
Patti Measures, integrator , differentiator-
-

ChL Ch Z Ch 3

we want measures to study arealvolume and
to integrate fetes .

Informal Discussion
-

:

bet I be assets. treasure or I is a ft

mo. Z→ Torah satisfying:
-c

C-PCI)
, power set

of I

⑨ MC 7=0

① on (14 Ei ) = E recti ) when (Ei } are disjoints
- Ein Ej =0 , Ej Hdisjoint union

64 ur finite of MCI) coo

Q what properties should Me
PCE ) satisfy?

• 0
, E EM Chon empty! )

• closed under disjoint unions Cfirute? countable? )

Ee : let ME PCI> , weCEKIEI
"

counting measure
"

Ee: There is a measure k or some MCPC.IR) sit
.

• >Ceo
, D) =L

• XC Etr ) = XCEJ TEEM .

For this X
,
carnet have 2=19121 !



Define an equivalence rel
'

n a
ton) Sz

try ⇐ E-y c-
EEE.se : check its
as equiv. rel'm]

Using the A-x.vn#C-hoice , pick one representative
from

each eq.ua . class ; call this set
E. For EE REED

,

delve

Eq '

- = {xtqfxe En Eo, I-q> 30 EXTE
- l l +EEL-E ,

123
Pt 2 PAI

Iac: Ex - HEH
N ANY

shift

Now it all sets were in M, then
we'd hate

1- = X ( co ,D) = > (1 Eq ) = I XCEq )
= XCEL -2,1 C-Eoaoo}

- q -

a contradictory
Cthteserm =>CE ) Tq L

-
a

Formal Discussion •
#

•

bets we call MG PCE) an algae of

② M¥0 ,
① M is closed under

finite arrears
, and

① M is closed under complements

Obeirne Every algebra:jFEEMµdeuooes complement
• contains # = E IE

-

• Centaurs & = If

• is closed under finite intersections

in Ei = ( in Ei ?
-

= Ei?
-

← Be Magar



If ur addition on algebra M is closed under ctbe

Ears , we call Ma o- algebra
←'citole'

Exampled
② EO, E3 is teal o-alg
① PCE) is discrete Gaby
⑧ If I is uncountable

,
can define

Z={ECI l E on EC is countable }
"

countable cmon of countable Sets is
countable"

what about U Eai where one Ej unable?
me

Ezs:
• [Disjoortificateas] Suppose we have a citole

collection of

subsets (Ei) of# .

Show that

F
,
E- E

, , Fu a.= Ek) Ei Cirductvelyz
-

= Eun C EET

goes a countable collection of disport subsets CTI 2 of
E
.

• If M
. 2 are Edges, so is 272 .

This means of Ec PCE) , there is a smallest Ealy Mfg
which contains E . Call NCE ) the Gacy generated byE .

⑦ Suppose CI, z) a topological space . Call Zee) tee-
Boel Ealy - E topology : collection of subsets of I sat .

⑨ 0
, I C- I

① closed under arbitrary unions
② closed under finite intersection .



Def : A able intersection of open sets is called a GIT.
-
- - - - MM - - ,

closed - -
- - -

- E set
-

O

-

-
-

- - union
- -

- Gg - - - - -
- - Ggg set
-

- -
- - - intersection - -

- Fo - - - - - - -

-

- -
- Fog set .-

• Get Zcz) by rtaactoelg adding all these in -

wheZ: Look at topology induced by faiz ) it-21 .
Let Ber be the Boel o-alg .

Pupi Bep is ga say each of : -
① open intervals cars,

④token :

carb 2 = N Carlotta?

8. I:L.pe?:t:EaiEa.sa/::::Ii:3..⑤ - - - - - -
-

- Ea, b) = (C-oo.az ues,oo25
④ open rays Casad and Gooza)-

⑤ closed rays cacao) and Goo , a]

To show this
, well use

:

observation: If E. FC PCX) auth EC MCF ) , then MEHMET.
-

• follows by minimally of MCE> a

Thot pop : first, ① ,②,0,50 are
all open or

closed
,
Seo

-

they be in BIR
③ Ca, b? = Caras n Cb > oo)

-

G Byz ④ SoniLan

Zz all ① -50 lie in BB i so than generated Gaby's do too.

Freie : ALL open sets in LR are countable mins of

open intervals [this is Prop . 0.217 . Hence MCO) IBIS .

For @-50, show my I@ ⇒ B# a MC②3cMC⑤k Bar#
Cx)



Det: A set I together we a Gacy M is called a

measurable space A measure on CE,M) is
p

*

a feet on :Z→ Eouoo? set .

⑨ recon =0

① t seq. of disjoint sets CEE >
,
ie (IEi2=EedE)

← Ctble additivity . ⇒ finite additory by taking
EI -4 for large E

.

we call CI
,M ,

ee) a meaeunespac# . A means.

space is called :

* fine of cute) coo
&

G- fouche if I =UEi
, EEEbz.fi, and eelEi ) Coo ti

CE
-

-1
. senrifnuhe tf f EEZ with uLE2=00 , I ECE

Set. • LeeCF) too .

• complete if EEZ auth eeLE2=0 and FCE ⇒ FEZ.
- -

E is Cee-grad
-

¥7 we'll see that
once2=0 by

Examples: Recall {monotonicity
① country measure on RCX)

② Rue KEI . on PC#2 ,

{fue mCE2= { E FIEEE
called points on Dmaemea-s.ae at Xo

⑧ Relay f:#→Each . on Pex ) , define utE2=¥E fat

Coney : f-I g Dome '- f- 8×0 .

O Ctble

④ on Ealy of Ctble or co -ctbte Sets
,
KEI '- ={1 co-able .



Basic properties of measures : CI
, M , w) a areas . space .
-

① (monotonicity) E,F EZ ,
ECF ⇒ eelE) Erect) .

PFI ace CF) = we (E 4- CEE)) = cute) tee(FIE)-
Zo

@CSisaddirruty3CEi7F.c Tz , ecco Ei ) E Z NCEi )
RFI cense EFF , Fie = Eat Ei , so Fu c.Ek TK .

Then we (O Ei ) = cul I. Fee ) = Eccles I E E -(Eu)
.

⑦ (continuity from below) If E.c Ezc EzC - - -

,
then

re ( UE-D= ( in acecEi)
5-200Rfid Set Eo:-X

. Then

MCU Ei ) = eel 4-⇐LEE- is) = I m LEI LEI- i )
= line £delEiner-e ) = Imf delEn) .

④ (continuity from above) If E, > E<2 Ez 2 - - - and

ill Eilcsoo
, then eachEi 2=174, MCEid .

FFI let Fg : = E, LEE . Then F
,
CECFzc - - . and

u CET ) = catEo) t recti) Fi - Obscene

UFF U EenEE = E ,
n [VEE]= E, n [NEI]

-

= EMEI.

Have
③

we LA Ei ) = UCE, ) - we C.U Fe ) =uLEi ) - line uecfn )
= culEi) - linn Leece, ) -outEu )) = Imf men ) .

God If EE z wth eeLEL=o and FCE ay FEM, ee#=O,

thmccomple.to : Suppose (I, me , ee) is a measure space .
Deke MT '

-= { Eu F / EEZ ab FaNEZ aah ocean -03 . The

Z is a 6-alg , and II measure it on MT s.t.ee/z=ee .



Pfi ⑧ Issue OE ZCMT .

① If CEE uke ) is a seq. of sets in MT , then

UCE
.

-oT⇒= @Ei ) U Cute) .
- -

C-M C NE

N ou observe UFEC UNi , and re (Uwi ) s Iucn : ) = 0 .we

Hence UCE;ore) Este . Emil

③ If E,NEZ cette FCN
null
, use,

Thick: Intersect ax I= N
-
IN

.

⇐UF )
'
= [E - ne -I n [ N' IN]
= [En Ferne] It [ En Fann )
- -
= N-EM C N
as FCN
-

c- me

Here Tz is closed under taking complements .

¥ If Telme we ,
then it EWF ENT ay FCN null ,

a.LE)= TELE) E et CEUF) E aiCE) taeCF)
S nilE)ter CN ) = eelE)teen ) =ekE)

.

Hence ToCEUF )=eeCE) .

T : By the above, we must define ToCEUF) : -_eeCE ) .

well-defined ! If E.UF, = Ezuf, we F. c. Ni
re-well

,
then

-

EzCE, UN,E
,
C E

, Uf,
= Ezufz C Ezu Nz

,
so

o ¥7

MCE
, ) E ve (Ezo Ne) I

NCE2)ter) = eeCEz) Erect, y,
⑧ uT02=eec02=0
① If ⇐- Fi) are disjoint , so are ⇐

2
, Cfi ) . If Fiche au- null

,

ther IfiCINi am-ma .

Hence

JellEiufi) = I (#Ei) UCLIFEI) = in CltEi) -- ENCE =-2 a-(E- UE?



Outrages : sit ; PCI>→ coral set .

⑨ settle 2=0

① ECF ⇒uTCE2seettCF7@utCUEn7EEeECEnIV-seq.En)
%p Suppose ECPCE) ad f : E→ Toooo? St .

• GEE adf.CO) -0 ,
and

• T ECI, 1- CEN ) CE s-t. ECUEu [ satisfied if XIEEI

Deke ee*CE) := if { ⇐ fCEn2l En EE and ELE}
Ther art is an outer measure - ↳observe such

CE-7 exists !

Pf: @ Tace E.=D ti -
-

① Obscene whenever FC U Fi ul FiEE
,
then ECFCUFE .

Hence if for E is E int for F.

@ we'll usethe follows .
OO

"

Thick. F Eze =E

Tricks res Es V-E >o, r ESTE

suppose Eci ) is a sq. of sets . Let E>O. For each ,

1- (Fff s Enc guff and FgcFf) E u*CEn)
!# .

Then U En C Un guff , so
←
thy def of htt -

E

at Coen) E E } SCF's
") f I m*CEmtzE=Eu*CEn)tY2EIz)

Smee E was arbitrary , either E Eutaw) .
we can recover a meagre from an outerwear by passing
to the collection M* of act- measurable sets •

-
•

DG MY :={ ECE I u*CEnF)tu* CE're)#CFITFCXI}
.



Remotest ① Obviously WCF ) E etCEnF) t etcETF ) . So
EEM* ⇐ outCF) z witCEne) twit#NF) FF.

②All cut- iced sets are in M*.

FFI V-E, µ#Cen N ) tht C FLN) = utc
F in ) E witCE ) .

TN! u*CN2=o .
G

⇐ Eerie iii.iii.¥
"'

G
, cG

, o = G n LEIF) Go ,
Goi = G n CFLE)
Gil = G n ENF F

#*,u*CG2=u*(Goo)tu*CG .
.lt#CGoistm*CGy)There#

ME Smee EEZ't, cutey =#Gn E) tart CGLE )

= Mt(Gi ,UG, o) +m*(Go, U Goo)
Since FEMtt, u*(Gubbio) = at auGio )NF) +WGNGoIF)
- -

Gil GLO
= outCG . . ) t u*CGio) .

Similarly , out(Go, UGoo) = acidGoi ) t wit(Goo)
.

The result fellows .

-hmCCanathEo2ory Zit is a E-alg , and cu*/m* is a measure .

Tf! Step 1 :
-
e MT us an algebra
⑥ Clearly 0EME as WEE )=w*CEnI3tu*CFr0 ) .

④ If E ,FEME , then FG
CE, CE)

holds above .

m*C⇐U F)NG) = on
't ( Gwu Go , U G , , ) =m* (Gio)tort(God tuk ")

u*⇐uF5n G) = u
't( Goo)

Eun applied to

⇒ Sun is wit CG) by c* ,
GouGow Gu .

② Observe defray characteristic of Mtt is preserved
cinder taking complements .



Step ME is a Ealy .
Suppose CEN ) seq .

of disjoint sets in net, and E:-#En .

By Sept , FNELII , I En e zit . Let FCE
and define

G.= En F- En . Then awe ENEMY ,
<

u*(Fn II.En ) = u*CG) =WERE,)tu*CEn
=#( Fn TI

'

En) tu*CFn En )
- -

By iterating as En C-ME Vnz we
have

u*CFniIEn7 = £ #Cen En) FN EIN .

Then FNGLN
,

FnCtIEn5
-

u*CF) = out ( F NI En) t wit CFL II En )

= I m*CFnEn) + out LF III.En )-
JFIE as II En CE

Y £w*CFnEn ) tm*CFLE)
Taking limits on Topo] as N -200

,
we have

00

WTF> 3 Enter En ) tu*CFLE )

Htt ( z, utCE Fn En) t u*CF-E)

= out ( Fn E ) tantCHE ) .

Have EEz* .

Step u*1q* is a measure .

Suppose CEH) are as m ¥2 .
Take F-E in Atx)

to see ICE ) 2, Zeiten) > u*CE
)
,
so equality holds .

We'll now use this than to
attend prorogues or algebras

to measures
or G- edges .
-



Defog bet Aa PCE> be an algebra .
A fat

neo: it→ Eo, oo? is called a premiere if

@ off03=0

① t seq. of disjoint sets
(En ) at set. Hey C-A- ,

we have crockEnz = Eee @CENT .

we define finite , o- finite, and semi freeze for preueasucs

analogous to the def 's for measures.

Properties of pancakes :
-

⑥ Cf ,wife additivity) If E.. - - , En EA are disjoint, recite )=IoeoCE⇒
PFI Take Eu=p than . then I Ei = I Ei C- A- , so

n n

mo CI Ee ) = clock I = ElloCEI ) = ZuoCEE ) .

@ Chronotonicity) If EyFEA wth ECF , then NoCE) E clock) .

Pfi f-= Elt CRE) , both in A. Apply finite additivity .

@CcocntabCeseebaddittrty7IfCEn7cAs.t . UEmek, they
llocuEn) E ZeroCENT .

PFI Set F'-=E, and The Enl Ei . Then Fredo tu ,
at

Ifn= VEN Eth , so docuEng--no#ED = ElloCED

E E Molen) by ①a

② Suppose EEA and CELICA Sot- Ee UEn . Ther moCE) E Tilden)
.

Pf Let F, ENE , and Fn -

-
= En [Enl

'

Ei] . Then IEEEEA
,

so noCE ) = doc# Fu) = ZicoCfn) Z E redEr ) by@.

⇐ & It to merely satisfies finite add
-fruity, we still

have moreGaiety ! ftp.teaddntiuny-snorotoneetyI



stenting cry a premature do onA , get a outer measure *
- - re

or PCE) by utCE) :=ihf{EccoEn) (
EcuEn and ENEA th}

.

banned at Italo
Pf Suppose Eat .

U*Io : Setting Ei_=E and Eu '- = 0 trial ,

# CE ) E E ee@ (En ) = eleCE) .

UoE=*3 Let Ezo . By define of it , I seq . CEN) CA sit .

ECUEn and doCE) E Emden ) EwitCE) TE .
20

Sue E was arbitrary , do Eee* .

Can look at the wet-measurable sets M*

tonne: A- cult
PI Suppose EGA and FCI and Edo . Pete C FICA

SH
.
F C U Fn and End F) S#F) TE . Sme eco is

n

addition on A
,

ditCETTE Z InoCfn ) = E eeocfnnE) take NE
'

)

= -2 noonne) t -2 eeocfnnt
'

)

7 HERE ) tartan EC)

Swe E > o was arsrtn.az , WTF) > u*CFnE2tu* NED
,

and EEM*.
Get a measure ie u*1z* or Ealy MT 3A . So if
MEZCAL , MCM't , why is a measure

,
Acne , and

only = ello so

Thin If V is a measure on MeMft) set
. u1a=eeo ,

then VCE)seeCE) HEEM z
- the equality when

MCE)Coo .



RFI Suppose EEZ .
Then FLEWCA set. ECUEA

,

UCE) E I ✓En) = Z moCEN )
.

there NCE) E irf { Emcee) IEC uEn3=u*LE2=ueCE) .

If NCEL Loo , can choose CELICA s.tn- ECUEn ab
-

ML FEN) Is IdeoLENIENCEHE .
Sure ECUEn

, we
have

① cette En)LE ) EE -

By Cts from below for cc and U
,

① UCF En) = Lynch 8 En ) = life NCEEn) = VCEEn) .
- -

"

t
Ratty it together , we get..lboth-ieoc.VE#eeLE)EulUEn2OEvC0En)=VCE)tVL@EVE) ) WE> EUCEITE .I U CE) tire@En>LE) s VCE) t E

Cusa) 0

Shoe EZO was arbitrary , MCE) E VCE) , so eeCEI=L(E)so

G-: If fe ,
ie is 1. extensor of neo tome .

↳ for a pneueas.ae on A, means XI= WEH w/
ELEA

and eco (En ) soo fu , WLOG , can take CEH) disjoint!
Pts for any other 2 extending eco and ECHL,

✓LEI =#EnEn) = 2- UCEheh) = -2mLEnEn) =u CI
EnEn) Face?
-

coo

construction of Lebesgue- Stidges measures as 12
-called h-intervals

← →

Deft bet H :={030 Eca.bz/-oosacbaoo3u2cacoo3l-ooEacoo3
let d- be the setof finite disjoint centers of ects of H .

By HI , A is an algebra , and MCA) - Byz .



Let F : LR- IR be nondairy Get⇒ Else#E)) and
nights Canyon ⇒ Fear) →Fca) ) . Estate F to a fet

Foo , as]→ Foo, oo] by Ecco) •

Fca) and FG)--=¥yEcb?
Defoe who: H→ Eoroo] by • noCO) : -_o

• allocca,S2) :=FCb2-Fca )

GI: Extend me to A=Aeµ) .
(•Modano) ) : = Floor - tea,

n
n

Steph: If Carb ) = jsfcaj , bj ] , then uol.ba'D) = Eeeoccajrb;D .

there
, -001 q c b Coo .

Pf After re-indexing ,
can assure a -_a , c breeze bz = age - - - Cbn .

Then Macca , b) ) = Fcb ) -FCa2= Ecb;) -Fcajs = ¥2, eeoccaj.bg]).
Step. If capo) = Cao , oo) ht GIL, Cass 's;] , then

Meccano)) = Mo(Caesar) iloccaj , bj] ) ,
j 't

Rf Similar to Steph and omitted .
Steps: If E. . . - s En Eff are disjoint and FEM S -t. FC II.Ei ,

then no CF) = IZ
,
eeoc FREE)

PI' Removing ells of CE if necessary, we may
assume that

f- NEE #of fi=L, - - -su , so Free E H and F= It
,

FREE . The

result near felloes by SEITZ .

Step: If LEE)?= , and CTj7g , are two sets of disjoint

4-intervals set. IEi=IFj , then EkoEi ) =£eeoCFj2
Hence eco extends to a well-defined feet.

A- = d-Cd )→ Toooo? by eeoc LIFE ) : = Eiko CED.
TFI By Steps , Izu.Ei ) = EI eeoceinfj ) = II,?IuoCEitj ) I II elect).

Ease for Ei use for Fj )



Lemmy: do is fmiadyaddet.ae E = LIE , ⇒no f-EeocEi )
-

⇒ monotone EEF ⇒ oloCEIEMoCF2

⇒ fvntelysddte Ect Ei ⇒ re.CEJ EE eco CEE )

PFI Suppose EEA and E= II Ei w E ,
-- , ENEA .

Then each

① no ②

Ei = II, Ej ay E EH Aja . --one , as E- ¥, Ef .

By two instances of Steph , we have
*

doCE ) II docEF ) IE
,

noCE ) .

Thm ceo is a premature or A .

-

PLI @ clear me@2--0 by detonator .

① Suppose CET )CA is a disjoint seq. set. 4-En E A . Then

F disjoin h-intervals F. . . . ., Fu C-H set . 4- En = III.Fj -
-

May assume EnnFj to for at most onej

Panther the ⇐n) into CEI ) St. #Esu - Fj Tfl , - - -

I
ko

-

-we'll show uoCFjy= ZicoCEE ) +ja. - - ik .
Then by Step 4f - )

eeoc 4-Er) = eeoc Fj) e- = Tj, noCF;) = IudEII=ZeedEu) .
-GOCallsCoo

coset: suppose ↳Carb] = caj.bg] . Are LN , III. Ceejibj 'd C. car's}
By Steph and monotonicity ,
Imo(Cag,↳j2 ) = eeoc#Gejisfd ) diecast) .

today n-soo, moccasins;D I docarb]) .
To show the reverse ireqgeeleky, let E3 0 . Shee F
B right Cts-)

• F S> o set
. Feats)- Flag s Ez

• Ij , Z Sj>o Sir. Fcbjt Sj) -Fcb j) < {j+ ,
or



•bsae {Caj ,bjtsj) }7j=, is an open cover of Eats
,
b] EE cost!

•

By compactness
,
I fpwte sebcooer , so I Nso

set-

Eats
,
b) G ¥, Gj , bjtbj ) .

Then moccasins?) = Fcb) - FG) ) f- cats-Fca) < Ez< Fcb ) - Flats) t E
z

= lolcats
,b) ) t Ez N

u ] cats,b7C¥, Ca;igtf.IE
Moc¥, cajisjttp) +EE

y ⇐ TEE ⇒
.

£ FI
,
eeoccajzbjtffd) +Ez ItoCE) E EccoCES

= Cecsstsjs -FGM) "E)Ecbjtsj) -Feb;)< E-

SEE, CFC's;) * Egg -Flag)) TEE ziti
+I

= Ecb;)- Fcaj) t EE, Zsa t Ez
E eeoccaj.ba ) t E

E E eeoccaj.SE) t E

Gsetb C -oo
,by = ICag , by ] ay -ooteaj Lbj Loo and bCoo

Caselli CELIE? = I Cas , tap on Cao
,
as#Icaj , b;] ]HI!

Now C Eh
, Aereo) its CLR , PAR ) ,u¥) → CLR

, M¥-24 , me '-=u¥n*)
→ -

darn measure outcneagugfle Sees,
HeACM# ByzCMF

Def: Call me 1,3
,

the Lebesgue-Stieltjes measure associated to to
-
-



Renate: sure up is oe, it follows from Hwy that

MF -- BIZ for elf , ice- , sets on ME are canons at

Borel sets and subsets of Borel sets which are

ice -null .

Def bebesqeeneasee_ B X:-_mid -bae id →IR is easy.

Le.=Z* = BIR for > lB±
Translation t dilated properties of X
-

:

Bed. For ECIR , r,SEIR ,
define nE== Enxlxe E3 and

Ets '
-= {arts I XEEJ .

Thin. Suppose EEL -

① If RELR
, then NEEL and c)CNET.tk/rXCE2 .

② If SELR
,
then Ets EL and Vets) = XCE) .

Rf we'll prove ① and ② is similar .

Step 1: Kl - X is a measure on L .
-

pf Exercise .

Ssqs I: Obsue that Byz is closed under E1→rE. Hence
-

ICEL := Kane) defers a measure on Bep St- = rt) ,#
s

Fft That I B a measure on Baz is an exercise left to theeater
.

By HWI , if EEN ,
then ICE) '- Irl -XCE) , so Early on A-

and this all of Buz by the uniqueness corollary as I
and IRIX are both G-frute .

Steps. If EEL is Krull , then ✓EEL B X-well.

Pt recall EEL is freed ⇒ FNG Byz set. ECN and INFO
.

Now nearN and > CNN ) =* ca) =o, so ✓
EEL is d-null .

c-I

step 2
tbh as L= BIZ for X , we see I

and Irl .> are both defined
r

or L and agree . Hence
X =HX or L -



By third ,
dCEx3)=o * KIR . Hence if ECB is

00

Courtade , then E=L E-is ,
so XCE2=-276431--0 .

rel

Def The Canaan set C is defend as men where we

defer Cn inductively by
"

remarry middle thirds
"
:

co := [-]
O l

C
,
[→ ET etc .
° I 3- I

C ' = ET ET ET ET

Z of Ze Es Es IE L

Then by continuing from above
,

LCC ) = linker ) .

By the 3
n -zoo

-

> CG 2=1
dcc , I = I - I
>Caz =L- Iz - Z
X↳2= L - I - Z - Yz, etc.

⇒ > cc , - I - Ee, z;÷= I- 'zig CEE

=L - t[÷I=o .
It as well known that C is uncountable-
Indeed it is in Stpeter w/ Eo , is

"'
cees base-3

decimal expansion .



Regularity properties of Lebesgue- Stieltjes measures a

•

-

Fon F: IR→ LR increasing ad right Cts, here Merkel set .

MEE ) = irf { Eg Fcb; ) -fogs / EC ft, can bid} .-
upCcajibj] )

Ya: TEE Mp , uCE2= irfEEeeccajib.PT/EC%casibj23 .F F

Pf Denote the af on the Rtes by VCE) .
¥1 : ne CE)I VCE)

.F

Seppose EC Ucajbjz . Can wire each caj.bg ) = CAI , BET .
Thu EC Y#Caffi] , at ie 2E .FI#aEibFh=Zjeep4as,bj2 ) .there are,=CE) EUCE)

.

Step: VCE) fileCEL .

LetE 20
. Fccajibj 2)Tz, set. ECU Cajas;] and

Emeka,-Lbj) ) E che CEI t Ez .
For each j , Ipock Spo at- Fcbjtsj) -Fcbj) L ÷+ , a Ther

EC U Cajibjtsy) and

2-
up( Gg , bjtsjz) = -2 Fcbjtsjg)

-Fcaj) < I Fcbj 2 -FGs) + Eggs,
= Zeepeccaj ,bp) t -2ft,
£ Up CE) t Ez C-Ez

there VEI E iceCE) TE . Sme Eso ceases arbitrary , VCE) SHEET.

tbf: suppose CI, e) as a Hagg topological space
and McPCI) is a coaly cartoony Bees

Ci-e, ECZ) .

A measure ace on he is called :

• outer regular of eelE)
= defence) ( ECU open}

-

• irregular of CeCe) = Eep Zuck) I compel KCE3 .
• region if we is both inner touter regular .



Thai up on Me is regular.
Sept up B own regular
Pf: bet EGM . By the lemma , too, F@ajibjDjFs.t.- F

EC U Cajibj) and E.me#jisjHEueLE2tE . If UGr§2 ,
then UFCW) E E. uol.cg.is;D Seele) TE • Have TEES
F open the>Est - NECK) IeeeCE)tE . She reeled EMEA),
wehave me E)= Mf { upCuz I ECU open] .

SIPE: Moe is inner regular .
Step? Suppose EEMF is Edd , so E B apt and crepeE)Coo.

CEC carb] zoned up 2 E ECbs-Fay Coo -I let EZO@

BgsSteph , F •per US CELE) set- MECK) fierce#HE .

Then K:--Eve is apt and contained M E.

④Uwe have

MECK ) = MeCE) - UFCEnka ) Eve

= MECE ) - UF CEnU)
=MECE) - [MF (U) -upCUSE)]

[HE 3 ETE]4 MELE) - eleCle) tree (ELE)
-

>MELE) -E
.

Z - E

Erb ! If EC hype unubdd, E=
#Ej where Ej

'
-

= En ↳ soft] .

Let Eko
. By Stepza , Aj , Z apt kg Eg s .t.ee#kj)3deEJI-pEIi-

Fer NEIN
,
let E'= In Ks , Cpt. An , recti Zee Ej) - Ez.

If NCEL too
, Sue ul INE j) F aceto) , eventually men)> oh , so

seep Emens In ←IN3=00 = ecce ) . Otherwise , eelE)
Loo
, -d F

NEIN set- NCE) till Ej ) +Ez E ee CFN ) tfzt Ezo there FEZO
,
I
•

F Cpt FCE set- UCF) 's iceE) E reef) t E . Hence elf B 'Uber

regular.



Hausdorff Measure a

O

-

let CI. f) be a metre space .

For A-,Bee , A-¥0
#B
, define

fca.BZ :-_irf{ scam I
be Ps3 cast?

get,B2:=nfE fears> I aet ztsEB3

Def An oath measure it on PCI) is called a Ccaratheodoy)

metre outer measure
-

if

• f CA,B) > o [
⇒ AnB-41⇒ m#CA#B) =#CAI tee*CB) .

props: If u* is a metre outer measure on PCI2 , then

Bg CBoel Ealy) C Ztt cart- measurable sets )

PI: sure Bg is generated by the open sets it sufferer to

show all open sets are
rn Z*. Let MCI beeper .

Steps we may assume fee,
#U) =o -

Otherwise
,
XFCE

, f Cen U z Fel) 20 , so

u*CF ) = ietcfnze) trekFte) , and ME Z*.

¥2 : For NEIN
,
defer An'-={xE2l I fcx , Ethel > In } . The

Gtr) is increasing and UAn=U . Sexy Road, defer

Bn :=AnLAn-i knew .

Then 4-Bill , and REO freely .
Observe Bn=0 An>k⇐ thrice ⇒ FLU ,#↳3¥ .

Step. If Im-ni>I and Bm#0 # Bn, then fCBm,Bn) Zo.

FFI Suppose IS men-l . Let XEBu and gEBn .
Then get An- idAnti

so F ZE EM son- fly,t) s# .
But xEBm , so fCxiZ2

> In .

By the I req. , feng ) z f exit) - fade) > In - la, =¥,
.

Here SCBm.BIZ ¥, 20 .



Step. Let FCI . If m*CE2=oo, then

n*CF2 7 outCen re) twit (Fte) .

Assure cute) Coo . Then aettcfn Be ) ¥20 .

Ff By Step 3, theLN ,
€µ* (Fn Baa ) = u* (I en Bon ) E m*CF) and

£u*CFn Bae,> =#(TI Fn Baru) s cute ,
Tatry k-soo, one hare Ent CF n Bil E 2ee*CF) Coo-

three the tail must → o.

Steps we now calculate VTELN :

utter a) teemFM ⇐ u*LFnA~) tUtcFncream) tuttCarey
- -

an combine these two shoe

f (Fran,Fire) 7, f. Cdn , #ve) > In on

= u*(Fn [An U Eve) ) teethes clean))
←

E utCF) + Ez
,
atCfn Bk ) htt Ba
-

→o as n-soo by Step
'4.

Deff. Suppose CI, g) a metric space , p>o , and S>• .

For ECI
, deke

f.
drones seep{Sexism *TEST

series:=if¥m. IEEE.gs?e:oi::.3ceEn:irf0e=oo.obsneZ*
is the outer measure induced by

PRE

8:{ 03417mW!!} → eo.ae

B 1-7 [diam BIR
ol l-2 O



Observe that if ECE ' , then Zip
,,

CE) 3 Z*%,# as

as we are taking an infamous owes a smatter set.

[ Ewy E-com is an E
'
-cover]

, thence

Z*p CE) : = lm Zip, CE )E-20

is well-defined
.

Lennart If @it ) is a family of outer measures on I , thenTEI

M*CE2:= Seep out CE) is an outer measure-

tf Exercise .
IEI

Propose Ztt is a metric outer measure

P

Ffi Sue Z*p= Sgp. Z*p.g , Z*p is on outer measure by the lemma.

Suppose f CEE) > E >Og and choose on E- covering CBD

of EIF . Then try Bn intersects at most one of E,F.
-

so we may partition CBs) into CBE ) and CBE ) St .

• Ee U BE and BENE =0

• Fc U BE and BENE =
p p

This 2*p
,
@
(E) tztp.ec#EEdamCBE7tdiamCBnF)---2diaenCBn)P

for ayy E - covering . Here V-ESGCE.FI,

Z*p.eCE7tZ*p., CF) S ftp.eCEHF)

Taking E-20, we get

Z*pCEIF) E z*pCE)tZ*p#I EZ*pCEHE ).
E t
2¥ outer limit ⇐o

meagre



Delta Sma the Boel Gacy B±CM* for Z*p , get
a

called p-dimensionalBad measure Up i=2*plB± -
Hausdorff measure
-

as

Properties: Cts son. scta-zfegzz-feyztt.ge#
- -

① + isometry f : #
→ I

, ZPCE ) =ZpCfCED HEEB#-

FFI V-E>o, NIECE2=295. @ CFCED as ECUBr ⇒ FCEIC UfcBnd .

@ Zeon LR is HB
,p
-

Ffi Fellows by uniqueness of
all
Byz
fan HWI

③ It ZpCE) Coo , then ZQCE) -_ 0 it E>p .

FFI let Eso. FCK) set. ECUBr
,
dianCBs)EE, and

I diamCBujszp.EE) th . But if q2p,

I diamCBI = E diamant
-PdrainCRIP
-

EEE-p

s Ea
- P
E diam (Big S EE-P[zpCE2t1] .

Thus too
, ZE , CE) SEE'P[zplE2t⇒ .

Letty E→o , Zg CE ) = zq*cE) E LEE EE
-

P[znpLEH1T=0.
② If Np CE)> 0 , then ZQCE) =oo Aqap .
A1: Contrapositive of③ .

Defoe If ECBE, its Hausdorff dimension is
-

{ chef p>o l Zp LE)=o3 -supEp>ol Zp
CE1=003 .


