
Measurable fats
-

:

Suppose f :#→ Y . Then f induces fats

f: PCE> → PCE ) by S↳ { f- Css ( s c-S3

f-
'

: PCE)→PCE) by Ths EXEII fee ETS .

Exercise :
Form .ee the relationship btwn f-

'Cfcs)) ends a⇐
@ - -

- -
- - -

-
-
-

-
-

- f-(f- 'CTD and TC Y

Exercise: show that its,T CY ,

sots -_ f
-Ess ut

-et ) )
"T.it#TIpce, ?

@ f-'Csn T2 = f-
'CST n FET )

⑨ f-'C Yrs > = Iif
-EST

Defa If CI, 2) and LYFT are topological spaces,
a fat f:#→ T is Cts if it nee, f-

'Ge) EZ .

Exercise:
-

Suppose f : #→ Y
.

① Suppose e-CPCY) is a topology
on Y. Show that

f-402 { f-ET) ( TEO'S as a topology or I. Deduce that

f-Co ) is the topology or I sat. f
is Cts.

Call f- 'Cos the topology or I induced by f.a.

② Suppose ECPCE) is a topology on
E. Show that

{ TET I f-
' (T ) EZ] B a topology on Y.

we call it

the topology on Y conduced by fire . Deduce
that

this topology is the largest topology or Y
set

-
f 's ets

.



Defoe If CI ,Z) ad CY
,Z) are measurable spaces , we

call f :#→Y CM ,Z) ¥2 if f-
'CE) EZ HEER.

Exercise?
- Suppose f:#→Y.
① Suppose Z is a Galyon T . Show

that

FKN) : -_ {f-' CE) (Eez} is a Gag an E.

Deduce

that f-'Cz) is smallest o-0cg or I Set- f is reasonable
.

we call f- 'CN the Ealy induced by f,Z .
② Suppose M is a G-day orI . Show that
{ ECT I f- 'CE) C-23 is a day on Y . We call it

the o-algco-ird-eaedbyf.NL . Deduce it is the

tensest Galey on Y set. f is measurable -

Rene: Just as the composite of Cts fetes B Cts
,
the

composite of reasonable fees is reasonable .

Pep : Suppose CI,me) and CY
, z) are measurable

spaces
, f: #→ T , and z=zcez for some

ECPLEI
.

Thar f is measurable ⇐ f-YET EM FEEEa

tf ⇒ : travel .

€. If f- '(E)EMTEEE, then E is contained in the

•alg Mf or Y co-indexed by f,M .
Sure Zt is

a Geely certainly E , 2=2 C Zf . Smee f
is cm,Zf) -measurable, f. is CM,2) measurable.



Deft suppose CE , -4 and CY
,
a) are top . spaces .

we call f: #→ Y Bonet measurable
-

if it is

CB
, , Bo ) measurable .

Coins Every Cts feet f: #→ T is Borel measurable .

Ffa Gets ⇐ f-'Cre> c- re FUE E

⇒ f Boel reasonable by the proposition .

Cori If CI,my measurable and f :I→ LR
,

then TFAEI

@ f is Cz , Buzz - measurable can also use:

@ f- ' Ca, oo) EZ taek carb) tqbEkR

③ f- ' Caras) EM FEEIR Carb) . .

IIE:Ez¥¥: ) ." "

[a.b] "

-

Corio If LI, reasonable and f: #→ IT- E-ago],
then the aboee corollary holds replay IB w, IT
and internals not including too are internals including
too
.

Reda The Borel Gacy on
IT is generated by

Cauty % The book says a fete f :#
→ IR is

2- reasonable of f is CM
, Byz)

measurable . This has
-

the following nasty consequence :

• If fog : → IR
are Lebesgue measurable

CL,B¥
,

then fog need not
be Lebesgue measurable!

C ! )



Notation : Gren f :#→ LE
,
-note Ef >a f- 'ca,oo7 .

-

Similarly , we'll define

strops suppose f.g : #→ IT one Z-reasonable .

The following fetes are all M-measurable .

• cfvg>CH := sup Etch agar 's
PFI If AEIR , {fug>a} = {f >a3UEgza3 EM .

• Hag> Cx) : = auf E fasig 3

TFI It at LR
, { fag za3=2fsa3n Zg>a) EM .

• any well-defined linear combination of fig
[Reglet : O . Cta) = o by counter , but too zoo rest defined .]

Pfa 0 a-osa

→ I c=o > a

① If aetr Eef >as = {{t?E¥, Igo } a" " Z .
② If ftg B well-defined

,
for aol.IR

,

{ ftp.a3 = U [Ef> is n Eg> S3 ] EM .
RISEQ
rts>as

• fg
Pt: step: suppose fry are non-negative - ther

ta> o ,

Efg>as = U [Ef >r3n Eg> S3) EM .

NSE Q
Rs >o

rssa

Also
,
Flaco

, Efg > of =# EM ,

Stopes Fon arbitrary fry , wife f- ft-f - -be ft fro
f- '=-Hao) .Some for g . Then :

tg=fts+ - f-get - fig-tf-g- .ae#foedl.IdsIE:pII !)



Pupi suppose Cfn) is a seq of fats I→ IT . The

tokay fetes are ne- measure:

• sup fu and int fr

IFI TAELR
, Esp fu said = Un E fu >a} EM .

{of fu>a3=? { fu >a) EM .

• tins
up fu and Lanark for

MI Lin sup fu = life {ypn the = MI Efate

! " Ew :*. .- ÷. fam .

Let CI ,M
,
ee) be a measure space .

Deft An M-measurable feet I→ KR is simple if it totes

finitely mercy values . Obscene if y is simple, an ante

Y = ⇐ Ca Ken G
.
-

→Cne# , Ee , - - ,EkEM .

Observe this expression is unique if
• Ci , - - , Cn are distinct and non-t0 , and

• E. . . - , En are disjoint and irony .

Renee? The sample fees SI form a: finite!
-

* LR algebra closed under
'linear combinations + mutt.)

- -

• Lattice cclosed under int t sup) EEE ne

Defoe SF't = EYE SF 14203 . Obscene that
SFT is :

• closed under addition, multiplication,
←207 - scalar melt.

* a Sublette of SF.
-



Propose suppose f :#→ [oooo) B M -measurable .

Tae is a seq . Oh ) e set set .

• Knee> * fees V-xE¥

• +NEIN
,
uh → f cutely or EfEN3 .

PLI fan n>o and I EKE 2"

Erik : = f- ' ( kata , ¥1 a- below 2", tale steps In .
Fn g. = f- ' CZ " noo I ← cutoff at 2"

2"

uh := IKE -1¥, KEE .
Cutoff at

¥¥÷t÷÷÷÷÷¥
4
2

Then Tn Etna , Tresco and off-4ns 2-
"

on

Eff 2ns . The result follows
.

I Suppose f :#→ Toooo? is Mi measurable and

{ f>03 is Gte . Prone that we can find

such a seq. Oh) as in the proposition
which

additionally satisfies the property that each

¥E¥⇒ [4h - JE. six aream⇐ to'. -ie .

integrable .



Integration of rear-negative fees-:

Fix a measure spree CI, M , ace) . Before

I g= ICI,Min) =L M -measurable f:#→Eo,0013
.

n

Deft If 4=-24 ZE
,

E SAC Lt
,
define

G-I
← disjoint

n
and €0

• S4 := Safdie :=S Yandex) '

-
= -2 cancer)

.

I I 4=1 £ distinct ant to
• £4 : = S Y.ae KEG N .

-
umber in

its £ form .

Theni the map f : set→ Eoe satisfies :
• Frisco

, Srta r S4

pts £ ✓ChulEu ) = r £ Creeden ) if rso. 0=0 easier .

• of GET anywhere , then JOE Sy

Ets suppose &=£ajKE, and 4=-2bake .

Tricks we may assume HE; -_I=IFu by allowing

exactly one term of the form Ottey ,
O - Xfce .

Then Ej = Uz Ejnfq and Felt Egnew .
Now ¢= ¥uaj HE,nFu I Y=¥ubkXEjnFk
Tuples aj Etsu whenever Ejrfu.IO/ . Theus

'S
= Zajiecej I = }uajeeCEgrFk)

s Eg beneath) = Zbuuecfu)
-

-S4
.



• Softy = Soft S4
pf Suppose if = Ea. XE Lu = Its#Fu and Qt4=£CeXoe .2 j , r

Tricks As before, assume I Ej = # Fu
= 4-Get ⇐ .

Swe Ot 4=(0+4) , similar
to before

,

ajtb a = Ce whenever Ejn FunGet@ . The

Slot S4 = §ajucEj) t? backCFK)
= I Cajtbuy ice E, n Fu )
j , k

= E Cajetan) ie (Ejn Fun Ge)
Jiri

= Eye -eleCE
-onFah Ge)

= EE ee edge) = Softy .
fleece g :set → TooooI is an order -pessary LRT-linear map.

Renate: the map Z→ Toooo? by Ets SEdu equals ace.

Lennart fan test,t my :3→ To,ooI by Ets SEY is a measure .

Pff. 42/4=0 , so mycol ) = Seto = 50=0 .
Le

Triche hen.he 4=-2 cjkejs.tn. iIEj=I as before .

If Cfn ) am is a disjoint Seq , then

¥7 = IsraelEon#E) =EngineerE)
=? ¥4 .

Deff for feet , deke Sf : -- sup {Syl I¥s¥f .} .
Remarks : ① obscene this extends S4 for HESH Sauce
-

ft=ScepEScf1os-4E4.0ESFtSa@f.gELt are they ⇒ Sf egg . ②feet , r>o ⇒ Srf- rff .



Prep:S Suppose felt . Then Sf⇒ ⇒ f=o ace .

TFI Preece the contrapositive. If
T (f-wa.ee)

,
In> o sets

a.If > I 3) So . Then f > tnkqfzs.gr so

ff z lancet>I3) >o.
€. Coset: If f = E-cuzEia Eset or ios unique Std . form ,

then ff=o ⇒ mcE↳⇒ the ⇒ foo a-e -

Cascio If felt as f=o a.e. , then
it simple UIESFT

4 Of 4Ef
,
4=0 a-e. So ff= SEE ST =o .

Monotone.com#eThm I Suppose Cfn>Clt is an

increasing seq. and f- lunfnc = sup fr) . Then

Sf = III. Sfa .
FFI Obscene ( Sfm) is an increasing seq in Eckard ,

and

thus converges Moreover, Sfm Eff th
s
80

LIE Sfu ⇐ Sf
.

II Pick a simple of +Ef . Let 0CELI . Set

En E={ fu > E.03 •
Then CEN)CZ is an increasing

Seq .

Set
. UEn=# • Thus

Stn 2. fate > e £4 → est as -ax
.

-

Fts ¥4 is a measure
,
Cts from below.

Hence Im Sfm S
, egg toes 1 . Sme E was

arbitrary , letting E→I, we have tmffn> S4
.

Taking sup over all 4Ef goes ( in Sf > Sf .



Corollaries of MCT
-

:

O Sf = Im Sch t seq Ck) CE se. En Tf .
② V-fg.EE , fftg = Sf tf g
tf. If Ion Ef and 4h Fg , fatty Fifty , so

Sftg = km Soft4h = 1cm Sort lin Suh = Sftfg .

② itCfn) C Lt , Effie = SEI, sap of pea-th sans
, needs.

PFI By② t inductor , true +finite sums . Then

SEK - Sheng
.

Eh Lino S Efm = line ESE
N-200

④ If Cfn) cut
, felt yard tuFf a.e. , then ff= Im f fro
-

⇒ FELT if u complex .

PFI suppose faff on E C- my set . E
' is ee-null . Then

f- -f XE=o a-e .

,
and fu - free =o ace . So

If SftE¥, 'm SAFE
Im Sh .

⑤ [Fatou's Lemma] IS Cfn) Clt , Slimoff- E knife Sfuo
TFI t 53kt LN

, i¥fn Sfg , so fifteen I Sfj hide
Thus Sinrfafn E iff f fo. . Letting k→oo , by MCT,
S hmiuffn lie

,
Shula fu E knew tu Sf's .

② It Cfn) C Lt , felt , and fn-zfa.es , then ffs lunirfffn
HI As ch ④

, suppose fn→f on E y Ea ie- well .
.

Then Sf = S free s 1cm if f£xE = Innit Sfm .
(Fetor)

Exercise . It felt and ff coo , then { f =oo3 is ie- null
-

O

and E f> o 3 is o- frute .



IEgsetuorof-IT-valhetfets-ICEM.ie) fixed meagfsaoe
Bets f : #→ IT me-measurable is

called integrable if

ff± Coo where f- =f+ -f- g
f# out ad f-=

-coat
.

Sure Ifl =f+ tf - ,
f integrable ⇐ SHI Cao.

PTI Ecu,ET) E integrase f:#→ ITS is a IR-vector space .

Moreover
, f : Liam, #-)→ LIL gun by Sf : -_ fft

-Sf- is linear.

Pt: If RELR and f.g C-L' can, LE ), then lrftgsirllfltbgl which
is integrable . terrae L'Cee , II) vs an LR-vector space -

• It RELR
,
felicia, E) , Jnf = frfr - Srf- = rfft - r Sf- -off .

• If f.gel
'
cu, III ) , Cftg)+ - Cftg) - = ft tgt -f- -g- so

,
so

Itg)+ tf- tg - = Cftg ) - tf + tags , all in L'Cu, ET) . By
car③ of MCT, Scgtg)+ e) f- tfg - = Scftg)- e-Sttt Soft ,
and rearranging yields the result .

Exercise; district,#Oz ←
disjoint, €0

①Show that 4 = Ecu KEA E SF integrable⇐ idea> castle .
@Show that if 4ESF is integrable, then whenever 4=ECuAEu
Frat assumed standard! I , f 4 = Ecu outEa ? •

Incognito of G-naked fees
-

I CI, M , ee) fixed wees. space.

Exercise:
① Show f: #→ ④ is MC-Bg ) measurable⇐I

Sho- direly
from the

Reef) art InCf) are MC- Byz) measurable . definitions
.

@ { Z- G measurable fees *→ €3 is a Q-vector space .

③ If f- I#→ E is MC-Bae ) meafceeble, Ifl :#→ To.002 B

MC- Byz ) measurable .



Deff. We call an M measurable feet f: ⇐→ a integrable
of SHI soo . Smee

Ift E LEECH It 1 Inch l E 21ft
, 7¥

f- is oroegable ⇐ Rect) and Idf) integrable .
In this case

,
we define Jf := S Reef) t E SINCE) .

L
'
= L'(µ ) = L

' CE, n) =L
' CE

,M,
re) =L'Cee, Q)

a. = { integrable f:#→a }
is a G-vector space , and f : L'→ Q is linear •

Propose tf EL' , lffl E SHI .
Step If f is tf-waleed , Lffl =L fft -Sf- I Effttff-⇒

Ifl
.

Step: we may assure Sf too

Thick: bet sgncsfl :=¥y);#otaku ISH = sgncsft Sf = Ssgncsftfby defer!
#

EIR .

Then 15ft =SsgnCfTf= Re SsgnCfTf€fRe[sgIf2fI
£ f I Recsgneftf II f f lsgntfsfl = gift .
Supt -

C-ET

Cori: For f. gel
'

,
TFAE :

① fog ace.

@ Gtf-gl =o
⑧ TEEM

, Sef = Seg .
If:②: f=g a.e . ⇐ Ifglee a.e . ⇒ Slf -gto
②⑤. By the pop , TEEN ,

I Sef - Eg I = IS Cfg? KEI E Slf-gi XE E Slf-g1=0 .



Observe that f-g ace . ⇐ Rect -92=0 and IanCfg2--0
ace

.

I
prove this!

Recall Sfg Spelt-g) tistmcfg ) . So
E

¥ Reef-g) =o and { Imcf-g)⇒ TEEM .

we now look at the following particular EEZ:
{ Reef -g) 303 ⇒ Rect-g)+ =o are .

{ Rect -geo 's ⇒ Recfegz-⇒ a.e.)⇒ Rect-Eko ace.
{Imcf-g) 203 ⇒ Imcfejlt ⇒ a-e .

{ Inrcfgleo ) ⇒ Imcf-g) - so a.e.)⇒ In#-87=0 a-e .
Ded: Deke L'

a. = L' In here f-g⇐ fegae.

00 we'll show later that "fu
,
>= Sift is a rosin on Ll ,

and moreover
,
L

"
is complex went 11-4

,

""
c :L

'
→ cocoa se.

• 11ft4=0 ⇒ f=o
↳ g. c f.g) i. =Kf-84 , BE • life ill - Kfk,

metre set - (L
'

. f) cooe - • "ftgll, E Kfk, tlcgll ,

• use FEI
'
to mean ft L

"

representing its egg. class mL!

ooo say Gn)→ f in L
' if Sifu-fl →o as too.

Renate let CE,5z , Ee) be completion of CI.M ,eel .

② If f is Z -measurable and get a-e
, g is Z

-ness.

② If f- B M- measurable
, ZAI-measurable g set- ¥8 a-e

③ If dm) is a seq. of Tz -maces . Sets and £→f a-e
,

then f is Te-means .

④ If Cfn) is a seq. at my
-news .

fats and In-2L a.e- ,

then f B MT-reasonable, so 1- an M- news .

Jet GSK -

fu -2g a-e.

PFI tenant



I

DommatedCoruagyeThn I Suppose Chik L '
sat . def

a-e . and Age L
'
n Lt sat . Huts g a.e

. tu. Thee
-

f-EL' and Jf= Cnn Sfu . §pse:mcx⇒easIfnkMa¥
¥ we may assure f- is me- reasonable by ④ above .

Taking lands left Eggo fell . Taking Re and In, we may
assure for

,
f are ¥2-valued . Thu -

g E fu Ig
a-e

.

so

gtfn Zo a-e . and g- fn Zo a-e -

By Futon's Lamma,
Sgt Sf =L gtf E lmrnffgtfn = Sgtlmmfffn
Sg - Sf = Sg-f I hmirf Sg- fu = Sg - lineup Sfu

combining these
, linsupffn I Sf S lummf Sfu .

£: suppose Cfr)CL' set. Eflfnl coo . Then Ifr converges
are- to a fetch L' and S Efe = Effie .

PTI By car to MCT
, Ethel c-I

'
u, GELLI -_ Zflfnl . So Elfnaslsoo

a.e.
, so
Etna) converges a-e . Now apply ICT for II.fnl EEL ful .--

Sey-mL
'

g

Modes of Convergence# Let CI
,
M , m) be a mess

. space

For Cfn)
,
f z-Be measurable fees

,

"

fe→f
" could mean :

• ( pointwise ) fu → fees txt#

④(pointwise a-e.) frets → flex) a-e . xEE.

• (uniformly ) too, 1- Neat at. n>N ⇒ Ifn#- fool < E VI
Hr

• Cammy) FEZO , F ECI u NCE) s E s -t-

a-- - fake
,

→f yea uniformly.



• CML
'
) f Ifn-f ( →• as n-200

.

.

• Cin measure ) V-E> o
, u({ If-ful >E3)→0

.

QTR: which modes of convergence imply each other?

① ca.u.7-esca.es#. Suppose fn-sfa.ie .

Fred! Get

Entry sin. meth> afeard fuzz → freeze chef. Let

E-MEN . Then cece 2=0 by us from above, and

fnAEc → f- Fec Ptuite .

② ca.us ⇒ an measure) I Suppose fu- face .
Let Ezo

.

-

Show tho , ZNGLKI son, a
>N ⇒ we@If-ful >E3) af .

Peele EEZ set. NCE ) CS and fnrxec→ free cnif. Then

u@ Lf-61253 ) = select- LIKE }RE) tuCEK-hike3nF )--I

always Cd =0 for a large .

②CL')⇒Cmmease Suppose fest on L ' . For Ezo ,

U(E⇐5)=£1= I See E ISH -ful →o as nooo
.

Counterexamples to keep in mind :
-

@fn-tnXco.n , fr→ o umly , net in L
'
.

② fu = Acuna ) [ to ptuie , nod in meaty on L ' .

② fn=nXea±z fu-so + nCE
.
Lot in L

'
.

⑨ faces -_ x" on Eon) fu-O almost
,
net party .

⑤ f
,
-_Aeon] , fz = Keats , fj-X-cz.ly , fy= Keahey rfs-AEI.ES ' - - -

fr →o in LI , not a.e .



futon-*l⇒ know,
¥ ←o?•
race

" lien
ecc#2 Loo

¥ Egonott nxcoiasfff.hn#ETf
.

Lenin If f-f uniformly and once> Coo, frat M L
'
.

TFI film-fi I [sup lb-ft]. Je = @up 1h-fl) . UCE)
-

→0 ash-200 .

ThmCEgyoff) : If fn→f are . and cece> Loo , Lrtsfa.u .
TFI we may assume he→f everywhere by replacing I

moth # IN for sore around N. Obscene that theHU
,

Emu :=U self - fjl k¥3 \↳ 0 as n-soo

By ctsfnan-aboe.es cece) Coo , all (En,u) -so as n-200
.

Let Ezo
.
For all he #I

,
choose NWELN set . delEngie) L Fe .

Setting E := If
,
Ennis , NCE) E Zieten ,a) LEE tzu =E ,

and for> nu
,
XIE ⇒ x# Emma ⇒ (fat- fact, I < th . Thus

L→f unit on XIE.



Def: A seq . Cfn) of mfmeas . fees isCaaehyvnneasweofFE>o
,
NCE Ism- ful > E3) -so as mm→oo .

Think It Cfn) rs Cauchy in measure, I ! Cup to uraeus
M-measurable f set . fn→f in measure . Moreover,
I subseq. Chris set. fnu→f a-e.

PFI Step I subseq. Cfn! son. u ( { Ifm-fuel> 2-" 3) s 2
-k

.

Pts f KEIN , uhZlfm -Lizzie 3)→o as man-200
- Pele nu

Mduehrely so mum > nu art nynznu ⇒ellElfin-£142132 CE!

Step cfnwlptn.se Cauchy off a m
-null set N

.

FFI For kettle set Eu := { Lfna-face
,
122-43 ad Nese Ere .

Then UCNe ) s €12-h = z '-e. Set N := N Ne = lineup Eu , so

MCN 2--0
. If XIN

,
then xHNe for sore all

so Alsos j ,
j-l

GH Ifni Gi- fu;# l E Elfman - fan. I
f 2-

"
E 2

' - i

.

Kai

+EN Cee-null)¥5. Define f↳:= { %yfnu⇐, x#N

Thar f is measurable and fnrsf a-e-

FI! Observe each fnaln , measurable cent MIN,
- EEN Nol E EM} CM.

By Hrw
, flu , = Lian fun is Ulna wearable . Obscene

f- = Kno - flue and squeeze , so f
is M - reasonable

.

Finally , Lys f are. by construction-

Step 4: fun-f in measure .
-
-



FFI Tx# Ne and ↳l, we had

lfnn.CH - fast -_ Ian Ithaca - f-ngael E 2
'- K

.

j→oo

letEzo and pock LEAN set. O C Ie CE . Then Fk Ze

u@Ann-fl KE 3) ENCE Ifnu -813 # 3) < IT -20.

Steps: fu -zf in measure .

PFI Elfnifls. E3 E E Ifn- fun 1k¥30 { l fun- fld E3--
re-20 as Cfn) azo by Steph .

Cauchy remeasure

Step: f is the craze Cup to italy measurable feet set.

fu-zf in measure.
PFI If g is another seek candidate,

{Heyl ZE ) E Elf -ful 3€30 E Ig- ful >E3 .
--
all-20 as now we as n-200

there all Elfeglzq} ) =o TE>o , and fog a-e .

Reviewing : f : carbs→ LR

A party of Ears) is a Ses et por . P={a= Socs, c - - - as Is}
.

Say an internal 3. EP if J= Esi-i. Si? for EG -su. Write

my = int Efes Lee -53 and My = sup Efe> I e- c-33

• Lonesome : Lcf, P ) I ¥, my
XCJ )

n N Length of internal .
• Uppish : Ucf, P ) '- = Efp MJ KJ)

A refinement of P is a Q -- { a-to c - -- a tn=b3 Z P .
-

Observe that of Q refines P, then

↳ Cf,p) E Lcf, Q) f Ucf, Q) E
Ucf

, p) .



If P
. , Pz are two patrons of cabs and Q

Be a common retirement
,

meet Lctipe) E Lcf
,
Q ) E UCHI E

mum Ucf, Pi ) .
5=42

Eliz

Deline : a apgal Issf E Mpf Ucfip )-

N u

• lower integral f f '
-= Supp Lcf.PT
- Zard

Say f is Riemawniregade or Cain of Iast -- Iaaf .
Excuse: Suppose f : ears?→ ER . TRAE :

Of Riemann integrable
@ FEW

,
1- partition P at Tais

SA- Ukip)- Lct,p3eE .

Third If f is Roman integrable on Earth ,
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