
Let I be an LCH space.

¥5 Compare Co CE2*

Recall : A Borel measure re or# is called outer regular or E if
-

-

de CE) = irfEmcee) I ECU open}

and american or E if

UCE) = sup Zuck)
l E ok costs .

If u is both inner t amor neg ,
or atl Bonet sets, call ace

regular . Example: Lebesgue- Stieltjes measures
or LI o

Notes If I is not octet [I= U In ur Inept fr] ,

regularity is too story .

Det A Radormeasme-o.ir I
is a

Borel measure which is

• finite or all apt sets
KCE,

• outer regular or
all Bonet sets,

and

• inner regular on opeisets .

we'll see later that
a Radar measure B irncrregnlem or

G-frutescens.

Consider GCI ) , Cts fats of optsappo
.

A Radonirtegral or
⇐ is a positive linear functional 4 : CcCIT

→ Q
,
i.e. ,

Eff)>o tf C-Cece) sit. fro .

Lennie: Radar integrals are bled on apt
subsets

,
i.e
.
.
Ake# cost,

Fck >• sat. V-f-EC.cc#7wcsceppCf3Ck , leCHIE Ckllflloo .

pf By tawny Ret
In parts, we may assume f

is IR-valued . LetKCI

be apt and choose GECCCE) sit. g- Ior
K by Lott OrySohn's Gonna .

If SuppCf) CK, Iff E llftloo
.

g. on# . Then Kftloog- Ifl30 , so

Hftloog#70 . Thus llflloo 6cg) ± Kf ) Zo ⇒ lectins 4¥,kflloo
Cu



Thin (Riesz Representation) : t Radon integral 4 or Is F !
-

Radar measure me or
I sit. Ucf) = Sf due tfEGcx⇒.

Moreover
, rly satisfies : o EGIL and TappetICU

-

a) nee cu)
= sup { Ucf) I f- Ecc CE) , few 3 toperU

b) Me CK ) = inflects I f EccCE) , f > Xu } fcptk .

Pts uniqueness : If u is a Radar measure at. Ects= Sf due
tfocc CE) and UCE open , then Ecf) fuel) t ft Up If
KCU opt , by LCH U-ysohn , ZFEGCE) sat. ftU and flee=L .
So neck) s f f dm = Ecf) . Since u is thug on U, as is

satisfied
.
So ou is determined by E or open sets , and thus on

all Borel sets by outer regularity of ie .

Existences for UCI open , define MCU) :=scep{Ecf) tf
'sUS

and NEE ) '- = sup {ouch) I Ec U open} V-Borel Ee

outhheof-pneo.fi.
Step it is an outer measure .

← : Evey open set is µ* -measurable .

⇒ By Canatheodony, B#CMT and my
'.=u*lB± is a Borel means .

By define , rey is outerwear and satisfies a) •

Steps My satisfies b)
⇒my finite on cost sets t inner neg

or open sets [If UCI open
-

-

and 2circle)
,
choose ftCeCE) sit. fell and Ect) >d . Let K : -SuppCf) .

+8EGCI) w/ g> Kk , g - f >o , so 4cg> 3
elf) > d . Since b)

holds
,
neck ) >2

, so
u is inwreg •n U .] So my Rade -

Step Elf) = Sf day Aft ECI) .



Step: ee*CE) := int { on I ECU opens is an ocetenmeaswe .

Ff: It suffices to prove tf CUD a seq . of open seas, then

cu*( U Un) E EHun) . This shows that

cuttle) = int { Eyecup / Un open and ECUUn} ,
and we know the Rte defies on outer measure .

Noa if feCcGI2
WI fer UUn, let K'-=sappTfs . Sme k CPI , Kc Tun for some

NELN.my
Exercise: 7g . .→g c-Cece) set. go.LU , an Tgi=L on K .1-1

N
Ten f- f- E.g: ur tgi 'sUi , so

Tcf) = ⇐ cecfgi) E E, earn .- s = recur) E Eee Cui)
.

Sure f-TU an botany , u Cre) = Sup { Ecf> I f-US E ZeeCeli) .

Step Every open set is eet-measurable .

pf Let U be open and E CLI
St. #CE) too. We must show

w*CE) Z witCENU) twit (Eve) .

• If E ope , Earl open . Gim
Eso

,
F ft Ence sit.

Elf) > incense) -E . Since El Suppa) is ope , Faye
E)snippets

sat- Ecg) > UCE- septs) -
E
. Then ftg LE , soz

re CE) 3 Ecf) the Cg)
> eeCEN re)tuCE lsuppTf) ) -E

Z u'tCEnu) t utcEin) -E .

Taking limit as E-o goes the inequality .

• For general E , F open Vs E set. near) s cette)
TE
,
so

u*LE)TE S eecu)

Kait(vnu) tutt (v -re)

but (Eru) t utCEte) .

Agam , let E-20 to get the result.



Step my satisfies b)
pf For KCI Cpt and f- 77k

, set Uj={ f> I -E5 , open .
If gree , CL-e5

'f -g20 ⇒ 4cg) E e-E5' Ecf). there

check) EMy cue) EC-25' Ecf)

betty E-20
, neck, a.ecf,} taking sup&ecg3lg3Ue3

But toper Mok, F few sets. free by Lct Unysolnn , and
441 Erle CU) . Siree nee is outing on K,

Meck ) = iwf Eeee Cull Kcie opens
-_ int E UCH I f> Kk's .

Step ecfkffd.ee ffe CeCE)
.

TfL we may assume f- C-CoCE
,
Eat) as this set spare CeCE).

Fit NELN ,
and set Kj =L f- 251143 and Ko'=suppTf) . Deke fj by

-I

E- Kµ¥¥cKo=sappTf) . KEN

O xcfkj- I
f Cf - o van'm ⇒ f.⇒ = - ¥ Ks

M"

NObserve: X Efj E to and Efg -_f-

N •

This means : ① IN uyckjg E ffj day E th decks- i) ,

toper U > Kg, , Nf; +u ⇒ cecfj) s f-Myth . By b) touareg ,

Tully (Ks) E Ucf;) S ntikelkj-L ) . Now

Nt ikeckj) E ffduee E Nt me and

I I neck;) s yet) s I hee CRI)
←
soo

⇒ I eat - sfduceleueckd-i-en.LT) . }⇒eodt !
N N ←amy



Properties of Radar measures : let u be a Radar mens . or I.
- Fiery
@ If EC XI G-funk , he is inner regrets or E. -

⇒ Eury GEE Radar measure is irregular
⇒ If I FIT , every Radar measure is G-fm.ie⇒ refute .

① q

PFI If cece) COO, V-E>o , Z open U
> ET Sh

.
UCU) Circe) t z

and a cat Fc U sat. UCF >⑤ cece) -Ez . Sme ceca E) < E , F

Open VS USE sin. re Cvs Ez . Let K : = FlV c E , CBI and

reCK) = ieCF) - recent) > on Cws - Ez -urCV)
②

> ieCE ) - Ez - crew ) 7 NCE) - E .
⇐cuz ②

Have u B inner ng . on
E
. If we 2=00 , 8- = U Ej 4

Ej CEste and cute
;
) Coo Tj . So TNELN , F j set. ueCEj) >N,

and I cost KC Ej CE set
.

neck I > N . Here we turn veg or
E
.

@ If u is a G- finite Radar measure on E and
ECI

is Bonet , then TEGO ,Z F C
ECU we Fctosed , Mopey <and cute

#ICE .

Pfi Exercise!

⑦ Suppose # is LCH set- every open set is
o-Cpt Eeg . if

# is second countable] . Then every Borel measure
which is finite

on cost sets is Radar .

[I open⇒Io
-apt⇒ regale byO.

]
- y

tf If u finite an apt sets , Cece 's CL
' lie) , so ft f f-due us

a postie loreen fth en CeCE)
.
Let ✓ be the £ Radon measure an

#s -t. Ect ) = Sfdu . Show U so
Ean res I open , write

Kuku

Y Ker CPI ten. Inductively, find fu EG CE ) set. fufu ,
fn=I

or O Kj and on the opt set sieppcfj) . The fu F Kaptur ,
so by MCT, MCU) = Ian ffndie = lun Eon) than ffndz -VCU).
If E Boel ,Ezo, take F CE che as on ②

SO KLUSF) =LCWF) < E .
Fan!F

Then MCU) - E E MLE ) Each) ⇒ all outer veg ⇒ ue=v .



Lemgo: suppose I LCH cud ee a Radar measure or I.

Defee Tcf) : = ftdue on GCE) . TETE :

④ U extends continuously to Co CE) .

20 Y is bdd une Il - Koo

@ neCE) is Emine .

Ff④ : follows since Ca <↳CIS is dense at H -Koo e

@⇐③ : felloes by MCI) - sup { Sf deal f-ECCE) , OEFEI}- I

=Ect)
Cod Postiefits RE ↳CIS't ane of the form F-f -die

where we B a Lirate Redon measure
so

• We was to describe all of ↳CEE.

Propes If EECOCI
,
LRT

z A posture I C- C#LRT set- EEE -e- .
pf For f-EcoCE, Toooo)) , delve 4+42 Sup{ Ecg) lodge f-3 .
Siree 1 Ecg> IS 1144 - Kgtloof Hell . llflloo toEgef and Koko

,

•E Utcf) E 11411 - llflloo tf c-Cock , cocoon) .

② chief)=Ccf Cf) Toko
.

② #fufuGC@CI, Toooo)) , Ctcf,ztetcfz)= cetcfetfz) .
pf wherever OE Ef , and oSgt Efz, o e getgz Efitfae
→ chef, tf) 34 It#fo).
But if okayed,tfz ,

set gignf, and gag-g , . Then
0kg ,Ef, and •⇐gaffe
⇒ 4cg) =LCgg tecgzs s 4+Cf. ) tecfzy ⇒%Cf.tfzleetchztetcfd.TW/-ECoCETI22

,
set G-(ft '

-= etCft) -#-) as ft C-Co# LR )
.

It f- 8-h where g.↳o , gtf -=htf+ ⇒ f-(g) tetcf-I
- etch)text )

so 4+4-2=4Cg)-etch) . Hence It is linear on CoCE, LR) . Also,

Keith S maxEECft) , E-Cf-231 hell. mail.tl#agllfUaoo3=llEll.4flloo .
Thus week S KEK . Setting 4- '-= ce-et , y- EcoCE,IR*) is also postie-



Cdo If YE GCE,BE , I f.info/2-adon-k=> finite regular
Borel]

measures u
. ,
er
,
or I sit . FffCole,LR) , YAK ffdee, - Sf deez
-

• Describing complex fits is trickier at this pt.
"

= Std curved
"

Eze : For YE ↳CIE g F finite Radon measures no , oh, idk, uz
n

on Ix s-t- tfE CoCI )
, 4Cf2=}⇒ik Sf day = Sf dCE.oiu.ua)"

I

•we want to make sense of "
m.
-we
,

" and
" Efi"du

"

so

-
-

signed measures complex measures

Signed measures
-

Def: bet CI
,Z) be a measurable space . A fet u:Z→IT

Be called a signed if
• cel takes on atmore of the values too,
• MC@2=0

,
and

↳ if u takes neither value, call u finely .

• T disjoint seq . Cen 2 CM, we (I En) = Emlen ) , where

the sum comps absolutely if feel ItEid I < 00.

Etmphes:① If u,,µz are measures on CI,M) 4 at least
one of oh

, uz finite, then ee, -uz is a signed measure-
② Suppose ie is a measure on CI,my . If f : I→ IT
measurable sat . at least one of ff± die is fiche then
÷'

call f
etterdedcce-irt-grubeVLEI.ESf-die is a signed measure .

E
• we went to show these are really the only examples!



Deff Suppose u is a signed measure or CE, Mr . Call EEZ
• posture 20
• Ignore} if it measurable FEE , UCF) {E o
• will =o.

Observe NEM is null ⇐ N as both postie +negative .

Facts °
-

.

① E possie ⇒ ecce230
.
E similarlybe negative, well I

② E positive and FEE ⇒ F positive . Enegakee , null ]

③ ( En ) positive ⇒ UEn position .

PTI Disjawtify so UEn=IFn where Fa positive tu
- If GCUEEIFN,

MLG) = allGn Ifn) = EcacGr
Fn) 70 .

④ If 0 seeCEJ Coo , Fposrtve FCE s -t. allF) > 0 .

If: If E postie , dare .

Else
,
let n , EIN

be normal set. F E, c E

and ee CE,) C
-ht
.

. If ELE , postie , done .
Else

,
bet n-ELN be

minimal Sir. F Eze ELE ,
St - eeCEz) s -ht . Inductively continue.

Either El#Ej is postie for some K, on LEE) is disjoint w/ uEiKn÷. .

Let Fi= Elites . Siree UCE) Coo, E lances21 too , so E-the converses,
so ni -soo as I-soo. Smee once)>o and auCEI) Lo ti , MCF)> O . Suppose

GCF n'ble . Then we (6)z -¥, Fi ⇒ urCGI 30 • So F is positive .

Thm(HahnDeconposanoe# bet u be a signed measure

or CI,M) . F positive set P so . P
-
is negative .

Moreover,

If QCI is another positive set St- Q
'

is negative ,
PAQ and pts are we-null sets .

Def: we call a pos . P set. P
'
is negative a ttahn

decomposition of # or



Exisohee : WLOG , we may assure oof incus c IT [else consider
-MI

-
Do

Deke X :=sup{ ace) l E is positive} . Then 7- (En) son.

Klein) → X
.
Take F : = U En . Then P is postie and MCP)

=D
.

Also En CP and PIEnap , so welp en) 30 ok

welp I = relEn) teecp hen) z nelEn) → X as too.

This mcp 2=2 . We clam p
-
is negative . If

F c P
-

S-t.

NFL20, by ④ on previous page , F posture GCF sit. cello )
70
.

Three PIG is position w/ anCP#G) = relP ) text) >I, a Corsican ,

Uniqueness : If P , Q EI ane positive set .
Pc, Qc negative , then

P#Q = CplQ] u [←P] = [ P n Qc] U [an P '] is re
-null

,

t t I t
and similarly for pad £ . Pos neg Pos neg

Det: For a signed measure ee on Is, bet *=P LIP
'

be a

Hahn decomposition . Then we+CE) :=ueLEnP ) and we- CE )
: = -NCEnpc)

are measures on ¥
,
and accent -re- • These set are

irdeperdnt of Hahn decomposing. Moreover , at Cpc) =o=ee- CP ) .

tkf: we say measures are, jeez or M are mutually
denoted u,Luz , of F disjoint E,FEZ set. E-EHF and

all, (F) = o = cuzCE) .

Them(Jordan Decomposition)
-

I bet u be a signed measure

on CI
, M) . 2 ! mutually singular measures set,ee-

sit
,

we = Me - ie- . Called the Jordan deconqe of all .



Pfi Existence felloes for Hahn decomposition . Suppose now

all-_MEN- = Uf - K where wht re- and 41K . Then I 2

Hahn decomposing for ie: I =P it Pc Tie+Ce4=o=u-CPJ]
,

and I=@ 4-Qc [↳Cao) =o=K COD . Thus PDQ ,
Ptsd

are ee- well . Then TEEM ,

MfE) = elfEnp) = it LEAP) = whenPrQ) tie CENPII)
re-null

= UCENPhQ) = recentIQ) tuberpara) = u (End)
-L

= 2+2Era) = w CE) .
in-null

+

Hoene are
+=u+ . Similarly , re-=L •

Deft For a signed measure re on CE, no , L'lug .-=L
'Cdt) nL'City

and Sf due i.= S f-diet - Sf die- .

Def: The total variation of ice =u+-ee- is tell ==Ut tie- .
-

Observe heelE) I =/outCEJ-re-CELI fettle) til- LEI- IMI CE) HEEM .

Hence u finite ⇐ feel finite .

Lenin: Suppose uh , uz are measures or I cry at least

one of M
, wez finite set. cece cel

,
- Mz . Then

Ice ICE) I ul, CE) tcelz CI) .

pf bet cent-ie- be the Jordan decamp
, and bet *=P#P

'
be

a Hahn decamp . Then
of exCI) = ieCXINP ) = help) = ee , CPL- red P) Snep) see.CI)

of all- CE) = - eeCEN P
' ) = -n CP ') = Udp') -ie,CPT E uz#2 .

Hence leetCI>= eetCE) tu- CI) s ee, CE) tieneCE) .

Def: bet NICE,M ,
IR) : = Zfnute signed measures on CE, 3

On MCE,M , ER ) , define I lied -

-
=#CE) .



I: (M : = MCE, me, IL) , 11.11) is Barack

Step: clod is a norm or M .

PFI flee4=o ⇐ IMRE2=0⇐ cetteCE) =o -ee-CE)⇒ u±=o⇐u=o .

Clearly Kaila = 1amICE2=121 okeke) = ILL. Keek . Finally , if ee,VE M )

Hutzell= IntoICE ) = lout-u- tut-VII.I = butty -ee- TK>ICE )

E @lttV+ ) CE) t@-tu>CE) -feelCI) tt4CE2= Kohl +Hull .

Srep2 Cause M Cauchy ⇒ Cuenca) CTR unWgTEEM .
PFI TEEM, launce) -ie,E) IS keen-een ICE) s 11mm-Mall → 0 .

Moreover
, the rate is independent of EEM!

Fix a Cauchy seq. Caen) . By step 2, defence) '-= bye unCE)- -

Clearly mcd2=O . Smee Eun) Cauchy, Chien II) converges
⇐ Eds#•'

-
A

¥3: ace is finitely addctoe .
↳ new

. E neg.
-

pf:_ If E. . -- , Eu disjoint , then
MCKIE

, ) = Lunn unCII
,
Ee) = linn EI,Maceo) = II hyunEi ) = uCE⇒

.

Step: ie is addie .

Pfi leet CET be disjoint and Eso . Rick N E LN sits
.
throw and

FEM
,

IunCF) - recF) I e ZE . Pick KE#1st. I Eun Eo) ) < Ez .
irk

Their luck - recite I E InCIEi) - ie
@
CHE⇒ l l E

=.

⇐⇒
'Ii ::¥÷÷i÷÷÷÷i÷t .

there TESO
, F KEIN s it. INCHES - outEis ICE ⇒ ee Gaddie .

Steps: EuCEO) converges absolutely when ⇐ is dosjoirt . three
re is a finite signed measure .



Fft leet ESO
. For KEIN

, Z NEIN Sir. tnZN , Incest -unCE,-3k¥
Tj't,→ k . Then fn3N ,

likes) l L E hunEpl t ÷ s ⇐ tunic Dt E E Inn ICIEj) TE

f Hun 11 TE → LTE independent of K .
-

Converges, say to L

Hence E LucEj ) ) f LTE is bounded
.

Step ur→ ace in M .

F1: Let E 70 . By Sleepy z FN c- III set. n3N⇒ Ince )
-

unCE)l< I

TEEM. For a>N, let
I=PnIpi be a Kahn decamp for ie-een .

←-un#E)= Cee-un) CPT s Ez and Cee-un)-CI)
-
-Eee -een) CR

'

) < Ez .

So Hae- un II = lie-un l CE) L E t nZN •

Defy! Let U be a signed areas and be a posing measure on

CFM) . Say L B absolutdg.com#inuoeg ant ee, devoted to call ,
of MCE2=0 ⇒ LCE) = o

.

"

V =Ldue
"

-

Etampe : hot ft L'# LR) and set LLEK Sf due . The team .

Exercises ④ TFAE : ① w⇐we
,

E

- ② Le Lecce , ⑦ Irl ca ee .
② If u can and Vtec

, then V=o
.

Prep: suppose u as a finite signed meas or CI, Mr and u
Be a pos . mess

,
TFIE 's

① vocal

② itEzo
, 7820 Sts IvLEI l L E whenever heCELLS .

Pt: Since VLace ⇐ ILI Lace and IVCELIE 121 CE) , we may assume
that w is positrons • Clearly @⇒① .
^②⇒ Suppose Z Eso Str. An ELN

,
7- Enemy at NCEn)L 2-n

,

and VCEn) > E . Set F- = II
,
II. En . Since u ( II. En) LEE 2-4=2";

uLF2=0
. But save u true

,
VCF)= Imf VCEnEn) 7, E .

there - Cukor)
.



Etanpe: CE,M)=€N , PCLN) )
,
in LEI - TEE'T i VCEKEEEZ

"

.
Then

Van and meow
,
but ② above fails as U not finite .

Lemmata Suppose ✓you f-mute measures on CEM) . Either

✓Lee on F E>o and EEZ set. MCE)>o and VKEel or E.

[ E is pose for V-Eee )

FL: Let ⇒= RIPE be a Hahn decamp for V- hee . Set
F- Upn

,
so Pc = n Pnc

.
Then Pc is negative TV

-n
-'
ie
.
Then

Of UCP
' ) E InnCpc) AnELN , so Wcpo) = 0. It MCP1=0 ,

the Utne so If weCPT > O , Ncpa) so for some ~ , and

Br postie for V- free .

Think Lebesgue-Redon- Nileodyur)
-

I bet 2 be a e-finite signed
measure and u a a-finite pos. measure on CE, sq) . 7 ! o-finite

Signed measures x , g or CI
,ne) set.

XIU
, face , and 2=7+5 . ] Lebesgue decamp .

Moreover
,

F ! extended we- integrable fet f set . dg=fdu
,

⇐RN DerivativeIf u postie lee , so are > , f , and fEL+/Ll . of Santee

U=I Suppose I, I are 8- finite signed measures s .t.

X.I Lie and f.f 'EL
'
sit-

du -_ dolt f-die = DX' tf
' due

.

Then dcx-X) = Cf ' -f) die as signed measures .

Beet CI ) tie and Cf '-f) deck die , so as signed measures ,
-

A
exercise! dd-X' ) =o = Cf

'
-f) die .

Cree conclude f-X
' and f=f ' in L

'

.



Existence.
-

o

Gese we, v finite positive measures .

Set A := { f-C- L'CE , ee, To,oo3) ( Sef due E UCE) t EEZ} . Observe :
⑨ OEA

① t.geA-⇒ fugett
Pt: set Gi. = { g>f- 3 . Then TEEM ,

{f-gdw-ef.gg diet #of die ELLENG) TLCEIG>⇒CE) .
Set mg = sup { ffdee ( FEA } and note me VCE ) Loo .

Choose Cfn)CA set. Sfndce Am . Set gu : = meetEfi , --his EA

and f : = Sup ga . Then Studies fgndee Fm by Squeezethn.
Save gnpfptu.se, by MCT , f f die = lvnfgndoe E VE) TEEM,

E E
so FEA and Sfdau - m . goes :=
-

Claims ICE) -

-= UCE )- Se f-die 70 is singular cent .

ie
.

So Hee
, gene , w

-_ hats , and dg - f- die .
PLI If not, by Lennie on premeds page, ZEEK

and E>o s -E -

UCE) 20 and >ZEN on E
.
But there *FEM,

§ ft EXE die = #f da t Eve (Ent) Epffdue t XCENF )
=ffdm twenty - f f die

Ent

=#⇐f-due tu LENE)
f U CFL E) t ✓CEN F) = UCF) .

Merce ftEXEEA
,
but f ftExt du =mtEueCE) >M , com.



Gisela on , u are G-fonte postie measures.
write #=4-In set

- arcIn) ad uCEN) Coo [Take #IYi

Sat. we ( Yi) Coo ti and #=L Zj set. uczj) Coo tj . Get ctbte

disjoint seq ( Yin Zj ) , set. accents) and VCYINZI) <00 ]
.

Set unCE) == delEnEn) and UCE) '-= UCENED . By Coset , Ipos .
meas lantern and fue L'+ Set . dun = dlontfudieu . Since

MnCIT 2=4CET) =0 , X CI
') = Valet) - Studien =0 ,

EE
so we

may assume fn/±g=0 . Let f-E Xu and f- IfnELT
.

Then > Lee Eexercise! ]
,
> and f- due G- freire , and

du = d> + fdu .

Case3:_ ee is o-funk positive and w is o- finite soghed .

RI. Use Jordan decamp .
to set V= Vt

- U
-
Y httV- •

Apply Case to V± Separately . Then subtract results.

Renate: If re G-funk positive and V G-funk signed son.

✓⇐all
,
F ! extended n- integrable f set. du = fdee . Call

f- the Radar - Nikodyue denture of
U art . are,

denoted Fee -
-

Exercise: If we is a o-finite signed measures / adieu,f-I feel-a-e -

Def Let I be LCH . A signed measure me on E is called a

signed Radar measure of my- -

are Radon .

bet RM EM be the set of finite signed Radar measures .

Exercise! If we is a paid Radon measure on E
,

then Co CE ) dense orL'CE) .



Casuistry : If u is a Radar measure or I CLCH) and

f :#→ ① is noble and vanishes outside a set of Lube areas .,

then AE> o
, Ige GCE) St. g=f except or a set of

measure less than E
. If llflloo Coo, can avenge kgtlooskflloo

-

If inch CLR
, can arrange inCgs CIR .

TI Discussion
-

or

ThmCRiesz-Rep.ae#I Suppose I LCH . Define 4 : RM
→COLE,*

by Mrs Yee whee Wf)
'
-= If due . Then 6 is an isometric

isomorphism

ptg we already shared 4 is surjective . If MERM ,
then

I Sfdan 1=1 Sf diet - Sfdu- I s Isf dual t / Sf doe- l

E f Ift dat tf Ifl die- = S Ifl dhul f Hflloo - Hull .
Here 11411 E Hull and 4 bdd . Moreover

, fading,1=1 Weta-e-

[exercise]
.
Since Iml fine , by lushes them ,

IL ) St.
-

- s ZFEGCE
Hflloo=L and f- = {÷ except on a set EEBE set. keelCE) < Ez -

Then lined = J dial = S Idfa Ideal = STITT d dm
- SET due IS flat + 1St - Ea dat
f 114mm .at/loot2lulCE) I hyuk t E .
- -
=L CE

z

Have Hallenbeck and 4 is an isometric 130-



Complex measures
-

we call a fer u :my→ a a complete if
• 401=0 absolutely convergent
-

• +disjoint seq. CEM CM , ULI En2=-2 ✓CEN )

Exercises If ✓ a cpk measure on CI.# ,
Rea )

, Ina) are

finite signed measures on CI , .

Examples:
-

④ If no, uh , eh, ee, finite measures on
C# im) , ⇐oikawa is a

complex measure .

⑧ For gel
'
CE , E) , ✓CEL Seg due is a Cpd measure .

By Jordan Decomposition Thur , get followup corollary:

Coy: If u is a god measure or C#M2 , 7! pains of

mutually Sahgalan finite measures Recuse ,ImCV7± [no ,me .ua, eez)
se. V = RecvI ReeVI t e [ Incult -Inca-1 = £ italic4=0 D

Det. For a cplk meas . V , L'(VI := If L' (Ma) and
ffdv E EEE' Sf due .
Warning: the total varieties

of a Cpk means ie Zarina
-

is net to Mk ! We must use Radoncodynn .

Def: If u is a complex measure t u a postie measure

on CE, MI , say :

• VI re if Reese) Lee and Iancu) tee

* u <care if Rech Kee and Inch care
.



Thu ( Lebesgue- Radon- Nikodym)
-

: If V is a apex seas or

CI
,m) and ie is a G- fine postie was. on CE,M2 ,

F ! apte means X and ftL'(ee) set. Xtc and du =dHfdu .

[If x'tu and f 'EL 'm set. du =D>
'tf ' , then ¥

andff
'

.]

MI Apply LRN separately to Rech ) and Iancu) and recombine
.

tenners suppose L is a cpk measure . I! pas . measure nel

satisfying the following paperboy :
# t peg. measure ie and f- c- Likes set. defdie , dih-lfld.ee .

Call Nl the total variation
-

of L.

Pff: First , consider me lrecuslt IIe> I . By LRN ,
7ft L'Cee)

Sot . du= f- due
. Define duel : = Ifl die • This will uniquely

WI if it satisfies Ct) . Suppose also die = gdg for another
Pos . measure f and GE L'(f ) . Consoler wtf or ⇐ 'M)

,
and

observe Kc u
, g⇐ out. So due - ITIS, death adds -24¥, dcaetgs.

Ethciseldisc-ess.org If Vam Ect m cu
,
> E-finite poos, measures

as U either o-fuse signed or complex, then

① tfEI'(u) , f¥ueL4u) ad Sf du = Staden due
③ ke> and d=dIud I-a- e .

Since f- Iffy, death = flare -- du = gdf = g de dacite ) ,
duty)

f- £÷p=gdt a-e. ⇒ Cfl LEG, --If f- lgf¥HglI¥i- dented,
2,0 20

Hence Ifl due = duel = lgldg , and lui satisfies at) .



Remarries:

① Val 4 , as IncE) I =/ Sef du l E {Ifl die = NICE) HEEM .
② If u is finite signed, du = Ctp - Xp - 2 dirt , and

duel = Xp tXpc) del4 for any Hahn decomposition I = PIP
' fanv

-

I

⇒ 121 agrees any old defense far finite signed measures.

③ Observe tf du = f due, then

d.Reas = Reef) due dlkec.us/=lReCf2ldee
⇒

d. Ima> = Im (f)die d tincal = limit) ( due

sure LfT= lpecthtlIncf.IR
,
we here

1¥ = Ifl - Green't Email'11=[41121%4] 'tf Jfk.
Deff M : = NICE,m, e)

'
-= Ecplx measures on CE

,m)}

Observe MCE,M ,
E ) = MCI

,M , LR)⑤ E MCE ,M , LR) as Fsp .

Defoe 11211 : = IN ICE) .

Ya: maxed 11Delish
,
11 Incus 113 f IN H E 2max{ HRemy , III.ash} .

PFI By ② above
, both 1Rectal

,
limits I E Ifl , so

11124211=1 Reem ICE) = Streets 1dm E SHIdu = WILE) ⇒hell
and similarly KING) HE Kull . By the A- Meg ,
Ifl f lRech l t LIMA) l , so

441 = Irl CI) = S Ifl dm E SIReef) / t limits I due
=LRecti ( CE) t SIMCA ICE) = Il Rect) Ht 4 In#HE 2 max.



Cont CM , Hall) is Barack
Pt: Observe that if CE, Itu) is Barack, so is

-

#⑦I with Ulery) Ll ie wax Ellett ,
"y43 . Sine kill on M

00

Is equivalent to K- Hoo on MCE
, 7,12)@ MCE, 7,127, the

result follows
.

When I is LCH , let RM C MCE
, Bee , G ) be the

subspace of VEM sie Rea) and Ina) are Radar .

ThmCR.es#-Rep7 : suppose I LCH . Define 43RM→CoCEF

beg qCfj== ffdw . Then 4 is an isometric Bo.

FFI Exercise .


