
Exposition following notes of
Le+ P be a  countable discrete group . 0¥.am#aase .

Def A fat f :p - a  is called positivedefe if the -1N
,

tgi,
. . ,gnET ,

the matrix [ fcgelgs ) I 20  in MNCE )
.

Cente : Suppose  AEMUCE ) is positive  and constant  along the diagonal .
 then

Fi ,jE4 , ... ,n3
, Caryl E auk

PFI let betluccl sit .  a=b*b .

Then tiij ,

Laijf = l< aes ,e ; >12 = Kbej ,
be

.

>  P E llbejlih llbe :P = < aeiiei > < aej ,ej > = areas .

Now aie  =  ags
= Auk ⇒ laig I E  aus .

PI: If f  is positive definite ,
then feloop y kfk•=fCe )

.

FE FGET , lfcgil = l a. 21 e a. ,
=  foes for a=[§g9,f£§? ] 7 o

.

Deft For fiF→C , get  a  multiplier Mf : et - et by

Zxgg - Zfcjxgg .

↳  want  to  €4to  a  nap
LP→LP !

Th= : for f :p - E
,

TFAE
.

'

0 f  is positive
definite .

�2� f is a  coefficient  of  a  unitary nepln ,
i.e.

,
7- I :p  → UCHZ a

unitary F- up 'n  and

#
H set . VJEP, fcg )= <

itcgir
,r >

.

@ Mf extends to  a  normal cp  map
LP - LP

.

# :

¥0 .

'

use GNS .
 Equip QP 4 position Esquiline farm gun by

< Z ,£>g:= 2- fchtjzcggzh .

The usual steps gre  a
Hilbert

space H cy cycle  veto Se
,

For gtp and £ EQP
,

defray

(Tg[ ) ( hl±=£ Cg
-  ' h ) extends 1. (

y
to  a  unitary tgEUCte2 .

Indeed
, Tg

' '  
=  Tag (  al tg is isoneie :

Htgsill ,}=aI}fCE' h ) Ecgth ) .to#1=I2fCCg'k5c5h))Egnh7EF6)=llEYhI .

Finally ,
<

tgfe
, Se > = fcg , FGEP .



@ ⇒ �3�! we
-

.cl use :

Fedlsttbsorptionprmciple :  If C it ,T ) any unitary rep off and X  is  the

Left regular nep ,
then tot is  a  xp  on eipxott unanricgequudat to

←

x @ 1
.

[ Hw ! ]
amp.lifaaaa.gAdCu7tmJDetheTTILt-BCe2p@t0byxgbbgxo1i-tgoug.Us

# B a  composite of  normal cnn.tn * - hours
,

it is  named .
Now

define vIl2P→l2p@ H by [ 1- [ @ E.which  is  an  Botany .

KRK

Clang txccp
, Mfx  = KRLR v*#⇐ )  ✓

, which is manifestly normal tap .

P€ By linearity of  both sides
,

it  suffices to  cheek  on  x=XgGLF .

Then

vEECkjsvSn-vtCbg@tgHFPzu7-FCfghQTsTfp-CitgT-ru.rrn7Sgn-hzptGngSn.B

g linearity + continuity ,
11h42 # Tt ( Xg )  ✓  =  Mfclg .

30¥ : bet £ .
.  - . ,gn€p .

Then [ tags

'gp]=[g§n]*[×⇐s
'  -  -  ' * sad 20

in Mn C Ln )
. > (g)

Now ,  since Mf Bcp , [ Mfhocgtgjifzo  in MNCLP )
,

so

[ scsi 's.

'7=[s
"

i. ,*,]ks×sisM[
 9 '  '

'

'

.

.

>ahf* to

in M~( LF )
, and thus  is  also ¥0 in  MNCE ) .

E×a#k :
Suppose f :C  P -s LT is cp  and recall tr  =L . te.se > on  LT

.

Define fcgz :=tr( ycxgjhitg )
.

we  dam Mf
'

. LP - Lp  is  cp
so  that

f is pos . def .

Indeed
, Mf  is the  composite of  the fokoaing cp  maps :

zpA_zrEcPihLr@LtE5LTvSg.SgxoSgxogi-xIxvtLSgofnt-Sg.us
q

.

Xy -3 ×g×0×g ? ?

× @ g-
to 447 ¥ ' itlxgotnfv  = sgutg

Exampled If a =P a  easgp , An :p  →  a defined by Xncgl :=<

itgsn
,

Sn >

where  T :P  →  iuldtyn )
.

In  this  case , Mxn =  Ein ,  the canonical

trace -

preserving aerditiaraletpetatioh Lp  → Ld
.



Defy If NEM is an  inclusion of  una 's
,

a  conditional

expectation
E :  M - > N is  a  cp  nap

sit .  Eln

=idm•A  conditional expectation  is  caked normal if  xy Yx  ⇒  Ecty ) TECH
,

which is Equivalent  to  G- WOT  Continuity .

lm=
'

Ecaxb )=a EQ )b taub  ← N and XEM .

1¥ Use Stinespring : 7- Hills . space K
,

a In it .
'm  →  BCK )

,

and a  ✓  EBay ,
K ) st .

 E=V¥C . ) ✓ .
Note : € E normal  ⇐ ST  normal

,

•  ECx*l=E⇐z*

•  Ecttx ) - EG7*EC⇒=v*iT(x7*[ 1- ✓  v*]Ia→V 20

•  If  MEN ) Efren ) - EGTTEG )  =o  ⇒ [ 1- vv*1iTG2V=0

Thus fatal
, XEM ,

Ecax )=  u*TG )  Tat v

=  u*IG )  uu* Ict 2  ✓  +  v* # Ca ) ( ( - uv* 1

Act=  Eca )  Ecx ) =o

=  a  Ecx )
•

Similarly ,
Ecxb )=ECx)b FSTN

,  XEM
.

Etanpei If CM.tn ) a finite  una  4 faithful normal treat state 1- and

NEM
, then It ! E !  m→N conditional expectation preserving

-

which is  necessarily normal .

[ Hw ! -7

Amending : Again ,
P is a  countable discrete gp .

Def: let  CH
,  # ) be  a  unitary up  of P

.
CH , # ) contains  an

inuaroanteetan if I { ←  H st .  iTg{=E tgcp .
CH.tt ) Carla

.us#tnua@ctorsTfffnaeFcpand TE >  0
,

Ifelt
st . ltgsd . { 11<2113 'll FGEF .

IFE A ( left ) invariant on
P is  a finitely additive

,
Cleft )

F - invariant probability measure  on ZR
,

the power  set off .

Let Pnotscr )= { meal 'T 1 new  andZucgs
- 15

.

we  say
g

p has  an  approxtmateinuaatmean if it finite  FEP and £20
,

Fieepnobcp ) set .  

may 11g .vn/4_ < E
,

where ( g. nyt ) = uecgtn )

gtl for AEP .



Deffthn ! F- T
, TFAE

. If  aelall hold
,

call P amenable

÷
- state  mE@0oP5ts.t.mCg.f7-mCf7VgePardfeloPwheneCg.f

)Ch ) := fcgth )
.

�2� I  a left  invariant  near  or
P

.

Feet Z  a Left - iwaniat  mean ⇐ > I a  night  invariant  mean

<⇒ 7- aninvariant  mean .

Symmetric
�3� -7 an  approximate  iwariort  meat  ←

P
'

f. difference
.

@ [ Fonner  sequence ] I seq.offm.ae sets of # Fucp st . fget ,
lgFnAF# Iso

IFNI

�5� The left  regular repln tip  → Ul IP ) has almost  inuaniont  vectors
.

�6� [ The  trivial ep 'n  is  neatened in  the left  regular

vepin77CEn7cl2tykznlk1tns.t.l1Xgsin-sEnllIYoVgEP.O77seq.Cfn1offnutelysupportedpos.def.feosonTst.fn-1pontuise_0@Therddct-gpaCg.CECt7i-nor_mdoseeofspar3eXg1gEP3EBCl2L7i5TSomanphietotheun_selCt-gpaLgCtCP7.w

hah  is  the

closure  of GP in 11 xllu == sup { HICX)H1it :  t→  Uctt ) unitary repln }
.

- = well-defined sure  Utlgnl - 1 tget ?

�9� -7  a

1µg
'n of C*rCr )

.

-

@ tfnae FEP
, 11¥ gE⇐tgUBµp ,

= 1 .

@ [ Lp amenable ] F  a  conditional expectation
EIBCLZT ) -2 LT

120 F  a state YE  Best )* s .+ .

• Yckgx )=4C××g ) tgep ,

tx e Beer )

• cell ,
 =  this  3

Befoettepnoofeapesl.

Nonetample : Eu nzz  is It amenable
.

pffon.FI Suppose tE=< a. b > .

For  xt Zoe ,b ,  at
' its

'

}
,

Let wx be

the reduced wordsbeginning wc × .
Then LIE can be - ittei .

@ KF = { e3u Wa UW
,
>

U Wa .
.

U Wei

@ HE =  Wa U await

�3� Ee  = Wb U bwtsi
Hence  no  invariant  mean  on # Can  exist !



Eatman ps :

@

FIGIS
: Easy ! Can  easily do 0 - �7� above

.

@ 2 : (a) Fu = En ,n1 .

Then +  me 2)1M¥41
@zzay ,

2¥ → •

-
lfnl

c num )
1- I lkkn

(b) Define fn :Z → € by fnC4=< 4k t.fm/.n,XEn > = { "

0  else .

Then fn→ I  poirtnise •

NIKI £ = { f~C k ) eikt E CEIT , #]  is  the
Fejerkr=

�3� If T B Locate ,  i.e.
,

P=U Fin fniesubgps ,

Let  mn be

the thaw  measure  on pn  and Let  W be  a  non
- principal / free

ultrafilten on LN
,  i.e.

,
we PLNLLN .

 For fEl•P ,
define

m(f1== lawn mn ( ftp. )
•

�4� The class of  amenable gps  is  closed under :

• direct limits
• products • subgps
•  extensions • quotients

�5� ALLabettor gps are amenable . Use @

P~umrsitgdecr.es !

¥0 : If  me( loop )* a
left  P - invariant  state

,
define  we

:  2 "→Eo
,  it

by eec A) =  MCXA )
.

If we :2n→ coin is  a finely additive

left P - invariant  pnds .  measure  on P
,

define  m= S . due
,

which is a left T - invariant  state  on l•P .

¥0:[ Day ]

30=>41 [ nanioka ] | HW !
-1

5O←→6= easy exercise .

4@⇒@:_ suppose CEI a father some for t
. Set £n=y¥yX+= .

Then §ntl2P is  a  wet  vector
,

and VJGP ,

lltgsdn . §nl[ = Ehlsidgh ) - { ncht =f¥n , IXECG 'h ) -

XE.ch?l2=1gFndFn/
- →  o as  n→oo .

LFUI



�6� ⇒  70 : Cetcsohl be a seq .

of unit  E 's  st
. ubgsdn - §n( (

z
-20  as  n→oo .

at
're %Cg2i= Ldgzcn ,

£ >
.

then %  is pos . def . Ecoeftofrepht

Moreover
,

1 Encg2 - 11=1 < tgsn ,zn > -  < In , sin > 1

= 12 tgsn - En , { n
> 1 E llkgsinznll # 0

.

Now let En )  CM  be fm.ie  son .  En CEn+ ,  
and U  En  =P

. Define

Nn =

Enlen
art 4h (g) ' - =L > gzn ,zn > ,

also  pos .

6£  Then

lclncgi - 4nCg21=K( igzn . Eh > -  < tgZmZn > I

=l<
XGEN ,

I ,
- nu >  - ctgcmn

- In )
,  zn > I £24  Eh - Mall →  0

.

Thus  4n→1  ptnise  and % finitely supported as 2 ,
has finite  supp .

�4� ⇒ @ : Define E i  BC In →  Lt  by Ecx )  = Lin ¥ , ¥,

fg×fg* where

÷( Fn ) a  Fcflnen sequence nnifestluycp .

• Lin  is  any Banach knit  extension of Lisa or  C  to  a  state  order
.

or fgGBhe2p ) by CSGI )Ch2= £ C kg )
, night reg .  rep '~ .

Claim : Ecx ,  c- Rp '  
=  LP ,and Ekp  =  idlp

.

- lhtnafnl
HI Fher

, Hk[⇐÷E⇐bg×sg*15n* - ¥ ,Eg⇐sgx5g*H±
- →  °

.

ltnl

The last  claim  is  obvious  as [ fg ,yn]=o tgihc P
.

0¥02
:

we 'll prone  a  more general statement .

.

That Let ME  BCH ) be  a  traced - Ma  ul nonnul faithful traced state  

trim
.

I E :BCtD → M cord .  exp , ⇐> FYEBCTE )* st . • ECmH=Kxm ) Fxeesctel
,

meal
,

•  l1n=+Tu .

HI =I Set Y= tho  E
.

Then ycxm7=tr( Earn ]1=tnCEanm2=tnCmECxD==Kn× )
.

€ : For XEBCH ) + , define %  on  M by yfcm ) := Ylmxs
.

Fan n C- Mt
,  we

hate  14×415lycntzxmk )Ps ycm 's  ×2mk ) Kmt E 11×112 Kmt
.

Since flm = trn , q× ( in )  E 11×(1 trcm ) t  

ttBlHl+
,

tart  Mt
.

÷
 zchl ,  rELI .

Clarin 1 ! 4×  is  normal

÷
# If  m*Fm ,

then  Yxcm - n
> ) E  hxll tncm - m > ) \ > 0 •

¥2 : 7- Ecx )  ←  Mt  st .  yxcm , =  trmcn  Ecx ) ) tmcm .

PI Since  

0<-4×{11×11
wn ,

rein
,

bgpu.tt
,

7- !  OEAE  nxll in  M

'=JMJ
Set .

 4f=< .  a r ,
~ >

.

New  a
= Jb*J for a Item ,

so FNEM
,

4dm )= <

mJb*Jr
,

r > = Limbs
,

R > =  trcmts ) • Define EGKB
.

Finally ,  it  is  straightforward that  ETBCH ) → M  is  a  card
.

 etp .



@⇒# Recall M : loop  -  Bceep ) lzy ( Mtz 297=+82 Ecg )
.  then

if fEl•P and get ,
as gmgtg = Mgp ,

so YCMFKECMG . +7 .

Have 4 leap G @•Pj* is  a Left p - invariant  state '

�7� ⇒  �8�
'

.

Fist
,

note 114×11<(1×11a
:=  sup { ltgh | ( kit ) a  unmyt -

nee }

- to EP → art
.

where 4 '

 
-

QM → Bleep )
. Thus X extends

we  must show X  is  injection . suppose L k ) seq .
at pos , def

lets sit
.

k→1 pteise  or M
.

Clay : A pos .

def . Y defines a  cp  multiplier  on both C*PtC*rp
.

PFI we saw 4 yes  a  normal cp  multiplier  or LP via

Fell 's  absorption principal .
Just do  this for C*T at C*rt :

Let CH ,t ,
R ) sit 4cg ,  - < itcgsrhr > .

The map £ ' → £01
urn

is

In
 isonomy lff  → Ap @ it .

Now the map

of #Xg@tTgextnLstoCP.aL.s bdd in lliku .
thus

it  eethfs to C*P
.

So My
x==hrh2v*EC⇒v  works

.

÷LL fan both  Utlusltllsep

let  Mn  and Mn ,n be the  multiplier of En on
C*F

,
CFP resp .

Note that to M~=Mn ,  - of on
C*p

,
since

both are  cos  at

lltlu  and agree  on
EP

. Since q→1 ,
Mnx  →  × In XEEP .

Snee lllhnoo are  uniformly bed by supchce) Eclncei - 12
,

Mn8→× f×EC*p by density of QP in C*P
.

Suppose  xEC*P set . ××=o .

Then bMn×=Mn,n××=0 th
.

But Yu  is tiritelynpared ,
so  MUXEQP and Xmnx = °  ⇒ MnX⇒ .

Thus  x= lom  Mnx  =0•

80=2 @
'

. c*p has  a
1- dahl repk as the travel oeph of QP

- to Hilke .

[ xgg
to Excg on

G  is  subordinate

Lenny . Let A be  a  motel Ctedg .
YGA

't
a  state ,

and aett  st .

YCa*a1= Lycan 12
.

Then FBEA
,

Tcab )= ECAJECB ) = ecba )
.



TYI Let C Hate ,
Re ) be the GNS nee of 9 . then note :

HTQLAIRYLP =eca*a7= least  
= l< itecairq , Re > 12£

,

11 Theatre 112
•

Thus the E  above  is  an
=

,
so  tteca ) re and re must be

Proportional ,  i.e.
,

IXEE  set .  IycazRy=XRe .
Then I

•  Tecate ) re - IRY
• Eca ) = >  and Kat ) - I

.

there FBEA
,

Ycab ) = # as ) re , re > = < ttecb )Rq,Teca*2Re >

= Xcitecssre , re > = Ecasecb )

= < Eec 's )Teca , Re ,rz > = ectsa .

90=>-0 .

'

bet  z :C*r ( P ) -2€ be a I - dance nepln .

there  is

a state .

Can extend E to a state YE  Beep )* by HB
.

•  Note : fgep , ECdy*Xg)=EC 11--1=124%712
 

= lkbg ) P
.

Then tfeeoop
, g. f=xgfx§ ,

as thus by the Lemma :

Ks . f) = ecxgfxg , ) = Ecxg ) Kf ) Ecdgt ) = Ecf )
,

so 4leo.pE@aePFis.a Left P . pumint state .

@⇒@j Let cjn )ce2P be a seq .

of  a.  +  E 's sot .

llkgk-EnLtoVgThenVLnuteFCTylgsin-sEntg1-lia1lftFfkHz-lifHtFiEaIsEnllzfllrtEtgll.ott.gtF@I5OibefFETtsefautest.F-F-l.TLeerx-pIgEpkgissI.adTBDl.hesn.nm1.LetE2o.7Etl2Psrt.kxE.z

' > 1 > 1-

LET
let

l[ leftbetheptuse absolute  value of § : IT lcglitlzcgnl t.ge P
.

1- E 's12×5 .nl =/gtfpxzcgsztgtftgtfplxsicgstlseegls E. xlsiksikkgl

= < *KY
, isil > =¥ig§ HIM .

If< stg |sicmmL÷
,

,  ¥3 .

Thus FGEF,
< clgisol , III > > 1- lad ! = -

kkglsdl - III 112 =  ktghl 42 +  high
'  

- < xgitl , El > -  < xg , 44,151 > /
a

=  1-  < icgzl , IRS t 1-  < logic LEY , LED < ZIFIE

'<E2
.



Defy A  de ME  BCH ) is  called amenable of 7- cord .
 exp .  E :  Boehm

.

we saw P amenable ⇐> LP B  amenable .

Consider the category C*A#ap of  a ,talC*alg= uc ucpmaps_ .

-

1¥ An  objeetlcttatgC in this category is called injection if

f injector  ucp  map  i : A  → B
, every uep  map  § : An → C

extends to  a  ucp  map B -s C :

c.

O → A - B igeete in

oaogoy at u÷*lCIG 's
aEt ←.

-¥ w , u# meets .

C

Renouf ICA ) c- B is  an  openatonsysten :  a  *  closed  subspace  containing IB .

Arueson'sExt=~ ; Bctl ) is  injective :  If SEB is  on  operator

Subsystem of  B
, every uecp  OI :S →  Bcte ) extends to  a  cap  map

B- Bltel
.

PFI Let 437CBCTE ) be  an  increasing net of finite  rank poj 's 91
.

For X
,

define 0I× :S →  Bcte ) by OI x C s ) =p
,

OICS >  P
,

c- BCR.tt?EMn.CE) .

FIT ! Any ucp map S →  the < e) extends to  a  ucp  map
A →  MNCQ >

.

pfi HW !

Thus 7- esterson  to a  crap  map
OII : A  →  Mace ) IBCR.tl ) c- BCH )

.
Now the unit

↳  all of  BCA ,
Bctb ) is  c# in  the pt.ultnaucak.to# Any cwstn  Pt .

of ( Ea )

will be  a  wop  map  extending € .

Details on ptwltawk  to P :

suppose # Barack and M a  ✓ Na
. Then

÷
I ,M ) has real BCE

, or )*=sPanZTi→yCt⇒=Iee*3 EBCFMF
.

On bdds_ets the wk* top  on  BCI ,
M ) agrees - , the panty .

so for  a b_dd.netCTX ) CBCE
,

te )
,

Ty → T
p€ .

 ukmaeek ⇐ > Yctxx ) → Yctx ? them
, 4eM* .

Popi TFAE !

OF
faithful normal nep 'n C Kitt ) of M

, FE :  B ( k ) → M  cord .  e€P .

�2� M is  amenable .

�3� ais injects .



If '

, ¥20 .

'

Oboes .

@⇒@= Suppose ME  BCH ) and Za  card
.  exp .

 E :B ( th →  th .
Let  SEB be

an  operator  subsystem of  a  motel Chg B as Get  OI :S →  MEBCK )

be  ucp . Usry Arneson 's  etthson than
,

2  uep  extension #' . B→BCt4
.

Then EOEI :  B →  M  is  ucp  and extends OI
•

as

�3� ⇒  �1� : let  it !  M -> BCK ) be faithful +  normal , Apply �3� to  0  →  M  -2  B ( k ) •

- lid
7- ucp E :  

BCK
) →  M sat . Elton ,=id ,  so

Ea  agent . Yu
, .IE

Def A  +  racial una ( M ,tr ) is AID if it finite FEM
,

I  a f. note

dink cnn.tl *  sabacg AEM sat . F  q A :

• FFEF , 7- a  c- A  sit .
HFR - arllz < E

.

Extremely difficult  Thin C Carnes ) :

-0 M is  amenable

�2� M  is AFD

Thin ( Murray - um ) : Let M be  a  I
,

factor acting an  separable H.tt#E .

←is AFD
.

�2� It  an  increasing seq .

( Mn ) of finite don't an # * - sabotages of

M st . @Mn )
"  =M

.

�3� It  an  increasing seq .

( Nn ) of  type Izkn matrix  algebras containing

In set . ( U Nn )
"

=M
.

�4� There  is  a  moral * - isomorphism of : or - R== IO MZCE )
,

the  as -

IN

tnsan product of TLZCE 7
,

a.k.a.
, the hypofmite I

,
factor .

Proofs Roberto  will
guue in NCGO A  seminar ,

That The hyperfine Ii factor  is  amenable .

4£ let Mn= §
,

Mzca ) so  that R=@ Mn )4 or ER .
 For  na ,

aid xe BCER )
,

define Each = S u×u* du
-

.

UCJMNJ ) ← opt ,

Haan  case

Note that :  @ ( Edt } is no=bd{ .

@ far
,

Encr )= ~ for
.



How the Ecxi  = fine Encts FXEBCER )
,  where w  is

a free  altrafiltn  on All
.

That  is
,

I !  elt  Eat EBCER ) sit
.

( Is EHz> ={±y cj .Encxsz > fatter .

She En G) ECJMNJ )
'  = ⇐Mujj

'
tnxk ,

we
had FXEBCERJ

,

EC⇒ E ? @MNJ J
'

= R
.

I If  XGJCMNJJ
'  it  ~ ,

then ×

ConnusesuyJ@Mnj.J ,
so

×  commutes y
JRJ .

Hence XER
. ]

Also
, E1r=id ,

It  is  wee staefhtfund to  show E is  ucp .

÷#wCyi Get P be  a discrete  countable qp .

say P has the

ttaagerupmpetyfhasctotftf
-7 a seq .

Ck ) of pos .

def . co functions  or P st . be - > 1- ptmise .

Eyles :

�1� All amenable gps
had CH )

, source finitely supported ⇒ Co .

�2� Freegps
HE a  n >< 2 have at ) .

•  we 'll prove  this  once  we have  a second equivalent  characterization
.

�3� SLCZ , 2) 0 Fz  index 12  sasgp .

Facts SLCZSZ ) =

7<4*2,2246 . [ Psrczz ) =  742*2/3 also has

Cte27@Gp.swhich act  or  trees [ like # ~  cagceygmpn . ]

�5� Coxetr gps < g. , ... , gn 1 Cgigp
"

"J=1 where  mii=1 , mijzz #J >
.

@ Class of gps  ay Ctc ) closed under : my
 =oo  means  rarer

• taking subgps • free products
• lancet products • µ EG f- in .be index

,
H has Cte ) ⇒ G has Cte2

.

Def A coyle of T  is  a  triple ( H
,

#
, p ) where ( test ) is a

unitary nepin IT :  P → Uct ) and p : p  →  H sit .

B Chgid =p(4)+

Ttupcg
) fhigelp .

A  cocyde  is  called inner if I { ← H sit
.

Bcg7=£-Ig[ tgcp .



Motif :
let Affctl ) = { affine invertible isometrics  of  H }

={ [

i→u£
+ z 1 zetl ,

UEUCHIJ .

Notre otffcte ) is a qp  under composition :

z
'

-

az{tz - u
, @ I +z~]+n,

is [ i→

and
+  

[422+2]2

Can think of these as HXUCtD_ : ( zaui . Czz , an = ( 2. +  a ,zz , una )

An attarof P or H is a hanan F→ Afftty
.

Ginn d :P - Affcte )
, get a  mitnynepln  it :P -> UCHZ by

a
t : P - HXUCH ) → UCH )

NI
'

A  cocyele gives an affme  isometric  action viaLgql-

tgz+1393
,

The coeycle  condition implies Lg
• Lh=&gh '

Conversely!
If  a.  T  -> Affects ) is  an  wffue  isometric  action

, fytp ,

I ! City ,pCg7 ) E Uctr )xH st . dg[=Tg£+  Pcg ) .
 then Pip  -2  H

is a  cocycle .

Leona !
-

bet  I be a  uniformly crux  Banach space and BCI bdd .

Then irf seep 11×-1>11 is  attained at  a ! XEE
.

1¥ Haul
.

HE EEB

Theft A  cocyde  is inner ⇐> it  is bed .

Pf : I; clear since K£ -

tgsll
E 2k£11 TGGP .

EI Consider affine  action of P or H fan p .
 If P bdd ,

then

P .  Q,
a HE

,
sure

Lyon
= Ego ,

+ PG ) = pCg7 . By the lemma
,

£ ! { EH minimizing sgzppupg,  →  11
.

Now  tzft .  ou , ager .  one here

HLGE
-

Lgzlltllkgcz
- z)µ= 11£ - zll ,

to by less  in  Helena

,LgE=&Vg
-1

EP - OH
chick implies

2gE=Fg&+pCg7=E

⇒ pcgtz -

tgsd tgcp .

De# A Let f :# →  y btmn  top .  spaces is proper if f-  '
K  got

 it  KEY  cpt .

An  Coffin action a of  P an  His proper Tf  the map PXH - ttxtl by
G. Mt CLGEYE ) is  pnP= . A  cocyde p :t→H is  called proper of

of ( → 1113cg ) 11 is Proper . tth ! show d=c#,p ) proper # p proper .



Thni For  a  countable discrete P
,

TFAE :

@ P has Ctt )
.

@ I  a peper cocgebe

�3� I  a Pieper affine  isometric  action  of P on  a Hilbert  space H .

PLI 20¥30 : Immediate from  the tcw problem .

@ ⇒  �1� !
-

We 'll use :

Schoentseghn :  If p :p -
tl a  cocyde ,

then fr >  0
,

frcgs :=e*pC - rlipcgni ) is positive definite
.

Sketch of pf : first
,

note that :

.

• pcez = pcea ) = past Iepce ) =2pCe) ⇒ pacer =o
,

•  0  =

pce2= pcgtg ) = pcg
. i ) tug . , 13cg ) ⇒ PG

' ' 2 = - Tg . ipcg )

• 11 Pcg 'h2 4=11 pcgt ) tug , pcu ) 11 = 11 -

Tgipcg ) +  Tg - ipcwsll = llpcgz - pain
.

r=I fcgthziexpfupcg ,  - pc↳li ) =  exptupcgiii ) exp Cap ( h ) 42 ) expcz  Re < pcg ) ,  pch ) > )
.

C* , - -

• Fga . . ,gn ,
[ esrptupcgisiileopc -

kpcgjiu27.ge#uqofiilMe*pC-qsgs
, ,p ,
][

-  ' ] 20
,

•  fg , ,  -
.

.

, gn ,
[ Cpcgi )

, pscgs ) > 1 do
.

• F  AEMNCE > + ,
Retail > ,o  - here

ReEa1igi-ReCaij7.EReEa7-tzCatE3ZoIlooexpC2ResPCgzpchDj-E@RecpCg7.p
Cum

'

, and tgi .  -
- .

, get  T
,

=
[ Re  < post

, pcgss > 12,0  -→ [ expcz Re < pcgenupcgp > 77-70 .

• Now the sehmP_duct@xcbj.y-ea.y.b .j
 of z positive  natures  is P°£ )

there the RHS of Cx ) above  
is  the entry at Sohn pod .

⇒ £P0£g
,

Now
, as

r→o+
, f- → 1 pentose .

f- → 1  Item } ⇒ Ptsd .

fnecdp ) ⇐> p  is proper . Thus Its pope ⇒ 2£ G Coca ) pos .
des

.

such that fn→1 pocntwise .

@ => @ !

- Emeittd .



Theorem : If P acts  on  a tree preserving
the distance of  entrees

,

-

then P has the tcaagenup Property
.

Eyles Thecaylegg-ph.tnof # is a  tree . egi ⇐ :  ¥[¥vertices = HE§ edges = { cxtia , .ci#.cxFats.eFxE 's } .

'
-

'

a*⇐¥¥, .

Now HINT on  the Left
.

Hence HE has CH ) .

If ! Let H :=l2( oriented edges of T ) i[ each  edge appears  twice  4

Opposite  orientations
.

] Then  unties  up  in T
,

define ?

@ dcuzv ) = Length of geodesic  u  to  v
,

denoted EUWI .

O if  E  not in [uw7@gcunso.Hby Earns) - { EEYEEEEITIZIOIIEEEEI
Cd : tt  ventures  ususw

, { Can )+£Cu ,  w ) = { Cu ,w)
.

[ chaste
'

relation ]

T¥ All triangles in  a  tree  one degenerate . Any common  part #

[ 417 and LT . w] mugs be  trundled in both directors one .

¥ ? f  vertices uyv
, llztcu ,

-1112=2 dcucu ) .

HE 114 . -342 courts tree # edges in geodesic [uv1 .

Now  vote that T~T goes  a  cnitryrepin  it :P  →  BCH )

by left  translator
,

so tutees urn ,
and get ,

we
had

Tg } ( urn ?

¥
,

[ Cgu , g- 7
.

Now fix to  ET
,

and define Bit  →  t (

by pgs={4gto,t⇒ tgep .

¥3 : P  is  a proper cocyde ,
so P has CH ) .

TI Fg,h←T, pcgh ) = [ Lghto , to )= { Cghto , gto ) + [ ( Ito ,
to ) [ Syaain 1 ]

=  Tg[ Chto
,

to )  c- [ Cgt .to ) [ by a) 7-

=
 pcg ?  +  Igpch )

.

Moreover
, llpcg )  112=2 dcgto ,

to ,  →  •  as 8-200 .

Deft let @.tn ) be  a
finite  una  al  normal faithfl taeial state

.

Say M has the tlaagarupppaty of -7 seq .
Cen ) of Cnonmal )

trace - Preserving CP  maps M→M st
.

 �1� En  → id ptnise G- uot and

�2� on em ,
E. C- r)==kG ) R  is  <p_t in  BCLZN )

.
[ line Coca ) condition .Tf



the P has Cte ) ⇐ > LP has Cte )
.

If ! =3 ! Let Cfn ) be seq . of pos def
.

fuz P→ �1� in Co Cn )
.

Then Mfni  L p→Lp  witness that LP  was CH )
.

⇐ we showed that  if

KLT→LP

cp ,
then fcgi : = 1- ( ecxg , Bt )

is positive definite .
 For G) →Ct

Kazhtdan 's property F)
'

 
- Let P be a discrete countable gp and

÷
~

a  subgroup .

we  say P has pytg.tt)relations
Tf  whenever Cfn ) is a seq . of pos . def .

fets P -26 sit . £21

pomtuise , fnln → 1 cindy on N .
we  say

p has pea

if T has property
CT ) hdatie to P

.

Examples :

-

-�1� All finite gps have Ct )
. |tLwl←@ P has Ctt ) =D Ct ) # T is finite . at

�3� It P has Ct ) relative to N
,

and P has CH )
,

then Nfniee
.

@ SLCZ , 2) has Cte ) as E ISLCZZ ) we  index LZ .  But SLCN , 2)

has CTZ tn > <3
.

�5� 22 * existedhas  euaieets [ µI#t<€#¥ ]
→ does  It Lane # Say @

But -247  art  oo  sasgp  ⇒  notch ! ~b ( it ) nets closed under  extend
.

Equ.ua#tef.nitensofCT@Vseq
.

Cfn ) of pos def Sets  y fn→1
 ptuise ,

£→1  mtf .

@ t  unitary rep
'

- Cttst ) of T at sea .  of out  it 's CEN ) sit - tgcp ,

HTGE ,  
- gull -20

, I { ←  thus st
. TgE=[ tgcp .

�3� FEZO
, Its >  O  and FEP fmute  st

. FCH , #) unity nep  al EECH )z set
.

lttg#< S tgtf ,
7- Iota ) ,

-1 #gIo=Io tgep  aLll££o4<E@sane as �3� , but  ones what  is  ordained in  eg .

�5� FEZO
, If >  o

,
Fcp finite  set . tfiP→C pos .

 4-  at Hey -11<8 vzef ,

we  have Lfcg )  -11<2 VFEP
.



@ Every cocyde p :P  →  H is  inner E ←→ tsdd ]

�7� Every affine  P - action has  a fixed Pt .

pf?@#→O

'

'

Observe that for a Gttffctl )
,

Lg[=IgI+pg)=E←→ 1397 - Z - tgE fgep .

Hence d has a fixed pt <⇒ P  is  
inner

.

0¥02 : Suppose CH , # ) a  unitary P '

nep
'

- and Chin ) CCH )
,

st . HIgZn→nU - so

FGEP .
Define fn (g) i=< tcgzn ,In > pos . def .

The est  is HI !

70=0 : let P=Zg , .gs ,  
. . 3 and Fn - Eg ,

,
. . , gu } ET

.

Set Life .  Then VT
, 7-

unityeph CHN ,tn , { n ) sit .
 k&n4=1 , Vttcg ) sdiznll < ± tgefn ) but

F In .oE # Ji  4  tgsnjzu ,o tgep ,
i.e.

,
Hntnct '

- car . Non  set
-

fixed  pts( HIT ) =  IOCHN, In ) .

Then ( En ) a see .  of  almost  in ,  T 's
,

but

4 ng  invariant  5
.

�3� ⇒@ ,

' Throat
, just

take  an aley E
.

⇒
-30 Let E >  o

.

Tate S > 0
,

Felt finite  as  in �4� . Set £=  ES and

F- F. suppose CH # is  a  unity f- nepin  at £ a ( £ ,  E) almost

invariant  unit  vector
.

Note that [ H 'T ]±  E  K des  net contain

any montero invariant  vectors . Tl[µ#z+  is  a  P .

uep '~ , so
tf

Z€[H←]g£UTGZ . zll >cf for see get ⇒ lltgptz - pizu > , Shptguwhere

ptciscte ) is poj .  onto [H"#
. The :

E 'SZHIGE - Ill = 11 tgptz - p±[ 11 >
, Jllptzu ⇒ llptz HEE

'

.

The :D-ptsz Ts  dose to § ! Indeed
, stay p=  tpt ,  if

|EE1=/
then upE4%i- e

'

.
Set go  =  PEI c- HT

.
Then :

14>241

fo - pf= PI - psf = tllpzll THPEK # ,
pot  ⇒ " to - PIUS 1- llpsill

s|E'c§_⇒ K£5 EU a Ugo - PEYI tllpq - £11 < § + llctptsqll < E
.

<
'

< milled
.

- .

-1
 E

'  < §



�3� ⇒ 50 bet EZO .
 Choose CF

,
S ) as  in @ for E

'

.EE#pySetF=FuFtu2e3

,
and Icf ,

E) FBI !

at ftp.C be pos . def ,

st . ltgi -11 < £ FGEE . NI lfces - 11<5 .

I CH , # sr ) set . fcg )  = < TGR ,
R > fgtp .

Sue  e←E , 1nru2 . 11<8
.

Let £ = Eh .  Then utgz - [ It  
= 2 -  < tgz ,T > -  < tgiz ,E > tg

For GEE , 1<tg§ ,q > - 11 E kitgi ,i > flg )1+491-11<25 .

÷ 

iru21.1ciTgI.I21eI-1ThustgtFslltgsi-zll2c4IcSit@TRy3Os7EoeCH2.scttTgfo-zotgGPardllE.EoKcE1.ThenVgclT11-fCgH-1CtgEosEo7-cutgr.r

> I

€ lcitgso , £ .  
- I > I +  Ktgctoz )

, E > I + I < tgz ,£ > - citgr , 271
~

< E
'

+  E
' + 8

C E
.

# .

provoked we chose K'<Ez= and |£<mMZ£2q,E3}_,

50=7-0 :  vary easy . Suppose Cfn ) seq . of  pos . def .
fetes .

 sit . tn→1

Pointed  or T . Lets > o . choose CF ,
f) as  in �5� .

She  F  is

finite al Lr→1  poirtuise
, eventually Lfnlgr -11<8 tgef .

there

lfncg ) -11 cz tgep .

'

Have fn -21  

=if0⇒@=let  p :  p→H be a cocycce . By Schoenberg 's  than
,

Fuso
,

f- Cg ) :  = expc - rupcghl
' ) is pos . def .

 =L frogs -21 points

as  n→o+
. By @

, fin →  0  uwtfnhf ,
so  p  is bed ←→ men .

@ ⇒ @ '

. the !
- -

D# : Let ( M ,+D be a fvaite - Na  ul faethful normal travel

state .

we say
CM ,tr ) has

property
CT ) if t see . ah :m→M )

of@onmaDtnace-pneseumyue_p.napss.t

.

En →  id ptnise_z

he → id uniformly in Hill
,

on ( M )
,

- { mttelnmkoosl }
.

E A
note these  are different !

Our goal is to prove
:

-

Thy T has Ct ) ←→ ( LP
,

tr ) has CT ) .



PITS : C Minn )
,

CN ,trµ ) fnikumacs y  normal
.

faithful crucial

States

.

An M - N bimode is a
Holbert  spree tt 4

Connery
normal

* - hear 's X ; M - Bcte ) and fi

N°8
-> BCH ) ↳ [

Kai ,gch)I=owe 'll suppress ↳ g and simply write  a.

2.
b for Kla )f (b) 2 .

Lenny: there is a  canonical bijectron Stun :

@ trace
preserving

normal wcp maps 0 : - N

@ pointed M - N Sine Lubes ( H
, { j at

taceveetrzl

:

< m & , E > =  

tnfm
) final

,
< In , £ 2 =  thr Cos ✓n←N

.

Pfd 0=20 : Gund
,

define c.  i>¢ on M @ N by

< afb , , azedsz > :  =

trn
@z*¢CaFa , )b.) = LOLAFE . ) kr , b-

RZW
.

Do usual procedure Cmod out by left kernel
,

complete ) to
get tto .

Defoe a. ( x @ g) ob :  =  ax @ yb .
these  actors  are bdd '

.

• 11 a. Ecxioyi)u3 ,
= § < cfcxityaeaxityir , ygr > ekatalllkxioy :#

on

i -

[0ag*a*axis1< lkiall [ ctajtxizl inMNKN)
.

• be d dress of R . actor B easier .

These actions  ae  n=ul she of is  normal
. [ exercise ]

Remy 's If N c- Mum subaly and ¢=Eµ , trace - preserving card .  etp . ,

then HEµ I µL2Mµ !

a@bi-sabdescaks1-isol.Lapb.azfbifytrCbEEncaItapb.I-trnoEnCbMaFaibi7-Laibi.aabz2oem.N

-

trm

Now let £ be image of

1ef1NMtlo.therVnGMrnGNs1lmIllo-trnC4anxmj-tnmcnxmjng1lsfnllop-trnCnt8Cnu2-tnnCuxnJ@tt0ii_GiuCmHn.fJsdefeLqeiL2N-stlasl.extusmotnrtsEn.isoneIgillfnltEtrcneni-llnR1Pgdeencynormrl_too.K

low  ¢ in → N gin by 0cm )

=L*gXCm7L§

is normal up

where X '

. M -s BCH ) as the left M - acaoe . Fnatly ,

+  meth )

tnncokml ) = < dark ,r > = < x Cn ) Lyn , ↳ r > = cnn.rs =

than
Hence 4 is trace preserving . Exercise Ifie !



Lanna ! For CM,tr ) a fvuohe - Na  ay fethful normal facial Stace
, t_F.AE ;

⇐
fr ) has CT )

@ FEZO
,

7 fmuk  FE Mark S > O am
. F Cmttm , { ) b. module  uytaeceut

satisfying max Vf & - { FH < 8
,

1- an real vector {

OEH
set .

FEF

11£
-

£o4<
E .

PfI @ ⇒  �1� : Suppose ( En ) a seq .
of Cnormal ) trace - pesaneyucp  raps

÷%→id ptmbe A. llz  • Let EZO .
,

and pack CFif ) for E=ECE ) ,→±as.u@
.

Let ( Hr
, In ) be the MTU bind y trot Connesp . to En  •

Smu

h→ :L Parise like
,

INGLN at .

Vn >  N
,

ffet
,

Hq( f) r -fruitwhere £=£C

s.EE
) # .

Then ✓~sN
,

AFEF
,llfsdn-Inf112 =

1lfEinbl2tllfntlP-2Re4In.Zn.f7-trml4CHfDttnmCfef-ZRetrmCcfcfffxJEntnaeE-pcsrury-Dt-2tnmCfaf7-2RetnnCEnCtsftJ-2Retnmf@uCfs-fj.ft1I2RLEenCf-fr.frl1CS-bf211cencf1r-frKzmollfRllLyyC2f.K

a here Ki = max kfrllem < oo
.

ftt

Now  it we had £#| , then by @
,

an > n ,
ZM - cannot 8

.

( Tk
-

= re

£nyo GHN  sit . 11 gjnro - { n4< E .

Then fn > N
,

txc C M )
, ,

11 char
- xrllz = 114nA )r1( 22+11×21122 - ZRE truck # x* )

= tffkatana ) ) +trmatx ) - Zretrmcenasx
't )

I trm ( yn⇐*x ) ) + trµ(x*x ) - Zretrm ( ErC⇒X* )

= Ztnmcxttx ) -
ZRE < ×&, Ex >

-
= 1111* In - §n×|(

PehE<E¥~
= 11 ygn - xgiyohtllsdyox- EYXH 1 ZE < E

.

@ ⇒ �2� i Omitted
.

- -
[ It  would be good to  check this ! I 'm  a little  unsure

about the choices  ftp.  in the detof CT) Igaefnctftr?.If



⇐ Suppose CLT
,

~ ) has CT )
.

bet Cfn ) be a seq . of  pos . deaf .

fets on p sat
.

fn→1 poirtuise .
 Then ( Mfa ) is  a seq . of

CP '  maps or LP sat
.

 Mfn →  if poirtuise ltllz .
Since LP has CT )

,

Mgn-sTdceuGrlyiun.Kzon@P2.IrpatiadesVE20.7NCtNsct.VnyNuFqGP.E

> 11 Mgnckg )~ -

tgRK< up

= llfncg ) tgr
-

Xgohlkqp

= lfnlg ) - 11 .

Hence fn → 1  chancy as u→o• .

¥ Suppose F has CT )
,

Let E > 0
.

Choose C FTI ) as  in �3� for

the equou . def 's of Ct ) for this E •
Pick  F={fg1gGF }< LT and

set f=£
.

Let CH
, f) be  on Lr - LP srnodnle  ay trace oater

£ satisfying wax1lyg{- { 1g1l< £
. Note that LPHL ,

 induces

gets
a  using mph at :p  →  Bcte ) byttgz' .

=kgz5g. Then ae had

{ ECH )
,  and vgef ,uitgql- {u=Htg{xg*- {lkatgt- £ tglks .

Since P has Ct )
, Z { •

E Cte )
,

st . Tg { o=Eo tgtpadHE
- £
.u<

E
. N↳wfgep , Tg&o⇒g£otg*={o⇐Stg£o={ otg .

So £o is LP.cat#. .
Have LP has CT ) by @ ⇒  �1� on the

preceding lemma .


