as a random perturbation
of the deterministic matrix F;,, especially with respect to applications in data science and numerical analysis,
where matrices (as data or inputs to algorithms) are often perturbed by random noise. One can consult
for instance [32] where this viewpoint is discussed with respect to the least singular value problem. As an
illustration for this view point, we are going to present an application in numerical analysis.

Theorem 2.6. Assume ||F,|l2 < n7 for some constant v > 0. Then for any fized A > 0, there exists B > 0
depending on v, A such that
sup. P(6; <n P)=0(n""),
1<i<n—1
where §; := N\ip1(M,) — \i(M,,) is the i** gap of a random matriz M,, = F,, + X,, with arbitrary mean. In
particular, the matriz M, has simple spectrum with probability 1 — O(n=4) for any fized A > 0.

This theorem shows that eigenvalue separation holds regardless the means of the entries. The dependence of
B in terms of A and v in Theorem can be made explicit, for instance one can (rather generously) assume
B> (5A + 6)max{1/2,v} + 5.

Finally, let us focus on the adjacency matrix of the random graph G(n,p), where 0 < p < 1 is a constant.
Set F,, := p(J, — I,), where J, is the all-one matrix and I, is the identity. In this case, we can sharpen the
bound of Theorem 2.6 to almost match with the better bound in Theorem .11

Theorem 2.7. Let 0 < p < 1 be independent of n, and let A, be the adjacency matrixz of the random
graph G(n,p). Let §; .= \i+1(An) — Xi(Ay,) denote the eigenvalue gaps. Then for any fized A > 0, and any
§>n"4, we have

sup P(9; < 5n_%) = 0(n°Mg).

1<i<n—1

All of our results extend to the Hermitian case. In this case the upper triangular entries are complex
variables whose real and complex components are iid copies of a sub-gaussian random variable of mean zero
and variance 1/2. The value of ¢; in Theorem doubles; see Remark for a discussion.

Our approach also works, with minor modifications, for random matrices where the variance of the entries
decays to zero with n. In particular, we can have them as small as n~!*¢ for any fixed ¢ > 0. This case
contains in particular the adjacency matrix of sparse random graphs. Details will appear elsewhere.

3. APPLICATIONS

3.1. Random graphs have simple spectrum. Babai conjectured that G(n,1/2) has a simple spectrum,
with probability 1 — o(1). This conjecture was recently settled in [34]. Using the new deviation bounds, we
can have the following stronger statement.

Theorem 3.1. With probability 1 — o(1), the gap between any two eigenvalues of G(n,1/2) is at least
n—3/2+0(1)
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To prove this theorem, apply Theorem [2.7 with § = n='=°(1) and then apply the union bound.

3.2. Nodal domains of random graphs. Consider a random graph G(n,p) (with p constant) and the
accompanying matrix A, (p). Let u be an eigenvector of A, (p). A strong nodal domain (with respect to ) is
a maximal connected component S of the graph, where for any ¢,j € S, u;u; > 0 (here ; is the coordinate
of u corresponding to i). A weak nodal domain is defined similarly, but with w;u; > 0. Notice that strong
nodal domains are disjoint, while the weak ones may overlap.

The notion of (weak and strong) nodal domains comes from Riemann geometry and has become increasingly
useful in graph theory and algorithmic applications (see [8, [36] [ 6} [7]). In [8], Dekel, Lee and Linial studied
nodal domains of the random graph G(n, p) and raised the following conjectured [8, Question 1].

Conjecture 3.2. With probability 1 — o(1), all eigenvectors of G(n,p) do not have zero coordinates. In
other words, weak and strong nodal domains are the same.

We can now confirm this conjecture in the following stronger form

Theorem 3.3 (Non-degeneration of eigenvectors). Assume that M,, = X,, + F,, as in Theorem|2.6. Then
for any A, there exists B depending on A and v such that

P(H an eigenvector v = (vy,...,v,) of M, with |v;| < n~ P for some z) =0(n=4).

To make the picture complete, let us mention that recently Arora et. al. [2] proved that with high probability,
G(n,p) has only two weak nodal domains, one corresponds to coordinates u; > 0, and the other to u; < 0.
Combining this with Theorem we have

Corollary 3.4. The following holds with probability 1 — o(1) for G(n,p). Each eigenvector has exactly two
strong nodal domains, which partition the set of vertices.

3.3. Numerical Analysis. Our results can also be used to guarantee polynomial running time for certain
algorithms. Let us consider an example. A basic problem in numerical analysis is to compute the leading
eigenvector and eigenvalue of a large matrix. A well-known power iteration method, designed for this purpose,
works as follows. Given F, a large symmetric matrix as input, let ug := u be an arbitrary unit vector and
consider

F’U,k
Ukt = ————.
[ Full2
For simplicity, assume that F' is positive semi-definite and let 0 < A\; < --- < A, be the eigenvalues of F'
(with, say, corresponding eigenvectors vy, ..., v,). If A, is strictly larger than A,,_1, then u; converges to v,
and ||Fugl||2 converges to A,.

An—1

. This means

The heart of the matter is, of course, the rate of convergence, which is geometric with base

that to obtain an ¢ error term, we need to iterate @(ﬁ log 1) steps (see for instance [I4, Chapter 8].)
For simplicity, assume that X\, = ||[F|lz = n®®). The algorithm is efficient (run in polynomial time) if

An — Ap—1 is polynomially large. However, if A\, — A\,,_1 is exponentially small in n, then the algorithm take
exponentially many steps.
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One can use our result to avoid this difficulty. The idea is to artificially perturb F' by a random matrix X,,.
Theorem shows that with high probability, the gap A\, (F + X,,) — Ap—1(F + X,,) is polynomially large,
which in turn guarantees a polynomial running time. On the other hand, adding X,, (or a properly scaled
version of it) will not change A,, and v,, significantly. For instance, one can immediately apply Weyl’s bound
here, but better results are available in more specific cases.

This argument is closely related to the notion of smoothed analysis introduced by Spielman and Teng [23].
We will discuss similar applications in a separate note.

4. PROOF STRATEGY

We first consider Theorem In what follows, all eigenvectors have unit length. Assume that the entries
&;; are iid copies of a random variable . Consider a fixed vector z = (x1,...,2,), we introduce the small
ball probability

ps(x) == sugP(lel +- - &prp —al <6).
ac

where &1, ...,&, are iid copies of €. Let X,,—1 be an (n — 1) X (n — 1) minor of X,,. In this section we will
to reduce Theorem [2.1] to the following

Theorem 4.1. There exist positive constants ¢ and ag such that the following holds with probability 1 —
O(exp(—agn)): for all n™¢ < o < ¢ and every unit eigenvector v of X,_1 and for all § > n=¢/*,

ps(v) =0 (\j&) :

We will discuss how to establish this result later in this section, and give the formal details of proof in later
sections. Assuming this theorem for the moment, we now finish the proof of Theorem To start, let B
be the event that the spectrum of X,, belongs to a controlled interval,

B={w: \(Xp), ..., n(Xn) C [~10v/7, 10y/m]}. (3)

Standard results in random matrix theory (such as [1],[24]) shows that B holds with probability 1 —
exp(—6(n))

Now let 1 <i <n—1, and consider the event &; that X, satisfies A;11 — A; < dn~%. For each 1 <j<mn,let
Gi; be the event & and that the eigenvector w = (wr,...,w,)T with eigenvalue X\;(M,,) satisfies |w;| > T,
where T is to be chosen later. The following delocalization result helps us to choose T" properly.

Theorem 4.2. Let X,, be a Wigner matriz as in Theorem . There are constants cico, c3 > 0 such that the
following holds. With probability at least 1 —exp(—cin), every eigenvector of X, has at least con coordinates
with absolute value at least csn='/%. The same statement holds for the adjacency matriz A, (p), where p is
a constant. (The constants c1,ca,c3 may depend on the distribution of the entries of X,, and on p in the

A, (p) case.)
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We prove this theorem in Appendix [A]

Write
Y= ) (4)

xnn

where X is a column vector. From the Cauchy interlacing law, we observe that A\;(X,) < \(X,—1) <
Ai+1(X5). Let u be the (unit) eigenvector of \;(X,,); we write u = (w, b), where w is a vector of length n — 1

and b is a scalar. We have
X1 X wy) _ w
(5 o) (5) = (5):

Extracting the top n — 1 components of this equation we obtain

Let v be the unit eigenvector of X,,_; corresponding to \;(X,,_1). By multiplying with v*", we obtain

0" X | = 0T (X1 = Xi(Xn)Jw| = [Ni(Xn—1) = Xi(Xn) [0 w].

We conclude that, if & holds, then [bv? X| < on~1/2. If we assume that Gi » also holds, then we therefore
have

If one can choose T = Q(n~1/?), the RHS is O(6), and thus we reduce the problem to bounding the probability
that X,,_; has an eigenvector v such that [vT X| = O(4), for which we can apply Theorem

Of course we cannot assume that the last coordinate b of the eigenvector of \;(X,,) to be large. Apparently,
this eigenvector has a coordinate of order n='/2, but a trivial union bound argument would cost us a factor
n. We can avoid this factor by using Theorem

Notice that there is no specific reason to look at the last coordinate. Thus, if we instead look at a random
coordinate (uniformly between 1 and n and split X,, accordingly), then we have

—1/2

T

where np is the number of coordinates with absolute values at least T'; and v, X are the corresponding
eigenvector and column vector.

n

P(&) < %P <|UTX| <9 > +P(nr < N),

Now choose T = c3n~'/2 and N = cyn. By Theorem P(nr < N) < exp(—cin). Thus, we have
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P(&) < 'P (" X| < ¢5'0) + exp(—cin). (5)

To bound the RHS, we recall the definition of small probability at the beginning of the section. After a
proper rescaling of § by a factor ¢ ! for any e > 0

P([v7X| < 8) < P(WTX| < 8lps(v) < <) + Plps(v) > €) < e + Plps(v) > ).

Set € :=C % for a sufficiently large constant C, Theorem then implies that

P X| < 8) < cja + exp(—Q(n)). (6)

This completes the proof of Theorem assuming Theorem To prove Theorem we will follow the
same strategy, but the analysis is more delicate. We refer the reader to Section [] for more detail.

For treating the general model M,, := F,, + X,,, instead of Theorem a similar argument reduces one to
the task of proving the following analogue of Theorem [1]

Theorem 4.3. For any A,y > 0, there exist ag, B > 0 depending on A and ~y such that the following holds
with probability 1 — O(exp(—aon)): every unit eigenvector v of My_1 = X,,_1 + F,,_1 with eigenvalue \ of
order n°M) obeys the anti-concentration estimate

pu-5(v) = O(n4).

Let us now discuss the proof of Theorem and Theorem [4.3] This proof relies on the general theory of
small ball probability. Recent results from inverse Littlewood-Offord theory developed by the second and
third author (see e.g. [20], [17]) and by Rudelson and Vershynin (see e.g. [21]) show that if the vector x does
not have rich additive structure, then the small ball probability ps(z) is close to §. Thus, the key ingredient
for proving Theorem [£.1] and Theorem [£.3]is to quantify the following

Heuristic 4.4. With very high probability the eigenvectors of M,,—1 do not have additive structures.

4.1. Notation. Throughout this paper, we regard n as an asymptotic parameter going to infinity (in par-
ticular, we will implicitly assume that n is larger than any fixed constant, as our claims are all trivial for
fixed n), and allow all mathematical objects in the paper to implicitly depend on n unless they are explicitly
declared to be “fixed” or “constant”. We write X = O(Y), X < Y, or Y > X to denote the claim that
|X| < CY for some fixed C; this fixed quantity C is allowed to depend on other fixed quantities such as
the (2 + €¢)-moment (or the sub-gaussian parameters) of £ unless explicitly declared otherwise. We also use
o(Y') to denote any quantity bounded in magnitude by ¢(n)Y for some c¢(n) that goes to zero as n — oc.
Again, the function ¢(.) is permitted to depend on fixed quantities.

For a square matrix M, and a number A, for short we will write M,, — XA instead of M,, — AI,,. All the norms
in this note, if not specified, will be the usual £s-norm.
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The rest of this paper is organized as follows. We first give a full proof of Theorem [2.I] and Theorem [2.4] in
Section [5]and Section[6] We then prove Theorem [2.6]in Section[7] and sharpen the estimates for Erdés-Rényi
graphs in Section [8 The note is concluded by an application in Section [0]

5. CONSECUTIVE GAPS FOR WIGNER MATRICES: PROOF OF THEOREM [4.1]

In this section we prove Theorem [.1] which as discussed previously implies Theorem Our treatment in
this section is based on the work by Vershynin in [35]. First of all, we recall the definition of compressible
and incompressible vectors.

Definition 5.1. Let cp,c; € (0,1) be two numbers (chosen depending on the sub-gaussian moment of .)
A vector z € R™ is called sparse if |[supp(z)| < con. A vector x € S"1 is called compressible if z is within
Euclidean distance ¢; from the set of all sparse vectors. A vector z € S™~ ! is called incompressible if it is
not compressible.

The sets of compressible and incompressible vectors in S”~! will be denoted by Comp(cy, ¢1) and Incomp(cy, c1)
respectively.

5.1. The compressible case. Regarding the behavior of X,z for compressible vectors, the following was
proved in [35].

Lemma 5.2. [35], Proposition 4.2] There exist positive constants cg,c1 and g such that the following holds
for any Ao of order O(y/n). For any fixzed uw € R™ one has

P( inf (X — Ao)z — ul| < v/n) = O(exp(—agn)).

z€Comp(co,c1)
We also refer the reader to Subsection for a detailed proof of a similar statement. As a corollary, we

deduce that eigenvectors are not compressible with extremely high probability.

Lemma 5.3. There exist positive constants cg,c1 and aqg such that

P (3 a unit eigenvector v € Comp(cg, ¢1)) = O(exp(—aon)).

Proof of Lemma[5.3 Assuming (3), we can find A\¢ as a multiple of n=2 inside [~104/n, 10y/n] such that
IA — Xo| < n2. Hence

1(Xn = Xo)oll = [[(A = Ao)vl| < n ™2

On the other hand, for each fixed \g, by Lemma [5.2]

P(3v € Comp(co,c1) : |[(Xn — Ao)v|| < n72) = O(exp(—agn)).

The claim follows by a union bound with respect to Ag. O
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5.2. The incompressible case. Our next focus is on incompressible vectors. This is the treatment where
the inverse Littlewood-Offord ideas come into play.

We first introduce the notion of least common denominator by Rudelson and Versynin (see [21]). Fix
parameters k£ and vy (which may depend on n), where v € (0,1). For any nonzero vector x define

LCD, ,(x) := inf {9 > 0 : dist(0z, Z") < min(y||0x]|, /1)}

Remark 5.4. In application, we will choose Kk = n"° for some sufficiently small ko. Regarding the parameter
v, it suffices to set it to be 1/2 for this section; but we will choose it to be proportional to a (from Theorem
in the next section, hence v can decrease to zero together with n. The requirement that the distance
is smaller than v||0z|| forces us to consider only non-trivial integer points as approximations of 0x. The
inequality dist(0x,Z™) < k then yields that most coordinates of 0x are within a small distance from non-zero
integers.

Theorem 5.5 (Small ball probability via LCD). [21] Let £ be a sub-gaussian random variable of mean zero
and variance one, and let &, ...,&, be iid copies of §. Consider a vector x € R™ which satisfies ||z| > 1.
Then, for every k >0 and v € (0,1), and for
> L
~— LCD, ()’
we have

=0 (5 o),
0

where the implied constants depend on &.

To deal with symmetric or Hermitian matrices, it is more convenient to work with the so-called regularized
least common denominator. Let x = (x1,...,2,) € S""1 . Let co,c1 € (0,1) be given constants, and assume
x € Incomp(cg, ¢1). It is not hard to see that there are at least cocin/2 coordinates zy of x satisfy

Van Sl s e @)

Thus for every x € Incomp(cy,c;) we can assign a subset spread(x) C [n] such that holds for all
k € spread(x) and
|spread(z)| = [¢'n],

where we set

d = coct /4. (8)

Definition 5.6 (Regularized LCD, see also [35]). Let a € (0,¢'/4). We define the reqularized LCD of a
vector x € Incomp(cy, ¢1) as

L/CB,W,(sc,a) = max{LCDm,y(mj/HxIH) : I Cspread(x), |I| = [om]}.
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Roughly speaking, the reason we choose to work with LCD is that we want to detect structure of = in
sufficiently small segments. From the definition, it is clear that if LCD(z) is small (i.e. when z has strong

structure), then so is ﬁ(a:, Q).

Lemma 5.7. For any x € S" ! and any 0 < v < c1y/a/2, we have

— 1

LCD/{,'y(cl\/a/2)*1(xaa) < %\/aLCDRN(J?)
Consequently, for any 0 < v <1

— 1

LCDR77(Z',OZ) S g\/aLCD’%’Y(Cl\/a/Q) (I’)
Proof of Lemma[5.7. Note that for any I C spread(z) with |I| = [an],
[l/n < lzi]] < —=+/II|/n.
\/>\/

Assume that dist(tz, Z™) < min(y||tz||2, &) for some t =~ LCD, (x). Define

tr = t||ar].

One then has

1
—\Ft<t1 < NG |I|/nt.

Furthermore,
dist(tyzr/||z7|, Z") < dist(tz, Z")
< min(y|tz|, k)
. C1 _
< min(y(5va) it (ze/ )], %)
Thus

1
LCD,. (e, asz-1 (@r/lz1l]) < tr < NG [1]/nt < *fLCDm( )-

We now introduce a result connecting the small ball probability with the regularized LCD.
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Lemma 5.8. Assume that

1 _
e > —/a(LCD, ,(z,a))"".
co

Then we have

_ € @(;8))
() =0 ——=+e¢ .
pel) (’Ycl\/a

Proof of Lemma[5.8 First apply Theoremﬁto x1/||zr|| where the LCD is achieved: for any 6 > (LCD,, - (z//||z1]])) ™!

1 2
Ps (SI> =0 (6 + e O )) ,
[Eagl gl

where Sy =} . §i;.

Recall that §/a < [|z7]| < %\/E Also notice that if I € J C [n], then

ps(Sr) < ps(St).

Thus for any € > L\/a(LCD, ,(z1/||zr]])) ", one has e/|[z7|| > (LCDy ,(21/[|2]])) ", and so

E _ 1{2 _ Ii2
pe(®) < pe(S1) = peyjar) (St/llzr|]) €« ——— + €790 <« +e 00,

gllEadl eva

For given D, k,~v and «a, we denote the set of unit vectors with bounded regularized LCD by

TD k.0 = {2z € Incomp(co,c1) : L/C\D,iﬁ(ac,a) < D}.

The following is an analog of [35, Lemma 7.9].

Lemma 5.9. There exist ¢ > 0,9 > 0 depending on cy,cy from Lemma such that the following holds
with k = n2¢ and vy=1/2. Letn < a < /4, and 1 < D < nc/®. Then for any fixed u € R™ and any real
number A\ of order O(y/n),

P (32 € Tp sya : [(Xn = Ao)x — ull = o(Bv/n)) = O(exp(—aqn)),

where
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K

ﬂ::ﬁ.

We will give a proof of Lemma in Appendix Bl by following [35]. Assuming it for now, we will obtain the
following key lemma.

Lemma 5.10. With the same assumption as in Lemma[5.9, we have

P (EI a unit eigenvector v € Incomp(cp, ¢1) : L/CBKﬁ(v,oz) < nc/o‘) = O(exp(—agn)).

Proof of Lemma[5.10. Set D = n®/“ and 8 = &5~ Assuming (@), we first approximate A by a multiple of

B, called Ag, from the interval [—10+/n, 104/n].

As X,,v = \v, we have

1(Xn = Ao)vll = [I(A = Ao)vll = O(B) = o(Bv/n). (9)

On the other hand, by Lemma @D holds with probability O(exp(—agn)) for any fixed \g. Taking a
union bound over the O(871y/n) choices of g, one obtains

P (3v € Tp s y,0: FA0 € BZ N [=10v/n,10v/n] : [[(Xy — Xo)v|| = o(BV/n))
< exp(—agn) x B~/n
< exp(—aon/2).

Putting Lemma [5.3] and Lemma together, we obtain a realization of Heuristic [£.4] as follows.

Theorem 5.11. There exists a positive constants ¢ and oy depending on co,c1 from Lemma[5.3 such that
for kK =n?y=1/2 and forn=¢ < a < /4,

P (All unit eigenvectors v belong to Incomp(cy, ¢1) and L/CBH,.Y(U, a) > nc/o‘) =1—O(exp(—agn/2)).

We can now complete the proof of Theorem By the theorem above, it is safe to assume ﬁ,@ﬁ (v, ) >
n¢/ < for all eigenvectors of X,,_1. As such, by Lemma for any § > \/a/n/* we have

5 7@(’{2) 5
pé(S) < \/a +e < \/&7

where we recall that k = n2.
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Theorem m then follows from and Theorem where we note that the condition § > n=¢/® automat-
ically implies & > \/an~¢/®.
Remark 5.12. We could have proved Theorem by directly applying the results from [35], where LCD

and LCD were defined slightly differently. However, the current forms of LCD and LCD are easy to extend
to higher dimensions, which will be useful for our proof of Theorem[2.4 next.

6. PROOF OF THEOREM [2.4]

Let us first give a full treatment for the case | = 2. Here ¢; = 3 and we are considering ;12 — A;. The case
of general [ case will be deduced with some minor modifications.

6.1. Treatment for [ = 2. First of all, we will introduce the extension of LCD to higher dimension, following
Rudelson and Vershynin (see [22]). Consider two unit vectors x1 = (211,...,2Z1n), T2 = (T21,...,T2n) € R™.
Although the following definition can be extended to more general x1, 2, let us assume them to be orthogonal.
Let Hy, 4, C R™ be the subspace generated by z1,x2. Then for k > 0 and v € (0,1) we define,

LCD, ,(x1,22) := ven inf et LCD, ,(x).

Similarly to Theorem the following result gives a bound on the small ball probability for the R2-random
sum S = Z?:l &i(xi1, xi2) in terms of the joint structure of zy and xs.

Theorem 6.1. [22] Let & be a sub-gaussian random variable of mean zero and variance one, and let &y, ..., &,
be iid copies of . Then, for every k >0 and v € (0,1), and for

1
. S—
- LCDH77($1,.232)

we have )

€
where the implied constants depend on &.
This theorem plays a crucial role in our task of obtaining the repulsion.
We are now ready to present the main idea of the proof of Theorem [2.4] Let 1 < < n—2, and consider the
event &; that X,, has three eigenvalues \;(X,) < A\i+1(Xy) < Aig2(X,) with Ajp0 — A < 6/711/2 for some J.
For short, we set

t:=d/n'/2

Write
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for an (n — 1) X (n — 1) minor X, _; and a column vector X.

From the Cauchy interlacing law, we observe that

Ai(Xn) < Xi(Xn—1) < Xip1(Xn) < Xip1(Xno1) < Aiga(X).

By definition, for some eigenvector (w,b) with |b| > n~=1/2

X1 X w\ _ w
(et ) ()= ()
Extracting the top n — 1 components of this equation we obtain

(Xn—1 = Ni(Xn))w +0X = 0.

/

If we choose unit eigenvectors v = (vy,...,v,_1)7 of X,,_; with eigenvalue \;(X,,_1), and v’ = (v}, ...

of X,,_1 with eigenvalue A;y1(X,_1) respectively, then

boT X| = 0" (Xn1 = M(Xn))w| = [Ni(Xn-1) = Xi(Xn)|[v"w] < #;

and similarly

b0 X | = [0 (X1 = Mi(Xn))w] = it (M) = X(Xp) [0 w| <t

In summary, we have

WTX|=0(5) A" X| = 0(5).

(12)

Let F; denote this event. By Theorem if we can show LCD, ,(v,v’) large, then the P(F;) can
be estimated quite efficiently. In what follows we will focus on infyem, , LCD, ,(u) by first studying

infuen, L/CB,W(u7 «), and then using Lemma to pass back to LCD.

We start with a simple fact first.

Fact 6.2. For any unit vector u from H, .+, we have

[(Xn—1 = Ni(Xn—1)?u| < 2%

In particular, by the Cauchy-Schwarz inequality
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[(Xn—1 = Ai(Xn1))ull < t. (13)

Proof of Fact[6.3 Assume that u = av + av" with a® + a’* =1, then

(X1 = Ai(Xn—1))?ull = [(Xn—1 = Mi(Xn-1)) (X1 = Mi(Xn—1))u]|
= [(Xn-1 = Mi(Xn-1))(Xn—1 = Xi(Xn—1)V'|
= Ja'(Nig1(Xn—1) = Xi(Xno1))?|
< 2

Next, from Lemma, and Lemma, and by from Fact we infer the following.

Theorem 6.3. There exist positive constants c, g such that for k = n?¢,v = 1/2, and for any n=¢ < a <
/4 the following holds for any t > n=%*r/\/a

P(Xn,1 has two eigenvectors v, v’ with eigenvalues |\ — \'| <t and there exists u € H,,» NIncomp(cy, c1)

such that L/CB,{W(u, a) < t_lm/\/a> = O(exp(—apn/2)).
Proof of Theorem|[6.3 Let

D:=t"'s/ya and g :=t.

c/oe.

It is clear that with the given range of t one has 1 < D < n By approximating A;(X,—1) by Ao, a

multiple of 37!, and also by and by the triangle inequality

[(Xn-1—Xo)ull < [[(Xn-1 = Xi(Xn-1))ull + [Xi(Xn-1) = Aol = O(B).

To complete the proof, we just apply Lemma for these choices of D and 3, and then take the union
bound over all O(y/n371) choices of Ag. O

Let &; be the event that X,_; has eigenvectors v,v’ with eigenvalues |A;j11(Xpn—1) — X\i(Xn—1)| < t, and
& N H; be the event & coupled with inf,cp, , LCDy (u, o) > t~'k/a. We have learned from Theorem
6.3 that '
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P& AH) =P(&) — O(exp(—agn/2)).
On the other hand, our main result of the previous section, , implies that P(&;) = O (%) Thus

P& NAH) < i. (14)

B

Now, condition on & A H;, for every u € H, . we have @,@ﬁ(u,a) > t71k/\/a. It then follows from
Lemma [B.7] that

LCD,.,(u,a) < VaLCD,. . /a/(u).

We have thus obtained the key estimate

LCD, ., a/2(v,0") = ueinf LCD,, ., a/2(u) > t™ /. (15)

v,

Now we estimate P(F;|€; A H;) (where we recall F; from (I2)). As ¢ = tn?/2 > (t"'x/a)7!, and as 1,7
are all fixed constants, by Theorem

16 A, PR 5\’
P(Fl&AH;) < <\/& +e ) < 7)) (16)
Combining (|16)) with (14]), we obtain that
5 \° 5 \°
P(]:l A 51) < (\/a> + exp(—@(n)) < (\/a) . (17)

Together with , this completes the proof of the case [ = 2 in Theorem where the condition § > n!—¢/@
automatically implies the requirement t > n~%“x/\/a of Theorem as long as c is sufficiently small.

6.2. Proof sketch for general [. By the definition of d, we have 2¢ <[ < 29! and that
Ai(Xn) S Xi(Xp—1) < - S Aipm1 (X)) < Aia(X).
Let vy, ..., v be the eigenvectors of X,,_; corresponding to A;(X,—1), ..., Aiti—1(Xn—1). Then similarly to

, with X being the last column of X, in , we have the conjunction

(Jof X = 0(8)) A+ A (lvg. X| = O(5)).
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Also, as an analog of Fact for any u € Hy,, v and for t = 5/n1/2 we have

(X1 = Ai(Xne1)? ]| < 22

So by Cauchy-Schwarz,

(X1 = Ai(Xn—1))u| <t. (18)

Additionally, arguing similarly to the proof of Theorem if we let & be the event that X,,_; has eigen-
vectors vy, ..., v with eigenvalues |A;;—1(Xn—1) — Xi(Xn—1)| < ¢, and & AH) be the event &/ coupled with
infuem,, ., LCD,, (u,a) > t~'x/a, then

..... )

P(€] AH]) = P(E]) — Olexp(~agn/2)).

3

To this end, conditioning on & A H}, it follows from , together with the small probability bound from
Theorem (applied to 2¢ vectors), that

Px (o7 X|=000) A+ A (v X| = 0(0))|E: A Hi) < (\ja)?d.

By iterating this conditional process up to X, _; and proceed similarly to , we obtain the following lower
bound for the exponent of §

d—1

3143 —24th)2d _ 1
§4’“+(l—2d+1)2d=( + 3 ) 7
k=0

where we used the fact that the contribution to the exponent for the running index !’ from 2¢ to [ is
(I —2%+1)2%, and for I’ varying from 2F to 21 — 1 (with 0 < k <d — 1) is (2¥)(2F) = 4*.

6.3. Remark. We finish this section with a short discussion on how to obtain a version of Theorem [2.1] for
complex Wigner matrices with a probability bound of O((§/a)?).

First of all, let X, be a random Hermitian matrix where the real and complex components of the off-diagonal
terms are iid copies of a sub-gaussian random variable of mean zero and variance 1/2.

An identical proof of Theorem then implies that with probability 1 —exp(—©(n)), for any unit complex

eigenvector v of X,, (including all complex phases e??, 0 < § < 27), the S?"~! vector (R(v),S(v)) belongs to
Incomp(cg, 1) and

LCD,. ,(R(v),3(v), ) > n/®. (19)
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Next, by (), P(&;) is controlled by P(|v” X| = O()), where v is any unit eigenvector associated to \;. For
short, write w = (R(v), S(v)),w’ = (F(v), —R(v)) and ¥ = (R(X), (X)), we then have

P(WTX| = 0(5)) =P (|wTYy = 0(0) A |(w'TY)| = 0(5)) . (20)

Thus we are in the position to apply Theorem For this, we need to verify that the subspace H,, . does

not contain any unit vector with small LCD. However, this is exactly what we have obtained in (see
also the proof of Theorem .

In conclusion, with § > n~¢?, the bound of Theorem then implies

P(E,) < <ja>2.

For the more general Theorem [2:4] it looks plausible that we can double the value of ¢;, using a similar, but
more tedious argument. We skip the details.

7. CONSECUTIVE GAPS FOR PERTURBED MATRICES: PROOF OF THEOREM

In the perturbed case M,, = F,, + X,,, the approach used in Section [ and Section [6] does not seem to work.
This is mainly because the norm of M, now blows up, and also because £ is assumed to have bounded
(2 + &)-moment only. To handle this case, we will rely instead on the inverse Littlewood-Offord results
developed by the second and third author.

It suffices to justify Theorem As we have seen, it is technically convenient to replace the concentration
probability ps(v) with a segmental variant ps o(v), and to work with two related scales § rather than a single
scale 9.

More precisely, for any 6 > 0, 0 < o <1 and any v € R", let p; o (v) denote the quantity

o = inf
ps,0(v) P ;I}}:ll‘:mnj ps(v Lr)

where v | ;= (v;,,...,v;,,) is the restriction of v to I = {i1, ... ,4mn} with i3 < -+ <ip,.

We observe the easy inequality
ps(v) < ps.a(v). (21)

We will assume that the matrix M, has operator norm bounded by n?’, for some 4/ > max{vy,1/2}, with
probability at least 1 — O(n~4). Thus for instance if ¢ has subgaussian distribution, then one can take
~" = max{v,1/2}. (One can also see that v/ < A/2+ ~ + 4 in any case.)

For the rest of the treatment of Theorem we will choose
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for some sufficiently small constant e depending on A and ~'.

We now reduce Theorem [£.3] to

Theorem 7.1. With probability at least 1 — O(exp(—aon)) for some positive constant o independent of n,

there is no unit eigenvector v of M, with an eigenvalue A of order O(n'yl) with the following property: there
is a radius § with n=B <6 < n=B/2 such that

an < in'57a(v) < n0.49p5,a(v)~

To deduce Theorem [4.3] we assume otherwise that p,-5(v) > n~4. Define the sequence (&;)7_, with
J:=[A/0.49], 6o :=n" B, and

djt1 = n"’,éj
for 0 < j < J. By assumption, ps, «(v) > n~4, and if we choose B so that

B>2J9, (23)

then because the p’s are bounded by one, there exists j < J (and so n™ % < §;41 <n~B/2) such that

Ps;1,0(v) < ps, o (v).

It remains to establish Theorem this is the objective of the rest of this section.

7.1. The compressible case. Let us first consider the easy case in which there exists nB <§<n B2
such that pso(v) > (an)~1/2+¢ this case is similar to our treatment of Subsection Our main tool will
be the following Erddés-type inverse Littlewood-Offord theorem:

Theorem 7.2. [9] Let € > 0 be fized, let § > 0, and let v € R™ be a unit vector with
1
ps(v) =m” 27

Then all but at most em of the coefficients of v have magnitude at most 4.

Now as ¢ = ps.a(v) > (an)~1/?*¢ by Theorem [7.2 we see that for every I C {1,...,n} with |I| = [an], all
but at most O(g]I]) of the coefficients of v |; have magnitude at most ¢, where the implied constant does
not depend on €. By a simple covering argument, we conclude that |v;| < ¢ for all ¢ outside of an exceptional

set S C {1,...,n} of cardinality |S| = O(san) = O(n'~*).

If we let £ denote the event that the above situation holds for a given value of S, the probability that the
conclusion of Theorem [7.1] fails may thus be bounded via the union bound by

> P(Es) + O(exp(=O(n))).
Sc{1,...,n}:|S|=0(an)

By Stirling’s formula, the number of possible exceptional sets S is at most nOEn' ™) Thus it suffices to
show that
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P(&s) < exp(—agn) (24)
uniformly in S and some fixed ap > 0 independent of €.
By symmetry we may take

S={n"+1,...,n}
for some n’ = (1 — O(«))n.
Now suppose that the event g holds, and let v, A be as above. We split

(M, D

where M., M, _, are the top left n’ x n’ and bottom right (n — n’) x (n — n’) minors of M,, respectively,
and D is a n’ X (n —n’) matrix whose entries are independent copies of £ (modulo the deterministic part

from F,,), and also independent of M,,/, M,,_,,. We also split v7 = (v/,v")T, with v’ € R™ and v’ € R*".

By hypothesis, all entries of v/ have magnitude at most 6 = O(n~5/2), and so provided that B > 1,

1
N < ont/? « — 25
[v[| < dn <10 (25)

and thus (since v is a unit vector)

<"l < 1. (26)

From the eigenvector equation

we have

(M, — \)v" + Dv" = 0. (27)

Hence,

D" || = O(n 6n?) = O(n~ 7 +2+7"), (28)

On the other hand, by a standard epsilon-net argument (noting that n — n’ = O(n'~¢)), with probability
1 — O(exp(—agn)) for some fixed oy > 0 independent of &, we have

inf | Dwl|| > n~3. (29)

weRn—":|lw||=1
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We hence obtain provided that

B>2y +2. (30)

B/

7.2. The incompressible case. Now we assume that there exists a radius § with n=% < § < n=5/2 such

that

< s (V) <54 (0); and psq < (an)THEE

In this case, Theorem is insufficient to control the "rich” vector v. Instead, we will rely on the more
general inverse Littlewood-Offord theorem from [I8] (see also [27, 28]). Define a generalised arithmetic
progression (or GAP) to be a finite subset @ of the real line R of the form

Q={awi+ - +aw :a;, €Z,a;| <N;foralli=1,...,r}

where r > 0 is a natural number (the rank of the GAP), Ny,..., N, > 0 are positive integers (the dimensions
of the GAP), and wy,...,w, € R are real numbers (the generators of the GAP). We refer to the quantity
[T;_,(2N; +1) as the volume vol(Q) of Q; this is an upper bound for the cardinality |@Q| of Q. We then have

Theorem 7.3 (Continuous inverse Littlewood-Offord theorem). Lete > 0 be fized, let 6 > 0, and let v € R™
be a unit vector whose small ball probability p := ps(v) obeys the lower bound

p>n"9W,

Then there exists a generalized arithmetic progression ) of volume

vol(Q) < max (O (p\l/ﬁ> ,1)

such that all but at most en of the coefficients vy, ..., v, of v lie within 6 of Q. Furthermore, if v denotes
the rank of Q, then r = O(1), and all the generators wy, ..., w, of Q have magnitude O(1).

We now begin the proof of Theorem [7.1] with the setting

4= pra(v) < (an)"V/2+,

AS 0,00 5.0(V) < n4%q, there must exist a subset I of {1,...,n} of cardinality |I| = |an| with

prrs(v Lr) <ntq. (31)

For each I, let £} be the event that the above situation occurs, thus the conclusion of Theorem holds
with probability at most

> P(&7) + O(exp(=O(n))).
IC{1,....n}:|I|=|an]

We crudely bound the number of possible I by 2". The key estimate is stated below.
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Lemma 7.4. We have
P(S}) < n70.1n+0(6n).

This will establish Theorem in the incompressible case if € is chosen small enough.

Our approach to prove Lemma is somewhat similar to [32]. First, by symmetry we may assume that
I={1,...,k}, where k := |an]. Similarly to the previous section, we split

(M, D
Mn - (D* Mnk)

where My, M, are the top left k& x k and bottom right (n — k) x (n — k) minors of M, respectively, and
D is a k x (n — k) matrix whose entries are (modulo the deterministic part from F},) independent copies of
¢, and also independent of My, M,,_r. We also split v7 = (v/,v")T with v' € R* and v € R*k,

Now suppose that M,, is such that the event £} holds, the heart of our analysis is to approximate (v, A) by
low-entropy structures.

Lemma 7.5. There exists a subset N of R* xRE xR of size O(n~="/2+0n) g=n) sych that for any eigenvector-
eigenvalue pair (v, \) satisfying &, there exists (0, w’, \) € N which well-approzimates (v, \) in the following
sense

o (general approzimation of eigenvector) |v; — 0;| < 8, for 1 < j < n;
e (finer approzimation over segment) |v; — w}| < n=Y18, for 1 <j < k;

o (approzimation of eigenvalue) |\ — X < n~7 ~14.
We also refer the reader to Lemma in Appendix [B] for similarities.

Proof of Lemma[7.5. We cover {1,...,n} by sets I,..., I, of of length differing by at most one, with

m<| 3] +1=0w)

(67

Because ps(v) = ¢, for each i = 1,...,m we have

P&(U LL) > q.

Applying Theorem and the incompressibility hypothesis ¢ < (om)_l/ 2+¢ we may thus find, for each
i=1...,m,a GAP @Q; such that

vol(Q;) < (am) 12+ /q (32)



EIGENVALUES GAP 25

and rank r; = O(1) such that all but at most O(g2n) of the coefficients of v |, lie within a distance O(§) of
Q;. Thus we have

dist(v;, | ) Qi) <6
=1

for all j =1,...,n outside of an exceptional set S C {1,...,n} of cardinality |S| < en.

Furthermore, all the generators w; 1, ..., w;,, of @; have magnitude O(1). From we have the crude
bound for the dimensions of Q;

Ni,l; ey Ni,n < (an)_1/2+5/q.

From this, we may round each generator w;; to the integer nearest multiple of ¢d (say) without loss of
generality, since this only moves the elements of Q; by O((an)~'/?*¢§) = O(§) at most. In particular, all
elements of !, Q; are now integer multiples of ¢d.

Thanks to this information, one can create a coarse “discretized approximation” © = (¥1,...,7,) to v, by
setting 9; for j = 1,...,n to be the nearest element of [ J;~, Q; to v; if v; lies within O(8) of this set, or the
nearest multiple of ¢d to v; otherwise. Then ¥; consists entirely of multiples of ¢d, one has

v =051 <0 (33)

for all j =1,...,n, and all but at most O(an) of the coefficients of o lie in [ J!*; Q;.

We will also need a finer approximation w’ = (wy,...,w)? to the component v' = (vy,...,v)T of v, by
choosing w; to be the nearest integer multiple of n=7'8 to v;, thus for all j =1,... k.
|vj —wj| < n='s. (34)

Similarly, one approximates the eigenvector A by the nearest multiple X of n=' 71§, thus

A=A <n 16 (35)

We now claim that the data 0, w’, X have low entropy, in the sense that they take a relatively small number
of values. Indeed, the number of possible ranks r1, ..., 7, of the Q; is (O(1))™ = (O(1))"/*. Once the ranks
are chosen, the number of ways we can choose the generators w;; of the @); (which are all multiples of ¢ of
magnitude O(1)) are

O((l/q(?)zy;l ”) = O(no(l/a)) — O(nO(ns))
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since ¢,0 > n~°(") by hypothesis.
The number of sets S may be crudely bounded by 2". For each j € S, the number of choices for v; is
O(1/¢9), leading to O((1/¢5)11) = O((1/¢5)°@™)) ways to choose this portion of #. For j ¢ S, ¥, lies in
U, @;, which has cardinality O(mvol(Q)) = O(n=1/2%%/q). Finally, for the k = |an| coefficients of w’
there are at most O(n? *1/8) choices, and there are similarly O(nY'+1/4) choices for .
Thus the total possible number of quadruple (0, w’, :\) is at most
1 ’
(O(l))l/o‘ X O(no(l/o‘)) x 2™ x O((l/q5)o(°‘")) X O((an_l/2+a/q)") X O((r[y +1/q) LO‘"J) X O(nloo/q)Q, (36)

which simplifies to

O(n—n/2+0(om)q—n>.

Note that many of the factors in the previous expression can be absorbed into the O(no(a”)) error as
¢ is chosen sufficiently small.

O

Now we assume that (v, \) is an eigenvector-eigenvalue pair satisfying £}, which can be approximated by
tuple (0,w’,\) € N as in Lemma The lower n — k-dimensional component of the eigenvector equation
M,,v = \v then reads as

D*v' + (Mn—k — )\)U” =0.

From and we certainly have

|(A = M”|| < & and || D*(v" — w')| < 6.

By , we have

||UH _ ,Z'}//H < TL%CS
where ¢ is the lower n — k entries of 0.
Since A has order O(n"), we have A = O(n""), and so

1One could also expand this set of data by also adding in the GAPs Q1,...,Qm and the set S, but we will have no need of
this additional data in the rest of the argument.
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A =) <m"* b,

Hence, with u = (M,_j — A)?” independent of D,

|D*w’ — ul| = || D*w" — (M, — N)"|
= | D* (W' — ') + D* + (Mg — N + (Mg — A)(@" — ") + (A — N

< n? T3, (37)
Let us now condition M,,_j to be fixed, so that u is deterministic. Let x1,...,2,_ € R¥ denote the rows of
D; then the z1,...,2,_ are independent vectors, each of whose elements (up to a deterministic part from

F,) is an independent copy of £&. The bound then can be rewritten as

n—k
Z lelw' — | < n? 152 (38)
i=1

where u1,...,u,_ € R are the coefficients of u.

In summary, if we let £, 5 be the event that the above situation holds for a given choice of o, w’, A, it
will suffice by the union bound (taking into account the cardinality of N from Lemma [7.5) to establish the
following upper bound

Lemma 7.6. For any (o,w',\) € N,
P(E; 0 5) = O((n*+9g)m). (39)

To justify , we first recall from that p,,. 5(v') < n4%g. From , the random walks (with the ;)
associated to v’ and w’ differ by at most O(n™"'*24), and so

P sp(W') <.

We now invoke the following tensorization trick (which is not strictly necessary here, but will be useful later).

Lemma 7.7. 21l Lemma 2.2] Let (1, ..., (, be independent non-negative radom variables, and let K, to > 0.
If one has

P(¢ <t) < Kt
forallk=1,...,n and all t > ty, then one has

P> ¢ <t’n) < O((Kt)")
k=1
for all t > tg.

By setting t = n?'§/2, it follows crudely from Lemma [7.7| that
n—k n—k

P( Z T — ;|2 = O(n27,+152)> < P( Z lzTw — |2 = o(ntz)) =0((n*gq)""),

i=1 i=1
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where as before we are conditioning on M,,_j being fixed.

Undoing the conditioning, we conclude that , and hence , occurs with probability O((n4?¢)"~%) =
O((n 919 )™ and thus follows. This concludes the proof of Theorem|[7.1]in the incompressible case.

Finally, the conditions for B from and can be secured by choosing
B >5A% + 29 +2. (40)

8. CONSECUTIVE GAPS FOR ERDOS-RENYI GRAPHS: PROOF OF THEOREM [2.7]

By modifying the treatment of Section |7| and using , we will show the following.

Theorem 8.1 (Most eigenvectors poor). Let A > 0 and o > 0 be fixzed. Then, with probability at least
1 — O(exp(—agn)) for some positive constant ag > 0 (which may depend on A, o), every unit eigenvector v
of A, with eigenvalue A in the interval [—104/n, 10\/n] obeys the concentration estimate

ps(v) <n%é
for all § > n=4.

In fact, we shall reduce Theorem [8.1] to

Theorem 8.2. Let 0 > 0 be fized, and let § > n=* and ¢ > n?6. Let o > 0 be a sufficiently small fized
quantity. Then with probability at least 1 — O(exp(—agn)) for some positive constant ag > 0, every unit
eigenvector v of A, with an eigenvalue X in the interval [—10+/n, 10y/n], one either has

ps,a(v) < q
or
pn1/2+0‘5,a(v) > n1/2_\/aq' (41)

We remark that, unlike in Section |7} « is a (sufficiently small) constant here. It is not hard to see that
Theorem [8.2] implies Theorem [8:1] Indeed, let A,,, 4,0 be as in Theorem [8.I] We may assume § < 1, as the
claim is trivial for § > 1. By rounding § up to the nearest power of n=?/2, and using the union bound, it
suffices to show that for each given such choice of n=4 < § < 1, with probability 1 — O(exp(—agn)) all unit
eigenvectors v of A,, with eigenvalue in the interval [—104/n, 104/n] satisfy the bound

ps(v) < n°/?6. (42)

Let o > 0 be a sufficiently small fixed quantity, and set J := |2A]. For each j =0,...,J + 1, we define the
quantities

§; = n1/2+9)i5. and K; = no/2-(Va—a)j,

Now suppose that fails. We conclude that
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Pso,a(V) = ps, (V) > Kodo.

On the other hand, if « is sufficiently small depending on o, A,

Thus there exists 0 < j < J such that

ps;.a(v) > K;dj: and ps; o (v) < Kjr10)41.

Consequently,

pn1/2+a5j,a (U) < n1/27\/aKj5j :

But by Theorem (with o replaced by ¢/4, say, and ¢ and ¢ replaced by d; and K;¢;) and by the union
bound over the J different choices of j, this event can only occur with probability O(exp(—agn)) for some
positive constant ag, and Theorem follows.

In what follows we will establish Theorem [8.2] Again, similarly to the proof of Theorem [7.1] we divide into
two cases.

8.1. The compressible case. Assume that ¢ > n~/2t* and ps.o(v) > g. By a simple covering argument,
we have

Pon—1/2+e /q,a (”U) > n71/2+a'

Set ¢’ := én~1/2t2 /q. Proceed similarly to Subsection we just need to show

P(Es) = O(exp(—aon)), (43)

uniformly in S C [n] with |S| = |an| and some fixed @y > 0 independent of a. Here &g is the event
pir(v | ) > n1/2+e.

By symmetry we may take S = {n’ +1,...,n} for some n’ = (1 — O(«))n. Now suppose that the event Eg
holds, and let v, A be as above. We split

An/ D 'UI
A, = (D* Ann/> and v = (’UN) ;
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where A,, A,_, are the top left n’ x n’ and bottom right (n —n’) x (n —n') minors of A,, respectively,
and v/ € R" and v” € R"™", and the entries of v’ are bounded by & by applying Theorem Again, as
in Subsection we have 1 < [|[v”|| <1, and the eigenvector equation A,v = Av implies that

|D" — alyl| = O(nd) = O(n}/*6/g) = O(n!/*+2=7) = o(n!/?) (44)

for some scalar a € R, where D=D-— pl, 1T is the mean zero normalization of D, and we note that by
(3) and by the bound on A,

| 4w = A= pLo 10 = O(va).

However, with probability 1 — O(exp(—agn)) for some positive constant g independent of «, we easily have

inf inf [|Dw — al,| > v/n. (45)
weR?—";||w||=1 a€R

In fact, without the al term, as noted at the end of Subsection the left-hand side becomes the least
singular value of D, and the result follows from [I5, Theorem 3.1]. The epsilon net arguments used there
can be easily modified to handle the additional al,  term. Alternatively, we can argue as follows. We group
the n’ rows of D into L%/J pairs, possibly plus a remainder row which we simply discard. For each such pair
of rows, we subtract the first row in the pair from the second, and let D’ be the L%/J x n —n' matrix formed

by these differences. From the triangle inequality we see that | D'w|| < 2||Dw — a1|| for all w € R*™™ and
a € R. From [I5, Theorem 3.1] we have

inf | D'w|| > v/n

weRn—":||lw||=1

with probability 1 — O(exp(—aon)), and the claim follows.

Comparing with (after rescaleing v” to be of unit length) and with (42), we obtain a contradiction
with probability 1 — O(exp(—agn)), and hence follows.

8.2. The incompressible case. In this case there is a unit eigenvector v = (vq,...,v,)T of A, with
eigenvalue A € [—104/n, 104/n] so that

p5.0(v) > ¢; and pjarag o (v) <027V, (46)
From the second inequality, there must exist a subset I of {1,...,n} of cardinality |I| = |an]| with
piszras(v 1) < 27V, (47)

For each I, let £} be the event that the above situation occurs, thus the conclusion of Theorem holds
with probability at most
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> P(£7) + O(exp(=O(n))).

Ic{1,...,n}:|I|=|an]

It suffices to justify the following improvement of Lemma for &;.

Lemma 8.3. We have
P(&]) < n~Ventolan)

where the implied constant in the O(.) notation is independent of .

By symmetry we may assume that I = {1,...,k}, where k := |an|. Again, we split

(A D
An - (D* Ank)

where Ay, A, _j are the top left k x k and bottom right (n — k) x (n — k) minors of A,, respectively. We also
split v7' = (v/,v")T with v’ € RF and v” € R"~*,

Now suppose that A, is such that £ holds. Then by invoking Theorem we obtain the following variant
of Lemma (where 7~ is replaced by, say 100).

Lemma 8.4. There exists a subset N of R*xRF xR of size O(n="/2+0an)g=n) sych that for any eigenvector-
eigenvalue pair (v, \) satisfying E}, there exists (0,w’,\) € N" which approzimates (v,\) as follows

o [v;— 5| <68 for 1 <j<n;
o v wj] <0710 for 1 <G <k

o [A— A <n100,

Proof of Lemma[8.3 Let us now assume that (v, \) can be approximated by tuple (ﬂ,w’,S\) € N asin
Lemma The partial eigenvector equation D*v' 4+ (A, _r — A)v” = 0 would then imply that (assuming

(3))
ID* — ul = O(ns) (48)
where u € R"~* is the vector (A, _j — \)3".

We condition A,_j to be fixed, so that u is deterministic. Let z1, ..., z,_i € R* denote the rows of D. The
bound (48]) then can be rewritten as

n—k
Z lzTw' — u|* = O(n?6?) (49)
i=1

where uy,...,u,_r € R are the coefficients of w.

Now, by , Pnisatag(V') < nl/2=Vag: combine this with the approximation from Lemma we obtain
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priszvagsa(w') < n'/27Veg,

Thus, by a simple covering argument, for every §” > n'/2+%5/2 one has

P(lzTw — v <68") = O(n_\/a_aé”q/é),w =1,...,n—k. (50)

It follows from and from Lemma that for every 6" > n'/2te§/2

n—k
T,/ |2 20 _ —Va—a n—k
P( ; |z; w' —v;|* < 6" (n k;)) O((n 8"q/6) )

In particular, with 6" := n'/27*§/2, and by discarding a factor of n®,

n—k
] a2 — _ /2—va \n—k
P( ; leTw' — v, |? O(n252)> O((nl V) )7

where we are conditioning on A,,_j being fixed. Undoing the conditioning, we conclude that and
hence (8] occurs with probability O((n'/2=Veq)"=*) = O((n'/2~vVa+0(@)g)») This concludes the proof of
Theorem in the incompressible case by the union bound over all tuples (7, w’, \) from N.

9. APPLICATION: NON-DEGENERATION OF EIGENVECTORS

Using the repulsion between eigenvalues, we can show that the entries of eigenvectors are rarely very close
to zero.

First of all, Theorem easily implies the following weak stability result.

Lemma 9.1. For any A > 0, there exists B > 0 depending on A and v such that the following holds with
probability at least 1 — O(n~4): if there exist A € R and v € S"~1 such that ||(M,, — \)v| < n=B, then M,
has an eigenvalue \;, with a unit eigenvector u;, such that

Nig — A < n =B/ and v — u, || < n~ B/
Proof of Lemma|9.1 First, by Theorem we can assume that
A — Nj| >n B2V £ . (51)

Assume that v = Zlgign c;u;, where ZZ cf =1 and uy,...,u, are the unit eigenvectors of M,. Then
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(M = Mol = Qi =NV <2, (52)

Let ig be an index with ¢;, > 1/y/n, then ||(M,, — MN)v|| < n~F implies that |A — \;,| < n~P+1/2 and so by
(BI), [A — Ni| = n=B/2/2 for all i # iy. Incorporating with we obtain

les| = O(n™P/%),Vi # o

Thus

lv = wo | < 0B/

We next apply Theorem and Lemma [9.1] to prove Theorem

Proof of Theorem [3.3. Tt suffices to prove for i = 1. The eigenvalue equation M,v = \v for with |v;| < n~=5
can be separated as

(My—1 — N = —01X; and v'TX = vymyy,

where X is the first column vector of M,,, and hence independent of M, 1. As B is sufficiently large
compared to A and v, and by adding a small amount of order O(n~?) to the first component of v’ so as to
[[v'|l = 1, we can reduce the problem to

p (EI/\ ER, 0 €52 ||(My1 — No'|| <0 B/2 and 0T X| < n*Bﬂ) = 0(n~4).

To this end, by Lemma if [[(M,—1 —M\)'|| < n=B/2 then M, _; has a unit eigenvector u’ with ||[u’ —v'|| <
n~B/8. So [v'T X| < n~B/? would imply that

|ulTX‘ < n—B/16. (53)

However, by Theorem holds with probability O(n~4). This concludes our proof. ([l

APPENDIX A. PROOF OF THEOREM

Lemma A.1. There are positive constants v1,7v2,7vs (depending on the sub-gaussian moments) with 5 < 1
such that the following holds with probability at least 1 — exp(—~y1n) with respect to the symmetric Wigner
matriz X,, as in Theoremm. For any unit eigenvector u = (uy, ..., uy) of X,, and any subset S C {1,...,n}
of size yan,
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2
E u; < 3.
ies

The same statement holds for A, (p).

Theorem follows easily from this lemma. Indeed, consider a unit eigenvector u of X,,. Let S be the set
of coordinates with absolute value at least (1 —y3)n~/2. Then

Zu? >1—nx(1-9y3)°n""> ;.
€S

By Lemma any set S with this property should have size at least 7on, with probability at least 1 —
exp(—y1n). We obtain Theorem by setting ¢1 = y1, c2 = 72 and ¢3 = (1 — 73).

Lemma was proved for A, (p) in [8, Theorem 3.1] in a different, but equivalent form. The proof extends
with no difficulty to Wigner matrices. We also refer the reader to [20] for related results of this type.

APPENDIX B. PrROOF OF THEOREM [5.9]

The treatment here is based on [35]. For short, we will write Tp instead of Tp x 4.. The key ingredient is
finding a fine net for Tp.

Lemma B.1. Let n ¢ < a < /4. For every D > 1, the level set Tp accepts a O(\/gD)—net N of size

(CD)” D2/a

NI ——Fs
S

)

where C' is an absolute constant.

Roughly speaking, the principle is similar to the proof of Lemma [7.5] and Lemma [8:4] We will break = € Tp
into disjoint subvectors of size roughly m, where m = [an], and find appropriate nets for each. In what
follows we will be working with S™~1 first.

Definition B.2 (Level sets). Let Dy > cy/m. Define Sp, C S™~! to be the level set

Sp, :={r € 8™ ' : Dy <LCD, ,(z) < 2Dy}.

Notice that k = o(y/m) because £ = n?¢ and m > n'~¢. We will invokde the following result from [22].

Lemma B.3. [22] Lemma 4.7] There exists a (2k/Dg)-net of Sp, of cardinality at most (CoDg/+/m)™,
where Cy is an absolute constant.
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As the proof of this result is short and uses important notion of LCD, we include it here for the reader’s
convenience.

Proof of Lemma[B-3 For x € Sp,, denote

D(z) := LCD, ().

By definition, Dy < D(z) < 2Dg and there exists p € Z™ with

As ||z|| = 1, this implies that ||p|| & D(x), more precisely

K p

K
ERNATEN | N | T
D) = HD@) H = o) (54)
This implies that
Ipll < (1 + o(1)) D(z) < 3D0. (55)
It also follows from that
p p p . lpll H K 2K
r— —| <l|lx — + ||-— -1 <2 < —. 56
Tl H H D) ’ H ‘2w Y| =%5@ = b, (56)

Now set

Ny = {”i,p czm mB(0,3DO)}.

By and , Ny is a %—'Z—net for Sp,. On the other hand, it is known that the size of N is bounded by
(CO%)’” for some absolute constant C. O

In fact we can slightly improve the approximations in Lemma as follows.

Lemma B.4. Let co/m < Dy < D. Then the set Sp, has a (2k/D)-net of cardinality at most (CoD//m)™
for some absolute constant Cy (probably different from that of Lemma .
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Proof. (of Lemma|[B.4) First, by Lemma B.3]one can cover Sp, by (CoDo/+/m)™ balls of radius 2x/Dy. We
then cover these balls by smaller balls of radius 2x/D, the number of such small balls is at most (O(D/Dg))™.
Thus there are at most (O(D/y/m))™ balls in total. O

Taking the union of these nets as Dy ranges over powers of two, we thus obtain the following.

Lemma B.5. Let D > c¢\/m. Then the set {x € S™~ ' : ¢y/m < LCD, ,(z) < D} has a (2/D)-net of
cardinality at most

(COD/\/FL)m 1Og2 Da
for some absolute constant Cy (probably different from that of Lemma and Lemma .
We can also update the net above for  without normalization.
Lemma B.6. Let D > cy/m. Then the set {x € R™, |z|| < 1,¢y/m < LCD, ,(z/||z||) < D} has a

(2k/D)-net of cardinality at most (CoD/+/m)™D? for some absolute constant Cj.

Proof of Lemma[B.6 Starting from the net obtained from Lemma we just need to 2k/D-approximate
the fiber of span(z/||x|) in B O

We now justify our main lemma.

Proof of Lemma[B-1. We first write = z;, U spread(z), where spread(z) = I; U--- U Iy, U J such that
|Ix]| = [an] and |J| < an. Notice that we trivially have

spread(z)| > |[1 U - Ul | = kg[an] > |spread(z)| — an > ¢'n/2.
| o

Thus we have

In the next step, we will construct nets for each x,. For xy,, we construct trivially a (1/D)-net N of size

INo| < (3D)lHol.

For each Iy, as

LCD,,(z1,/|z1,|) < LCD,,(z) < D,
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by Lemma (where the condition LCDy, »(xy, /|1, ]l) > +/|Ik| follows from, say Theorem because
the entries of zj, /||zr, are all of order \/an while kK = o(y/an)), one obtains a (2x/D)-net N}, of size

[T
CoD )
Ni| < D?.
IV ( Tk|>

Combining the nets together, as z = (21, x1,, ..., 21, , ;) can be approximated by y = (Y1, Y1, s - - - Y1, Ys)
with |lz7, — yr,|| < 2%, we have

2K K
— <k 1— —_
e =yl < Vi +15 < =

As such, we have obtain a S-net N, where 3 = O( \/gD), of size

ko (cp \™
V] < 2" WOl IAG . [A | < 2°(3D) 1" ( ) o

This can be simplified to

(o)

) DO,
/70471/6 n

V| <
O

Before completing the proof of Lemma we cite another important consequence of Lemma (on the
small ball estimate) and Lemma (on the tensorization trick).

Lemma B.7. Let 2 € Incomp(cg,c1) and o € (0,¢'). Then for any 8 > ix/a(L/C\D,{W(x,a))’l one has

«

pﬁx/ﬁ((Xn - AO)J}) S ((zﬁé) + 6—6(52)> - .

Proof of Lemma[5.9 Tt suffices to show the result for the level set {z € Tp\Tp/2}. With § = the

condition on 3 of Lemma [B.7]is clearly guaranteed,

_Kk_
VoD’

Ja
>>D.

K
JaD

This lemma then implies
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0] 2\ CD)”
P (32 € Tp\Tp)s : [|(Xn — Xo)z — ul| = o(Bv/n)) < o) 1o O X (7),2DO(1/“)
Va (van)<'n/
n—an
O() | o) « _ED)* o/
~\aD (Van)<'n/2
< nfc'n/8’
provided that x = n2¢ with sufficiently small ¢ compared to ¢/, and that D < n¢/®. ]
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