
Bases of Functional Analysis
-

lK=1R an g ←
Assume ee unless

I will denote a E. space our stated otherwise.

Def A seminary or E is a fet U-Hix→ Toooo) s -t-

• Cho-ognous ) K¥4 = (H . 11×11 toElk and XEI

• Csubatditie) llxtyll Elhtftllyll theyEE . ⇒ 404=0
.

Call H - H a nonce if in addition it is

• (definite) KHL-0 ⇒ x=o.

thccall I ferry) : = H-gu is a metre or a normed E- space

which induces the noggy on E. Two norms are

called equivalent of ZCZO St
.

C-
'

lira . I llxtlz E CHXII ,
tree

Exercise:
-

① Show all norms ar IR
"
are Equivalent.

@ Call two norms tally equivalent if they induce the

Same topology . Show two worms on a
IK T space

which

are topologically equivalent are equitum

Def: A Bernadine is a normed E- space which is complete

in the induced topology .

Examples:
① CoCES on ↳CE) fan I LCH .

① L
' CE,Muir)



Defy: suppose Gn)CE is a seq . Say Ten converts
if E-xn→ x as N-soo . Say I-n Lady
of -2 uxnll Coo .

Propst For a normed space I, TFAE :

@ E is Barack

@ Every absolutely convergent series converges .

Pf:_④⇒# Suppose I is Barack and Zthnllcoo
. Let

ESO yard pock Nso set . Inkwell CE . Ther
Fm>n> N ,

HEI xi - Estill -- Il Eaxnll E E. Hull E En"'m
< E

.

¥0 ! Suppose CXn2 is Cauchy . Choose necnzc - -
- s -t.

← convenor

" Xu-Xu Il s z
- K
f mm> nu . Define Yo O ⇐Xno ) and

+KEITH
, Yue Xu.

- ya,
= the- Xna, . Then yj

-Xun

and I hyuk s xx#ft ZE
"
⇒ lxnullt I Loo. Hence

81=1Mr Xue Zyu existsME . Since Ctu) Cauchy , Xu→ tohead

Pnodeectt Quotient spaces : Hu !
-

Repay suppose I , Y are named spaces and TIE→ Y Career

TAE i

④ T is cos

②T is Cts at OE

③ T is bdd : Faso sat
.

lltxllfcllxll KEEE .



Pfi①⇒②_i trivial .

20=3-30: Suppose T Cts at 0€ . Fabled 2e of QI se.

TUC Eye41 KYLIE 13 . Snee U open , 7820 son.

Et l Kuk 83 CU . Thus 4x4 E f ⇒ 4 THIS Iq and so

fast
,

11 XUE a ⇒ Salix u s S ⇒ Sea 1174111 ⇒ It#say .

Taking int our KHIEU goes 117×4 E S ' IH Ll .

30€20 ! Let Eso . If KK - xzll C C-
' E
,
then

11T x, -Txzll = Il TCF -xz> It s C KK,-xzll L E o

Defino les ICI,T) '-= { bdd linear maps #→ 43 . Define

1174 := sup E lltxll I thrust}
= Sup E lltxll I 11×4=1-3

= sup { 47¥17 I ¥03

= if { Cso L Hall 's CHIC KEE} so

cooked the openafonn.com# on
Fon tho , you show its

a norm

Observe if Seger, zg and TELCE, 42 ,
STE LCI, 2-2 T

UST ell E Usk . 117×4 E (LSU . 474.114C ftEE

so llsTU E Usa - HT Ho

Boy: If Y complete , so is LCE,
Y ) a

PFI If (Tn ) Cauchy , so is In x) free.
Set Tx '-=lmTnx.

One wenches that G) T is linear
,
as T bdd

,
and 633 Tn-2T.

Coiro I complete ⇒ ICE) a Baronetage .



Dual spaces :
-

A linear nap #→ It is called a Cheon ) functional
-

a

Bet: the demise Es ⇐
*
'
-
= LCE , K) a-Bagh!

Dept suppose I is a E -Esp and E : #→ G linear
,

① Recce) : I→ II is IR-linear
,
and KEEF ,

yes = Recce ) Cx) - E Reles (Ex) .

② If f : I → LR is IR-Imam
,
then setting

Has := feet -c- flies
defines a E- linen ftl .

③ Suppose I is normed .
* In case ①

, Kelkar
⇒ HRECYIHE Hell ) 11811=11Recall

• In case ②
,

11Recall Coo ⇒ Hell EhRecall
-

PFI@Just observe Ince#2 = - Re Ci Ects) = -Reles CEH .

@ It's clean 4 is IB - linear. Check :

40×2 - flex) - Efcecex)) = flex) - 5ftx) = i fast flex)

= E ( far -etcixs) = 540-2 .

② Case I ?
-

I Recce> as I s least ⇒ 11Recent Kell .

12! If Easter,
least = signees eat = ECsignees x) --Rete) [ signees

-1 .

Hence least s LLRecall . IHH ⇒ Hell E URecall .

⇐ Do as linear files exist ?



Def: Suppose I is an IR-E. space . A subhead
( thgki) ft on E is a fet p: I→ IR set.

* Cposntire homogeneous ) tTEE and XZO, pox)⇒pas .
a. Csukaddetoe) theyEE , party) E pastpigs .

LRHahn-B.ae#eThm : let I be an ID-week space
,

p : I→LR a sublime ftl , MEI a subspace, and

f: M→ Id a linen ftl Sos fee) Epa) txtM . Then

I then A-I 4 : ⇐→ IR set
. Elmet and EE Epa

HEI.

pf Step: txt Esme , 2 linen go.ME#2x→ IR at.
Elmet and gapepegs on motet.

Pf Any extension g of f to M⑦LRx is determined by
g.Cmt>x) = few> tax where 2-get) t>ELR . We wart to

choose 2612 sit. fan)1-72 E Pcmtax) Amen , DEER . Since

f is linear and p is postie honey, we need only consider
¥1 [exercise]

.
These 2 Conditions are:

f-Con) - pom -x) E L E pcntx) - fan) tmsnEM .
F T
D=- I 2=+1

Now part⇒ -far )- fan) +pen- x ) = pcntx> +pan-⇒ - fcmtn )

Z pcmtn) -femur) 20 .

⇒ F LE [ seep {fans - pan-⇒ linen} , Mf { party
-for> them}] .



Step: Obscene soap 1 applies to any extensor g

of f to ME N sur. glnif and gasp or Z.

Thus
any maenad extension 4 of f satisfying 91mF

and 4 Ep on its domain must have domain # . Now

MEZEE and g :z→ I satisfy{Z's? I ganef and gsp or z
}

is partially ordered by CR . . ay , ) E cnzz.ge) if
U E ML and Gatz,=g , . Smee every ascending chain has
an

upper bound [exercise]
,
F a natural ett by Zona

Remains suppose p is a seminar or I nd f:E→tR

is I - linear
.

Then fep ⇒ Ifl Ep . Indeed
,

HEH I = ±fe⇒=f Ctx> s p Ctx ) =pG) a

① Haha -Barack Than I
-

Suppose I is a G
-vector space,

p : I→ To, oo) is a Souchon , MEI
a subspace , and

f :M→ E a E-linear ftl sit. Iff Ep on M .
Then

F a d- linear ftl 4 : I→ A set. 41m=f and let Sp .

PI By A-HB applied to Relf ) , FLI-hug extension g:E→ Is

set. (gKp . Deke 4Gt
'

-
= g - e-glib . Then 41m=f . They

least = signees EAT = EC signees x) -_gcsegue# ⇒
Here# or

f p (signets x) =p Cx)



CookanoesofHahn-Bara# I Let I be a normed space .
① If x #o, ZEE#* sit. Cece ) -41×11 and 11411=10

TFI Define f: hkx→ IK by fax ) -_ X -Hell
,
and note Ifl Elt .lt .

Now apply HB .
@ If MCI closed and ten , F EEE

't set.

UCH - int u x -ma and Hell=L .
men

Pf Apply ⑦ to xtME#by to get TELENET at-
" ECHR) 4=11 xtzu-imnefz.mx-mil and UEA =L . By Hh,
the canonical quotient map Q : I

→ Ilm B ets
,
and

clearly 11×+24 Shell Tx ⇒ HQUEI . Then 9-
= ToQ

works
on

③ It separates pts of # .

Pf If HEY , F EEE
't
sat. EG-y? -41×-74

to by ① .

⑨ For KEI
, define ex :#→ K by Utech . Then

@u I #→ I** is a lower isometry .
If: HYE# , Henrie 11=14# IS 1144 . Hell , so Keith Ellett ,

and ev×EI**. If xto, Fl set. eEI=lH4 and HELL=/

by ① , so keel 1=11×11 @

Deff # a. = evCIT CE't't is the complexion ofE,
which

is always Banach
. If I is Barack , er (E) cI**

is closed
.
In this case

,
if e-CE) =I** , call I

reflexives



Baine category Thur t Consequences
-

:

Thou(Baie Category) I suppose I is aether :
-

① a ↳ CH space on

② a complete metric space .

Let Chen) be a sequence of open dense subsets of E
.

Their nun is dense in F- a

TFI bet VocI be nonempty t open . we'll irductoely construct
VMELN a non-empty open set the Tn C Un nvm , •

Fancy Take Vast . In opt so (Tn ) are non-empty nested
Cpt sets .

TWI : Tate un to be a ball of radius th .

Claim K := N Va
,
we have K€0 .

Pt Ford : CVT ) has FIP ⇒ n Tn ¥0 .

Ford : let xn be the center of Vn . Then Chew) Cauchy⇒ converges .

Now observe 0€ KC Un] n Vo z so run dense m #•

Cart If I is as above
,
I is not the countable union

of nowhere dense sets
.
EI is notmeeg-er.IT#aIfI > is a sequence of nowhere dense sets, Cnn Ii)

is a sequence of open dense sets .
Then

run - n 5. =@ ST ]
-

a [ us.]
'

is dense m I, so Usn # F- .



Lanny: Suppose I , Y are Barack spaces and TELLEZ Y ) .

Let UCE be an open ball centered at 0¥ and UCT be an

open ball centered at Oy . If VC tee , then WCTU .

PFI let yell. Take recoil) sat. yErV . bet EECO, 12 to
be decoded later

. Obscene I

yenta RTU =TF

- -⇒ F Xo ETU Sot
, y-Txo E EN c E- TU = TCE-U)

⇒ Fx
, C- Er U sat. y-Txo -Tx

,
E EZRVC TEETH)

=) or a •

By induction , get a seq . Am ) St- xn C- E
"

ru and

Y - ¥oT×j c- Ent' r✓ Anchal
.
They Exn converges

as Kxnll C E
" RR [summable ! ] for R : = radius CU)

,
and

T Exe = lung TE xn = long £ Txn -y . Moreover , we
have K E-mu E Ellena s EEE ", R = TIEL , so Exn C-FEU.
Thus of E al-r

, ⇒ as ⇒ 2- xn EU ⇒ SETU .

Thmcopentlap.pro# I suppose I,Y Barack and TELCE, e)
is sanjeetoe . Then T is an open map .

tf: It suffices to prove T naps a wbhd of one to a
nbhd

of One . Note T = Un TBI) . By Bane category Thus , FNELN
Sat. TBI contains a nonempty open set , say Txotv where

X.•C-TBwho) and V is an open ball in Y us center Oy . They

VCTBTCOS -Tero G TBzI
. By the Lemma, UC TBzn.co).



Coe: suppose I , T Barack and TELL#
,y ) is biyeetie .

Then T
-'ELLE, T ) . IT is an isomorphism]

PFI If T is bijective
,
T

'
iz cts ⇒ T is open .

Coe: suppose I is Banach under All , and Hiltz . If I
Go set. 11×11

, EC 11×112 FEE#, kill, and Kidz are Gfk .

PFI Apply the corollary to idi LI, Holtz) →CI , U-HD .
DEI Suppose I , T are normed spaces and T : E-2T

is linear
.
The gn# of T is

← subspace!
FCT) '

-
= Eary> I Tx=y3 C E-T .

Here
, we endow IxT u, the norm

LILY f) Hoo '

-

= max{ HUE , Kylly So
we say T is closet of PCT) C Ext is closed

.

Feet. If TE LCE
, T )
,
TCTI is closed .

Pfd Ga,Txn2 → ex,y> ⇒ *→x and Then→y .

Siree T is Cts
,
Txu→ Tx . Since Y Hausdorff , Tx=y .

ThmcclosedGra.ph#s Suppose I , Y Barack
. If T:#→T

B a closed linear map , then TELL#it ) .

Pf Corgrder II ,Ty the canonical projector maps, Cts .
Sire TEE PCT )→I by Cx , Tx) → x is norm

decreasing t bijective , LTE' bdd by cos of OMT. Now
observe T = Ty - ITI

'
is bdd

. [x ex,Tx) aTx]



Thur (Barack-Steinhaus /Uniform Boundedness Principle) :
-

Suppose I , T one named spaces and S e LCE, t ) .

@ If sup 11¥ soo Fx in a non
-meager subset of

E
,

TES

then Sep 4TH Coo.
TES

@ If XI Barack and sup UTU Coo
FEE#

,
there

TES

sup 1174 Coo .
TES

Pts @ Delve Ent- Exe# I Sfufpgkttll E n } = A Ex EEIUTXH Eris ,

-
TES closed

which is closedm I. By assumption , Z×oEI , rzo and n> o
s 't '

Bic En . Then as in the lemma for
OMT

,
Berto, C Eau :

117×11 ELITE-Koll th Troll f 2h when thus r
.

Thus TTES
,
it butter

,
117×11 she ⇒ sfftf

"THE ZF .

②If I B Barack
,
the sets In or part ①

cannot all be

meager by Bare Category as #= U Ea .

-

Topological nectar spaces-
A vector space
I over 1K equipped ul a topology is

called a topocogoealueeespa.ae#CTVS ) if + : #XI→I

and so : Ike#→I are ets.
A subset C EI is called

coccyx if Hye c ⇒ tutelage
C f C- C- Ead . We 'll

focus on locatkyccvex TVS 's , ines, I sit . VEE and open

nbhd U offs , Forex open nbhd V of x Svt . VEU .



Let { pe3e←I be a family of Ammonius or I . Fer TEE,

IGI and Ezo
,
define

Unie '
-
= Lyfe l Pie-ji CE} .

Get Z be the topology generated by these sets.
Facts :
-

⑨ he is the weakest topology Suh Pi#→ Eoroo) is Cts feet .

Pts Esexose!
④ FEE#, the fave intersections Eye# I peek -gree fiction . .in's}
form a wbhed base at X

pf Z consists of arbitrary moons of finite intersections of the

Henie . Suppose EEE . Then Fx . . - in EE, ii. . - , inEI, and
Eru - -

, Enzo s-t. XE hey , is , Eg . Defoe E--=mgh§j - page-xp]. Ther
✓YE

,

Ux
,of ,E z par -yz Epc- -xp tpcej -y ) f @j - ET TE

=Ej , SO

YE tlxjvij , Ej •

② If cxy) CE is a net , ×>→ x ⇒ pice- xx) → Fifi .

Pt: Obscene Tsx ⇒ Cx, > is eventually on Ux
,
on , e
FEZO

,
FEI s

⇒ pick- x →o it EEI
.

② CE
, -01 is a Tvs .

PFI Icts : suppose syst ad yy→y . then VTEI,
Picxty-→ toy, > I Pick -xx) TP.-Cy -yy ) -20 .

•cts If L>→L and Ky-2K )

Pca>Xx- xx ) I pcayxx- 2x> ) tpctxx- 2x)

E lLy -2) pcxyztldnlpcxy- 77 .-Io Ipa →o

Harve #TE ) is a TuS.



⑨ CE, es is locatcycnux .
PFI Observe the U*i, are Ceri : if y.EE#i.e ,

then Vectra,

PCX - [tyto-+22-2 ) =p ( txtCft)x -ty- cc-Az) )

ftp.cx-y7 t Ctf> pcx -Z)
( E E t Cl-E)E

= E ,

there tytu-EHEUx.iq . The result follows four ① .

EE5.
⑤EB Hausdorff ⇐ zpi3.EE separates pts

⇒ feet with K¥0, FiEI s-t
. pics#o .

⑥ If I Hausdorff and I countable , their F a translation

irvaouf metric f :#x#→ Eosoo) sat
- fate ,yt⇒= fangs teeth

which induces the same topology as EEEEEI .

Pnd: Suppose IT , 473k¥ re) ate CY
, Eejsjeg , 0-2 are Lame this's

and TI LI→ Y is linear
.
TATE :

④ T is cts .

② T is ets at O .

③ tjEJ , Zin -

→ ifI and C > O sua
. eejctx ) E

CE Peace) thee.
b- I -

pf③O : suppose by for a fired JEZ. If xxxx , Pina-X, >to
+UH .-oh , so qjctcx -x>D E c ⇐ piece-xx) →o . Hence Tx>→Tx.
④⇒②_ : travel .

: SupposeT is Cts at o and JES . If I. .. , in EI ad Eso sat. tf m
n

✓ a. = N No
, ow , qjftx) & I . Fix KEI- It pink) =D the. . - on,-K=L

then rx E V fr> o , so qgCTr8) = rqjctx) <I tr>o , and Fyfe
) -o .

Assure Pi
,
as > o . Then y = ENELE

,
pinch) E V as Piney) E E SE Fk .

This as Ctx) = @ E-' ftp.ucxfoh-YYI, C 25' II, pinch as desired .



Example: let I be a normed space . Recall that It
-

separates pts of# by CLB . Consider the family of summons
SEZ Pycxz least Zee#* on LI . Then S separates pros , so

the locally Cnut F -sp- top I or I gen by S is Hausdorff
.

Call this the cceaktopogy on E . Obsue a net Ctx

converges to XEI ⇐ X
>
→ x FXEE .

Bops: If WEI is weakly open , 2e is H-K -open .

FIE Evey base open set Uae
, e
= EYE#( Lee-y> KES is irony

0pm as YEI't is norm Cts and lol : G→ toooo) is Cts .

E2e : the weak top is the norm top ⇐ I finite denial .

Proto: A linen ft E:#→ 6 is as we the weak top ⇐
EEE

't
.

PLI Suppose YEI't. The 4-49%037=2×1 he# Ice} = No, ere is

weakly open . there 4 is as at o , as thus U B weeklyCts .

Now suppose T is weakly ate. Then TUCQ open, 4-
'CU) is wkly

open ⇒ u- 4 open. So 4.3 11 - 4-cts and this REIT.

Bed; the neatest top on It is induced by IE#
**

,
i.e.
, We

create * ⇐ 9×42-3 UCE) FEE# .

ThmCBanach-ALaog# g the norm - closed writ ball BEE
't
is

weak * - Cpt .

THI Fon EEE, let D× = EFE
G l htt IHH) . By Tychonoff's then,

D=.IT#Dx is apt . The dts Cdx) ED are precisely fats f: E→ Q sit
.

lfcts If KHL txt# g and BtcD are the linear fetes, the relate top

on BK is the retake whet top, as both are Petya conversed . It remains

to prove BK is closed . If CGcB* is a net we 4→RED, there

YCdstys-hnkcdxtyy-hmde.CHtecy) = Linney then qy= LEGITEly) .



Hutbutspaces : A Esquiline form on a K-Esp .
-

H is a fat L - . .> : HEH- IK chock is :

• Career on the first variable catty it> =Lexit>thy.z>

• conjugate linear in the
second variable Cx,Lyte> =

ILx,y> t LAZ> ,

we call C.
.
.> :

• Se¥jEt of ex, y> =cyT→ tag Etf

• non-degenerate of ex, y> =o Fyftt ⇒ 4=0.
-

• poetry of Cx,*> zo teeth .

↳ a postie Sesg . form is called definite if a,xs=o ⇒ x=o.

Exercise: suppose c-
, -7 is a sesq. farm on H and IRIE.

- z

a) Cpolanzatoais 4 Legs = E ik Cx tiny , itchy>
Kao

b) C-
,
-7 Self-adjoint⇒ ex, t> EIR txt H.

c) posture⇒ self-adjoint by polarization.

Suppose now C- gas is posed and sdfht Epic- Hilbert space]

Define VH1 :=Lx. x>
"2
. Say xty if ⇐y> =o .

⑧ CTR -polarization) of lK=LR , Harry > = Kxtyu - 11×-2120

① Cpythagacan) xty ⇒ llxtyu = ICHI't Kylie.
Pf Kttyu = HELP +2Rest,y> thy42 = lltutKylie

② xty ⇒ KELI's axtdyu FLEE .

Pt: ⇒ i llxtayu
'
=L#ft lat Kyle ZICHY FLEE .

⇐ 11×+2242=11+42 t 2.Rectory>) t ldfucyuz 7, Utu
KLEE

→ Of 2.Re (Lex,y> ) flat
'llyuh FLEE ⇒ of 2Re (Largs) FLEE

take a sufficient small ! ⇒ ⇐y> =D .



③ Definite ⇒ non- degenerate .

MI ⇐ OG-ears
.

¥. If 11×42=0 , FLEE , Hyatt , 11×112=0 E Uxtayll ⇒ xtyky @

⑨ (Cauchy- Schwarz) Fx,yet , Larry> IS llxllollyll .
PFI TEELR , OE Nx-tgif = IHLE - 2ERecep taught. Cx→

⇒ discriminant 4 (Re Cx,y>]
'
- 41kHz .Kyle EO

=3 I Recxrysl Ellul. llyll .
Now Lenny> I = a ex,y> for some Level)
⇒ kHz>1=24,52 = Lax ,y> I 112×11

- ily 11=4×4
- Kyllo C**)

⑤ If 4,7 definite
, lcxgy>1=11×11

-Kyu ⇒ Eeg'S Larideperdut ,

PFI we may assume LEO . set 2 :=ky8 sign Ccny's . then

11 x-ayu
'
= HIP - zRedcay> tugrik KEUZ- 21%7%7 '%fYKyu'
= Hit - 'Tiga = auf - " 242=0 ⇒ Faye,

bydefiniteness,
-

⑤ Hall : H→ [Oooo) is a samisen . It is a norm

exactly where Lo, a> is an inner product .

PfI¥Ey : u>*HE ax, 4×7=14122×+7--14127#Ro
se¥¥ny : llxty42-cxty.xtys-uxlftzrea.pt Kyle

£ Hurt 21Chg> I t Kyle
CGS) E lurk t 24kt- Kyu thy42

= ( Hutt KyuTo

The final claim follows immediately .



Props: Amen ll 'll or a G E- sp . comes from an inner product

⇐ Nhl satisfies the parallelogram identity:
UK tgif thx-ji = 241*42 +Kyu

'] 1¥
TFI Add llxtyil' = LAIR take any> thyIR.
Deke any> == IT ÷o ik llxtikyu way potentates id -

Deft A- Hilbert space is an inner product space chock B
-

complete wat k-U . Ettilbnt⇒ Barack]

Ees:
① l?= {Ctu) I 2-Lxniecoo} with City > '

-
= Encino

② ECI,u) -

-

= 2 measurable f:⇐→ Q I S Lff due Coo'S with

Ltg> == Steg die .
From here on , ft will demote a tlilbntspaee .

Thx: suppose C c H is a comet
,
closed subset and ZEC .

F ! XEC Set. llx- tell = int
Toc
"F-2-11 .

M By translator , we may assume 7=0#C . Suppose Cxnzcc

S -t. llxnll→ r '
-= inf 11yd . Then by parallelogram id

,

-

got

11 ×- If t Il FIX IT = 241 u't HE IT]
→
e-C !

z
C ⇒ uxn-mi = 2h +21 - 411%77112 .
⇒ limmsup Ktm-xnlih I 2T this - 4r2 =o

-
⇒ cxn) Cauchy.

Since It is complete Fx set. in-2 x. Since C closed, TEC ,
and llxlkr .

If HEC satisfies Keller, (x,I,x, I, -- j is Cauchy by CKE) , so F-X'so



For SEK , let St#Zeek ( ex,ss=o TSE 'S } .
Obscene State is a closed subsea .

① SET ⇒ The St

Ff *C-Tt ⇐ exit> =o KE ET z s ⇒ test.

② 5 E Stt and st-S.tt
's

FI SES ⇒ Cs
,
⇒ = Is> =o txtSt ⇒ SESH. Now

since St is closed , Jc
Stt
. Replacing S at St

,
get

Ste St't
.
But since SES'T by ④ , Stttcst.

Let ME tf be a subspace .

③ Mr Mt = Eos

Ff If *MAMI , a.x> to ⇒ x=o .

④ tf Tu@Mt

TFI Let xEH .
Since IT is closed t Cnut, F ! mate minimize

distance to to
,
due.
,

H x-well I Mf "←all . We claim that
NEM

M L Cx-m) ,
so E- m t (x-m)

, and tent Mt . This 4⑧ completes
= -

EM EML
the pf. Indeed, FNEM and LEE

11 x-MIR E 11 x - cm-2×112 = 11 Cx-m) +huh
? ⇒ x-in 1-n *

Hence x-M C- tht
, and we are finished .

③ IT = htt

Pff. Let XE htt . Then 7!met and ye
Mt s -t

.

E-mtg .
Then

O = Cx,y> = <mtg , y> = Cm,y> t Ly. y>
= Cy, y> ⇒ y=O .

-
=0

Thin Cheese -Representation) Hilbert space .

-

: let H be a

Fan yet, define 4g : It-51K by eye) =L #y>.

① 4yfH* and K4yH= Kyllo
① if ye Htt , F ! yet set. 4=42 .
③ yes ly is a Gorjugate- linear isometric isomorphism

H→H7
.



Pfi ① Clearly 42.3 lay . By CI : I eye> f-key> ( E Kell
-Kyu ,

so UGH Ellyn . Tawny x-y , Lcglgzl= Ky,y> 1=4942 ,
so

Hegde Kyu.
② If 4g-- eye , then Ky-y'll# y-y

'

,y-y
' > = Egly-y

' ) -Ey . Cy-y's -_o.
So y=y

'
. Suppose 4 C- Htt . If 9=0 , geo works. Assure

4=10 . Ther M :=ExEH I YEI -03 EEL is a closed proper
subspace@ Pick Zant on, yet) =L . teeth, x- yah2- EM,
St (Xyz > = ( X - iecxzz tea) Z , zig = LUCE) Z, 2-7=62--7117112 .

Have 4=4
Ee

-

② yes Ey is isometric by ① and onto by 20 . Finally, observe

42#y
CE) = CZ, dirty> = ICZ, X>t Cky> =L-2ktEy) Cz).

Hence the map is a conjugate-linear isometric Tso-

Exercise tht u, Lex , ez> a. = Cy ,×> is a teilhnt space .

Def A subset E c te is orthonormal if e.FEE ⇒
<qf > = beef .

Obsae He- fu - E F etf in
E
.

Thus te separate ⇒ ay

on
.
set is countable .

Etecei Suppose ECH is one - and Ee, . . - seaSCE .

① If x= FE
,
ciei

, g. = ax,ej> tj
and KELE = # leif .

② { e. . - - , en 3 is linearly independent ,

⑦ VIEN
, Iz

,

ex,e⇒ei is the felt of M spar Ee. . - - sees

St. H x - EI ⇐ei > e- H - tuff "x-mll .
④ (Bessel 's Inequality) teeth, HELP > FE

,

Kreis 12
.



them For an ode . set EE tf , TFAE :

① E is maximal TLE ar ONI : orthonormal basis ]

@ ME { finite linen comb. of eds of E3 is dense in te

③ Cx,e> =o feet ⇒ x=o.

④ fifth , x- EeGoe>e ,
where the sun on the right

• has at most countably money nor-zero terms ,
and

• converges ur the norm topology regardless of ordinary .
⑤ theft, HELP = Ee Kee>T

PI:@⇒② If MEH not dense
, Z ee

Mt y Kellett . Then

EE EUEe3 te o .No

20=9-30: Obsne Le,×z=o FeeE , so 7×15-0. Sure M is dense,

4×20 . Then x=o,

30=-20: bet +EEL . They <x.e)=o teeE , so to.
So Email .

30-2-20: tea , →EEE, thus, E- knees f , so # countable subset
F CE

,
11×423E xx, f >R . Hence { EEE I Lx,e > toS is
f

countable. Let Cen) be an enumeration. Then

11 I cxiei > ei If = ⇐ lashes> R→ o as mm-200 .

So Icxueizei congas as H is complete. Seeing
YE x- 2- cx.e.se, , Cy ,e> = 0 feet

⇒ 2=0 .

④⑤ : IIHF - E ear = It x - E- ⇐eisei IT→ o as Too .

50€03 : Immediate .

Facts: O Erez O
-
N . set can be extended to our 2ND ,

② H separable⇐ 7 countable ONB .

⑦ HE K ⇐ they had ONE 's of same.sc# .
④ If EG tt ar on B, H e e

-CE
, country measure) .


