
Product topology : Gaer topological spaces CE
,⇒

-

and CEO 2
,
the product topology 2×0 an Ext is

glumly { re-v I rife and VEG'S . [take areas]

Exercise ; Boe exo- is the neatest topology on #T so.
the projection maps II

: ⇐ + T→LI and Ty : I×Y→Y are Cts
-

product Spaces : Given measurable spaces CE.22 ,
( Y, 22 ,

-

the product 6-alg MER isg#sy {ExFlEEMsFEZ3
.

Exercises show 2--2 is smatest Ealy sat. the canonical
projector maps are measurable . Deduce MTR is

generated by :
Ee generates me• EITI'CE ) , II

'
CFI l EEZ , FEZ} Or 6 Ey generates Zz

• IT-'CE
#7 U #

'CEE) whee Z=ZCE¥) and Z=ZCEy).

Propose Suppose CI , and CT, ge) are metre spaces .
⑥ BE '- By is generated by TEXT U I+ Try
② B
#
*By C BExt

③ If I , Y are separate E 7-countable dense subsetsI,B¥By=B*y .

FFI @ felloes immediately from the exercise .
20 Since Tx XT , Etty C TexTy , B#

*By E Beery o

⑦ Suppose CEI and Dey are countable dense subsets .

Let EE , Ey be the collection of open Saks centered at GD

respectively my national radius .

Then every open set on #if

is a countable men of acts of EE, Ey respectively .

Also
,
ED

is a countable dense subset of I-Y, and thus TEX Ey is

generated by EE - Ey C B.ItBy o Here Bere EB±xBy .



Exercise:
-

@ End an example of Cran -separable) metre spaces I, y se.
B
#

e-By E Beery .

② If one of I - Y is separable , is B±xBy=BExe ?
Give a proof or a counterexample .

Recently for sets Iie
,
the product IET satisfies the

Ccaoegoicod) undressed property which characterises it up
to canonical bisector:
Z
i t set Z and Jets f '-2-→I

, get→ T , 7 ! See¥¥÷¥8 fig : z → Ext set. f=%oCfxg) and g=t*KS⇒ .IKE ¥y

Exercise If I, y, t are topological [respectively reasonable?
Spaces above , then the following are equaled:
① fxg is Cts [ respectively measurable I
④ f and g are Cts I respectively measurable 1

Proposing The following fetes are continuous and thus measurable .

@ to IIELR-s IR Icanalso replace LR y Eozoo? and GI

② . :#LR →II [can also replace A ay IT and EI

PI Exercise!

Cori If f: CEM→LR and g- CY,2)→¥2 are measurable,

so are ftg art fg . Econ also use other codenames]

' E ¥12
Pt: ftg , t KR
- is E

... ⇒
'EE
"t

are
X •

composites :
T

g.
↳⇒ LR¥> y →



This gives another pf that face,my →G is ctsfmeaswaeble
⇐ Reef) and In Cf ) : CI,my→ LR are ctslmeasinnbk .

HE obscene f:#→ ① is Reay A ¥2
→ f Tre

the f map set. the E - - - - - - - . -- - -- - -
. - >¢
\
,

even
following diagram commutes : Idf) IR - ith

mwttbyi.Thoduetneee-senes.azmeasure spaces CIM,uh , CT,2. u) .

Det: A reasonable rectangle B a set Etf E
Ext set-

-

Etsy and FEZ . Obere :
- T

- r

• ⇐FF ) r(EEE) = ⇐int ) x CF, nfz) I#

• ⇐*T = Exec) # ⇐cxf) # Cece,
F

- - -

⇒ A '
-= { finite disjoint unions of measurable rectangles} CMER is

an algebra which generates MEN .

Prep: for G = II
,

EE Fie EA , define

arc convention

crew )
@
(G) '

-

= ¥greCEw) w (Fu) ) that o - oo =o .

Then Cerezo is a pveneaswe on A CMM .

-

PFI It suffices to show that if Exf = Is Ejxfg ,
then

receiveF) = EwCEgIV (Fj ) .
Tr tree,yet, 7- I j set . ↳g) EE Fj . Thus E=j¥. ⇐

,
Ej .

y F

This Bea disjoint woes since we cannot have both
XEEJA Eu and yet n Fu , else Gigi C-(Ejxfj) n CEE Fu) --0.

Now for yet ,
NCEL = E UCE;)

- Z re (Ej) Xfjcy) .j stayc-Fj



Then ulE)Keep = EnCE} Ufo.Cyl , and integrating yields

Sym Ke du = ! -2mL ref
;
du ¥-2 Sync ¥. du

= I mCEjs Sykes. du = UCE
;)VC a

hee now use the outer measure construction to get

an oath measure Geeta )* on PCEEe ) ,
which restricts

to a measure renew or the crews't- measurable sets ,

which is a oalg containing NER Cwhoch was gu . by AD .

Exercises. Consider the canonical pmojcs LTE ,Ty or €+7.
-

①If I, T topological spaces , prove IE,Iy are open maps .
④ If #The , Che,Z) measurable , do ITI ztty map sets on Utz
to sets in M , 2 respectively? Gie aproof on counterexample .

Cross Sections : Fix mens - spaces CE ,M ,
and

,
CY
, Mi 's .

-

fan E C Ext , define The [Enes-YI y - -

⑥on: Ex
i= { YET I any ) C-E3 H Ex

•yh: ET
'

- = { ye# l Arya EE 37 I
#

T¥[EnCIxEg3I E's

Exercise : suppose CEN ) CMM . Then

④ @Ei]× = UCEok
② cneiz-nce.ae/E.YYI-yTsI+ons .

③ (EinEj ) * = (Eihl CE;>×

④ XE, 0427 = Reetz Cy)
-



Proposer: bet EE MEN . VEE, EEZ and Taffy, ELEN .

Eqairabutly , TEC - n (EAT)) and Ty ( so n (⇐ xEy3 ) map
measurable sets to measurable sets.

TFI we claim f.= { ECI-T l Ext 23 is a Geely containing

the measurable rectangles in NEZ ,
which generates MER.

⑨ DEZ ⇒ OES .
① If (En )Ef so CEN z tu, observe @En )×=UCEn3xEZ .

Hence UEn Ef .
① If EES so

Ext Z , observe ⇐c)*
=⇐e-JEZ⇒ E'ES.

• Now of Etf is a measurable rectangle , (E-F)×={Foy JEN.
• Similarly , I EECEXT I E2Ez3 is a o-algeortamy.MY.

Exercise: use the proposition to prove Lof is not
-

equal to L2 : =@AH -measurable sets in 122 .

DEI Fon f :#←Y→ LR , IT , or G , define the

• £ : Y-sLR.IT , one by figs : -_ fury)
•¥5 ft: I→ Eh

, II.w a tag farces fancy)

£: If f is Miz -measurable , then
• F KELI

, f-× is Z-measurable , and

• tyEY, ft is M-measurable .

FfI_ he 'll prove the first word the second is similar .

Observe FEE and GC codomain measurable ,

€5467 = f-"CGI × EZ.



T.hn# Suppose CI ,M
,m) , ( 4,2 ,

u) are •- finite .

Then TEEM-Z ,
① The fats xc→w (Ex) and g-mlEL) are measurable, and

② crew) (E) = SLCEx) due> = § ellen duCy) .

Theft. First
,
we'll assure ace

,
u are finiteness .

Let NEMER be the subset for which
④t② hold .

Step. IT:= {measurable rectangles} EN .
Ff Clean .

Soep2 IT is a T
-system .

Pf the mvasectoon of 2 reasonable rectangles is a moas. meet.

Step. A is a d-system. Thus by the T-X theorem ,
MER = ACT ) E A C- Miz , so equality holds .

PFI@ EXT E itch .

④ If EE N so that @+② hold
,
then

xl→ VCE4×7=2CET) = LCE) - rCE×) is measure,

as is yi→uC⇐94) . Moreover,
cattle) ( EC) = Cretu) CIXT) - Crew) (E )

= July )dux) - Sr LEA die
= feces -UCE duct)

= S vCEI ) ducts
= Snc⇐c)⇒ drear)
= Snc 5h dncg ) similarly .

Thus N is closed under taking complements .



⑧ Suppose CEA) CA is a seq . of disjoint s-besets of IxY .

Then TK
, xi→ LCE)× ) is measurable , and so are

417 In ¢Ew⇒ = u (I CEU)x) = VC#Eu)x) and

y l→ accent) . We calculate

CHUK#Ek) = Zeuxis (Ews = E Swc us⇒ died)

(Et, S -2 LCCEu2x) duct, = SUCCEED⇒ duct)
= Secc@Eu)'t) Lucy , similarly .

Step when ee,
v g-finite

,
write Ext as increasing center

# the = U IvYu as In the measurable cteetengles s.ee
.

KCEn ) , ✓(Tn) Loo
th. For EEMER ,witeEi-EnCIfEeL@u_u2CE1-limaE4CEnI-GnSLC.Ea)⇒ decay = Slim KEETH) duos

MCT -1

= SVCEx) direct) = Sides) duly) sinewy .
⇐ '

x # Ex -
Assam below

.

Thin (Tonelli) .
-

. Suppose CI>Me, re ) and CY, Z ,
u ) G-funk

.

For ft LtCIH, 723 ,
④ x- Sfx du is M-measurable an ECI,22)

T

⑧ L- Sf'sdue is z-measurable Cin
ECT

, 227
I

⑧ Sf dawn -- ¥[ { f. du]du=§[S±fYduId- .Ext

Remotes If feltCEH ,MEE) n L' Coutu) , then
• § ft du Loo [ f×E L'Cuz ] ace. #I and

• ¥ ft du Coo [FIE L'Cee,] a-e- YET .



Pft If f=XE for some EENEZ , this is theprevious
theorem

. Sue @ftg7×=cf×tg× Cetera? , we get the
result for simple fetes by linearity . Suppose CED CSF
sat. 4h Af everywhere . Then Chik Ff, and chitFf't

,
so

by MCT, § ohh du T { Edu and {chide Tf ftdie
Iwhich implies @ +② [ countable sups of areas . fetes are meeee .

Again by MCT ,

£1 {Hilda -¥ 'm cenxdifdu.fm#lSycenxduIdu
EE "m S 4h death = Sf dawn ) y ! [ ¥ f'tdie] du
than *xy IET

CosCTubu I If FEL' cute? ,
then

① fx C-L'LL) a -e- yeI
↳Ete

'

. Show Fulani also

holds replacing Me-Z,
#

② fit C- L' fee) ace. YET 4 completion sztz , Teo .

② [xi→§f× du] E L'Ciel
⑨ §→§fL diff Lku)
⑤ ¥,tdc⇒=§[§£dr1du=§f¥ftduIdu .



128£ f = Recht -Recti- ti Imcflt - i. In Cfl- where

Recht and Imcf)± E Lt n L' . Hence Tone4i5Thy apples
to these 4 fees

,
as does the Reinas after . The result

follows
.

Exercises show G-foresees is necessary for bothI,
T
.

Appon: connotational
Exercise: suppose t.ge L' CLR , t ) .
-

① [yrs far-y, guy , ] C- L'CA) a-e. XELR

@ the connotation ftg of fog given by

cfxqxxis-ffcx-yngcysdkg7.IR
is in L'CIR .

H
.

⑦ L'CIR ,d ) is a commutative e-algebra under n.to#y.)?ktRIH④ Sltxgl E SISI Segel [ku, is submultipleentire Bated
algebra .

n-d.mil Lebesgue Iioegal a-
Defies CIA , In , E ) is the complete of 9LL,⇒?

€
n factors §

Properties :
-

① at is o- finite
② I is tegular ( inner tower regular)

② FEEL"
,
AE>o, F Re . . . , Rv, disjoint rectangles whose

sides Cpnoj'S) are arterials set. E- (Ea TIR;) LE
A B symmetric
Zoffany



② SF n L'CE) is densen L'CX )

⑤ Cock" ) is dense in L'CE ) .

⑥ Suppose E C-Ti .

• FREID", rtEEL
" and XCrtEJ=XCE) .

• TTEGLCN,LR )
,
TCE ) C- In and XCEL= ldettl HCE) .

⑦ t Lh- measurable f : H2- → ① ,
the following fetes

are also Li - reasonable ?

• xi→ fcxtn) for NEEL? and

• Xo→f Ctx) for TEGLCN , HR) .

If moreover felt on L ', then

f.fats de = Sfa, dot and

Sf Ctx) dot = Idot Tl Sfctsdx .

Differentiator :
-

Note: Following notes of Semester , we'll treat L'CE ) case and then

explain how to extend to L'
←
Gi ) { f:B"-26 iroeg on Bdd sets} .

Def : A cube
- -

in IR" is a set Q of the farm

Q = II. Is where each Ij 13 a closed interval of same length ,

which we denote by ICQ) .

• Fun x.ELR
"

,
Let ECT '

-
= E. Cubes which contain XS .

• For Q a cube and no,
rQ is the cube w same

center as Q but cry lCrQL= ICQ) .



⇐ I Prove the cebesgeediffaertieetorthm-IV-fc-4.dk ),

e!¥E¥ Fca, Saf dat - fat a.e .

As a corollary , we get when na :

Fundamental Thin of Calculus suppose FET
'CX)

.
Define
-

:

FLA : = f f DX . Then F'c⇒=fc⇒ a-e .

Goose)

Pfd obese him forth) -Fa)

to IIe'÷E¥±*⇒¥a, Safdie .
= fees a-e- CLDIT .

Deft for felloe =L'wcCEy=Ef¥2n→① mtg . on bdd sets'S ,

define Mf : 12 " → Cocoa? [ready-Littlewood mate
let] by

Mf Sup { ¥, Satfldx I QEEETS .

Properties:
-

• Mcnf) = in c.Mf trEIR .

•

MCftgzEohftMgsoMf3oevery@uaLessf-oa-e.Mf
is Kourtney [⇒ { Mf> a} us open

FAELRI

⇒ Mf is measureless
1 XEE-411 €4

.

Example: f- Xe. .
, #
HR -26

,
Mfa = {IE, x# Elsa

-

of 7¥ ⇐ Saxons DX -¥ . 2

-
Q



tadg-Litdeaoodtahm : Fc> o only deputy or a set.

FFEL'CE ) and a>o , ICE Mf > as) E C ktak •

Demand. This is a generalization of Tohetsgcleu'S Inequality:-

ta>9

,# agtfl due 2, au CECH >as)
⇒ on CECH>as) E

"talk

we'll use a variation of :

UitaliCwylcmma_ I bet B be a collector of open balls

on LR
"

and let U =
U B

. If cc Inez , I disjoint
B.EB

Bu
. . ,Bk C-B s-t. E ECBj) > 3-

"
c .

PLI Sue X is regular , 7- opt KCU
eat. cc Tick) and

finitely may of the balls in B com K
, say

Ae
,
-- g.
Am .

Inductively , define B
,
= largestof the Ai closest

radius )

and Bj = Largest of Ai disport from Bu - - >Bs- I .

Sure there are fohutelg money Ari , this process
terminates

gory B. . - - , Bu -

7¥: If Ai is at one of Bi . - - , Bu, 7- smallest LEEK set-

Ain Bj#0 . Then need (Ai) s madCBs ) , so Aic 313;

where 3Bj has the sane center as j but St radius .

Then KC § 3Bj , so cc Eck) s ⇐ IC3Bj) =3" E ECB;) .
Exercise let EC IT and C be a collection of cubes Conery E

St- Sup Elca) ( Q c-E3 Coo . Then I a seq - can) CC of

disjoint cubes set. 25 (Q ) 2, 5-
"(F)

*( E) Couto measure)



I Suppose f- C- L'CE ) and a.20 . bet E-{tetra .

Set e= E cubes Q I ¥, Salt dat > a} . Then E coms
E
.

#
'

can lift, > a ⇒ Karel"tak)
"
"

By the exercise
,

7- seq . Ca ; ) CE of disjoint cubes
sit.

E X CQ 7 5-" ICE) . Then

TLE) E 5 " E Icai) L 5
"

E has Hid I s 5
" llfll ,

- a-
.

£ I §!fidei
Qi

lebeegueSDifferertoateonthm-I.IT felloeCI ) , then
Lm I LLD)
Kato Tca, § t dot = fees a.e.

GEEK)

Step The result for FEL
' ⇒ the result for ft L' ioc .

RI. Suppose FEL're . It suffices to show that for Rzo
,

(LD) holds a-e . for +C- Qpco) : =
TT ER,RI . For *tape),

and QEEC-7 us eco)EI, the value of ÷, So
,

Ifl did only

depends on fogs for years, Cos . So we can replace

f with f- XQp.io ) G L
"
-

Step The result for FECCCLR
") ⇒ the result for FEL

'
.

PI. Fen QEeco) and FEL
'

, define Iaf '
-= ¥fd" .

Obsue I@ is linear , and I Iafl E Mf everywhere .
Now

fix fell and E 20 .

Let E'-=⇐ ER" / ÷¥÷, IIefar - fast > E} .
we'll show

X⇒=o .
⇒ EEL

,
HCE)=0•



Fix 820 . Sure ↳ CIVIC L
'

is dense [exercised , Fats

g- Elect
" ) sit. Ilf-guy S . Then :

( Iaf - f- f- IIe Cf -g) +Eeg-g) t Eg-FIL
f IIe Cf-g> It IIe g-gl t ( g-fl
E Mtf -g) t (Iag-gl t Ig-fl
-
→o as econ-20 by assumptionQEEO

Hence Ec { Mcf-g) >€3 u { Ig-fl > EES . Now by HLMT
and Tchebycheu 'S Inequality ,
④HCE ) E XCEMCf-gss.EE's) TX( Ecg- fi >E3)

E C Uf-gu , + kg-fu , = 2C{ Uf-gu ,-
-

Eye 42
g 2C{ 8 .

But Sso was arbitrary , so Cdn#CE) =D .

Step: The result holds for ge Cc CLR
") .

RFI ObSere g is uniformly . Let E> o .
Rick S > o set.

Kaye Q y ICQ, c S ⇒
HEI- f- '82 ICE . There fer such Q,

I { fcyzdxncgs- feat E falter - fcysl DMG) ( E .
Since E was arbitrary , the result fellows .

Bets Suppose EEL" . A pet *E is caked a Lebesgue

point of density of E tf (in ICQNE)
= 1 .

- Kato
-

Qeect,
X CQ )



Coins For EEL" , almost all points of E are LRODCS .

Fft Apply Lebesgue's Diff- Them to KE on

DefI For ft L'CE ) , XELR " is a Cebesgueiot off if

Im
eco,-so Into, § ' f - fast dot =o .
QEEG)

Cont Fo- felled , almost all plz of LR
"
are Lebesgue

pas off .

PTI As in proof of Lebesgue Diff Thin , we may assume

f-EL'
. Let DCE be a countable dense subset

(Qti Q will Suffice) . For DED, set

Ed :=⇐tRn/eo¥E¥
,

÷, Salt -dl - Hai-did.ie } .

By CDT, Edc is at -null . Set E NED ,
so

DED

EC is still X -null . we damn every *E is a

Lebesgue pet of f. Indeed , if *E , then FEED,

If -fast E (f- del + Ifa, -dl a ft- dl - Ifes-diftzlfatdl .
Ionsup
eco,→o Self -fast dots 21ft's-dlt lineup ÷,glfdl -Hai -did-1 Kaito
QEECE) d arbitrary! QEECE)

÷
Smee DCG dense

,
can approximate feet by DED up to any

EZO
.
We conclude × is a Lebesgue Pt off .


