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A  is a complete named

Algebra ,
i.e. ,

(A)Hill ) is a Banaehspaee

Sit . (( abut 11911.11511 Fqbett .

last time : we saw that  .

-
F Jet  is

a closed 2- sided ideals Ats is Banaeh

Y Hats # inf{ Katja ( j←J } .

Examples-

:

@ Let
# be any

Banach space
and

define

xytoVx.ytIOC1MnCG7isBaraeh.alg@CCtIfenEcptthausd.O

Co # ) # locally opt
thank .

!4! CBCE ) as bdd fats ~
# a # top . space .

!5! 0°C # in )

@ D ce a
domain

, simply comin 4

JED
simply corn . Cpt closure K . disk

ACK ) = { FECCK ) 1 f ↳ is hoeoz .

#geb=e

!7! C "C on ] ay IHK = EE Ketft "H• i



@ l' CZ ) y convocation :

@*g) ( ni = -0£ xcnhlgck )

- 00

. United at unit fo Cult fn=o .

!9! l' (2×0) y ⇐ *2) CutTExCn-uiyCk7.l@dC.R
'

) a , convolution

Cftglcx ) = ffcx -

g) gcyidy .

& Inunity

@ Bce ) fan # Banach

@ KCLI ) cpt
 ops
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) = Cabtubtza ,
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,

( ( Cait ) Kai'= dadat al
,

l
'

norm
.

Note another norm night be better
, e.g. ,

( ( abtzbcl

Ucqtilla
,

= EEP
#

or

Kbato



Qi what  is 11111A ?
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.

Feet ,

linear linaey see .

Edie : Find an approximate
unit  in :

0 GCE )

@ L' CLR " )

!3! KCTA ,
H a

Hilbnt space .

Exercise ' show  if Fa .ie .
Cea )cA ,

then X. A → Bet ) , }

-
an  Dancey . C assay

414=1 . )

of when do a. a
.

's Exist ? 2p functional catches .



Spectrum : A is a
until Barack algiaed .

Spca ) = { ZEQ ( a -2-1 not  invertible } .

±
 it depends on A .

When A  is understood ,

Simply write Spca ) .

For A non
. until we defe spnl al - spa .( ato ) .

People It A  united ,
lcalkl

,
then C tat '

= Ioan .

Co=
'

. If A  united
,

GLAKEAEAI 0€sPcaB . ,  open .

• So  are set of  412 - inu .
 dts .

• map ai→a
'

is ctf .

That If A  until
) space 13 nonempty t opt .

Rens .

'

•Tzi
> day ⇒ cazj

'
= - FEE .  '

a "=z÷¥→Ca⇒?
• If zefspca ) ,

then for 17 - to ( < Kcaetstll
"

,

@tk Cato ) - Cta ) = Catha - II. )
00

2is@Ht-ca.zojlzt2n-oCazT-nFEa-zoYca-zoTtl.oV4GAtsztzyc.ca

.at ) is nog on G- SPG >
.

• we  aid see that for # spot ,
ztcaz 51

is Barack - valued holoman e-

h÷



Examptes :

OCC # ) ; spcf ) - FCI ) .

← see for doskalg , dead .

@ GCI ) ; spcfl = fT#)
.

!3! Cicx ) ; spcfl = FCTI)
.

!4! L
•

(E) ; spcf , = as nagecf )=Et•eQ / a→¥Izo is

in <•#] }

={ t.EC/tE20
,

self 'CBeCzd ) ) > o } .

!5! I GL ) ,lk2zd
,

ECB ) ? ? ? Fourier Analysis

⇐¥4
: For  a€A

,
me delete speed

Ideas of  a by real :=!n→zoua 'll
"

'

.

Proof rca ) is well-defined and equals innt Ka 'll K
.

Pfi Fix MELN
.

For  REIN
,

write n=qm+r with

m

q, n E Zzo and r< N
. Then Hay ,< Ha

' 1191L all

?2
,

llaihllks11amH%
. Hank → llanllkas ntoo .

Thus linsupkatlk < wmfllanll
"m

s linirflloillk
.

Propi For actt , Spca ) C { ht< rats
,

and Ftespcal st .

Proofs WLOG
,

A is a .tl ,

lttnca ) .

ZD



oo

Stepl: fan at > nca )
,

consider IIECET .

a=o

Since Al > rice
, 1. mkanll "n< ( z \

.

Thus FN > o

st ,
tn > N

,
kanlltn < 12-1 .

 # k¥9 < 1 .

the F  no set .

Karlyn
ttl

a
_<r< I tn > N

.

↳ Keffer . Hae - ¥ E- CET cause .

÷ -2-5
'

.

Sleepy Enough to slow that  if Spca )c{ ( zur }
then rzrcas .

Fix such on  n  and a EEA*
. for

12-1 s Kah
,

cat )
-  '

= ¥ EOET ⇒ K@ at
' ) = ⇐ ear ).IM

.

No - 2- L→ CE C Catt
' ) B ¥ . on Qlspca )

.

Thus
,

the following

Lentsees
converges

on  

anbhdotlzlkkca.es

' ) = IT eca ) En
' ' tahr

-This snap 15
" key = Is ;p1Y¢FM| < attend

By Untfombddnesspne , snap 4⇐y( ( < M< oo

2> kaillbnsrtlk An ⇒ *Ca ) sr
.

Defi eat  is called qoesinilpt if sped#Iaea

Th=(Gelfand - Mean ) : The only
armed deuistn alga is Q

.

PETAL eat .

AT za Baade alg .sftcasfspfe
) # e. Let

t←sP£a ) .

Then at not  ire  ⇒ a- y=o•



Holomonphicfunotalcalculus
bet A be a

nnital Banach alg .

Nosy If  a+A and p is a
rational ftp.zts#Tcz.gj5

without poles in spot ,
we can defy

* ⇐ y÷⇐⇒o ← EII.ae#fE.3EIE:*
1st

Resent

¥4
'

.

*  Footsies.

For Use open ,
let

HCU
) be the odg . of hoconaphi

fas on
U .

Recall H ( U ) is a
closed Subspace

of Ccu ) y a
Feohet TUS stnetue

.

For K c- e opt ,

let OCK )=U{ tkze ) 1 Kcze } .

HFC :Fact
.

The HFC is a  and atom .

Ocspca , ) →
A
6

£- fee )

Such that '

.

0 If peapod ) is rational
, Pca ) is as above .

@

Cspeetal
mapping

than ) spcfcas ) - fcspcas )
.

!3! If ge Ocspcfcas ) )
,

then gcfcdtcgof ) G)
.

+ Additionalproperties !



Preliminaries from complex analysts÷
If KEUEQ ,

Fa simple closed carton

eat Eopn 1 zek

jc Ulk
,

st
.  indyCZ2= { O z¢u .

@ If 8.
, yz are two contours as in 0 and

ft HcUlK )
, §,fCzHt= Sqfcz ,Ez .

!3! If y a contour  as in 0
,

FEHCU )
,

teen

tzek
,

fCzI= ¥§ Itf dw
.

Banach rate differentiation
's fnkgrectn÷

 a U c- a open  at # a Banach space we say

f. U → I is

@ weeklyhd=onphic if off :U→e is hoco
.

or U itTEETand

@ StenglyLeetonia if fzeze ,

1in fGh2¥G2 =

1 in
fc=fG7

Into w→z_
w - 2-

exists
,

where the limit  a taken in # .

Note Obviously Strongly hdo .

⇒ weakly hdo
.

Qi what  about other direction ?



The trick is to define a version  of the

Cauchy htegnl family for Cts fees

f. U→ # .

Banach - valued Riemann path integral I

÷
- 5 ? Taos ] - X= be a  as path .

b
want  to define f yctidt .

a

L=nei There is at  most  one XEI st .

Yan = §@•nchd+ feet
.

P# Can
.

to Hahn - Barack

force : you define § setidt  Tfpin,→o×cqu ,

where xaza ,
= I£8Cai2€i- ti . , )

-

di

where P={a=toa tic - - . < tits } is a portion
,

11PM=  T.ge#@_i=ti - tin )
,

and uetaubj
"

st
.

the < y[ < ti
+  E= '

.  
-  -  . 2h .

Facts : @ This limit exists  and satisfies

- ycsalssct , at ) = ftp.rvtidt text
.

!2! £
↳  

I ccea.bz ,X= ) → I Be KL linen

trans .



the
'

. If # is a
Barack space and

f :U→I is weakly Lolo
,

then

Of  a strongly Cts

@ Cauchy - Gousat *Cauchy illegal formula hold :

If VCU is a simple dosed contain  u ,

inscoe ) CU Cindy (e) to
FZEZE )

,

a ) §fczHz=O .

b) tseirsco )
, fe⇒= ¥ § &¥Edw

!3! f is strongly hdo
.

Ffi WLOG ,
we may

assume OEU ,
and we need

only Prove @ + @ at 0
. Ctansbuion  is  Ok . )

!1! Since OEU , Frzo st
. BT ) C U

.

Let K#t .

Since Yof holo . ,

Yfcts - Tfco )

a) =
= ⇐ fed dw toutkzr

.

d-E) W

cwkzr

Let My = may I Yofl on BIO ,
.

By at ) above
,

Outler  ⇒ |YCfay¥')| I 1¥ .

Hence { fC2t¥ )
| oaken } tddweaktt

⇒ bdd in Hill by UBP .

This FR > o set -

a < # is - ⇒ 11 fczi - flash ELZLR →  o  Es 2=>0 .



!2! If f : D→ I at
,

8cD a path ,

date
Sfczsst as the ! ett

.

in # s .
t

.

= ,
at ) 4( Syfetez )= § cefctsez Fee #

.#Indeed
, Syfcz # is the Riemann path

ihtgmllthatyouiqdefmenyarHNow@stcb7followinfdetelybzCty.as

they hold for the RHS of #
•

Cases HB
.

)

30 Choose r as in 0,
i.e.

,
But EU .

For ocular
,
£H¥→=←÷f←£I,÷← .

Now nose

krl=2r

that for o< bokr
,

the fag wu→ fly in CEOD ,I )
@-22W

converge uniformly to wi→£[÷ .

Hence Lum fat - fco )

z→o =
= ¥ ,§ .at#dwcE ,

as fete : C ( Eon ]
,

# ] - E is asked 44
. tens

.

Col If f :U→# Banach .
valued hado .

,
and K ,KcU

are
closed paths  in U set . Indy ,Czi=  irdozcz ) Fz€U ,

Cuse Canny -

{ fctdz = §afCHdZ • Gawsat )



Construction of HFC-
For AEA

,
fe Ocspca ) )

,
7  open

Uospcas sit .

ft HCU )
.

Let y be a simple closed contour  in

lllspca ) st .  ihdyCz7= 1 ttespce )

{ own

.

Tete fee ) = ItSyczaj ' f a) LZ
.

,
the £ ettintt

St
. Ycfca )\= ¥ §

YCCE. at
' ) fczidt teeter

.

Endo
.

teen !

Note flat is indent of  choice at 6. since the

Rtl is irdep .
of choicest 8 as Zteczatl

is weakly hole .

Thy '

. The tffc Ocspcas ) 7f - f- (a) Got satisfies :

!1! fi→fca ) is an algebra
horn .

@ If spcas EU
and Ctr ) c- HCUI ay fn→f

Loc unit
,

then fnCa2→fCa ) in d- .

@ If fct ) =E Luzk has radius  of conveyance

> rcar
, then feel = Edie ak

.

In particular
,

this holds it pdy 'S p .

Moreover
,

these properties uniquely characterize

the HFC
.

Lemma :C First resent female ) fcyzfspca ) ,

-

East . ( w . as '=cu . Hca -a5' G- a5 '

} they?
E commute

.

5 = ( w - ⇒ ( E
- a)

'  '
co - ay

' 1



Pga . @ Pick Simple closed canes y
,

× st .

Spca ) Eirscs )
,

8 uirscs ) E  ins C X )
.

Then

tianya.i.t.SE#az.SIFadw
= ¥ge§§

fcztgCwCICwytdudZCz-af-cwas-lTz-iiaftEtfgIdyaztiaEEalftIEnwEoutCs1-2to_72utigcsy-ztzSyfctszqe2I_dz-CfglCat@Snpposefn-zfLoe.unifonUZspCasPickcptKGUsa.spca2cK9DzlWsFMieZos.t.Vgttkw2sllgcaKEMu4glt.ca

!3! Hence 141€- f~ ) (a) 1( E Mkkffnllcck ,

→ 0
.

Pick 8 = { HER } zpos .
oriented

, 4

rca ) < R < radius of Come . off .

Kobe teak ze → fcz ) unit on BRCOT .

K

↳



Then

:#
⇒ §fee # ='Eif¥ss¥f¥a

-

E
= ¥ Eye'fE.ca#fazEE.*n

Tom
.  net in C[ r

,
A ]

=⇐i⇐→ahan[year da]
oo -

= 2- Lkqk Ziti Sk=n
k .

- o

•

Mn-aaFlftLcFTtseca4Pu@T4aifcpiKcUcCst.U
is simply Conn .

, any f€ the ) can be n 't .

approximate by a poly on
K .

Stout
: Suppose K opt

,

and E  c- €\K which intersects

rerun
:

every
Conn .

 component of €\K ,

If KEU
- E open

and fetal )
,

then f maybe mif .  approx .

by a  
rational for whose Poles

lie  in E
.

Suppose now OI ! Ocspcay - A  is a lemon .

st
.

O OIG-217=1 and §czi→z_ a
,

and

@ if £→f Coe
.

 
unit on

Uzspcas ,
OICFN 7 - OICF )

,

Then OICF ) = fcoy tf e Ocspcatl .

Pfi Notice OICP ) =p Can t poly 's P .
If E is a pocy set

.

qc←# 0
+ Zespcat ,

then TEEOCSP Cad2
.

Sine

1- OICE . 'z7=€cq ) . # C €7 = Eco ) ECEI
,

EC 'z)= ¥ ,
⇒ otcrhrca ) irrational r

.



Now for  an  atsitny fe Ocspcan
,

7  open

UZ Spca ) and a sq .

Cnn 2 of  rational fees st
.

nn-sfunif.onspCa73yRuage-sT4m.TknoICf1-lnmoICrn1-lnmrnCa2-fca7.Spe@ppyTnmSIffEOCspcas2.sp

( fca ) ) = fcspcas ) .

Pf : IE If xcffcspcah ,
then gczk

1- is in

- fat - X

fecspcai ) .

Then goal( f - X)Ca7]=gca)(fcai→ ) = 1
,

So tctspcfcan .

⇐ If kespca )
,

FGCOGPGD set fcz , - fc 4) = CZ - D gets .

If fcx ) ¢ spain , 1=Cz→)gCHµ¥fa ,

⇒ 1=@→ ) goes
1

fca ) -fA , )
a contradiction -

Coy If FEOGPOED and GEOCFGPCA) ) )
, @of )G)=gCfCaD.

pfj Consider OITOCSPCFGI ) ) → Ocspca ) ) 5g gigot .

we  clam  it's a
honor set .

← →  1) i-> C7c→I ) g ( +(→z ) -2 @i→fG ) )

@ gn→g
Coe

.
 not  ⇒ get  

→ goof Cee .

not

on f-  ' ( U ) Zspcal .

on Uzspcfkel )=f(spcai )

Now  consider the composite Ofspcfcal ) )→O( span -2A

g-
> got together .

cleanly it's a honon
.  set .

!1! Cities e→ 1 a ; #sz ) c- foe )

!2! Tf g~→g
Loc . unit

,
@other -D(gof)Ca ) •

By 1.
 ness of HFC for fca )

, @ot7ca)=gCfla ) )
.



Applicant : let A be a -
ntel Bonaohalg .

,
aedt .

@ If % R In the unsdd component of !1! lspca )
,

then a has a log in A .

If '

' Take a simple curve 8 cin Glspca ) conweety

Oa and oo .
Then QLJ 13 a Simply corn .

domain and 0 # else . Hence Ffetkaj

St
. Eta )

=z
.

Then fca ) et  at eteka
.

G- : A complex  
invertible matrix has a log ,

@ Suppose spca2=kiUk2 )
both Cpt

,
€0

,
Kinked .

Take disjoint  open U ,
ski and Uz > kza Set

UtU , uUz z
and define fee , - { lo

ZEU
,

zellz .

let pifca ) and PEAR '

Then peep , ,

pjTzafqtpe1c-a4tvetanfMooeo-sge.p.2-oCzfczz-fCZ727.sPCaP.7-k.uzos.spCapa-KzuZo3bytheSpeetalMappuyTh@IfTE.B

# )
, SPCT ) =K°Kz as  to

,
set

E- RE
s

F= #zE§ SO CEEZ Complementing .

Then TP ;= Pit 
=  PEPE⇒ E ,f tinuant .

Iuaiat Subspace Problem- Does any op .
 in BCH ) have

a  nontrivial invariant  subspace ( fails f- Barack  spaces by E¥6 . )



Dependence of Spectrum on the Algebra

#diz→tadDBcCExamine!

spq⇒,

Cidt 2 'D
.

Let At Epdy#2D}
E CCJD )

.

Claim
'

. SPACIL )=D .¥idyn=1
⇒ sp+Ci4E* . Clancy spayed ) E space)

.

Suppose lH< 1
,

ale suppose
# SPACED . Then Ff of

sit .
( it - x )f=1 ,

and a seq .
 of poly 's Cpr ) at .

R~→f  cnif  on
2D . By the Maximum

Modules Principe,

Cpa ) as anof . candy
on # ! Here FGECCE)s*

.

Pn→gunit
,

and gbujf .

Soe petty → 1

Mit
one

2D ,
pncidt ) → 1  n 't on # as uek )

so gCE→s=1 .

But go.rs#=o ,
⇒_← .

13¥ For KEE cat ,

thepoCgnonialCy-exhe4ofKPConuLKJ-EzeCllpasiEUp4kUpo6yp3KispdgnoniaK_yxifK-PConuCkj.EIPCoueC2D2-lI.Poopi_KEEqot.ThenChsPConCK1isthecnb_eEConpautof@hK.K

pdy cnu×⇐>
Elk coin .

1¥ Enumaaoetcclkl by (Unhnxo ac
to aid .

Let Lt K Uff ,Un=Q\Uo . Cleanly K< Rank .

↳



If ^ >d ,
Un is a SEI open set

,
and ZUNEK . By the

Maximum Modulus Principle
,

Un E Pcon- K
, so LE Pconuk .

Now  if XEUO , zhscz .  yjl c- 0cL )
.

Sine Uo

is Conn .

, by Ringen , can  cnif approx
2- - Ct→5

1

b'2 Pdy 's
,

i.e. Fcpn ) y p~c+ ,  - czt5 ' motor L .

then Pnctcz - X ) - 1- mtf  on
L . Set q~=RCi£t2 .

Pick NSO st . Kqn - 111 < t.tn >,N . Sue KCL and

/9nCt2 -11 = 1
,

a
here XFPCAUK .

This Pcoruk - L
.

[ The pdyqn
- 1 satisfy Kqn-12cal > 1 > How -111k ]

the Suppose 1
*

EBEA  is a  metal inclusion  of

Barack alg 's
.

Then

ABEB
,

!1!

SpaCtDEspBCbJad2sPBCbJE2sPnCbJ@PConfspnCb5f-PConufsPBCb2T.DIfGcClspnCb2Ba4o_eCbddc4n.com

posed )
,

eitherGESPBCB) or
OnSPBCS) =D ,

@ It D=

qpdys.ir#EdJsPBCb=PConufsp*cs] .

P£ @The first  inclusion  is
trivial . Suppose

ZEZSPBES
) .

Since

spacb'T
a-

specs)°
,

it suffices to
Shan

¥  

SPACS
) . Suppose for  contradiction

# spats ) .

Then

Zetas.tn .
actsa)

¥447 at 1 .

Sure te2spB( s )
,

Fan ) C an specs ) st .

Xn→X .

The Cb→nT
'

⇐B An
,

so Cb- tn )
'  '

← d- .

Since b- he → b- X
,

and mansion  is

Is an
Gct )

,
down

'
→ Cs - ×5'=a€A .

Then a←B

she 13.3 Complete ,
==⇐ .



@ Immediate from 10 and that . Mod . Principle .

!3! Let 6 be a hole  of spacb) . set G. =

Gnsppscb
)

and GE QSPB ( b )
.

Thus 6=6,062 , Gin 6<=0 .

Clearly 62  is open . Since 2 spells ) Esptcb ) and

Gn Spd b) =D ,
we must have G ,= Gn SPBCBJ ,

which (3 also open .
Since G 13 End .

,
G

,
on 62=0 .

-

!4! Suppose D= { pay 's into } Eat
. By @ +0

,
we

know spa (b) E sppscb ) c- Pcomcspaxcb ) ) .

Fit ×

in Pconucspacls ) . Suppose fan contradiction
* SPBCD '

The Cs - 45
'

E Best .

Then F Cpi sq .

of poly 's

4 pacts) → @-45
'

.

Define qncz )=Cz→)PnCt2 ,
so

Uqncbd - 14 → 0
.

But then we
home

1 ( qncb ) -1112 ✓ Cast -17

spectral

= Sap { ⇐ -11 / zespacqncbi ) } mapping

= seep { lances -11 l Zespnlb ) } ) than
-

= Uh -

Itlccspncb }y ← pconucspnt " )

2 LENCH -11
-

= 1- i

which is a Contradiction .



Gelfadihey
Given a

united commute
Barack acg A

,

we 'll construct  a canonical Cpt .

ttaasd . Spacek
,

together a , a Cts united aly .

honor
.

v. A → CCE )

F- now
) A need not be until .

Defi A  nuttier on Cagesme )

changer on A  is a nonzero
linear

4 :A→ ←
St .

ycas ) - Ua ) ECS ) tqsek .

The set  of  characters
B denote £

.

Examples For E cpt .

Hand . , eu×
:# 2→Q by

f- fct ) B a character . ( I c- cE#) )

Renay :@ If A  ansal
,

EE€ ⇒ ECD - ( .

@ If A  
novmnrl )

At # QI
,

then teed ,

71
FEE ,

set .

@ / *
= T .

Indeed
,

we  must
have

•

TC at .lt ) =

FCaHtEC12-ecatXeC.ThFc@tx1KStuHj-FCastacathbttu13-Kab1tuEcytkECS1ttee-Ka2ECb1teeEcoytXKS2tXoe-CeCa1tl2CECs1tu7-fCatx17FC5tee11.C

conversely ,
if EEAT

, 44 is either O on  not
.



Leya
'

' If A  B a a- ital Banach alg .  and JE at is

a proper  ideal
,

then facts
,

Ila - 11131 .

7£ If at- all < 1
,

at Gct )
,

a  contradiction .

Applications
:  !1! If JIA proper  ideal

, JEA  is too .

@ All maximal ideals are closed
,

Bach to A commute .

Page If A  unita at Hot
, 1144=1 .

pfj Let  aett  uc Koito .
then 1- Ecaitacken @ )

,

so 1<-111 - C 1- East a) 11 = YEAH
,

as lean E Kall ,

Since KIK 1
,

KIKI
.

Col Ken Y c- A  R a  
maximal ideal

-

Read the Gwynn
tells as that the arcy

named derision  atg .
1€ is CBO .

 to > @
.

This means if

A is a
united comm .

Barack city .
 at no nontrivial

ideals
,

then Atc .

Exude : ta¢GcA7 ,
Aa  ran  

ideal .

Pno# If A  is anted and commute ,
each nax ,  ideal

is the kernel of  a  unique Eta
.

Pfi Let JE it beamoex .  
Heal , so At is a

cnn.tl Baraekqcg .  - c no
nontrivial ideals

,  
:@

, ALJQ .

Hence of : of  → NTJ the canonical Ejector is  in AT



They For A  a  cnn.tk commutative Baraohalg

and attt
,

TFAE .

'

@ a € GCA )

@ F  wax  
That a  C- JI A

!3! 7 TEA set .
ceca )=o .

pfi @ =) @ standard
Zorn 's Lemmon  areyumbnj Ace  is

-

"

an  
ideal cantering a .

Take not  elt
. of

{ ideals acts I A } under incursion .

!2! ⇒ !3! ; y ; of → ACJ works
.

⇐CD ! If  a ← Gca )
,

teeth ,
Eca ) Kai

' ) =L
,

so Ca ) # O .

# For  ache
,

xespcas # FEEE sat .

Kai- X .

Zb speak { Cca ) IEEE }
.

Getty .
Note that

£ is contained 'h

the unit sphere of At
,

ie .

, { feat 111kt -1 } .

Clay : A^CA* is weak # closed
,

hence # by Boffa

PFI Suppose
(9)ctt Y E -29 weak -e

. then Fauset
,

cab > =
link cast ( inkcaiofcs ) =

Ecaiecs ) .

÷
 be ( Eco ) ) at CEKSI )

one  eventually $-4 .

Exercise : suppose of ,=Aoe1  is the anteater of A-

-

Recall TYEE
,

71
.

extnsnn at ⇐ Tti at . I l*=T ,

and 7 ! % : A ,→Q sit . blotto
 EEEOATA ye =eD

We get  an  
inclusion d-ciz In , sy 4c→ of whose

image is 2h28 }
.

Shon  that

!1! the relate  top .  on  c- ( I ) as the  weak # top on At

!2! £ ,
B the Apt  cempaclificaiior of Ft

.



Gelfand Transfer - define era : It -7  e by
-

I For EEA
,

@va@2=

qca ) .

Then £ is a  ads fet  on € ( read at has

the relative  weak # top - )
,

and

lleuatlcaf

Had
.

Macoun
,

f : A- → CCE ) is an alg .

here - .

a- era

Renald @ usually PCA ) is not  closed in 4€ )

@ If A  s  not  united
,

and At not  cpt , then PCAJE Coat )
.

@ The Gelfand top .
 on It is the created top .  or of at

.

the fees era in  FCA ) C CCA ) are  ctf .

pfi_ WLOG
,

A  is  metal .

The identity is a map

( t
,

Gelfand top . ) ¥ Ct
, top .  irdrcekbzkcbz )- tansl .

Cpt .

Hence  in  is closed ,
and thus arise .

Naas chose ←→ goes
→ Kaz to

#evacexz→ ECE ) th

- defines both the aeakcx  and top .  
induce Say Pct )

.

!3! Kent  
= { a # ( spcakco ) }={ quasi  

nilpotatelts3PinjC-sFqaasiniCpoentelts.Ccaadsonin@eDPnopi_SupposeAisun.talandcommntatve.C
# aett  and

ft Ocspcan .

Then ev =foera : E - Q
.

fca )

Pfi First , for XE Elspca ) and YEFT
,

1=442 = Y¢a. death ] = [ yca ,  - x]e¢a→5
' ]

↳ y[Ca→5 ' ]= tea '

Suppose f EHCU ) fan re 7 Spca )
,

ah ( et 8 be a  simple

closed carton  as  in the defh of fca ) .

Then

evfafe
) .ie#=Kzt*iftfILz)=zz.SyfateCza57dz=zfTS.zfIEdz=ftecau .

# era )( 4)
.



Exercise : show  that  if  the until Conn .  Banach aly A

is generated by AEA
,

i.e.
, poly 's  in A  are dense

in A
,

then E is

homeomonphktsPnCa7.ExamplesofGelfadTnansfo@X_cpt.Ha
 usd

. Clearly I cz CCTI) by xc→eu× .

In fact
,

this  map
is suj .

 +  cos roshoneon .

Eyre : suppose jccce ) is a  nax  ideal .
show Fx←I

sit . fcxko FFEJ .

Thus J= Ken Cevx ) ,

fit  not
,

can  Sark

iwati4eeKinJ.Tf@tILoc.cpt.Hausd.s
I not  opt .

Still have COTE ) = It .

[ pass to  unitization
, apply @

,
GTE) =

cEEueao3hZoo3.oooEoTf@IfGi3aLoc.cptas.gp
,

define £ =  Cts homan
.

G →  vase 'T
.

In general ,
E is also a at gg

at EEG .

Then L' (G) ^  EG
,

and T :L 'C6)→GCG ) is known
 as  the Four-time .

00

(a)when G- Z
,

lkk ) has come .  melt . ( a  * b)cn ) =Each - ur tsck )
.

COO

Defoe fncwk Sun , so £*8u=Sn+u '

 Thus

sin
 

= fn kea .

By the eseeae
, eccz )^ Espcs

.
) .

cbfni liar Each # .

# For ye lqz )^
,

Lee x= K£2
.

Then sine KECK ( are

K£11 = 1 An
, ill 1 key . 11 Sill =L rod 1 E 'l= 1K£ , ) 1<-1 .

Can  identify Yu Cecsinneg = C X )n←z E t.CZ )

Comasdg ,
G- xtua )

,
Can define gel 'CZM clock )

by check )=xn .

then he c- liczza :

k,( a * b) = ⇐ @*  b) (a) in =  ftp.naejibcu) X
"

= Facets
 

E. scwsxk  
= e. (a) eds )

.

If  atlk >< )
, euaceio ) = F. acne

' ⇒

→ PCEEKJ ) a- c. Cut ) a

algof  abs
.

Conn .  Fourth series Gehl top  is  usual one .



c ↳ ) Caisse l
' Ct) "

cow .  multi Cftglceiol ¥ §fIei#tygceit #

Define ZncetotEcho for ntz .  Then :

Qn*Zu ) ceeo ) =zt*2§ eincoe ' eiht de

= EE gjteioontdt  ={ eointII
.

Zb Zn*Zk= £=u Z ~ ,  items .

FYE actin
, yczn e { o , is the ><

Note yczn ) = 1 for  etaety of ntz ,
sine

Eczn ) Eczu ) = ECZ -
* Zu ) on ,kEZ .

tykes a  map L' C II )
"  → Z . to

Conversely ,
for aez

,
sehe Encfkzttsofceio) Eioda

.

Then derby k(ZuJ= Snee ,
and en is multiplication

tnoyoraweenie Pedy 's
,

which are dense  in IT )
.

- Gelfnd top on z is the discrete one .

- For fed CF I
, Cgycnlafzaseq.  of  Foam  coeffs  of f-

(c) Consider L' CLR ) - 1 come .  malt . cfxgfcxtffa - g) gcgky .

we know LLCLR ) -=L°CkR )
,

so Cet 's fit the KEETLR ) which

induce 4€ LEERY .

Step : rxcxtyt KC⇒XCy7 ace .

If : Fix f ,gfL' CB )
.

then Ecfeg ) =S Safe -

g) gay ) dzdx

= Ssxcxifa - g) gay ) dxdy =Sszcxtysfargcysdxdy
Echelon - Ssxasrecg)fc⇒gcy)d×Ly⇒ SS [ xcxty ) - XC⇒xCy2 ]fctsgcg

) dxody tfgec
'
C 12 )

Sparse subspace of  L
'

( 122 )
.

Step : A is cts Cup to a  null set )

pfi tto
,

so 2a< b set . Sabzasdx # o .

Then a.  e- x-D
,

Xcxi Sa bkcg ) Ly = §xc xi Kg ) Ly=§Xc×ty)dy



This means that XCH= §

XCxtykz1fetxcgidyaebtx2dXcxi-SHy7dgfl5axcgidywhiohiscIatX@3iAssneXcts.ThertxCxsl-1vx.soX-l.RtsuaKTacF.non.igiFoxetR.sEealxaN-snnuzttaxskTxeEsaYFnH9BiSirE.R

conn .

,
lXc⇒1=1 help . Exam  =i

, so  xextxcxt!D
Steel : Ftc # set .

XC⇒=Eit×
.

'

Pfi Since X : #2→ ucl ) Us
, Fz :tR→zR as  sit ,

take # !

[ 1R is simply can
,

so any
as map uz±s¥#¥' ' ⇐

its * *
.

As 1/67=1 , uenay

assumezcoto
. ]

By step 1 ,
we have Zcxtytzcxltzcg ) mad at

.

By continuity , Zcxtyt ZKHZCY ) in  a  risk of Or .

The same  argument shows Sit } Cay ) e 4221 Zcxtyrzastzcy ) }

is open
and nor

- empty .
But z cos

⇒ S is closed
,

so

ZC×tY7 = Zcxitzcy ) t  x ,yE# .
Then setting

t = Zc - i )
,

we have zcxl = - tx .

[ for NEZ , O  = zoos
- Zchttn ) )=Z(al +  NZE' ) → Zcn ) = - En .

for  p .qEz , qto ,
- tp  =

ZCEKZCE
. El =qzcecq) ,

so

z ( p/qz= - tplq .

The result  non
follows by continuity . ]

we can now  identify 4 GRT uc KR via X+a→t  where

At ( × )== e-
itx

.

New  the Gelfand Transform  is  exececy

the Fourier
Transform

PG ) as = § faieiitxdx

The Gelfak top .  is  indeed by FG ) far FEICKZ )
.

If fcx , =  eiaxe ¥2

,
p(f) (f) = At e-

 ' ←  9%2

2g Gelfand top  on
# is the  usual one .



Exercise '

. Compute At
,

the Gelfand top .  or €
,

and
-

p : A  → CCA ) to

@

l1CZzD@xbiCn2i-uZIaen-u7bCkJ.zOtsisaabyACD3-ZfeccEJ1flasholocfaCgdvasAniruolu_honaC-aCg.i2afctX-d-sdiac-sooesa.OCxattsF-IatttfVtEC.a

.be#

@ @G)
*

= # of tabed

!3! a** =a
teed

.

↳ CAN called -

confect .

Examples
-

:

O ounce ) a adjoint conjugate transpose .

@ CGOQ at comparator  addition +  multiplication ,

and Ca , b) €= C 5. E) .

@ CCE ) I cost .

teased
. , f*=I

@ Co # ) I Coc .
 cpt . Hausd .

!5! L' CLR ) ay f*C# = #

@ L
•

CLR) a ,
f*=I

.

!7! Disk acg ACD ) y f*G→=fCET
.

!8! A  * - dosed  sabalg of Bcttl
,

th a Hilb . space Cnextueek )

NI " If A  annal , 1*== : 1*-1*1 - CI # = ( 1*17=1*1.1
"

13¥ A Ct - acg is a
normal Q Ealy CA #

,
HK ) sit .

⇐
A

,
1 C. 4 ) is  a

Banach alg

@ ( ( a*aK= KECP Facet .

Eyre
'

. Determine which of @ - @ above  are Ctalg 's
.



Operators
-

:  

aeAc3caHeL@self-a_djoirt.f
 a=a*

@ retie Caza if  a=b*b for  some
bet Etos 've  ⇒ Saif

!3! normal if  
ate=aa*

!4! a projection if  a=a*=a2

!5!

anisomtny

if ata  = 1A Card A  Banctec )

@ a  dry if ata= IF  aa* Cart A  Banta )
.

yes uutny
<=> irwrtible Bonetey
⇐> normal Bonetny

!7! apanl@etry.fattaczapnojcetth.Z
> we 'll study these in great

detail ) especially when A=BCte ?

' Let A be a
C

'
- alg .

Elenentayppes -

@ * is isometric : suppose ato .

Hall ? kaE4-<KaKKa*4
-

KatK2-KaaxdfKa4.Ka4@lLall-4LallfonLaEBCAJ.lHfllab11EKaltllbK-KLaCK4e4.NouKaatll-lla43-uau.uata.3OCtdjoiniyawnit7Ai-AtOC1acusualaddttihtnult.scyCatx5ti-attI.andllatH1apsupEKetsHblllbetFllLatt1llgai3aCt-algwhtchconHemsNc3onetnrakgasacoEim1idealPfiBg2O.suffregtoproueCe-axiomi.F

- ath
,

XECC
,

{ 20 ,

let belts .t .

2154=1  and

( laiyuz
.

- q
E Kabtcblpn= 1165 '→bTCabttbltttlkbatttbekebtds )h*

= KL #
C a # Catt ) blla.sk#etI2Catx7b4k=llCat+Iice+yye,

Car  eh↳

llatxlcny1ll@etI7catc4UAiSlloietIllniKettlldiisoKatkka.s
kEtIU~

,

and beg sjmmety ) Katya
,

>cUettI4*
,

.

The the above  inequalities C* ) one equation .



!4! If a  €
A  normal

,
then ualtnca ) .

.

pIl1a2blZ1L@5ieCa4ll-kcataT1l-uata42-kaU4risuq2q-daq2.Fself-aEjontItaatnystnE1N.L
( a4l=ka42

" Zosrcatlinnlla 'll #
= Hall

.

!5! it Get , ×←sp*( b) ⇐> Itspacb )
.

!6! Is A  uusal and aEGtt)
,

@ 5
 '

= @  ' 7*
,

and

tespca ) ⇐s I
'

Espei
' ) .

!7! If A  unity and wet  wary ,
then spcuza 2D .

p± at = a-
 '

⇒  txespcu )
,

I
'

←  Spca )
.

Since  Hull  =L
, ldl ,

lot ' III  ⇒ d←2(D
.

@ If  a=a* ,
then Eta is unitary Cdefened using HEC

, pass to

unitization A
,  if  necessary ) a  commute .

PfI@iaye.n.EC#n2*=EEig?n=eiia.RztFC,eiaete=e_ .

!9! If  a=a* ) spacer CLR
←

Create A  need not be central ! )

PI by @
, spceia ) c2D

.

No - spceie ) =ei*⇐ '
⇒  span -42

.

- Spectral F Initiated !

partook ,  if
uuappiythm F holes  in  spate ) .

necessary .

@ Eury ath can be

witcnasaReCaKiImCoe1uheeRecn-atImkInCas-a-z.PbothseCfatjeirt@IfAcomm.sevayEEEra-x-hon.PfIECatl-yCRecar-iEmcasJ-ECReCeD-iEEnCoi2-KReCa72tiECInceTecaT-iEspCReca22EspCInCaic-bookE.R

,

.

Gelfad - Hainan Thu 1 ' iA  is a an .tal Comm . Cthacg )

-
If

then q  is
isometriodly * isomorphic  via P to C ( € )

.

F& ? P is a - isonety
: Every elt  in A  is normal , so

⇐Gillan ,
= sup Zevace ) 1 EE # } = sup { eco , lead }

=sup { x I Xespaeai } = Fte ) = ( ( alla .

P is  * - preserving Euy E€€ is
*  Runny , so  ifaet ,

-

%

tcetlce ) =  euaece ,  =ae Cate ) = et  
=  FACE ) =  poet Cy ) .

1¥ " PCA ) is a see .

Banach stag of CCE ) which contains

1 and separates pts  at A
.

stone . Weierstrass ⇒ Pct )=CCtt)
.



Cori A non - unite Comm . Etty A is Benetnioeky
- in * isomorphic nice  to Colt )

.

Pfj Let A
,

be the unitization
,

and read It ,
=€u{•3

where oo  =L sat . %1a=o .

Then P ? A → C # )

is isometric onto  a swsalg of 6 ( E 2 which

separates pts are does not  vanish at  any
T.ee .

By Stone - Weierstrass
,

P is auto .

Lemma ( Spectral Permanence )
-

: Suppose IAEBEA  is a  antal

inclusion of Cmg 's and bed
.

Then sppscskspqctn .

P# It's enough to prove BEGCA ) ⇒ BEGCB ) .

Suppose beat )
.

Then bt←GCd→
, and @* )

-  ' =⇐y*
.

Hence tsetse Got ) .
Since bets  is see . ,

sBf5eb7E1R.Sire2spnCbtebJ-2sP3C5etD.weheuespsC5eb7-spnCb4b2.HeraebebEGCB7ssobhaseLe_ftirmseirBnamely@Ebjlbt.A

similar  argument
 applied to bb* sheers  that

b is right irmtible in B
.

Contnuauslznctioneclles
Suppose A  is a  uncial Ctodg and Eat  B note .

Let C*Ca) be the United Cthsusacg of th generated

by a
,

i.e. ,
the smallest anted C*EesaCg contain .y

a
.

Then the  image
of  the Gelfond Transform 04 a) Eccsptees )

is an  isometric * - Bo

OITCCS
# an → Cta ) e- A s .€

.

DEC 11 =1 ;oIczEzz→= a

!2! AFEOGPCAD ,
OI (f) = fca ) from  the HFC

SKI There as a
honean

,

space ) I c*Ca]^
.



PI By spectral permanence , spate ) = spcqa,

Ca )
. Note  that

Ctcaln 74 - Ceca ) Espafa ) is smjectve + ces
.

since  C&( a )n has + he nebetoe wk*  1- P .
Now  me  clan

this map  is injected . suppose Ecatlcas In 4Yec*CAF
.

Then since g 4 are #hours
,

Kate ) = # = #a ) =  Kee )
.

Here 4=4 a  all pages in a  and at
,

seee- 4
,

in ~

¥2 :
Sire Fca ) → Ccctcasa )

⇒
Ccspnfas ) is a~

isometric * - Be
,

wedefi - for f€ Ccspake ) )oIGs=@ 
"

on
' )Cf )

.
Now  we  verify teeth

,

a) t.cz ) ( 42=412--1 = N' (1) (e) ⇒ OICI 2=1

b) PG ) CEI = ceca , =  idcecay = a-
 ' Cid ) (e) ⇒  Eta

Steps To  nosy the CFC extends the
HFC , by

the

Uniqueness property of the HFC ,
it suffices to show

that Tf Cfn )
,

f are
hole .

 on
UZ spate ) st , fhtf

↳  c- unit .

, then qtcfnz → OICF ) in A
.

Sore

Spaces cost ,
fn→f  wet .

in C ( spacey I C *Ca )
,

and we one
finished .

Notation For A a
mixed Ctaelg ,

AEA  normal ,
we denote

the CFC Ccspntal ) → 4 Cal c-th by

f- f Ca )

Notes If A  na .

until and ath normal
,

Can define

cfc C ( space ) ) → Ica )
,

the namn.TL Ctesesalg

- of A gn by a -

names  at Eotspafet .

we 'll now prove
F  a Catt equivalence of

category qergftacazsd
. } # {

an

EIEIGT }
.



tangs :

Lynn " If A ,B are
unite Ct - algs and # A→B is a

cnn.to * - 4am
, then of is norm decreasing . If  of

is injective ,
then 0 is an  Bometny .

P£ First
,

note if  AEGCA )
,

then

dCa2eGCB2.tLeneeSPBC0caDcSpnCa7.ThusrBC@caDsrnCa7.T her

feet ,

11$ (a) 111 1 (

cfCa5t0casK-llbCatal1-rC4cataDBsnnCaeas-lLaFell-UacR.NowsapposecfisinjeIe.CkMi_Spnca7-sppsC@canfvonnalaek.Pf1SnpposeFXtsPncaslsppscocas7.T

here  since Spate <3

- o

normal
, Fcts f : space >  -2 told at . ftood £lspBCd (a) >

.

Then f Casto
,

but of (a) =fC 0cal ) ⇐ •
,  -2€ .

÷Lds  it  poly 's  in  a ,a* ,
dense  in  Ccspaeag )

by stone - eienstnass !

Now
,

tacit
, llofca )u2= npfoccaean = rk Cata ) = Kalp .

Thmi F a contnauariart eq .  at  oats ;

T.ua#IEseaes3*EYmIIIIs:}
Gina It opt

Hard .
 res C CE )

.

must  extend

Gren A  annul aemm .
a. acg ,

→
A ] these to

functions
.

We 'Ll then need to  Construct  natural Do 's from

composites each  way
to  the appropriate 5£ functions .



Stef Suppose # , Y cost Hausd
,  at Sixty cts

. Before

Ccf ) :C CK ) → CCE ) by gttgof .
Then Ccf ) is a

a  an ,tal *  then
.

 Indeed
,

1 of -1
, of of  = g=f ,  and

@g. + g. g) of = dg@f ) *Ctofkgzof ) .

Skp@:_ (a) Ccidxjx→ E) =  idea ,
a

(b) If Etty-2 > Z ,

ccgof
) = CCHOCCGZ ,

sire if he CCZ )
,

hocgof) = CCH ( hog )=as→( cayag

Step @
'

. If ¢ : A →
B is a

metal # has
,

the

-

of :B- > An byec→
4.8 acts .

Indeed , if 4×-27 wk*  in § ,
then test

k.co/cass-sYc8cas ) ,
so g.  ¢ → too wk* . - Fe

,

and thus of is Cts .

Step@'= @ clay  
=  idn

(b) If of #BECi coat )^=¢^•y^ .

Step @ ! we're  already seen  that  EEC # in
•

This  iso .

- f
is natural :  # - T ccffncasr Cg )

× -2 fth

| I 1 | =@×•cct]cg )vevx-afar =G× ( got )

C⇐f - Cler = gc fan =eg⇐ ,
G) ✓

car

Step @ ! we've already seen
AE CCA .

The  iso is

- 10 c (f) Ceva ) ( e)
natural '

A - B
a- @ cars

|
= @a°§2ce )

In -

enter =  era ( e.  e)

c
¥2

- CCBJ = ec cocas )
- eueee , CEL

CCOT )

tx=e : what Lappas for non
- antal Conn

. C*alg 's ?



Application Stone - Cech Compact .fi#et .
To each Tzchaeoff

top . space I ( T
,  and creeper , ie , if Ee #

closed
,

xo  at F
,

Fas f :# →  E on ] st .
food - ,fh==1 )

, z

acpt Hand . space BE ZX= st .

!1! # =p # C BE  is a  conpactifeatien of # 2

!2! A Cpt K and Cts f :# →
K

,
can extes f- to

,  
i.e. PI Fpf

a map pf :P # → K
u , Is# →

K
.

f-

PSI Defoe BI=C↳cx⇒n where Csc # ? is the

Mitul canon .
C today of  as bed fees  on E- al KK

.

Since evye CbC#^ f×EI
, get

 natural inclusion I c- Be .

Since # is Tychonoff at top .  or PE  is  induced by

FCCBCID ,
the inclusion IEPI  is #s art  original

topology or # .
Since CCpE2EC↳#s ,

we  kaee # is

dense  
in PI • TLPI  cost .

Hand .
 ⇒  normal

.

so  if # not

dense
,

7  cos f :p E- told , # oz st . fl×==0 .
But  the ]

Be
a  contradiction .

!1! Now any
fecz # 2 extras  e- PE .

Suppose now f :# → K cost .
Defe GCH : cCki→Gcx⇒

by gets goof .

Now Cbcf ) is cts since  if g~→g

unit on K
,

then gqf  → got  unit  on E .

Finally ,
we dehe pf= Cts ( g)

~ :B # → K
; which

we Kroc  is CI . f- any
×←# and gecck )

,

[ pfcevx ) ]Cg1=[G(g^(eu× , 7cg ) = ⇐uxocbcss ]G )

= en×Cgef1=gHe⇒)=evf⇐ ,
cay )

,

and thus pf  extends f- .

Cari Fcptifiatim Kot Is Fcts saj BE - K which restricts to  I
on #


