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Introduction

The cyclic homology HC,(A4) of an associative algebra with unit 4 over a field
k of characteristic zero was introduced by A. Connes [Cl], and extended to
arbitrary commutative rings k in [LQ]. It comes equipped with a natural
degree (—2) k-linear map S: HC (4)—»HC_ _,(4). We will occasionally write S
as S, to indicate dependence on the ring A; the map S, provides HC (A4) with
a natural k[u] co-module structure (as described below) via the isomorphism
HC (k)=k[u], deg(u)=2. Throughout, k will be an arbitrary commutative ring
with unit. The principal result of this paper is an Eilenberg-Zilber theorem for
cyclic k-modules (Theorem 3.1) whose main applications are Theorem A and
Theorem B.

Theorem A. i) If A and B are two unital k-algebras with A and HC (A) k-flat,
then there exists a short exact sequence

0—X Cotor(HC,,(4), HC,(B) —> HC ,(A® B~ HC ,(4) Ty H C(B)—0

which is natural in A and B (where [] denotes cotensor product).
ii) If k is a field and HC(B) is a quasi-free comodule (see Definition 2.1),
HC (B)=k[u]l®V,+W,, then

HC (AQB)=HC (A®W, +HH (A®V,,'
where HH (A) is the Hochschild homology of A,,.

As an application one has the following calculation of the -cyclic and
periodic cyclic homology of A[t] and A[t,t~']:

Theorem B. If k is a field of characteristic zero and A a unital k-algebra, then:

*  Partially supported by NSF Grant

! This is a sum of k-vector spaces and NOT of k[u]-comodules, however, HC (4)®W, is a sub
k[u]-comodule
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i) The cyclic homology of the polynomial algebra A[t] is given by
HC (A[t])=HC,(A)+Nil ,lHC,(4), where Nil, HC (A)
=@ HH(4)), (@={1,23,...}).

asN

il) The cyclic homology of the algebra of Laurent polynomials with
coefficients in A, A[t,t='] is given by

HC (A[t,t=*])=HC,(A)+HC, _,(A)+Nil, HC,(4)+Nil_HC,(A)

where Nil_HC (4)= @ (HH(A),.
acZ— ({0} UN)
i) As a consequence of i) and ii), one has PHC (A[t])=PHC(4) and
PHC (A[t,t~ 1) =PHC,(A)+PHC, _,(A), where PHC,(B)= E‘Ech“r(B)-
SB

Both the above theorem and corollary generalize to the case when 4 and B
are DG algebras with differential of degree +1. The nil groups Nil  HC (A4)
have interesting geometric applications even in the ungraded case, although we
do not explore these applications here. It is worth comparing the decom-
position given above for HC (A[t]) and HC_(A[t,t=']) with the correspond-
ing result in algebraic K-theory:

K, (A[t])=K,(A4)+Nil , K _(A4)
and
K, (A[t,t~ 1]);K*(A)+K*_ {(4)+Nil K _(A)+Nil _K_(A4).

Similar decomposition theorems holds true for L-theory and the K-theory of
spaces.

Theorem B and Theorem A in the particular case of a group ring were first
proven in [B],. Theorem A was conjectured by the first author and
M. Karoubi in May of 1984, both of whom subsequently provided proofs through
different arguments (see [K]). The results of this paper (for k a field of
characteristic zero) were announced by the first author at Oberwolfach in
August of 1984. A somewhat weaker result for the cyclic homology of the
product of two cyclic simplicial abelian groups over arbitrary k was proved by
the second author in [O]. Kiinneth formulas for the cyclic homology of
algebras have also been proven by Feigin-Tsygan [FT], C.Kassel [Kas],
J. Jones and C. Hood. This paper is a combination of [B3] and [O], and being
shorter than both of them better suited for publication. As in [B3], one can
then identify ¥ with the Loday-Quillen product in cyclic homology ([LQ],
Sect. 3) and @ with the dual of the Connes product in cyclic cohomology, but
we will not ellaborate on this here.

The paper is organized as follows. In Sect. I, we recall the definition of
algebraic S'-chain complexes as introduced in [B1], and define the algebraic
Sl-action on the tensor product of two such complexes. In Sect. II, we prove
the Kiinneth formula for the tensor product of the two algebraic S'-chain
complexes and in Sect. III, we use “acyclic models” to prove Theorem 3.1. In
Sect. IV we derive Theorems A and B.
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Section I

Let k be a commutative ring with unit. An algebraic S*-chain complex (a chain
complex equipped with an algebraic circle action) CE(C*, d,,p,) consists of a
chain complex of k-modules (C,,d,), d,: C,—C,_, satisfying d, ,d,=0, with
the algebraic circle action' f§, given by k-linear maps f,: C,—C,  ; which satisfy
Brs1$,=0, d,y 1+ B, 1d,=0.

A morphism of algebraic S'-chain complexes i (Code B) =0 d b))
consists of k-linear maps f,: C,— C, which commute with the d’s and f’s.

To an algebraic S'-chain complex (C,,d,,f,) one can associate the chain
complex  (,C,,,d,) with ,C =C, +C,,H2+ sy (X5 X, 5,5 - )=(dx,
+Bx,_5,dx,_,+Px,_4,...) and the following short exact sequence of chain
complexes

0—(Cyd)—>(,C,s )~ 22, C ) —O. (+)
Here I is the inclusion I(x,)= (x ..,0), Z denotes the suspension 2(C,,d,)
=(B,,d,) with B, ,=C, —0 d,,,=d, and = is the projection

TC(Xn, n—2°" )=(xn——27xn—4"")‘

The homology groups H,(C,,d,), resp. H,(;C,,4d,) are by definition the
Hochschild resp. cyclic or equivariant homology of C=(C,,d,, B,). The long
exact homology sequence associated with the short exact sequence (x) becomes,
with the above notation:

—HH (C)-5HC (6> HC, ,(C,)—HH, (0)— (+%)

and will be called the Gysin-Connes exact sequence. Obviously a morphism of
algebraic S*-chain complexes f: C— C’ provides a commutative diagram

—— HH, () —— HC (C)—— HC, _,(() —— HH, _,()——

LS

—>HH*((~3’)~—>HC*(C’)——>HC*_Z(C')———»HH*_1(6')————>

Given two algebraic S'-chain complexes ¢’ and C” one defines the tensor
product C'® C" as being the chain complex (C,® Cy,D,) with

(CI® C”)n= @ C;c® C;zl—k’ Dn(xk®yn—k):dlxk®yn—k+(_ l)kxk®d/,yn—~k’
k=0

and with the algebraic circle action B, given by B,(x,®y,_)=p% @y, i+
(Do oty i

We denote by chains, (resp. S'-chains,) the category of chain complexes
(resp. algebraic S'-chain complexes) of k-modules by F, T: S'-chains, ~chains,,
the functors which associate with (C,,d,, ,) the chain complexes (C,,d,) resp.
(3Cys pd,) and by F-L T 3*T the natural transformations which to each S!-
cham complex C associates the short exact sequence (x).
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Section IT

Let k be a commutative ring with unit and let k[u] be the graded commutative
algebra generated by u of degree 2. k[u] can also be viewed as a co-com-
mutative coalgebra with commultiplication 4: k[u]—k[u]®k[u] given by

p

AwP)= Y v'@uP~!

i=0

) 0 if i>0
8(1;‘):{1

and co-unit given by

A k[u]-comodule is a graded module M, equipped with the k-linear map 4,,:
M, —k[u]®M, which satisfies the expected axioms. These axioms imply that
Apy(m)=m+u®@S(m)+u*®S*(m)+ ..., where S is a degree —2 k-linear map of
M,. Conversely any S: M, —M_,_, provides a k[u]-comodule structure on
M., hence the k[u]-comodule structures on a graded k-module M, are in 1 —1
correspondence with the k-linear maps of degree —2.

Example. 1) Suppose V, is a k-graded module which is k-flat. Then V, ®k[u] is
equipped with a canonical k[u]-comodule structure given by S(x®u")=
x®u"~! and S(x)=0. This is called the free k[u]-comodule with base V.

2) Suppose V, is a k-graded module and S=0. The k[u]-comodule struc-
ture given by this S is called the trivial structure.

Definition 2.1. A k[u]-comodule M is called quasifree if M, is the direct sum
M, + M of two k[u]-comodules (S, =S, +5,,,) with M, free (S,,, surjective)
and M, trivial (S, =0).

Given two k[u]-comodules M, and N, one defines the graded vector space
M Oy N, and Z?Cotor,, (M, N,) as the kernel resp. cokernel of the linear
mapD: M, ®N,—Z*(M,®N,) given by D(m®n)=S,(m)Q@n—mSy(n); S,
and S, are the degree (—2) - linear maps which define the k[u]-comodule
structures of M, and N, and 2"K, denotes the n-fold suspension of K. Since
D is a morphism of k[u]-comodules with the comodule structure on M, ®N,,
given by S,®id+id®Sy, M, O,N, and Z*Cotor,,,(M,,N,) are k[u]-
comodules.

If C,=(C,.d,,B,) is an algebraic S'-chain complex, then HC,(C) has a
k[u]-comodule structure induced by S: HC (C)—»HC _,(C).
Proposition 2.2. 1) If C'*z(C'*,d’*,ﬁ’*) and (Nf;::(C;,d;,ﬁ;:) are two algebraic
S'-chain complexes with C, and HC*(@*) k-flat, then there exists a (natural)
short exact sequence

0—2 Cotory (HC,(C), HC,(C*)—>HC(C'®C")
2, HC (C) Oy HC . (C) 0.

2) If, moreover, k is a field and HC*(C”)= V,®@k[u]l+ W, is quasi-free where
V,.®k[u] is the free part and W, the trivial part, then

HC(€®C")=HC,(C)®V,+H,(C".d)@W,.
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Proof of Proposition 2.2. Note that if (C,,d,,B,) is an algebraic S'-chain
complex, then the chain complex (;C,,d,) is a chain complex of free k[u]-
comodules with ,d, being a morphism of k[u]-comodules. If (C,,d, p,) and
(Cy.dy, B, are two algebraic S'-chain complexes, we have the following short
exact sequence of chain complexes

D
0— HCL®CP >y Cy By €y = 23, C, @5 C)—0. e

The differential 6 in ;,C, ®,C] is given by the tensor product differential, D
is defined by D(X®7)=S'X®y—-X®S"7, X€,C,, ye,C; with §’ resp. §” defined
the k[u]-comodule structure of ;C, resp. ,C and I as follows. We formally
write

X=Xy, Xp_2>Xp_4s.-)EpCp a8 X= Y, X, 5, U,
k=0

}7=(y,,y,_2,y,_4, "')eﬁ”cr as y= Z yr-ZkUk
k=0
and

Z2=(2,, 2,3, 2,_4,--)E4(C,®C,) as T= ZZS sl

then I is given by I(x,®y,U")= Z (x,u)®y,v"""). The reader can easily

check the exactness of this sequence Moreover, if one equippes ;C,®,.C"
with the degree —2 morphism of chain complexes V=S®id+id®S, then
C.®, C, is a chain complex of k[u]-comodules and both I and D are
morphisms of chain complexes of k[u]-comodules. Since

H, (;,C.®, C)=HC (C)®HC (€
and
H (D)= Syc ¢ ®1d—1d®@Sgc, ¢

the long exact sequence for homology induced by (x) is

S®id—id®S

—>X3HC(CRHC,(C)—-HC,(C,®C)—HC,(CY)RHC (C))—
—Z2(HC(C)RHC (C)—...

which clearly provides the following short exact sequence

0—X Coker(HC(C.,), HC (C})—~HC, (C,®CY)
—>HC*(C’*)[I,C[M]HC (CH—0

or equivalently HC (C' C”) Ker D+ Coker 2D.

Suppose now that k is a field and H C*(C”) k[u]@V + W, is quasifree.
Then D: HC,(C)®HC, (C”)—»HC (CY®HC,(C") is 1+D with Dj:
HC (C)®k[u]®V —-HC (C)®k[u]®V deﬁned by D;(x®@u"®@v)=Sx@u" ®v
—x®u" '®v and D,: HC*(C)®W —-HC (C)@W defined by D,(x®@w)=Sx
®w. Clearly CokerD =0, KerD,=HC (C )®V,. The Gysin Connes exact
sequence of C’ tensored by W, gives the exact sequence
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ZB®id I®1d

— ZHC (O)QW, 22 HE(C)oW, 222 HH (C)ow, 24,
o D> =
— > 'HC(6)®W,—— ZHC (C)QOW,—> ...
This implies HH (C')® W, = Coker £~ ' D, + Ker D,, which implies that

Ker D+ Coker2D=HC (C)®V,+HH (C)®W,.

Section III

We recall that a cyclic set (R- module) see [C] or [BF], (X,,t,) consists of a
simplicial set (R-module) X =(X,.d,, si; 0<i<n) and a cyclic structure t,
=(t,: X,—~X,) which satisfies grteid e d = s T s ot 1<1<n
Let Ay resp. Ag denote the category of s1mp1101a1 R-modules resp. cyclic R-
modules (when there is no danger of confusion we will write A, A, chains, S'-
chains instead of Ay, Ag, chainsg, S'-chainsg).

As with A, A is equipped with an internal tensor product
(G,, di, 5., £ )®(G,, 4y, 5,1, 1,) = (G, ®G,, d,®d,, 5,85, £,1,).

With any cyclic R-module (G,,d’,s’,t,) one associates the S'-algebraic chain
complex

(Guvd= 3 (— 105 B = (= 0P (=17, DS+ (— Pt (- 121

denoted by C(C*, t,). The purpose of this section is to prove that Hochschild
resp. cyclic homology of C(G*, *)®C(G ,ty) and C(G ®G,,t,®t,) are na-
turally isomorphic. Precisely if ./, %: A x AMSl-chams are the functors
defined by :

B(G . 1,), (G, )= C(G,®C, 1,1,
A(G s 1), (G, 1)) = C(G,, )R C(G,, 1))

then we have

Theorem 3.1. There exists the commutative diagram of functors and natural
transformations

Iy Ty
Fof T > Tot
f 7 52T "
> 1z R
F% % > 22 TH

with f and T inducing isomorphism for homology.

The proof will require the Theorem of acyclic models [M, p. 128] which we
will review below.

Let C be a category and .#cobC a set of objects called models. Given a
covariant functor L: C—Ab, Ab=the category of abelian groups one can de-
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fine a new covariant functor L: C—»Ab and a natural transformation 5: LwwL
by L(K)=the free abelian group generated by X(K)= U (Hom(M, K) x L(M))
Meu

for KeobC, L(f) (nu)=(fea-u) for feHom(K,K'). acHom(M,K) and
ueL(M), with #*: L(K)—L(K) given by #%(a,u) =o(u). The functor L is called
representable with respect to .# iff # admits a right inverse, i.c., a natural
transformation

¢t LwL  with 5o ¢E=id.

Theorem of Acyclic Models [M, p. 128]. 1. Let A,B: Cv»schains, be two co-
variant functors, f={f;: (A),—(B);, 0=Li<n} a natural transformation of chain
complex functors through dimension n and M a set of models in C. If A; is
representable for all i, B(M) is acyclic in dimension>n for all Me# and
f,(dmdy, )=Im(dZ ) then there exists a natural transformation f: A~»B extend-
ing {fi}i<,. Moreover, the extension f is unique up to all higher homotopies.

2. If f,g are two natural transformations from A to B and s
={s;: (A),—(B), .1, i=n—1} a homotopy through dimension n, ie., d, s,
+s;_1d;=f,—g, A, is representable for gzn and H (B(M))=0 for gz=n,
MeJl then there exists a natural chain homotopy s such that s|A;=s;, 0<i<n
—1.

This theorem will be applied to C=4 x 4 and to the functors F.s/ and FZ.

Models. In [M] p. 130, M%=(M?5,d,,s.) is defined to be the free simplicial R-
module generated by the standard p-simplex 4[p] (4[p],=Hom (n, p)) and .#
={(M?%,M.)|p,r=0} obA x A is the set of models used to prove the standard
Eilenberg-Zilber theorem. In analogy let M% be the free cyclic R-module
generated by the cyclic set A[p]. By A[p] we denote the “free” cyclic set
generated by A[p] (see [BF] Definition 1.3). It follows from [BF] Proposi-
tion 1.4 that the geometric realization of the underlying simplicial set A[p] is
homotopy equivalent to S' by an S!-equivariant map. let .,
={(M%, M%)|p,q=0}cobA x A.

Representability. The representability for (Fs/),=A, resp. (F#),=B, can be
proven as in [M] Lemma 2.9.1 by using the “free-ness” of our models. Precise-

ly if x,eK,, KeobA it induces a simplicial mapA[n]iK and then a cyclic
map A[n] K. This induces the homomorphism of cyclic R-modules
M5 K. So if (K, L)eob A x A, ¢™: A,(K,L)=K,®L,—A (K, L) and

$®: B (K,L)= Z K.®L,_

r=0

—B,(K,L)

are defined by the formulas
P (x,®y,)=(X, x J,, 1, @4 )eHomg , z(M" x M", K x L) x A,(M", M%),
qbg"(x O, )=(X,xX,_,,4,®4,)eHomg ,z(M4x M7 ?; K x L) x B (M5, M"7P)

with A, the prefered generator of M7". It 1s stralghtforward to verify ¢4 and
PP~ are natural transformations inverse to #** and n®»



534 D. Burghelea and C. Ogle

Acyclicity. By definition

5 H (T (M7, M) =HC (C(M})® C(M?))
an
H (TAM?), MB)=HC,(C (M} @M?)).

Proposition 1.4 [BF] in conjunction with Proposition 2.2 (resp. the remark
that M" ®M? is the free cyclic R-module generated by the cyclic set A[n]
x A[p]) imply that

H(Tef (M, M5))  resp. H,(TA(M’, M?)
is isomorphic to zero if *=2.

Proof of Theorem 3.1. Let F</', Tof', F#' etc. ... be the graded module valued

functors obtained by forgetting d’s, and p%: ST’ > Tof' resp. p2: XTH —TH
be the natural transformation induced by the corresponding S'-actions. Let *
be the natural self transformation of T./', F4', ... defined by *,=(—1)"1d. We
will construct the natural transformations f®: >X?*Fo/'>F%', k=0,1,2, ...
which satisfy:

(@);: (B2f D+ fOp?) is natural transformation from X2?'**F.</ to F4.

(b): B0+ OB = —df+V— {6+,

Note that (b),=(a);. ,; indeed composing with f“ on the right resp. f# on
the left the equality (b); implies fdf TV +Bf¢+Dd=df+V g+ fE+D4dp which
is clearly equivalent to (a), ;.

If /@ are constructed, since T/’ =Fof'+3>Fof'+3*Fd'+... resp. T#
=F# +3*F# +3*F# +... we can define T by the matrix

*f(O) *f(l) *f(l)
0 *£(0)  xr(1)

i i
0 0 *f(O)

Since dr,, resp. d;, are given by the matrix

S O
O ™
R O©
=™ O ©

we verify (using (b)) that Td,,=d;,T and we also observe that TI =1, f and
(22T)n,=n,T, which finish the proof. Suppose @ and f* have been con-
structed. Inductively one obtains — f¢*! as a homotopy from Bf?+ f?B to
zero which can be only obtained from Theorem of acyclic modules 2) as
extension of fET V=0, fE-D_Q FEEH_(

Construction of ©. One takes f©=*f whose f is given by the shuffle map.



i

The Kiinneth Formula in Cyclic Homology 535

Construction of f. We want to obtain —f® as a homotopy from gf©®
+ f©B to zero, in other words we want v,=(—1)"f", v,: (X*Fsf),~(F%), to
satisfy Bf°+ f°B=dv+vd. Again by applying the acyclic model theorem, it
suffices to have v, given for n=0,1,2 hence v,: 4,—B,. We take v,: G,®H,
=A4,~(G®H),=B,=G,®H,, G.,H.cobA x A defined by

V,(8o®ho) =155753(20) @5° ¥ 55 (ko) +5953(20)®s755(ho)

where ¢ and < are the cyclic structures of G. resp. H. (the definition of v, on
morphisms is obvious).

The resulting transformations induce an isomorphism in homology because
f© is the shuffle map up to sign.

Section IV

Proof of Theorem A. Given an R-algebra A4 the Hochschild resp. cyclic ho-
mology of A are calculated by the algebraic S*-chain complex

(T(A),d,s,t) with T(A)=A® ... ®A

n+1
: 4,®...Qa.a.,. ,®...Qa if igsn—1
dl s 0 i%i+1 n
{20®...®4,) {ana()@...(>§ai(>§...(>9ozn_1 if i=n

$Ha6®...®a,)=0,®...04,01®a;, | ®...®a,
t4a,®...Qa,)=a,0a,Q...Qa,_;.

Theorem 3.1 implies that Hochschild resp. cyclic homology of (NT(T*(A®B), t2),
and of C(T,(A4),t4® C(T,(B),t5) are naturally isomorphic. Theorem A follows
then from Proposition 2.2.

Proof of Corollary B. This follows from the calculation of the Hochschild resp.
cyclic homology of k[t] resp. k[t,t~*] given in [LQ] Sect. 2. In both cases the
cyclic homology is a quasifree k[u]-comodule with

k if x=0 k if x=0,1
=) L W = 4
W* {0 lf *=|=0 I'esp sk {0 lf *4:0,1’
and
@k, if =0 @ k, if =0
V o aelN resp. V = acZ~ 0 .
* 0 if *%0 & 0 if *+0’

here k, denotes a copy of k. Q.E.D.
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