RANDOM MATRICES: OVERCROWDING ESTIMATES FOR THE SPECTRUM

HOI H. NGUYEN

ABSTRACT. We address overcrowding estimates for the singular values of random iid matrices, as well as
for the eigenvalues of random Wigner matrices. We show evidence of long range separation under arbitrary
perturbation even in matrices of discrete entry distributions. In many cases our method yields nearly optimal
bounds.

1. INTRODUCTION

1.1. Random iid matrices with subgaussian tails. Consider a random matrix M = (m;;)1<i,j<n, Where
m;; are iid copies of a random variable § of mean zero and variance one. Let o, < --- < 01 be the singular
values of M.

An important problem with practical applications is to bound the condition number of M. As the asymptotic
behavior of the largest singular value o7 is well understood under natural assumption on &, the main problem
is to study the lower bound of the least singular value o,,. This problem was first raised by Goldstine and von
Neumann [I0] well back in the 1940s, with connection to their investigation of the complexity of inverting a
matrix.

To answer Goldstine and von Neumman’s question, Edelman [7] computed the distribution of the least
singular value of Ginibre matrix (where £ is standard gaussian). He showed that for all fixed ¢ > 0

2
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Note that the same asymptotic continues to hold for any € > 0 which can go to zero with n (see also [22])
P(o, <en V/?) <e. (1)

For other singular values of Ginibre matrices, an elegant result by Szarek [24] shows that the o, _;41 are
separated away from zero with an extremely fast rate.

Theorem 1.2. Assume that £ is standard gaussian, then there exist absolute constants Cy,Co such that for
alle >0, and all 1 <k <n
(&Y

Cy
(k

' < Plona £ =) < (M
In what follows ¢ is always bounded by O(1). Motivated by the universality phenomenon in random matrix

theory, we expect similar repulsion bounds for general random matrix ensembles. More specifically, we will
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assume & to have mean zero, variance one, and subgaussian distribution. In other words, there exists B > 0
such that

P(|¢] > t) < 2exp(—t?/B?) for all t. (2)
The smallest of such B is called the subgaussian moment of £. A representative example of our study, on

the opposite side of being gaussian, is the Bernoulli (Radamacher) random variable which takes value +1
with probability 1/2.

When &k = 1, Rudelson and Vershynin [I8] extended to more general iid random matrices.

Theorem 1.3. Let M = (m;;)1<i j<n be a random matriz where m;; are iid copies of a subgaussian random
variable & as in . Then for any € > 0 that might depend on n we have

£
Vn

where C' and ¢ depend only on the subgaussian moment of .

P(o, < ) < Ce + exp(—cn),

Furthermore, it was shown by Tao and Vu [27] that the statistics of \/no,, is universal. Thus our under-
standing in the case k = 1 is nearly complete.

In this note we address the overcrowding direction by investigating Theorem under various settings.

Theorem 1.4 (the iid case). Let M = (m;j)i<ij<n be a random matriz where m;; are iid copies of a
subgaussian random variable & as in . For any k > 1 there exist a constant Cy depending on k and a
constant ¢ depending only on the subgaussian moment of & such that for any € > 0,

P(op_ps1 < %) < Cpe® + exp(—cn). (3)

Furthermore, for any 0 < v < 1, there exist C,c and ~yy such that for %—1 <k <yomn

P(oakn < =) < (G0 + cxplen). 0
Equivalently, with k < ~on, for any 0 < & < 1 let I be the interval [0,ke/\/n] and Ny be the number of
singular values belonging to I. Then we obtain the following (overcrowding) Wegner-type estimate at the
hard edge

P(N; > k) < (Ce)1=9%  exp(—cn). (5)

Estimate improves [4], Proposition 4.1] of Cacciapuoti, Maltsev and Schlein where they showed P(N; >
k) = O(e“*) with the assumption that ¢ has bounded density and subgaussian tail. Under this assumption
we can omit the additional terms exp(—cn) above, see Remark

1.5. Perturbation of random iid matrices. In connection to Edelman’s formula for Ginibre ensemble,
and motivated by the study of smoothed analysis, Sankar, Spielman and Teng [22 23] have found the
following striking phenomenon.

Theorem 1.6. Let M be a Ginibre ensemble, and let F' be any deterministic matriz. Then for any e > 0

P(on(M + F) < %) = 0(e).
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Thus, no matter deterministic matrix F we perturb, the gaussian randomness regularizes it out in such a
way that o,(M + F) behaves similar to o, (M). Interestingly, this effect no longer holds if the entries of
M are allowed to have discrete distributions, see for instance the construction by Tao and Vu in [26], or by
Rudelson in [9]. In fact in the latter example, one can have iid M and deterministic ||F|ls = N for any N
such that P(o,(M + F) < /n/N) > 1/2.

Although one can still get useful bounds on o, (M + F) when ||M||s = n°M) (see for instance [26] by Tao
and Vu), these examples just demonstrate that there is no universal F-independent asymptotic behavior of
0,(X + F) in terms of randomness.

However, we might still ask:
What about the local interaction of the eigenvalues (singular values)?

Our results below, Theorem [I.7] and Corollary [I.8] support the phenomenon that a major part of the
eigenvalues (singular values) stays well-separated under arbitrary perturbation even in random matrices
having discrete entry distributions.

Theorem 1.7 (the perturbed case for iid matrices). Let M be a random matriz where the entries are iid
copies of a random variable £ of variance one. Let F be any deterministic matriz. There exists an absolute
constant C' such that for any € > 0 and for any k > 1 we have

p (Un—k+1(M +F) < \/€ﬁ> < 71’9*1(6']{]9)(1%1)2 (6)

where p = p(e) = sup,er P(|§ — 2| <¢).

Furthermore, for given 0 < vy < 1, there exists a constant C' = C(vy) such that for any k we have

k
P <Jnk+1(M +F) < \E/ﬁ) < n[(lf’y/2)kJ(Cp)(177)k2' M)

Equivalently, with I being the interval [0, \5/—’%] and Ny be the number of singular values of M + F in I

P(N; > k) < nl0=2/2k)(Cp) -7k .

Finally, if |€] = O(1) with probability one then there exist constants K and c1,co depending on & such that
for any k > K we have

P (Unk+1(M + F) < f}g) < nke—czkz_ (9)

It is not clear what would be the optimal exponents on the multiplicative factors n©(-) above (and also in
Theorem below). With our current method, the more (delocalization) information we know about the
singular vectors (the eigenvectors), the better exponents we could obtain. We next deduce two consequences.

Corollary 1.8. Let M be a random matriz where the entries are iid copies of a random variable £ of variance
one. Let F' be any deterministic matrix.
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o If the common distribution £ has a density function bounded by K, then for given 0 < v < 1 there
exists a constant C = C(v) such that for any e >0 and k > 1, with I = [0, \5/—’%]
P(N; > k) < nF(CKe)1-1%, (10)

o [f & has discrete distribution, then there exist constants C,cy,co depending on £ such that for any
k> Clogn, with I = [0, %]
P(N; > k) < e (11)

The quadratic rate in is consistent with Theorem Furthermore, the bound is valid for any non-
degenerate discrete distribution and any F'.

1.9. Symmetric Wigner matrices with sub-gaussian tails. A symmetric Wigner matrix X of size n
with sub-gaussian tail is a random symmetric matrix whose strictly upper triangular entries are iid copies of
a real-valued random variable £ as in , and whose diagonal entries are independent sub-gaussian random
variables with mean zero and variances bounded by n'~°(1), with the diagonal entries independent of the
strictly upper triangular entries.

Similarly to Theorem the following result was shown by Vershynin [31].

Theorem 1.10. With X = (2i;)1<i j<n o Wigner matriz of subgaussian entries as in , there exists an
absolute constant ¢ < 1 such that for any fixed real number z and any € > 0 we have

: _ N 1/9 | ,—n°
P(mk}n|)\k(X) Z|S\/ﬁ)_0(5 +e™).

This bound does not seem to be optimal, in fact the RHS is conjectured to be similar to that of Theorem
1.3| [31]. Note that it follows from a result by Bourgade, Erdds, Yau and Yin [2] that the distribution of
ming /| Ak (X)| is universal.

Under some strong smoothness and decay hypotheses on the entries of a symmetric Wigner matrix X, but
without the assumption that the entries have the same variance, a near optimal Wegner-type estimate has
been shown in [2, Theorem B1] (see also [§]).

Theorem 1.11. Let X = (x;)1<i,j<n be a symmetric Wigner matric with entries of finite p-moment for
some sufficiently large p, and G be a GOE matriz. For any t > 0 we denote A\ (t) < -+ < A\, (t) the
eigenvalues of /1 —tX + VtG. Define the set

Gs := {‘)\Z -] < n—2/3+5(min(i,n +1- i))_l/?) for alli € [n]}7

where y; denotes the classical location of the i-th eigenvalue under the semicircle law ordered in increasing
order. For any fized k there exists C1 > 0 such that for any k > 1,7,5 > 0 there exists Cy > 0 such that the
following holds for any z € (=24 r,2 — k)/n'/?,t € [n~7,1] and ¢ > 0

P (95 Nz — % <N < Agpo1 < z+ % for some z> < 02n2k6+01k275k(k+1)/2. (12)

Note that aside from the correcting factor n2*+C1¥*7 the hound eF(:+1)/2 in above is optimal for any
fixed k.
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Here we show a variant of Theorem [I.11] only under the subgaussian decay of the entries. We will also
address the case that k might vary together with n, which seems to be new even for smooth ensembles.

Theorem 1.12 (the symmetric case). Let X = (2;j)1<i,j<n be a Wigner matriz of subgaussian entries as
mn . For any k > 1 there exist a constant Cy, depending on k and a constant ¢ depending only on the
subgaussian moment of & such that for any € > 0,

P<Z€§)\i§)\i+k—1§2+5

vn vn

Furthermore, for given 0 < v < 1, there exist C,c and 7y such that for 70—1 <k <yon

for some z> < CreP =172 | exp(—n). (13)

C
P (z - = <N < gk-1 < z+ in for some z) < (?5)(1—7)19/2 + exp(—n°®). (14)

Vi Vi

Equivalently, let I be the interval [z — <E, 2 + \5/—’%] and Ny be the number of eigenvalues belonging to I. Then

n’
we have the following Wegner-type estimate

P(N; > k) < (Ce)F=VK/2 4 exp(—nc). (15)

If we work with Hermitian Wigner matrices instead (where the real and imaginary parts of the off diagonal
entries are iid subgaussian of zero mean and variance 1/2) then the exponents of the bounds above are
doubled. Furthermore, the additive term exp(—n€) can be omitted if the subgaussian random variable has
bounded density function (Remark [5.6)).

Notice also that unlike in the iid case, our repulsion result is valid over any interval. By taking union bound
over all z = z; = ig/\/n,|i| = O(ne™1), we obtain the following bound on all gaps of given range (say for
small k).

Corollary 1.13. With the same assumption as in Theorem

P(There exists 1 <i<mn—k+1 such that Ajyr—1 — A\ < %) = Oy (nebF=D/2=1) 4 exp(—n®).  (16)

This bound is vacuous for k = 1,2 but becomes nearly optimal for large k. It is also comparable to [14]
Theorem 2.4] where the gaps Aj4x—1 — A; were considered for given .

1.14. Perturbation of symmetric Wigner matrices. For symmetric Wigner matrices, Theorem [L.6| was
extended to GOE (and GUE) recently by Aizenman, Peled, Schenker, Shamis and S. Sodin in [I] (see also a
similar bound by Bourgain in [3]). Furthermore, Farell and Vershynin [J] showed an F-independent bound
for min; |A\;(X + F')| whenever the upper diagonal entries of X have bounded density.

Here again, it is possible to modify the constructions for iid matrices to show that the phenomenon no
longer holds when the entries of M have discrete distributions (see for instance [I, p. 19]). Our question
here, similarly to the iid case is whether eigenvalue repulsion sustains perturbations.

To proceed further, we introduce a Wegner-type estimate by Aizenman, Peled, Schenker, Shamis and Sodin
in [I, (1.9)].

Theorem 1.15. Let G be a GOE matriz, and F be any deterministic symmetric matriz of size n. Then
for any € > 0, for any interval I C R of length £/+/n, the number of eigenvalues of G + F in I satisfies the
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following F-independent bound for any k > 1

where C is an absolute constant.

It is remarked that although Aizenman et. al. considered Theorem their primary focus was on the
simultaneous distribution of eigenvalues from possibly different intervals. However, it seems that their
method was designed only for GOE and GUE. Also, the repulsion rate should be quadratic in k (as also
remarked in [I p. 18]). Here we show the following.

Theorem 1.16 (the perturbed case for symmetric matrices). Let X be a random symmetric Wigner matrix
where the upper diagonal entries are iid copies of a random variable & of variance one. Let F be a determin-
istic symmetric matriz. There exists an absolute constant C such that for any € > 0, for any z € R, and for
any k > 1 we have

P (z — % <N < Aigro1 < z+ % for some z) < nk_l(Cl’cp)’“(k_l)/2 (17)

where p = p(e) = sup,er P(I{ — 2| < o).

Furthermore, for given 0 < v < 1, there exists a constant C' = C(v) such that for any k we have

k k
P<Z_€§)\i§)\i+k—1§2+g
n

Vi Vi

1 ; ; ; _ £k €k
Equivalently, with I being the interval [z Nk ﬁ]

for some z) < pl=/2)k] (C’p)(l_wkzm. (18)

P(N; > k) < n[(lfv/2)kj(Cp)(lfv)lﬁ/z' (19)

Finally, if |¢] = O(1) with probability one then there exist constants K and c1,co depending on & such that
for any k > K we have

k k
P <z _ar <A< Aigk—1<z+ azx for some z) < nke=c2k’, (20)
n

vn vn

Our result automatically extends to the case of Hermitian Wigner matrices where the real and imaginary
parts of the off diagonal entries are iid subgaussian of zero mean and non-zero variance. (In fact it seems
plaussible to improve the bounds with a double exponent for this model, but we will not pursue this here.)
Similarly to Corollary we present two corollaries.

Corollary 1.17. Let X be a random symmetric Wigner matriz where the upper diagonal entries are vid
copies of a random variable £ of variance one. Let F be a deterministic symmetric matriz.

o [If the common distribution £ has a density function bounded by K, then for given 0 < v < 1,
there exists a constant C = C(v) such that for any e > 0 and k > 1, with I being the interval

[Z - %7 Z+ %]
P(N; > k) < nF(CKe)(1-Mk/2, (21)

o If & has discrete distribution, then there exists a constant C,cy1,co depending on € such that for any
ck cak

k > Clogn, with I being the interval [z — Izt \/ﬁ]

P(N; > k) < e ¥, (22)



RANDOM MATRICES: OVERCROWDING ESTIMATES FOR THE SPECTRUM 7

1.18. Proof method and presentation. Our method is simple. Roughly speaking it translates the es-
timates under consideration to the events of having multiple independent columns of small distances to
another independent subspace. One then uses the given distance estimates to show that these events are
unlikely. As such, the starting point in each proof will be quite similar, however the later steps will evolve
differently depending on the models.

The rest of the note is organized as follows. We will introduce the necessary ingredients in Section [2] The
proof of Theorem is broken down into two parts, Subsection and Subsection [3.5] are devoted to
proving and respectively. The proof of Theorem is carried out in Subsections and in a
similar fashion. The proof of Theorem [I.7] and Theorem will be completed in Section [4] and Section [f]
respectively. Finally, in the appendix sections we recast the proof of Theorem of Theorem [I.11| and of
Theorem [T.15] by following the given references.

1.19. Notation. We write X = O(Y), X <Y, or Y >> X to denote the claim that | X| < CY for some fixed
C; this fixed quantity C' is allowed to depend on other fixed quantities such as the sub-gaussian parameter
of £&. We also write X = ©(Y") to denote the claim that X < Y and ¥ < X.

For a square matrix A and a number A, for short we will write A — X instead of A — AI,,. All the norms in
this note, if not specified, will be the usual f2-norm. We use the notation r;(A) and c;(A) to denote its i-th
row and j-th column respectively.

For notational convenience, identical constants will be reused in various contexts; these are usually different
if not specified otherwise.

2. SOME SUPPORTING LEMMAS

First of all, for the unperturbed models considered in Theorem and Theorem [1.12| we will condition on
the event Epoung that

[M]l2 = O(v/n) and [| X2 = O(Vn). (23)

These hold with probability 1 — exp(—©(n)). We now introduce the definition of compressible and incom-
pressible vectors from [I8] by Rudelson and Vershynin.

Definition 2.1. Let ¢p,c; € (0,1) be two numbers (chosen depending on the sub-gaussian moment of .)
A vector z € R™ is called sparse if [supp(z)| < con. A vector z € S" ! is called compressible if x is within
Euclidean distance ¢; from the set of all sparse vectors. A vector z € S™~ ! is called incompressible if it is
not compressible.

The sets of compressible and incompressible vectors in S"~! will be denoted by Comp(cg, ¢;) and Incomp(cy, ¢1)
respectively.

Regarding the behavior of Mx and (X — z)x for compressible vectors, the following was proved in [I8] and
in [3I] (see also [I4]) for iid matrices and symmetric Wigner matrices respectively.

Lemma 2.2. There exist positive constants cg, c1,c,a depending on the subgaussian moment of € such that
the following holds
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e (iid matrices) For any fized u € R™,
P( inf [Mx —ulls < cy/n) < exp(—an);

x€Comp(co,c1)
o (symmetric matrices) For any fized z,

P( inf (X = 2)x]|2 < ¢v/n) < exp(—an).

x€Comp(cp,c1)

Our next ingredients are results about generic behavior of subspaces spanned by the matrix columns. We
first cite a result by Rudelson and Vershynin [I9, Theorem 4.1] for the iid model.

Theorem 2.3. Let H be a random subspace in R™ spanned by any n — k column vectors of M from
Theorem with 1 < k < ~gn for some constant vy depending on the subgaussian moment of &. There
exists a deterministic subset H of the Grassmanian of R™ where

P(H' € H) > 1 —exp(—c'n)
and such that for any subspace H with H+ € H we have

Coo
P(dist(c, H) < 6) < (=) + exp(—con), (24)
Vk
where ', Cy, co are positive constants (depending on the subgaussian moment of £) and where the entries of
c are tid copies of .

A similar statement for random symmetric Wigner matrices with subexponential bounds, can be found in
[15, Theorem 6.1] and [21] Section 8].

Theorem 2.4. Let H be a random subspace in R™ spanned by any n—k column vectors of X from Theorem
with 0 < k < ygn for some constant vy depending on the subgaussian moment of £. There exists a
deterministic subset H of the Grassmanian of R™ where

P(H' € H) > 1 — exp(—n®)
and such that for any subspace H with H- € H we have

Coé
P.(dist(c, H) < 8) < (—=)* + exp(—n®), (25)
Vk
where ¢, co, Cy are positive constants (depending on the subgaussian moment of £) and where the entries of
c are iid copies of €.

We refer the reader to [19} [15], 2] for detailed constructions of H basing on certain non-Diophantine properties
of random structures. To continue the discussion on distances, for perturbed models considered in Theorem
and Theorem [1.16] we will extract the randomness on the column vector ¢ only by using the following
result from [20, Theorem 1, Corollary 1.3].

Theorem 2.5. Let Py. be a (deterministic) orthogonal projection in R™ onto a subspace of dimension
k>1. Let ¢ = (x1,...,2,) be a random vector where x; are iid copies of a random vector £ of mean zero,
variance one. Then there exist an absolute constant Cy such that

sup P<||PHJ_C —ul]z < t\/%) < (Cop)*,
ueR”

where p = p; is a parameter such that sup, P(|¢ — x| <t) < p.
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In particular, if & has density function bounded by K then

sup P(||PHLC —uf, < t\/E) < (CoKt)*.
uceR”

Notice that the above result does not include arbitrary discrete distribution. In this case, we will replace it
by the following result (see also [29] by Tao and Vu).

Theorem 2.6. Let Py as in Theorem . Let ¢ = (x1,...,xy,) be a random vector where x; are iid copies
of a random vector £ of mean zero, variance one and || < K with probability one. Then there exist constants
C,c1,co depending on & such that for any 0 <t < 1/2

sup P(HPHLC —uly < tVk — 01K> < Cexp(—cat?k). (26)
ucRn

A proof of Theorem is given in Appendix [A]

The aforementioned ingredients are sufficient for our results with bounds implicitly depending on k. To work
out the explicit dependences (especially for Theorem and Theorem [1.12)) we will be relying on several
additional tools to be introduced below.

The first such ingredient is a non-gap delocalization result by Rudelson and Vershynin [21I, Theorem 1.5] for
both (unperturbed) iid and random Wigner matrices El For a vector x = (1, ...,2,), and for an index set
I C [n], we denote x; by the projected vector (zi,,..., i, ),i1 < <ij € I.

Theorem 2.7. Let v > 0 be given. Then there exist positive constants v1, 72,73 depending on v such that
with probability at least 1 — exp(—y1n) the following holds.

(1) Let M be a random iid matriz as in Theorem . Then or any x € S"~! such that | Mx|2 < y23/n,
for any I C [n] with |I| > yn we have

xzrll2 > 7s-

(2) Let X be a random Wigner matriz as in Theorem [1.14 Then for any x € S"~! such that ||(X —
2)x||l2 < y2v/n, for any I C [n] with |I| > yn we have

[xrll2 > 7s-

We will also work with non-random matrices. Roughly speaking we would like to obtain many well-
conditioned almost square minors from a well-conditioned rectangular matrix. For this type of restricted
invertibility phenomenon, we will take into account two powerful such results. The first ingredient is the
main result from [I7] by Rudelson and Vershynin.
Theorem 2.8. Let X be an k x n matriz with r = || X||%¢/|X||3. Let ,6 € (0,1) and let d < n be an
integer such that
T r

d>C—log —.

=Yg %%

INote that although [21I] Theorem 1.5] was stated for eigenvectors, it also extends to approximate eigenvectors as in Theorem
See [21], Section 4] for the reduction or [I6, Remark 2.1.8] for a short discussion on this.
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Consider the k x d matriz X which consists of d unit-normalized columns of X picked independently with
replacement, with probabilities propositional to the squares of their Fuclidean lengths. Then with probability
at least 1 — 2exp(—c/d) the following holds

X% e ~ ~
xxt e g gry, <

The second ingredient is a more recent paper [I2, Theorem 6] by Naor and Youssef.

Theorem 2.9. Suppose that X is a full rank matriz of size k x d with k < d. Then for 1 <[ < k-1,
there exists | different indices i1, ...,i; such that the matriz X;, .. ;) with columns c;, (X),...,c;(X) has
the smallest non-zero singular value oy satisfying

1 . dr
o, < Ko min T 5
Te{l“"la""k} (7" — l) Z O'Z(X)

i=r

where Kq is an absolute constant.

3. RANDOM IID MATRICES: PROOF OF THEOREM [L.4]

3.1. Proof of of Theorem In this section we will condition on the event Eppung Of and
the event &pcomp of Lemma that for all unit vectors x such that ||Mx|2 < ¢y/n, we must have x €
Incomp(cy, c1).

By the min-max principle,

_ M) = i M- .
Onkr1(M) = min ~ mex [Mx]

Thus if 0j,—+1(M) < £/4/n then there are k orthogonal unit vectors z, ...,z such that
[Mz;||l2 <e/vn,1 <i<k. (27)
Assume that z; = (zi1,...,2in)7, and let ci, ..., c, be the column vectors of M. The condition can be

read as

| Zzijcjﬂg <e/vn, forall 1 <i<k.

j=1

For short, let Z be the k x n matrix spanned by the row vectors z7 ..., z{, and let y1,...,y, € R¥ be the
columns of Z. For any (multi)-set J C [n], Z; denotes the matrix generated by y;,j € J. By definition,

> il = k.
1<i<n

We gather here a simple fact that will be useful.

Lemma 3.2. The set of unit vectors in the subspace Hy, .. 5, spanned by zi, ...,z belongs to Incomp(co, cq).
Consequently, for any set J C [n] of size at least (1 — co)n, the least singular value of Zj is at least c;.

Proof. (of Lemma |3.2) Note that as z1,. ..,z are orthogonal, for any unit vector z = ). jz; € Hy, .. 5,,
with o = (g, ..., ) € S*, by the triangle inequality we have

Mz < Z il | M2 < evVk/ V. (28)
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As this bound is of order o(y/n), and as we are under &;pcomp(Co, 1), this implies that z € Eincomp(co, €1),
and by definition ||z |2 > ¢; for any set J C [n] of size at least (1 —cg)n. In other words, for any unit vector
a we have ||aZ||2 > ¢1, as desired. O

Basing on this elementary fact, we show that Z contains many well-conditioned minors.

Lemma 3.3. We can choose Oy (n*) tuples (j1,...,jx) € [n]* such that
125G jollz = Ox(vn). (29)

Proof. (of Lemma We say an index ¢ is bad if ||y;|l2 > 061/2\/%. As 3. [lyill? = k, the set W*# of bad

at most con. Set W to be the complement of W¥. Then by Lemma [3.2] the matrix Zy has the least singular
value at least c¢;. So trivially, det(ZWZa,) > ¢?*. By the Cauchy-Binet expansion identity,

S det(X,,. )P > R,

Note also that as [|y;]l2 < 061/2\/%. We trivially have |det(Z;,, . j))* < Hle ly;:l13 < (cg'k/n)k. So
there are O (n*) tuples (j1,...,Jk) tuples such that |det(Z(, . ;))|*> = ©(n~*). The obtained matri-

ces Z(j, .. ;. clearly satisfy the conclusion of Lemma (3.3 because |det(Zj, . ;. ))* < H;:ll ly;.l13 <

(calkz/n)k*l7 where Z;, . j. ). is the (k—1) x (k — 1) matrix obtained from Z(;, . ; ) by eliminating its
[-th row. O
Now assume that Z(;, ;) is as in Lemma Let A be the k x k& matrix Z&’m’jk). Recall that the event

£ in can be written as
B= (le (M)’ -5 Gy, (M>)A + (Cjk+1 (M)7 - Gy (M))A/a

where A’ = ZakH gn)? and where by definition each of the & column vectors of B has norm at most €//n.

Let A~! be the inverse of A, then by [29), [|[A~!||> = O(v/n). We have
(le, ey Cjk) —+ (Cjk+1 yoeny Cjn)AIA71 = BAil. (30)

Notice that
IBA s < |A7 2] Bllars = O(e).

Let H be the subspace generated by cj, ., ..., c;,. Project each of the identity from onto the orthogonal
complement of H, after taking the norm square, we obtain

k
Z dist(cj,, H)* < [|BA™" |35
i=1

It then follows that
dist(cj,, H) = Og(e) A --- Adist(c;,, H) = Og(e).

.....

.....

To complete of Theorem it remains to combine Lemma with the following elementary claim.
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Claim 3.4. Let {&,... ), (J1,---, k) € [n*]} be a collection of n* events with P(&,,...50) < p for all
(j1,---,Jx). Assume that if £ holds then some cn* events EGr,..jr) Of the collection also hold. Then

PE) <c!p.

Proof. (of Claim Let I(j, . ;. be the indicator of £y, . ;). Then by definition

Z Iy, gwy = enFIe.
(j17~~,jk)

Taking expectation,
PE) <c'n > P(Ey,..5) <c'p.
J1s--50k

O

3.5. Proof of of Theorem While (3) gives the optimal rate in terms of €, the dependence on k
is quite poor. Here we will try to improve on Lemma [3.3] by relying on Theorem 2.8 and Theorem 2.9} We
will actually prove the following result.

Theorem 3.6. For any fired 0 < v < 1 there exist positive constants C,c and vy depending only on the
subgaussian moment of £ and on v such that for 1 <1<k —1 < yn and for any e >0

P(op k41 < %) < (%)l + exp(—cn). (31)

It is clear that follows from this result by taking [ close to k. To prove Theorem it suffices to prove for
k of order o(n/logn) because the first error term would be significantly smaller than exp(—cn) if k becomes
larger than this. The extra ingredient to be used is the non-gap delocalization result from Theorem for
random iid matrix M.

Together with the events Eyound and Eincomp in the previous section, we will also condition on the delocal-
ization event Egeioc of Theorem for appropriate choice of .

With Z as in Section we will extract from it many almost square well-conditioned minors.

Lemma 3.7. There exist constants §,c,C > 0 such that the following holds for d = |Cklogk| < n. There
ezists cin? ordered tuples (ji,...,jq) € [n]? such that the matriz Z(jy,....ja) Satisfies

- _ n
0% (Z(soj)) <6 1\/;. (32)

o . . - . e —1/2
Proof. (of Lemma Similarly to the previous section, we call in index ¢ bad if either ||y;[|2 > ¢, / \/g
or [lyilla < 3 /E. As 3, |lyill? = k, the set W¥ of indices of the first type is at most con. So by the

n

incompressibility property, >,y [lyill* = Zle > igws X3; > cik. Furthermore, for the set W’ of indices

of second-type
k
Z lyill* < Z C%ﬁ < cik.
ieWb iewb
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Thus, with W = [n]\(W*! U W),

Dyl > (] = ek > cik/2.

iew
So,

[W| > cocin/2.
Consider the matrix Z’ of size k x |W| generated by the columns y;,i € W. Recall that cf\/% < lyill2 <
o 1/2 % Theorem [2.7 applied to v = coc}/2 (where we note that the condition || Mz||s < vov/n is fulfilled
by (28)) if n is sufficiently large) implies that
Jk(Z/) Z Y3-

Now if C' is sufficiently large, Theorem applied to Z’ with & = 42/2 yields c¢?n? matrices Zys,

that its normalized matrix Z satisfies || 2/ 2'T — 1z’ HHS ZZ7 |2 <311 Z"||2/2 < 43/2, and so the least singular
values are also comparable,

Z/ 2 .
%ak(ZZT) > 0u(2'2"7) = 73/2 2 95 — /2 = 43 /2.

Note that by the process of Theorem [2.§ . the j1,...,jq4 are not necessary distinct, but the set {j1,...,74}
has cardinality at least k in any case. Rescaling back to Z;, . ;,), we obtain

koo~ st L s d
o> it [ o 2
O1(Z(j1,ja)) 2 €1 ngk( ZHZ’HHS -2 n

Consider a matrix Z;,, . j,) that satisfies the conclusion of Lemma Let 1 <1 <k —1. Theorem
applied to this matrix yields I distinct indices i1, ...,4; € {j1,...,ja} such that the matrix Z;, ;) has the
smallest non-zero singular value o; satisfying

07 2rn kn
<K i <AKo 0 N [ 33
ai =0 re{lIJIrlll?A.,k} (r—Dk—r+1) = ° (k—1)2’ (33)
where we chose r = [£H].
As each such [-tuple (i1, ...,4;) may appear in at most n?~! d-tuples (ji,...,jq) obtained from Lemma
we thus have
Corollary 3.8. There exists a constant ¢ > 0 and cn! I-tuples (iy,...,4;) € [n]' such that the matriz

Z(iy,oit) satisfies .

We next proceed as in the previous section. Let A be the [ x k matrix Z{Ti1 i} Recall that the event £ in

can be written as
B = (ciy(M),...,c;;(M)A+ (cip,,(M),...,c;, (M)A,
and where by definition each of the &k column vectors of B has norm at most €/4/n.

We have

where A’ = ZT

(G1415-050n)?

Let A be the k x [ matrix so that AA = I;. Then by Corollary | Allz < 4K01 (k mER

(Cil,...,Cil)+(Cil+1,...,cin)A/A:BA. (34)
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- - kn ke? 4Ko6 Tk
BA < |A|l5||B <4061 o =0 e
1BAlns < [AlIBls <400~ |57 < = e

Let H be the subspace generated by c;,_,,...,c;,. Similarly to the previous section, implies the event
5(7,'1,.“ i) that

Notice that

4Ky6!
dist(cil,H)Q+--~+dist(cil,H)2S(%)QEQ.

By Claim and by Corollary (and also because d = O(klog k), the factor c¢? does not affect the bounds),
it suffices to show that for any fixed tuple (i1,...,%)

12/2
Cek )) _|_eXp(—Cn>7

P(g(zl,,u)) < (m

for some absolute constants C and c.

Lemma 3.9. Let & be the event dist(c;,, H)? + - -+ + dist(c;,, H)? < t2. Then there ezist constants C and
¢ (which also depend on ) such that

P&) < (Ct/ll_l)l2 + exp(—cn).

Observe that Lemma [3.9] follows from the following claim where the assumption is satisfied by Theorem [2.3]

Claim 3.10. Let ty > 0 be any given number. Assume that & are independent random variables such that
P(|&| < t) < (Ct/VI)! + exp(—cn) for all t > to. Then for all 0 < v < 1 there exists a constant C-, such
that for all t > tg

l2

C,t
P(ﬁ + -+ 512 < t2) < (ll%’Y) + exp(—cn).

Proof. (of Claim [3.10) As 3,2 < t2, there are at most [y] indices such that |¢;| > 4~'/2t/V/I. For these
events we use the simple bound P(|&;| < t), while for other events we use the bounds P(|&;| < v~ V2t/V1).
By taking union bound over at most 2! possibilities, we obtain

_1/2 —
P(f% et 512 < t2) < 21((%)1 i eXp(—cn))l [y ((\C/g)l n eXp(—cn)) (1]
C N\
< (ll%v) + exp(—cn).

O

Remark 3.11. When £ has density function bounded by K , then one applies Theorem/[2.5 instead of Theorem
to bound the events dist(c;,, H) < t, conditioning on any realization of H. As a consequence, we obtain

a bound (Kt/\/1)" without additional terms, and so and hold without exp(—cn).

4. PERTURBED IID MATRICES: PROOF OF THEOREM

Similarly to the starting point of Subsection by the min-max principle, if o,,_g+1(M + F) < &/4/n then
there are k orthogonal unit vectors z1, ...,z such that

(M + F)zills < e/v/n,1 <i < k. (35)



RANDOM MATRICES: OVERCROWDING ESTIMATES FOR THE SPECTRUM 15

Assume that z; = (2i1,...,2in)7, and let cy,...,c, be the column vectors of M + F. The condition
can be read as

szijcj||2 S 6/\/5, for all 1 S 7 S k.

Jj=1

As usual, let Z be the k x n matrix spanned by the row vectors z7 , ... ,zz, and let y1,...,y, € R¥ be the
columns of Z. For any subset J C [n], Z; denotes the matrix generated by y;,j € J. By definition,

> lyillz=*.

1<i<n

We will extract from Z one well-conditioned minor.

Lemma 4.1. Let 1 <1< k—1. There is at least one l-tuple (i1,...,i;) € [n]" such that the matriz Ziy,..it)
of size | X k satisfies

o < 4K, (36)

k=12

Proof. Theorem applied to Z yields [ distinct indices 41,...,4; € {j1,...,74} such that the matrix
Z(iy,....i;) has the smallest non-zero singular value o; satisfying

kn
-1 . ey § Tk
o Co re{lr.;r_lir_l_.,k} \/(r “Dk—r+1) = 4K

where we chose r = [££]. O

We next proceed as in Subsection ﬁ Let A be the [ x k matrix Z{Tih“m}. Recall that the event £ in
can be written as

B=(c;y(M+F),...,c;;( M+ F)A+ (c;y ,(M+F),...,c;, (M +F))A,

where A’ = ZT and where by definition each of the &k column vectors of B has norm at most €//n.

(G14150050n)?

Let A be the k x [ matrix so that AA = I;. Then by Lemma |All2 < 4 (k ‘7yz- We have

(CirseeorCiy) + (Cipyysennsei, )A’A = BA. (37)
Notice that
€2 4C
IBA|lrs < |All2]|Bllas < 4K0\/ \/ <% _Ol
Let H be the subspace generated by c;,, , (M +F),. M+F ). Equation (37) implies the event &£,
that
dist(c;,, H)? + - - + dist(c;,, H)* < 2 (38)
where
b — 4K0k‘€
k=1

Proof of @ Choose | = k — 1. Conditioned on H, the subspace H* has dimension at least [ (notice that
the more H becomes degenerate, the better bound we will get).
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With less focus on the implicit constants, we just simply bound p; = sup, P(|¢ —z| < t) < 4Kk sup, P(|€—
x| < ¢e) = 4Kokp. By Theorem [2.5| we have

P(dist(c;,, H) < t) < P(dist(c;,, H) < tV1) < (Copy)' < (4KoCokp)'.
Hence, conditioned on H,

l2

P(dist(cil,H) <t A Adist(es,, H) < t) < (4KoCokp)

The proof of @ is then complete by unfolding the condition, and by taking the union bound over all possible
n' choices of (iy,..., ).

Proof of . Here we use our deduction as above, but with ¢ replaced by ke (as we are working with
(M + F)z; < ek/\/n now), and hence t = 4Kok?c/(k — 1).

Assume that k is sufficiently large, we will choose | = |(1 — v/2)k]. From , by averaging there are at
least I = (1 —~/2)] indices i such that P(dist(c;,, H) < y~1/2t/v/1). Thus, by taking union bound over
at most 2! possibilities, it boils down to estimate the event iy ,...,i, that

dist(c;,, H) = O(t/V1) = OWke) A--- A dist(c;,, H) = O(t/V1) = O(Vke). (39)
With p = sup,g P(|{¢ — 2| <¢). Conditioned on H, by Theorem
P(Ei...in) < (C)".

We then unfold the condition and take union bound over the choices of (i1,...,iy).

Proof of @D Assume that k is sufficiently large, we proceed as in the proof of above with € = ¢; with
sufficiently small ¢;, and ¢t = 4Kok?c/(k — 1), I = [ (1 — v/2)k], as well as I' = (1 — v/2)l]. After obtaining
, instead of Theorem we apply Theorem [2.6] which yields that (conditioned on any realization of H),

2l/2

el
’L'L/)gc € “2f

.....

completing the proof.

5. RANDOM SYMMETRIC MATRICES: PROOF OF THEOREM [1.12

5.1. Proof of of Theorem Our starting point is similar to that of Subsection We will
condition on the event Eppung of (23)) and the event E,comp of Lemma that for all unit vectors x such
that ||(X — 2)x]||2 < ¢y/n, we must have x € Incomp(cy, ¢1).

By definition, there are k orthogonal unit vectors (i.e. the corresponding eigenvectors) zi, ...,z such that
(X = 2)zill2 < e/vn,1 <i<k. (40)

Assume that z; = (2;1,. .. ,zm)T7 and let ¢q,...,c, be the column vectors of M. The condition can be

read as
n

1Y " zijejlla < e/vn, forall 1 <i < k.

j=1

As we are in Eincomp, by Lemma [3.2] the set of unit vectors in the subspace Hy, . 4
belongs to Incomp(cg, ¢1).

. spanned by zi,...,z
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Let Z be the k x n matrix spanned by the row vectors z7,...,z}, and let y1,...,y, € R* be the columns
of Z. By the incompressibility property (applied for symmetric matrices), for any set J C [n] of size at least
(1 — ¢o)n, the least singular value of Z; at least ¢1, and so Lemma applies, hence we can choose Oy (n")
tuples (j1,...,jx) € [n]* such that

125 ll2 = Oc(vn). (41)

Now assume that Z;, ;) isasin ([I). Let A be the kxk matrix Z, .- Thenby @), A7 = O(Vn).
We have

(le, ey Cjk) —+ (Cjk_'_1 gy Cjn)AIA_l = BA_I. (42)

Notice that
IBA™ |us < |A7 2]l Bllas = O(e).

Let H be the subspace generated by c;,,,,...,cj,. Project onto the orthogonal complement of H and
taking the squared norm, we obtain

k
Z dist(c;,, H)? < ||BA™! ||%{S
i—1

It then follows that
dist(cj,, H) = Og(e) A --- Adist(cj,, H) = Og(e). (43)

Thus we have translated the event to the event of having many small distances. Now our treatment
with this event &;, . ; will be different from the iid case as the distances are now correlated. Without loss
of generality, assume that j; = 4,1 < i < k, and H is the subspace generated by the last n — k columns of
X. We will remove correlations by relying on the following simple fact.

Fact 5.2. For any I C [n],
diSt(Ci, H) Z diSt(Ci’[, H[),

where c; ;1 and Hr are the projections of ¢; and H onto the coordinates indeved by I respectively.

To exploit this fact, we observe that the event &; ) implies the event F; . ; where
Fio k= (diSt(Cl,{Z...,n}vH{2,..4,n}) = Ok(&?)) ARRENAY (diSt(Ck—Z,{k—l,...,n}aH{k—l,.“,n}) = Ok(5))

A (diSt(Ckfl,{k,...,n}aH{k,‘..,n}) = Ok(f))- (44)

We next use the multiplicative rule P(Ey_1 A--- A Ey) = P(E)P(E2|Ey) ... P(Eg_1|Ex—2 A -+ A Eq). Let
(it1,..my be the the sigma-algebra generated by the X-entries z;,i+1 < k, I < n.

For 1 <i < k — 1, we apply Theorem [2.4] to obtain

P(diSt(Ci,{i+1,...,n}7 Hiiva,ny) = Ok(€)|@7{i+1,...,n}> = Ok(i‘:k_i) + exp(—ncl).

Hence,
k) < Op(e®=DH 41 | exp(—n)). (45)

..........

To complete the proof of of Theorem we then just need to use Claim again, taking into account
all tuples (j1,...,jr) obtained from .
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Remark 5.3. It is the process of passing from 5j17~--7jk to Fj,....j. via Fact[5.3 that we lost a factor of e
in each iterative conditional substep leading to . To recover the cumulative loss of €* in the final bound
one must not use Fact[5.4 but work directly wzth Eir.....in- This requires to work with anti-concentration of
quadratic forms [13, B1]. A more plausible goal is to improve the RHS of Theorem- to O(e + exp(—n®)).

5.4. Proof of of Theorem Similar to the proof of of Theorem in Subsection we

will condition on the event Eypuna of (23), the event Eincomyp of Lemma and also on the event Egeppe for
appropriate choice of 7 from the non-gap delocalization result of Theorem applied to X.

Next, assume as in Section that there are k orthogonal unit vectors (eigenvectors) zi, ...,z such that

I(X = 2)zille < /v 1 <i < k. (46)

Let Z be the k x n matrix spanned by the row vectors z7 , ... ,zf. With the input of Theorem we obtain
the following analog of Corollary

Corollary 5.5. With d = |Cklogk| and l = (1 — ~v/2)k, there are 2~%cn! I-tuples (i1, ..., i) € [n]¢ such
that the matriz Z;, .. ;) satisfies .

We proceed as in Section n Let A be the I x k matrix Z e Recall that the event £ in can be

written as
B = (Cil (X)7 -5 Gy (X))A + (ciz+1 (X)v cey cin(X))Alv
where A’ = ZT

(its1,in) @0 where by definition each of the k column vectors of B has norm at most £//n.

Let A be the k x [ matrix so that AA = I;. Then by Corollary | All2 < 4Kod~t (k ‘yz- We have
(Cil,...,Cil)+(Cil+1,...7CiH)A/A:BA. (47)
As such, with H being the subspace generated by c¢;,,,...,c;,, we are in the event £, ;) that

4Ko6 1k

dist(cg,, H)? + - - - + dist(c;,, H)? < ( -

)2 2<(8K0(5 1.—-1 )2'

By Claim and by Corollary (as bounds of type (¢/2)? are absorbed by other factors), to prove
of Theorem [[.12 it suffices to show that there exist absolute constants C' and c such that

Ce _ 2 c
P(En,..) < ()02 + exp(—ne), (48)

yeeey

To this end, let & be the event dist(ci, H)? + - -- + dist(c;, H)? < t2, where t = 86!y~ le. By averaging,
there are at most vl/2 indices such that dist(c;, H)? > v~1/2t/v/I. So there are at least I' = (1 — ~/2)I
indices 7 such that P(dist(c;, H)? < v~'/?t/y/1). Again, by taking union bound over at most 2! possibilities,
it boils down to estimate the event &;, . ;, that

dist(c;,, H) = O(t/VI) A -+ Adist(c;,, H) = O(t/V1). (49)
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Finally, by the argument leading to basing on Theorem [2.4

-1

P& ) < H(%)Z‘ ep(nt) = (S

Ce
< (?

)l’(l’—l)/2 + eXp(—nC)
JTIEL + exp(—n),

completing the proof of .

Remark 5.6. When £ has density function bounded by K, then one applies Theorem 2.5 instead of Theorem
w to bound the events dist(c;,, H) <t in Subsection and Subsection (conditioned on any realization

of H). As a consequence, we obtain bounds of type (Kt//1)! without additional terms. Consequently, (13)
and hold without the additive terms exp(—n©) in this case.

6. PERTURBED SYMMETRIC MATRICES: PROOF OF THEOREM [1.16|

Our approach here is similar to that of Section [l and Section [5} so we will be brief. Let z be the midpoint
of I. Assume that \; € I, and (X + F)z; = \;z; with orthogonal eigenvectors x; of norm one. Then
(X + F—2)z; = (\; — 2)z;, and so, with X' := X + F — z

| X'z]|2 <e/vn,1 <i<k. (50)

Assume that z; = (21,...,2in)7, and let cq,...,c, be the column vectors of X’ — z. Let Z be the k x n
matrix spanned by the row vectors z7,...,z7, then by we have the following analog of Lemma

Lemma 6.1. Let 1 <1< k—1. There is at least one l-tuple (i1,...,3;) € [n]" such that the matriz Ziy,..it)
of size I X k satisfies
kn

o' < 4K, TEDE

(51)

Next, as in Subsection let A be the [ x k matrix Zg;l,“m}. The event £ in can be written as
B = (¢ (X'),...,cy(X") A+ (cipy, (X), ... ¢y, (X)) A', where A" = Z(Til+1 ...iny» and where each of the k

column vectors of B has norm at most £/y/n. Let A be the k x [ matrix so that AA = I;. Then by Lemma

| Al < 4K, /(k’“_i’;)g and we also have

(CirsoeorCiy) +(Cipyysennsei, )A’A = BA. (52)

A simple calculation shows that || BA| 5 <
implies the event £, ;) that

%5. Thus with H being the subspace generated by ¢;,_,,...,¢;,,

2Kk
dist(ciy, H)? + - + dist(cy,, H)” < 7, where t = == zE' (53)

Without loss of generality, assume (i1, ...,%) = (1,...,1). We then pass to distances as in Subsection 5.

Proof of . Choose | = k — 1. In analogy with we pass from & to Fi,.. -1

Fi,g-1:= (diSt(cl,{Q,...,n}vH{Q,...,n}) < t) ARERNA (diSt(Cl—l,{l,...,n}aH{l,“.,n}) < t)-
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Let /(;41,..n} be the the sigma-algebra generated by the X-entries 25,7 +1<r,s <n. For 1 <i <k -1,
we apply Theorem [2.5] with p, = sup, P(|¢ — z| < t) < 2Koksup, P(|¢ — z| < &) = 2Kokp, we obtain

P<diSt(Ci,{i+1,...,n}7H{i+1,...,n}) < t|£{{i+1,...,n}> < (2CKokp)'~".

Hence by multiplicative rule P(F; ;1) < (20Kokp) =D+ +1 as desired.

gees

Proof of . Here we use the deduction as above but with € replaced by ke and t = 2Kok?c/(k — 1).
Choose | = |(1 —v/2)k]. From (53), by averaging there are at least I’ = [(1 — ~/2)l] indices ¢ such that
P (dist(c;, H)? < 4~%/2t/\/1). Thus, by taking union bound over at most 2! possibilities, it boils down to
estimate the event &, that

dist(cy, H) = O(t/VI) = O(VEe) A -~ Adist(cy, H) = O(t/V1) = O(VEke).

where H is the subspace generated by the last n — k columns of X’. The rest is similar to the proof of
where we use Factto passto Fy . -1 = (dist(cy (2, n}y, Hi2,...n}) = O(Wke))A-- A(dist(cy—1 ...y, Hyr
O(Vke)). We then apply Theoremwithp = sup, P(|{—x| < ¢) to obtain P(dist(c; i41,....n}, Hfit1,...n}) <

O(\/EE)|,527{Z-+1W.7”}) < (Cp)*~* < (Cp)¥'~*, which will then yield the upper bound P(F;,_; 1) < (Cp)!''=1/2,

Proof of . Assume that k is sufficiently large, we proceed as in the proof of with € = ¢; where ¢y is
sufficiently small, and with ¢ = 2Kok?c/(k —1),1 = [(1 — v/2)k] and I’ = | (1 — ~/2)l]. After using Fact
to pass to Fi,.. -1, we apply Theorem (noting that Hy; 1. n} has co-dimension at least k —i > vk/2)
to obtain P(dist(¢; {ir1,....u}s Hii+1,...n}) < OVEC1)|Hig1,. ny) < Cem k=),

Acknowledgement. The author is grateful to M. Rudelson for suggesting Theorem and for his invalu-
able comments and other suggestions. He is also thankful to P. Youssef, and especially to the anonymous
referee whose suggestions have help substantially improve the presentation of the note.

APPENDIX A. PROOF OF THEOREM

Recall that
P(¢[<K)=1

Notice that the case u = 0 follows from Talagrand’s concentration bound [25] as ||Pyicl|2 is convex and
1-Lipschitz (see also [29]).

Theorem A.1. For anyt > 0
P(||Pyocllz — VE| > tVE) < C exp(—cat?k),

for some constants C, co that depend on K.

Now we consider two cases.

Case 1. When |julls < (1 —2t)vk or |Juls > (1 4 2t)Vk. Then if |[Pyrc — ul|s < tVE, by the triangle

inequality we must have either |[Pyoc|lz < (1 — t)Vk or ||Pgic|s > (14 t)VE, and so follows from
Theorem [AT]

Case 2. When (1 — 2t)vVk < ||ull2 < (1 + 2t)vE. Consider the random variable X = ||| Py.c — ul|z. This
function of c is again convex (as || Py (zc1 + (1 — x)c2) —ull2 = [[x(Pgici —u) + (1 —2)(Pyrce —u)|l2 <

,...,n}) =
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z||Pgrci—ull2+(1—2)||(PyLce—ul2) and 1-Lipschitz, by Talagrand’s concentration result, with M = M (X)
being the median of X

P(|X — M| > tVk) < Cexp(—cat?k), (54)
for some constants C, ¢ that depend on K.

We need to specify the median of X. Notice that
X2 =c'Pyic—2c"Pyiu+ |lul3

So EX? =k + ||ul|3. We write
Yi=X?—EX? = X7 — (k+|[ul3) = Y pij(ziz; — 6i5) — 20> wivs),
i,j i
where Py = (p;;) and v = (v1,...,v,) = Pyru.

After squaring out and as x; are iid and E¢ = 0, E€2 = 1 as well as [£| < K, we have
EY2 = E(Zp”(lﬂzfﬂ] — 5ij))2 + 4E(Z IL'Z"Ui)z —4E Z vlp”(xf’ — SCl)
@] % %

e s

= O(Z P K?) + O(Z v?) + O(K

= O(K?k),
where we used the fact that >, v? < |lul|3 < (1 + 2¢)%k and > p?j =>pi=k

Thus by Markov’s inequality the median of |Y| is O(Kv/'k), and so the median of X2 is at least (k + ||[ul|3) —
O(KV'k). Consequently, the median M (X) of X is at least \/k + [[ul] — O(K). Substitute into (54), with
sufficiently small ¢, we obtain

P(X <tk —O(K)) < P(X < \/k+ [ulf — O(K) — tv/k) < P(IX — M| > tVk) < Cexp(—cat?h).
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