
cfaCgdvasAniru@honaC-aCg.i2afctX-d-sdiac-sooesa.OCxatbF-IatttfVtEC.a
.be#

@ CaG)
*

= # of tabed

�3� a** =a
teed

.

↳ CAN called -

complying .

Examples
-

:

@ ounce ) a adjoint conjugate transpose .

@ GOQ at componential  addition +  multiplication ,

and Cqb )€= C 5. E) .

@ CCE ) I cost .

teased
. , f*=I

@ Co # ) I Coc .
 cpt . tcausd .

�5� L' CLR ) ay f*C# = #

GO Leaf ) a , ft - I
.

�7� Disk acg ACD ) y f*G→=fCET
.

�8� A  * - dosed  sabalg of Bcttl
,

tha Hilb . space Gextueek )

NI " If A  annal , 1*-1-5 1*-1*1=(1*44 = CHIT = I 'e=1

"

13¥ A Ct - acg is a
named Q Ealy CA #

,
Hk ) sit .

⇐
A

,
11.4 ) as  a

Banach alg

@ ( ( a*aK= Kq42 Fact .

Excuse
'

. Determine ahidr of @ - @ above  are Ctalg 's
.



Operators
-

:  

aeAc3caHeL@self-a_djoirt.f
 a=a*

@ retie Caza if  a=b*b for  some
bet Etos 've  ⇒ Saif

�3� normal if  
ate=aa*

�4� a projection if  a=a*=a2

�5�

anisomtny

if ata  = 1A Card A  Banctec )

@ a  dry if ata= IF  aa* Cart A  Banta )
.

yes uutny
<=> irwrtible Bonetey
⇐> normal Bonetny

�7� apanl@etry.fattaczapnojcetth.Z
> we 'll study these in great

detail ) especially when A=BCte ?

' Let A be a
C

'
- alg .

Elenentayppes -

@ * is isometric : suppose ato .

Hall ? kaE4-<KaKKa*4
-

KatK2-KaaxdfKa4.Ka4@lLall-4LallfonLaEBCAJ.lHfllab11EKaltllbK-KLaCK4e4.NouKaatll-lla43-uau.uata.3OCtdjoiniyawnit7Ai-AtOC1acusualaddttihtnult.scyCatx5ti-attI.andllatH1apsupEKetsHblllbetFllLatt1llgai3aCt-algwhtchconHemsNc3onetnrakgasacoEim1idealPfiBg2O.suffregtoproueCe-axiomi.F

- ath
,

XECC
,

{ 20 ,

let belts .t .

2154=1  and

( laiyuz
.

- q
E Kabtcblpn= 1165 '→bTCabttbltttlkbatttbekebtds )h*

= KL #
C a # Catt ) blla.sk#etI2Catx7b4k=llCat+Iice+yye,

Car  eh↳

llatxlcny1ll@etI7catc4UAiSlloietIllniKettlldiisoKatkka.s
kEtIU~

,

and beg sjmmety ) Katya
,

>cUettI4*
,

.

The the above  inequalities C* ) one equation .



�4� If a  €
A  normal

,
then ualtnca ) .

.

pIl1a2blZ1L@5ieCa4ll-kcataT1l-uata42-kaU4risuq2q-daq2.Fself-aEjontItaatnystnE1N.L
( a4l=ka42

" Zosrcatlinnlla 'll #
= Hall

.

�5� it Get , ×←sp*( b) ⇐> Itspacb )
.

�6� Is A  uusal and aEGtt)
,

@ 5
 '

= @  ' 7*
,

and

tespca ) ⇐s I
'

Espei
' ) .

�7� If A  unity and wet  wary ,
then spcuza 2D .

p± at = a-
 '

⇒  txespcu )
,

I
'

←  Spca )
.

Since  Hull  =L
, ldl ,

lot ' III  ⇒ d←2(D
.

@ If  a=a* ,
then Eta is unitary Cdefened using HEC

, pass to

unitization A
,  if  necessary ) a  commute .

PfI@iaye.n.EC#n2*=EEig?n=eiia.RztFC,eiaete=e_ .

�9� If  a=a* ) spacer CLR
←

Create A  need not be central ! )

PI by @
, spceia ) c2D

.

No - spceie ) =ei*⇐ '
⇒  span -42

.

- Spectral F Initiated !

partook ,  if
uuappiythm F holes  in  spate ) .

necessary .

@ Eury ath can be

witcnasaReCaKiImCoe1uheeRecn-atImkInCas-a-z.PbothseCfatjeirt@IfAcomm.sevayEEEra-x-hon.PfIECatl-yCRecar-iEmcasJ-ECReCeD-iEEnCoi2-KReCa72tiECInceTecaT-iEspCReca22EspCInCaic-bookE.R

,

.

Gelfad - Hainan Thu 1 ' iA  is a an .tal Comm . Cthacg )

-
If

then q  is
isometriodly * isomorphic  via P to C ( € )

.

F& ? P is a - isonety
: Every elt  in A  is normal , so

⇐Gillan ,
= sup Zevace ) 1 EE # } = sup { eco , lead }

=sup { x I Xespaeai } = Fte ) = ( ( alla .

P is  * - preserving Euy E€€ is
*  Runny , so  ifaet ,

-

%

tcetlce ) =  euaece ,  =ae Cate ) = et  
=  FACE ) =  poet Cy ) .

1¥ " PCA ) is a see .

Banach stag of CCE ) which contains

1 and separates pts  at A
.

stone . Weierstrass ⇒ Pct )=CCtt)
.



Cori A non - unite Comm . Etty A is Benetnioeky
- in * isomorphic nice  to Colt )

.

Pfj Let A
,

be the unitization
,

and read It ,
=€u{•3

where oo  =L sat . %1a=o .

Then P ? A → C # )

is isometric onto  a swsalg of 6 ( E 2 which

separates pts are does not  vanish at  any
T.ee .

By Stone - Weierstrass
,

P is auto .

Lemma ( Spectral Permanence )
-

: Suppose IAEBEA  is a  antal

inclusion of Cmg 's and bed
.

Then sppscskspqctn .

P# It's enough to prove BEGCA ) ⇒ BEGCB ) .

Suppose beat )
.

Then bt←GCd→
, and @* )

-  ' =⇐y*
.

Hence tsetse Got ) .
Since bets  is see . ,

sBf5eb7E1R.Sire2spnCbtebJ-2sP3C5etD.weheuespsC5eb7-spnCb4b2.HeraebebEGCB7ssobhaseLe_ftirmseirBnamely@Ebjlbt.A

similar  argument
 applied to bb* sheers  that

b is right irmtible in B
.

Contnuauslznctioneclles
Suppose A  is a  uncial Ctodg and Eat  B note .

Let C*Ca) be the United Cthsusacg of th generated

by a
,

i.e. ,
the smallest anted C*EesaCg contain .y

a
.

Then the  image
of  the Gelfond Transform 04 a) Eccsptees )

is an  isometric * - Bo

OITCCS
# an → Cta ) e- A s .€

.

DEC 11 =1 ;oIczEzz→= a

�2� AFEOGPCAD ,
OI (f) = fca ) from  the HFC

SKI There as a
honean

,

space ) I c*Ca]^
.



PI By spectral permanence , spate ) = spcqa,

Ca )
. Note  that

Ctcaln 74 - Ceca ) Espafa ) is smjectve + ces
.

since  C&( a )n has + he nebetoe wk*  1- P .
Now  me  clan

this map  is injected . suppose Katy Ca ) In 4YeC*CAF
.

Then since 94 are #hours
,

Kate ) = # = #a ) = Kee )
.

Here 4=4 a  all pages in a  and at
,

seee- 4
,

in ~

¥2 :
Sire Fca ) → Ccctcasa )

⇒
Ccspnfas ) is a~

isometric * - Be
,

wedefi - for f€ Ccspake ) )oIGs=@ 
"

on
' )Cf )

.
Now  we  verify teeth

,

a) t.cz ) ( 42=412--1 = N' (1) (e) ⇒ OICI 2=1

b) PG ) CEI = ceca , =  idcecay = a-
 ' cid ) (e) ⇒  Eta

Steps To  nosy the CFC extends the
HFC , by

the

Uniqueness property of the HFC ,
it suffices to show

that Tf Cfn )
,

f are
hole .

 on
UZ spate ) st , fhtf

↳  c- unit .

, then qtcfnz → OICF ) in A
.

Sore

Spaces cost ,
fn→f  wet .

in C ( spacey I C *Ca )
,

and we one
finished .

Notation For A a
mixed Ctaelg ,

AEA  normal ,
we denote

the CFC Ccspntal ) → 4 Catch by

f- f Ca )

Uniqueness of CEC : If OI :C space ) ) → A Batts ) cnn.nl

- oI( 17=1  and E Cid ) =  a
, then

* -
homom .

St .

§ ( t ) =fCa ) tfeccspncas ) .

Notes If A  na .

until and ath normal
,

Can define

cfc C C space ) ) → cfca )
,

the namn.TL Ctesesalg

- of A gn by 9 -

names  at Eotspafet .



tangs :

Lynn " If A ,B are
unite Ct - algs and # A→B is a

cnn.to * - 4am
, then of is norm decreasing . If  of

is injective ,
then 0 is an  Bometny .

P£ First
,

note if  AEGCA )
,

then

dCa2eGCB2.tLeneeSPBC0caDcSpnCa7.ThusrBC@caDsrnCa7.T her

feet ,

11$ (a) 111 1 (

cfCa5t0casK-llbCatal1-rC4cataDBsnnCaeas-lLaFell-UacR.NowsapposecfisinjeIe.CkMi_Spnca7-sppsC@canfvonnalaek.Pf1SnpposeFXtsPncaslsppscocas7.T

here  since Spate <3

- o

normal
, Fcts f : space >  -2 told at . ftood £lspBCd (a) >

.

Then f Casto
,

but of (a) =fC 0cal ) ⇐ •
,  -2€ .

÷Lds  it  poly 's  in  a ,a* ,
dense  in  Ccspaeag )

by stone - eienstnass !

Now
,

tacit
, llofca )u2= npfoccaean = rk Cata ) = Kalp .

Thmi F a contnauariart eq .  at  oats ;

T.ua#IEseaes3*EYmIIIIs:}
Gina It opt

Hard .
 res C CE )

.

must  extend

Gren A  annul aemm .
a. acg ,

→
A ] these to

functions
.

We 'Ll then need to  Construct  natural Do 's from

composites each  way
to  the appropriate 5£ functions .



Stef Suppose # , Y cost Hand
,  at Sixty cts

. Befe

Ccf ) :C CK ) → CCE ) by gttgof .
Then Ccf ) is a

a  an ,tal *  then
.

 Indeed
,

1 of -1
, of of  = g=f ,  and

@g. + g. g) of =

dg@f1ttCTofKgzof7.x

SKP@'=@)CCid±#→ E) =  idea ,
.

alttmcptttaastott ' ' )

(b) If Etty-2 > Z ,

ccgof
) = CCHOCCGZ ,

sire if he CCZ )
,

hocgof) = CCH ( hog )=as→(cq,ag

Step @
'

. If ¢ : A →
B is a

metal # has
,

than

-

of :B- > An byec→Yo&
acts .

Indeed , if 4- T wk*  in § ,
then test

Q ( doors → Ycolcas ) ,
so g.  ¢ → too wk* . - Fe

,

at thus of is Cts .

SteP@jcascdnzn-idIIYHonunii.com

. eagtne )

(b) If of IsBECi coat )^=¢^•y^ .

Step @ ! we're  already seen  that  EEC # in
.

This  iso .

- f
is natural :  # - Y ccffncasr Cg )

× -2 fth

| I 1 | =@×•ccH]cg )vevx-afar =G× ( got )

q×⇒^ - Cler = gcsan =ey⇐ ,
G) ✓

Casa

Step @ ! we've already seen
AE CCA .

The  iso is

- 01 c (f) Ceva ) ( e)
natural '

A - B
a- @ cars

|
= @a°§2ce )

In -

enter =  era ( e.  e)c¥h
-

CCB ) = ec cocas )
- eueee , CEL

CCOT )

tx=e : what Lappas for non
- antal Conn

. C*alg 's ?



Application Stone - Cech Compact .fi#et .
To each Tzchaeoff

top . space I ( T
,  and creeper , ie , if Ee #

closed
,

xo  at F
,

Fas f :# →  E on ] st .
food - ,fh==1 )

, z

acpt Hand . space BE ZX= st .

�1� # =p # C BE  is a  conpactifeatien of # 2

�2� A Cpt K and Cts f :# →
K

,
can extes f- to

,  
i.e. PI Fpf

a map pf :P # → K
u , Is# →

K
.

f-

PSI Defoe BI=C↳cx⇒n where Csc # ? is the

Mitul canon .
C today of  as bed fees  on E- al KK

.

Since evye CbC#^ f×EI
, get

 natural inclusion I c- Be .

Since # is Tychonoff at top .  or PE  is  induced by

FCCBCID ,
the inclusion IEPI  is #s art  original

topology or # .
Since CCpE2EC↳#s ,

we  kaee # is

dense  
in PI • TLPI  cost .

Hand .
 ⇒  normal

.

so  if # not

dense
,

7  cos f :p E- told , # oz st . fl×==0 .
But  the ]

Be
a  contradiction .

�1� Now any
fecz # 2 extras  e- PE .

Suppose now f :# → K cost .
Defe GCH : cCki→Gcx⇒

by gets goof .

Now Cbcf ) is cts since  if g~→g

unit on K
,

then gqf  → got  unit  on E .

Finally ,
we dehe pf= Cts ( g)

~ :B # → K
; which

we Kroc  is CI . f- any
×←# and gecck )

,

[ pfcevx ) ]Cg1=[G(g^(eu× , 7cg ) = ⇐uxocbcss ]G )

= en×Cgef1=gHe⇒)=evf⇐ ,
cay )

,

and thus pf  extends f- .

Cari Fcptifiatim Kot Is Fcts saj BE - K which restricts to  I
on #



Positive Cac AZO } is a  closet cone
.

=
: { aet 1

THI Let  JEA be a left  ideal
)

not  uec .  closed .

F  a  night approx  IL for J consisting of  elts  of At ,

If J is separable , can  choose approx  it to be a _seq ,

pf;_ WLOG ,
A  is unctal .

Let SEJ be a dense  sasses
.

( Can take 5=3 on S a
countable dense subset  if I sp . )

Let A be the collector of finite subsets  of S
, adage

by inclusion .

For tea . .
.  . . ,an3E^ ,

defe be #aFq .

.

Note that be
>

←  JnA+ EJ←  ideals At  closed core ]

Define e
>

= Ctntb > Its × by the CFC . then

Eye JNA+
,

and Uexll s to bxae→
Now

,
faces

,
tied 4 AEX

,
we have  a*a<- by

.

Cqae⇒*ca-ae⇒= ( ten ) attectex )1 Cl -

ex )b×( 1- ex )

= fctsx ) where

fct '=( 1- ( ÷++y⇒2+ = ( in +  +52[ tntt - t ]2t

÷ e-

= ÷ -
- < ±

'
a it ÷ +  t

Hence U a- aegis ±  →  •  as
41 -2  ⇒ '

Ree a , more effort ,
can  arrange x c- I  ⇒ eases .

6€
If JEA  a closed 2- sided ideals J=J*

, so Jec*=lg .

RI fact ,
He ,

at -
a*H = llaex - 94 →  or so  a*←s .

Col A  night  approx
 

it for  a
2- sided closed ideal g- c- of

is also a # approx .
 

id
.

f- J
.

they If JEA closed 2Nd ideal and IEJ dose zs.se

ideal ) then I=t  is  a  closed Zsited ideal .



4¥ Let Cho ) be a tsbd approx  it for J . Then fast
,FXET

, a×= long acexx ) =
1in Caf ) ×

.

- X  EJ

÷  I

Caf If I
,

Jet  closed 2- sited ideals
,

In J =

II
,

closed linen  span

pff I obvious

I suppose XEINJ .

Lecocq ) be an  approx  id for I
.

The x= ( zmexx ⇐  IF
.

Col J2=J it closed zseted ideal ZE it .

Qotiht We saw  of A  a Banach  acg and JEA

a  closed Zsited ideal ) the ATJ is  a  Barack alg .

Lemmert Let C42 be an  approx  ant for J .

The
-

teeth
,

÷
 → 11=1 ;

lla - a_e×4 .

Ag EJ

PSI UOG
, Can  assure of  is a.

trl Now by CFC Content )
,

-

111 - lyll C- 1
.

It's obvious Hartsell Ella
- aexll FX

. lets >  o
.

Let JEZ s .

t
. Ha -

jllcuaeskn
, ,

+ E . Then it >
,

1 La - aey 4=4 ac c- E) 11 E  ( Ice -j)Cl - ex ) llt  ¢kjC1 - ex 2 11

£ llajll . uc - e
> 11 +  lljcl - G) 111 llajlltllj - jell

f llajlltq ( large enough X ) f ( latish +  ZE
•

Since E arbitrary ,
the  conclusion follows .

Pnopcsegeet Suppose A  a cteacg and JEA  a  closed 2- sided

ideal
.

The # Ra
C* - alg 4

Cats ) 't:=at 'tJ and

lcatslkignfskaaill
.

atq
P# suffices to prove 1lCa*+s , Latssilzuatslp .

 By the lemma >

Llatsit = lgm do- aex42 = Cia
K @. arnica - at ) 11

=
l p

lichen zatacl - E) y

uwduwe,
UEA '

→ £ HI Uaea  C 1  - e⇒h = 1La*atI 11



Representing Cxhalg 's or Hilbert

Basics on

Hilbert Spaces e

÷H be a
e  utsp .

A sohu.it#nf=n on ←C is

a  map C .

,
> : HxH->e so .

0 Eaztz , 'S > = 2<2,5 > + < I ,
57

@ < Z , assts > = Icz ,§ > ← < z ,
g > } # ←

, ZI , Sen
.

A Esquiline farm  R called

• seltadjart of <Tz>=<E,z> tree it

•  non-d=eraaoe if < 2,27=0
+ El ⇒ z=o

• positive if < z.se 20 tzcte .

Cost posture sesqfom 
is called define it

Lz ,zz=o  ⇒ z=o .

An  inwapoot R a paste definite
sesq

. form .

Exercises :

Taiwan ) 4<2,52 = EE ikcztihz , ztiez >
.

@ C-
,

-2 see .

⇐ <z,z > E R tz .

�3� position
⇒ see .

@ position
⇒ [ definite ⇐> nordegenooete ]

.

Let < .

, 7 be a positive sesq form .
Defe 11.11 '

. H→Eo,oo )

by 1l{4F= LEIE >
.

Then 42€ 'G

Cauohzishunz
: 1212115112 t2ReL< E) z > ← 4242=11×2+24220

-

⇒ KE ,z > Is k£4 . kzk .

Zb Hill is a senirorm On H .



Exercised.

,
- > am  inner pose ⇐ > 11.11 a  norm  on ←( ,

�2� In this case
,

lcx , z > 1=11×4 .lLyU←→×)y proportional .

�3� kill satisfies pmallelognn I :

llztzltt uz-zk2  
= 2 ( UZKZTKECE ) .

�4� Conversely if  a  norm  on H satisfies the parallel .

axiom , defining < .

,
. > as  in pocanizatoon gates

a well-defined inner Prod .

Defi A Hilbatpe is a
a  E. sp .

uc an  iwuaprd .

< .

,
. > :µkH→ E st .

CH.ua ) Banach 4 UEYECE ,E> .

Eyre 's A Hilb . space is uniformly cnux .

Cot reflexes strictly Cmt
, bag closed crux sea

has an ett of  nun  norm .

Recall of KEH
,

then K+= { { Ettl < q ,
kz=o

tktk 3
-

Excuses @ It K a  subspace ,
E=Ktt

.

@ If K a  closet subspace ,

ttktokt .

ThmCRees←Rq=i  The map sets C . ,I> Re coj .
linear

isometric  iso
H -2 H*

.

1¥ < . ,z > in →  a  is in
H* and he ,I > HE kill byes . since

< E. [7=  KIR
,

the map  is  isometric .

Cavasdy ,  if YEH
't l (a)

,
K= Kent EH <3 pop

closed subspace .

Let £ ← Kt st .
QCE ) =L .

FZEH , Z - eczzsiek ,
and thus

< z , I > = ( z
. ecziz ← ECZIE , £7 = are "ElR

.

Here Ycz , =L < z ,§ > ←Z⇐ 't
.

k£42



A subset B CHICO
) is called :

•  onihgalif 2. EEB distinct -→ C 2 ,z7=o

•  orthogonal if B orthogonal and kzk > 1 FZEB .

•  an  •ntho~=lb if B onthononmal and SpanC#=H .

Ima : Every H has an ONB
. t§EH , [ =  E < E. ei > ei

,

CpansaaliderttDlCElE-ZKEYei7P.Pnoqi_Fbijeuthe.Bonetnzconkespadnebcnn0bddsesqeiLinenfannsBHxtL-zcac1lBK-suPElBCR.E11lilzc4usglkl3@tsdLopstL-stC.Thc3buJEcfiecorresporLercemegpss-a-1poS.fonnsaoSa.Cposops.pfHwl.DefISapposeTEBCtD.FonzeH2eeenapItsstE.z

>

is in H*
,

so 7 ! TEEN sit .
< ten > =C£ ,t*z> tz .

The Essignmt z -2 t*z is linear task <

we  cec (

T*eBat ) the C Hilbert ) adjoint
oft .

Exercise ! for  a
ttilbnt  space a

,
oardefiue the Cageg=R

-
Hills . space

# by tT={ EIEE 't } or xEtz=Ez .

For TEBCH , k )
, get  IEBCE ,

E) Sy FE = TI .

Then since the  I I via Rest  Rep 'n Them
,

the Banach adjoint

it and the
Hills adjoint T* are dated by TETT

.

Basie Properties of  Bat )-
@ Ken  T*= CTHH : ( Tz ,§ > =<z ,t*[ >

,
so [ c- TH ⇐ > TEETH

⇐ te£=o .

@ set ⇐ > 45,5 > = < tz ,I > t£eH .

Pf # trial
.

 € : Poknaelien  ⇒ < sz ,E7=< tree > +2£ Etc

* s . i > said ! ⇒ IT )ztH tzett ⇒ Set .



@ T normal ⇐ > lltzktk # Eu uzleti .

pfi 11¥42 -- ( THE ,I ) = city ,£ > = 117£42 e→ Ft - ttt
.

�4� T=t*  ⇐> < TEII > €-42 FEEH . tewl
.

Now  suppose
TEBCH ) hand .

�5� F[ e It sat . tE=x£<⇒ t*E=IE .

Pfi Immediate from @ .

@ If TEFX , }
,

and T&z=×a£a 4 \i*×2
,

then £ ,t£< .

PI x. < I . ,zd= CTE , ,Ed=< Ii  FED =Xzc& , ,& > ⇒ result
.

�7� Eury xespct ) is an approx eigevake oft .

Ef= Suppose  net .
The FEZO sat -

21 Ctyzil >o EKEK # c- te ,

Then T - X  is injection  at closed  range ,  and so  is  TEE .by @ ,

But Ken Ct*⇒2=[€HH]t=0  ⇒ T→  is  say .

,
so

It  is  

iwertibCeaExEspCtJa@ktll-supEKTE.EXluEkot3.Pfi_S.nceatll-nCt2sF2cspCtJs.t
. lH=KTA .

Then since

loran approx eigenode , F £~→£  at -
( LINK '  1 tn  of

T£~→§ -
→  O .

Thus ,t-

ktznszu > - xl= ktzn ,z' is - d< Entin > I

=

lctgn-xzn.En7l_slCTEhcsznllillEnll-20asn-zoo.e@IfT-TgscepECtzsz7lcqu-e3-maxZXltcspCt75adinfEctz.zs1uzyt13-mirElolc-spCtB.pfILetM-maxEkckspCtJ3.B

y
�7�

,

Mtutll =  sup { < Etutll )[ , E > I KEK -13
.

⇒Uax{x( xespcttuttl ) } 20

by Spectral  mapping .

= sup 2*2,5>1 u[ 4=1 } +11711
.

similar  argument for  may ,~f  subtracting UTU .

@ tzo ⇐> HE ,I > 70 it Eat
. Hwl

.



Basic spectral theory for  normal ops in  

BctRecall that  if TEBHE ) is  normal > the Cts ftl Calculus gies

}S an  isometric * - do Ccspct ) ) = Act ) e Bcte )
.

T - fct )

It  is  uniquely determined by ⇐ →  1) - I  and CZL→+7 IT
-  .

Since poly 's  in T and t* a- day in Ctct )
,

and any
- ital

* - hewn btnn C* - Cgls  is  ctf .

FngleddsTh_:  If TEBCH ) normal and SEBCTE ) set .

ST=TS
,

then ST*=t*S
.

Pfi Care  to  Rosenblum ) f- z←e , since
ST=TS

,
S eiET=  ei #

S
,

so S = I
"

Set
#

.

Date fa.ee →  BCH ) by

f- (f) = £ZT* S £i2T*= eizTtgiETgzizT@eETE.ei# *  +  IT )
g£ ECZ # t  ET )

@

ict The +  IT )

Now ZT*tET BSI .
,

so @ is  ¥-2 .
Here

f  izabdd BCH ) valued ↳ ( °
. fet

,  and thus consent .

[ weakly hole ⇐> steerglghedo . ,
so Liouuike  applies . ]

Now tahiy ¥ |⇐
.

fczz =t*s - sT* =o
⇒ result .

÷
 we  series  expansion ,

first  order .

GI If  TEBCH ) normal ah Stts ,
then Sfct )=fCt)S

for all feccspcti ) .

P¥ Bcyfugcede 's thin
,

the result holds it pdg 's  in -2 ,E ,
and thus

for all feccspct ) by
stone -

dei- stress
.

Caf If SFEBCH ) are positive -2 5=T
,

then S=fi .

PSI Sad T  commute ,
so S and of commute .

Now to >  O
,

Cf → +  x ) C Fitstk ) =  rfz -
5+2×5++42= x ( 2A  +  x )

,

zrtix  and a  +  S  +  X  a- went 'b( e [ ail  in .

tension > o ]

and a

Thus if - Six  
invertible  *> > o ⇒ sp( of -s ) ctoia ) Zeof - s > co .

Similarly , S - f- 20 ,
so S=F .

D= : All results  an  this page apply for  aanital C*aLg ,
not just  BAD !



Projections: PEBCH ) is a project if p=[ =P .

¥ There is  a Iijecthe correspondence tstm closed susspeeeg

and projections PEBCH ) by pa→pH .

1¥ It's  clean  pttctt is  a  closed subspace since  p  is  cts  aEpZp .

Moscow ,  if p=p* ,  then pHt= Kept
 

=  Kenp  =  CTPIH .

Comsdg , every
KEH kes 9 +  complaintKt

set . ttktokt
,

and pooj onto
K is

an
 idempotent .

we  claim  it  is  sdf#jet* ,

since kape=ptH=k±=knP  ⇒ p*C←  to > =o  ⇒ pa=p*p

⇒ p=p*  asptp is  selfoedybht .

It'sclean  these  two  constructions  were  mutually image .

Dell we say puq are  mutually +
,

denoted ptq , tfptttqte .

Exercise : show p±q⇐> pq=o .

1k€ For p . QEBCH ) projections ,
defm pnq

to be the projection

onto pH~qH ah pvq
to be the projector

onto  PHTET .

Exercise 's
pane pvq

= 1- ( trade ) .

- RFPUFTPK
KEH is Tennant ⇐>

Epic :@ is t* -
innaniart

�2� k c- tf T - invariant ⇐ > kt

�3�

KEHTadti-iunaniautc-STRfPutPanthlIsonetn_IuGBCtDisapIKnyttukeisaproj@atap.i.E cause : TFAE .

' 0 ~  a  Pii '

@ a = aeuux }HW !
-

-
�2� ce  =UutU

Poturleonpositiah For  each TEBGGK ) ,
F !  op

HLEBCH ) a , czlzo

s .+ . HTZ11=11 KIZHFZEH ,
and HE=T*T .

Moreover ,
ftp.i .  u←BCH , k )

c. + .

Ker  u=
Kent  and U  ( Tl =  T

. In  particular ,
at T= IT 1

.

pf ? If szoqt .
117211=11 SZK + ZEH ,

then lltzlihctttz ,z>=cs2z ,z > =  nszn }
-

so s2=T*T  and S= otft by ! nee of  pos .
sq .

 no .
 Dehe a ;  itch  →  K  by

a  1T1z=Tz ,
and note llultlzk =  UTZU  =KlHz4 =3  a  an isoneny are

thus  well-defined .

we  can  then  ettnf a  to  LTIT Gzcarhhuty )  and define

U=0  on HIT
 +

.  Then a  I  a p.ci .  and alt  L - T
. If  v  c- BCHUK ) is

another such p .  i .  y Emir  = Kent  =k~u  and  vHL=T
,  then  ultlz - Hlz

FZEH ,  so  u=~  on HIT .  Both  ops  are  0  on # t

,
so  a

'

- U
.

Finally ,
u*u  is pnoj onto HIT

, so  uttzutaltlz - ltlztzctl .



Cpt  ops  on Hills . sp .
Kat ) EBCH ) be the q# ops

.#
Let

we get some  additional need Properties  on Hills . sp .

:

lemma
'

' F  a  wet ( Pg ) of finite  rank pej 's  sit .
 it '{ EH

, P×{ → £ .÷
 we  say p×→ e- in  the Strong operator topology

-
D

pf '
.

let  ce .

. ) be an ONB Ian it ,
Let R be the sekot finite  subsets

- EI

of I  entered by inclusion .

For XEN ,
let Px be Pnoj aerie

span zei leex } . By Pascal 's  id
, llpxsz - ElL→o FE ←  H ,

Prop '

'

KCH ) is the closure of the finite  rank  ops÷= Its clean  that  all finite  rank  ops  one  contained in KCH )
,  which is

closed . Let TE KCTC )
,

and Let Cpx ) be as  in  the Lenna .

we  claim R,T →  T
.  If  not

, FE >o  sat . C passing to  subnets  tf

necessary ) FX , 7£ >
EH - ( Usd,LL =L  set

.

EE 11€' PXFEIU
,  and

FE
'

,
→ ZGH in  norm The

E E 11 E-Pxltgl ( 11 11 C 1- PACTEL,

- z)11+11<1-127211

s 11 T[y - 24 +  11 Ctp , > zll -20
,

a  contraction -

Notation : we  write < ziz > =< E) z > tz ,[ Etc
,

so C ' l . > is a

sesquikne - torn which is linear or the night .

TL keep both C.  l ' > at c.
,

. > z So have  cake  al eat  it  too . D

For E← 't
,

write E > =E←H are <zl= < . ,z > c- to so

that < zioz > also  means
< zl ( [ 72

.

Now  sweep to  unite

12 > < TIE  Bat ) is gc→iz
> < Else > = < 5. I > Z .

Enke : she -012> < El '  
= l 52<21 .

@ dz> < £1) ( Lz > < esl ) = NILECZ> <SD .

�3� If HELKI , LE >  < £1 is poj  onto QEEH .

De# TEBCH ) is diegaa#K it Far  ones Ceo ) of  eigenvectors  oft .

Ropi A dieegealaabkep  isecpt ⇐s eigeruak see .

Ctc ) fan CE ) is  in COCI )
,

P# we  already knee  the  Spectre  • C- a  cost  op  is  a  countable  set whose

only possible acc .  Pt  B  0
,

and all Xesp  are  and 's  at fail E- spaces
.

Cavasdy ,
if ⇐ it EGCI )

, Exile . > Eeil Ceausescu
ll 'll to T

,
so T

Ba ( unit  of finite rarleepf .



Spectral them for  normal Cpt  oops- Suppose TEKCH ) normal .

Then Fcei ) an
aeBoteiser@ctersfonTii.e .

,
T=z Xi

¥1,1 ,
mutually 1- pojls .

pfs It  suffices to pace H is the director of  ecghspaees  oft ,

where  if ( He )i⇐  are Hilbert spaces ,
the d. met  Sam 13

¥eHi = { C Ii )
:#

I sdiettiti  are E " £ip<a}
.

Eve  already
know  non - zero zwal 's  of  T have f. dinll eigerspaoes

and that  the  evil 's tn- • Tf

Let An ) be the non - zero eigenacaes
of T

.
Let En )

be the corresponding etgenspaees . By the spectral Characterisation

of  cpt  ops ,
either F finitely may

areas ,
on counting many

It . In -20 .

Moreover
,

d.  m(En)<co
For .

Observe that

En  
is  also  the eighspece for T* connesp -

to In
,

and

En 1 Em for mtn .

Since each En  c3 Tad T←  invariant ,
so

is ¥0En .
Let Eo = @ En )t .

Sire Eo  c3 Tonette

inhnuwt ,
Tle

.

is  normal and Cpt .
But T/eo has no  non-zero

eisemakes ,
so TIE .

-0
.

Thus H= FoEn .

Cot suppose
TEBCH ,

k ) st .

T*T  Bcpt .
 Thant is  cpt .

PI Let  +  =  ultl be the polar decomposition . Its  enaegh

to prove
HI is cpt .

We know
" P=T*T= I 7Th is  got .

Def .

-
SEBCH ) by E X 'Fpn .

Then S is cpt
,

gzo  and

s2=T¥,
so S= ITI by fness of pos . sqnt .

£MmiLtRep- I suppose TEKCH )
,

so
kl=E*tk is  cpe >

 Enumerate the

e. ual 's  of  Hl Sz to >c42tzZ
. .  .  a , multiplicity as necessary .

Nece

that X  •  = 4TH . Xn=snCt >
,

the ntt singular of T
. By

the spectral thin F  on  ± 's Cfa ) neo
set

.

ltlfn
⇒  

nfn
.

,
and thus

IT 1 =  z ynlf,
>< fnf 

converges
in  op .

norm .
 let  a  bethepi .

Sit
.

T=Uit1 ,
Kent  = Ken ITI = Ken  U

. Setting en =  ufn for nzo
,

the en 's  are
ON and T= -2 an 14 > < fnl carnages en op.n=n .

Then T*=z xnlfn > cent
,

so SnCt2=SnC# ) thee .



Minima Let TZO ,
TEKCH ) ,T=C0 .  thin

two
ac  nednntl

,

SNCT ) =  min max CTE , I > =imn

EEH
,

IEE

codinE=n use IKL

Pf ! we know  at
holds . Assad  n > o  and let ( fn ) be on⇐

fn = dnfe torso .
 Let  Eu=spar{ for - -

,
fnu }+

.
Then £tEn

and he < Tfnifn > ,
so In

>,mu
. Conversely ,  

it  EEH has

codun  n ,
then 7 { c- spanzf. , . . ,fn3nE # Co ) Y k£11 =L .

Then

writing §=  ¥oLife  w , d.  =L [ if ,
> , Exit =  1

,
- have

~ ye is O .

Hence Xn Emu .

< TI , £ > =  ziaifti > ,
In as

Eo

Col If  TEKCH )
,

s~(t)=  min met 11T } 4
.

EEH § e- E

co4mE=n k£ 4=1

ME SnCT2=gCt*TT and < Tttz , I > = 1K£ 112
. Apply

tririnas

In t
*  TZO .

If  TEKCH ) and SEBAL )
,

then both SNCST ) ,q( TS ) -< 11511 Edt )
.

= LLSH .  mirman LKELKUSYSNCTZCo.
2¥ sn ( st )=  airman llstzll -< mmmat 4511 - 47£11

S~CTs7= S~Ls*t* ) E list 11 s~Ct* ) =  1411 snct ) .

THI It  Tekcte )
,

s~CT7= dist CT
,

E) where Fh={ FEBCH ) Iran# t.az
.

in Schmidt  reprn . The the operates
t

, Lei > < fil oo

pf÷ wn ,teT= F t.de : >  efil has  run Xn
.

n -1

F= Exile,
> cfil GE

,
at T ' F = Fan

i=° irfcfn , doncsp - { to
,  

. . ,f3 ) -
- H

,

there dist ( T )Fn ) E c) n .

Now

so F § c- spa { to , ... ,G3 u , kglL=1  
and F[=o .

Then

11T - F 112 LICT . F) [ 11 = l ( T [ 11 § bn .

Canin If SFEKCH )
, smtncstt ) Esnct ) +  SNCT )

.

Pfi_ Let E 2  0
.

 Take TT E Fm st . KS - Fills such + { and fze  Est
.

11T - Fzllssrct ) t E .
Then F of K  c- mtr  at .

 Fettz EE
,  iad Has

Sm+~ C Stt ) 1 Siecstt ) =d3+( STT
, E) 1 lkstt ) - Cfittz ) 11

€ 1 LS - Fill +1154=24 < Sncs ) + Sn CT ) +  ZE .

Since E was  arbitrary ,
He result follows .



The  traces Let @[7 bear  ONB of +1 . Define  Tr :B at )+→  [ a.  oo ]
-

by Tnct ) = 2- < tee
,

ei > .

EEI

Leone Tr ( TF ) = Tr ( TT* ) t  TEBCH ) .

Pfi Fiyret , Ctei
, eg > < ej ,Te[ > =  < Ttesiei >  < ei ,t*j > do

.

Here  the  sum  is

order independent :

T~(T*t)=E < ttte : ,e : > =F < Te : ,Te ; > = FF <

Kei
,ej

>  ej ,
#

= EE,

< Te : ,e ,
>  < ejfei > = §§<t*ej ,ei > < Eiztte ,

> = . - . =TnCtt* )
.

Col FT >< 0  and unity UEBCCL )
,

Text )  ¥ tncuetu )
.

p€ Treat  ul  =  T - ( net "2Tk  a) =  TNCT "2uu* T
' 's )=  Tr ( Th  T 's )=T - ( t )

.

Well-defined If Cfi ) another  ONB
,

F  a unity U←BCte ) st .
 uei

 =f= Ti
,

and TNCTZ - Tnccietu ) = In Gtaeiiuei ) =  § Ctfi ,fi )
.

Col If  TZO
,

T - CT ) 21h11 . [ 4TH =  sup  III > E I cteiiei > a D
uzu - l

Lemma ; If TEBCH ) sit .
Tncltlp )E• f- see p >  0

, then Tc# .

=/Gun  a-
ones

Ceh¥±
at an E 2  cos 7 a fniesusset XE I  st

.

If < tree , ei > < E
.

Let  Pydenote they  onto  span Ee , Lett }
,

so

am
11  Ltltk ( ←  R

,
)y2=  ( ( ( TR ) HPCI - 13211 f +  rfftpx ) HPCI . RB < E •

Thus  we  may approx HIMby finite  mk  ops .

Thus ITP 'z  apt ,
so

ITIP .

-

 1 TPK I TIE a  also  open .
 we  may

cheese  a suitable  ONB Cfi )

£0  that LTIP  
= = di  lfi > cfil

, lcizo al ti→o .

Thu by CFC
,

LTL =  [ yYe lfi > < fit and
Itt→  o

,
so ITI is  cpt .

⇐ > T  cost .

Caf If  Tgkcte )
,

The ITIP ) = 2- SIAR
.

Pf we have LT 1=2 Xn lenbcerl , so tell '= I In Len > cent
,

and thus

Trcltlp ) - Z dPn= 2 SNCTSP
.

¥¥ Shatter p - less pzlLPCH )={ TEBCH ) 1 TRCHI 's =Esnct5so}

↳ Trace class
=L'

( H ) and Hilbert - Schmidt - LZCH )
.

Imai LPCH ) is a  *- closed 2- sided ideal in BCH )
,  

which B algebraically

spanned by the paste  ops  in LPCH )
.

1¥ *-dose{:_ snct 2 = SnCT* ) tn  20 .

•-c↳se= s , ( 5 T )
,

gets 7

€1511.sn
Ct ) +920 t SEBCTC )

.

Isd 's San ( sit ) 1  Snc s ) +  snct )
. She CsnCs2 )

,
( sets ) El }

so  is ( GCs )  +  snctl ) .
Similarly ,

San Gtt ) S Eds ) +  Su ,
Ct )

,

and ( Sacs ) + Snnctl ) El '
zy ( sncstt ) ) El

"
.



spanned begpos . Pat

÷PI Evy sea .

T on be -
ninth  as T=T+ - I  y T± to any

T+T_ =IT+=o .

If : Set  T+=X[o
,  • ,

( t ) T  -
d T

-

=  Xco ,•]Ct2T .

¥2
: Euy TEBCTE ) is a linen  comb

-

at  4 pos .  elts
.

8¥ T= Rea ) titmct ) - ,
RECTKTII ,I~Ct2=T÷* see .

Step= If TEJ a
2 - sided * - closed ideals  then T is  a car

.

comb
.

of  4 pos e Its fnh J
.

Hi ReCt2± and ImCt7±EJ .

C= : LILH )= span { two 1 Trct )<oo3 .

They Tr  extras to  a C.  near  

map L' ( H ) → 6
.

pf;_ for  TELIHG
,

can  unite  T=  ¥ EKI ,  a ,
I >co .

Defoe

TNCT )=&g iktrctu ) EQ
. Show vehicle .

If  T= ¥ iksa  a , Sako , Rect ) = So - Sz  
at

IMCT ) = Sized .

Then ¥ iktncs . )
=  TRCRECTD +  e Tnctnct ) )

,

which is  irdepmtr of  choice  of So
, f) E) Sz .

P~p'= For S
,

TEICH )
,

# S ← Li ( H ) ,

the space TECH ) is a
Hilbert

spree  4 inner place ( S ,t >
=TnCT*S )

.

LZ

F£ Note LECHK { TEBCTE ) 1 incite )=TnCt*t ) < oo ) is a

* - closed Hided ideal .

Here  TEIYH ) ⇒ TTTEICH )
. By

Polarization ,
T*s= lq ⇐o it ( sit  it )*( Stint )

.

÷- ,

EL
'

g-
' 3 positive .

Now fan TELZ
,

It's  now  easy to  see CS ,T > -

HTU }  =TrCt→T ) >, IITETY =  ( ( zce
,

so
< .

, >ye
- nee '

more -

,
e- z

U . Uz - Caeohz seq .  is  a.  ( / - candy .

To  s ↳ - L= ' 3

d- UL complete ,  it  seethes to  show  if  Ctn ) d. ( ( = Candy
st . Tn→T

in  ltll
,

then  in -2T  in  4.  lk .

Note  TE Kctl )
.

Note it finale - K pajp ,

Tr ( p CT-TNFCT.tn )p ) = l= Trcpctn - T→*CT -
- in )p )

I lizsnp
Tncctn -T→*CTn - Tis ) =  lineup

lltntnll } .

Since  Parkway ,
tilt - T

-
# ( T - Tn ) ) s h=suP " tnttnll } . Hence Ttf

and Tn →  T  in  ( ( 'll -*



Lenmni For  TEL
'

,
IT - CT ) l ETRCITI )

•

- itl "z
,

ULTIKEI '

,12¥ Let  T=  ULTL be pole decomposnhn .
 Then

2  2  <  2

ah by GS
, LTRCT ) 1 =L< ltl

"
2

,
celtik > 1 g H HIKH

,  
. 11 ultlkzllz

=  T - ( Itn .  Tn( ITIK Tutti 's )

f Tncltl ) . 1|u*u11 .  Tncltl ) =  Tncltl 72
.

Cot FSEBCH )
,

TEL
'

,
( tnc ST ) 1

,
ITRCTS ) If 11511 Trcltl ) •

If : Nobe STEL '

,
so 1 Tncst ) 1£ A ( ISTI ) .

man  sn ( It ) E KSKS - CT ) ✓UZ•
.

Here th ( ISM )=ESn( st ) f 1 ( sic f Snct )  =  LLSH  Trkltl )  a

Ga
'

' For s ,T€L2
,

Test )=TnCtS ) .
Also true for SEBCHI

,
Tell

.

If : By polarization ,

4Tn(T*s2 = ¥
.

iktr ( @+i4TYCStitt ) )

=  ±Eoi4Tn( Gtikt ) C Stint )* )

=§gEkTr( Csttutttftcstti
- kT* ) )

=  §→ EK Tr ( c # +  
ihs*)*Ct*tiks* ) ) =  4 Tn ( St* )

.

Ft - shark Pat ,
we  may

assure  tzo by linearity of  the  EE
'

-  '
Th

Ttst2=T-Gtk+" 2) =  Tn ( TIE) = T - C III ) =  T - (tIT±S2=TtTs
)

.

+ -

# associate  it

in  It

Papi Li ( H ) is a Banach * - ages - y 4TH ,
=  tncltl ) •

Pf;_ We know 11 XT 11
,

=Tn( lxtl ) =  Trclttltl ) = lxtlltlli .  town
,

Tn ( 1 TL ) =o  => ltl =0  ⇒  T=o• To the  sulsakditiuty ,

Let Stttcelsttl be pecan decamp .
Then ciecsot )  = lsttl ,

so

11
Still

,
= Tr(u*CsttiD=Tn(

Is
,

's  

II
) s

links
,

)

l+HrCa±?l
←  2 ' E 2

' EL ' EL
'

f 11h41  Trdsl ) +  Hutelltncitl ) E  LLSLL it  lltlli .

To
pane susnultiplutatrwy ) vote

( 1ST  11
,

=Tn( LSTNEKSLCTNCITL ) =  lllsl  11  Tncltl ) f  Th ( lsl ) In(1+1) =L( sell
,  -11+11

,
.

Note 4TH ,  =  117*14 ,
since s~CT )  =  Sn ( T* ) +720 .

Now  if CTN ) 11.14 - Cauchy ,

CI )  ltltcaruhz ,
so FTEKCH ) s.t.tn -2T

.

Now f five  nkpnoj P , fp.ci .
 u

, by the  aboae Cookery ,

IT - ( put Ct - Tn ) ) 1 = hnmltn( Pat CTNTN ) ) / E limmsup
" Tn -TnUz←

there for the pole decomposition  T-T~=  celttnl
,

we have

LICP  lttnl ) l s Lmsnp lltn -1=4
,

.
Size p  arbitrary ,

we home

m

T - Clttnl ) I lineupHTN - Tull
, ,

so TEL '  and Tn→T  in
" ' 41 .



1  / -

P=p : IPCTE ) is Barack under ltllp  ==TrC1tlP ) "P
= 11 snct ) llep .

HI Smiler  to  these & Ir and L
'

and is  omitted .

[ see E. 3.  4.3 in Analysis Now for  a  sketch ]

F- 1<212 sp< •
st . ptt 'E=£ ,

it STIP al TE Loh
,

nehae

Thin "
The

bilinear form
-

Ltncst ) 1 s USHP
. K THE •

STEL
'

and LP -
L £

CS
,

TZ = Tncst ) implements
a duality which exhibits

as  Benetnicakz isomorphic to  QO dual spaces ,

TLA same
H separate here

ton comune . D

Pf ' Siepo ; Recall that for

lsqsp.lEElPu1H.ilqzitolp.TruefonL9EIPbFonptttEHaodCxyElPyaxnFDel9ry1K1xnlP-Dl1qh-l1CxnillpP-llcxn2hp.1lixnlhllqttqce@P2tIlEuiathetsilinearpainiryCCxn1ic9u2J-2x.y

_

n > , I

[ more C x , g)  = {±,
×y 4  coming measure

.

Tr.Zarou@wefTfsepIIfS7qStIP.p

>.< , tu{ 4=1
,

<

55,521%
e <

SPE
, £7

.

p± Let Cen ) C  H

ONB
sat .

S = 2- Xn Len >  < en I .  The it £ t span Ze , , . . ,
en }

,

C
- £ ,£ > = Fj ( < E.  ei >5ei,

a I .es >  g- > =

,FjK&ei>i<s2ei
, es >

S -

Fei
= ? > E l< [ iei '  12

. =v{÷
Nestle  ti→  (EPKis  =×

and I}l< Iieist  
=  I

,
we have

<stasis'h
= ( ÷z

.

I kz ,e .

>ryae Iz
,Micheal'  = <SPEYIZ.

ttne the  E holds  on  the aged .Z spa  of # )
,

which  is dense in H .

Since £ l→ < 5£,{7'%
at £ - <SPE,{ > are # ,

the result t.ws

Stay
.

It SILO , STEL
'

ad Tnclstl ) E  llsllpiktllq .

F# Pick Cfn )ONBfor T set ,  T=Eµ,
1£ > sfnl .

Than For
,

e-

|(lstlfn ,d > the 11 istlfult .  ilfnlp = < lasted .sn > = < t*5  is faith

2

= < soestfn ,
Tfn > = an

< lst.tn ,Ln >

k¥0Zstn ,
< lstlfn ,fn > c- µ < lsifn ,L >

-
an < lslpfn ,fn >

"
P

.

Now  setting xn= < LSIPL ,
f- 542

,
(a) EIP as

11 Cxn ) ltep = § < lslpfn ,fn > =  TNCLSP ) < oo  asSCLR .

Also
, Cary c- LE as 2- µnE=T n ( Ltte ) Loo  as

TELE
,

By Holder E
, Trash ) =E < lstlfn ,fn > e § in < lslpf

, ,d . >
"

P

E kC×n7He;Uceen ]uea=llsllp
- lltllq .



Step 3 : FSEIP
,

TE 1%
,

gtc I
'

of LTNCST ) 11 llsllp . UTUQ .

- +  *  =  v  IT 't I
,  at note

P¥ using Pecan decomposition ,
unite

S=  ulsl art

lsl
,

17*1 Zo
,

cstwesEIP
,

@~{ k*l=r*T*EL% .

Then

ST  = set 51  
=  ucs , ( uitxl )* =  a(s( / Tty v* EL

'

by ¥2 .

Finally , HeCst ) \ = 1- ( up , hey #LE dull.Ku*ll ' Tr ( l 's "  HHD

I lllslllp .  11 tel kg =  llsllp
.  ll Tllq .

Step: The
map

T - Tn ( .  T ) is  an  Bonety LE → CLP )*
.

pf '

. trap well - defuel - norm decreasing by Sept .  Let  T=ultl bepobndec
-

Then IT 1 =w*  TELE Cideal )
.

Claim : Fn >  0
, sn ( Ltl )

-
=  sn ( ltlr ) =  sncuilr ) =  sr( LTL

-

wt )
s

- be Schmidt  repln  u< tn  =  s -
Lt ) .

ffi Let  LTC  =  Zxn Len >  < Esl

BGCRC > sn ( ltln ) =XT= g ( ltyr •

betfnuen ,
so

4171
-

= 2- xnn 1£ >  < e.  i .

Then tlruieultlr  
= -2125 Leisch ( =  HF

,

so  Sncultir ) =  Sn ( tlrwtulttj 's  
= bn

"

•
Iroae  that for

REKCH )
, q ( R )  ==  qcirl )  =  Sn ( R

"  B)
"

2

. ]  The  Last  equality

follows  immediately ,
since  adjoint  presences singular values

.

By the  dam ,  one home q( it ,
e-  ' ) = such )

←  1

,
so ITI

← ' ELP by

let S= tl
E- late LP C ideal ) . By Saeed ,

at Xn - acts :

a

Step0_ . 11 chilly

Tin ( st ) = Trail
"  1

net ) =T- ( ltla ) = LITHE =

= H C 7 a)11 - 11 clx~19
"

) llp = 11 Tllq . US  Up
q

byte claim .
there the  map is  an  i3=e#y

.

Step 5
 '

 ' The map in Saqsy is swjete .

-
-

qzlc.lk >
, llillp by Srey .

Thus

p# Since q£2ER , LEEL
- ELP of ll . 11

of YECLP )* ,E1zzE@7taafzTez2s.t.E1ye-TnC.t3byR.eseRep.It
 remains  to  pro -

T Eye and T=Tr (.T) on LP
•

LetT=UTl
be the plan  decomposition and p  an  ansitnny

finite  rate  they .
 Thee

S= LTI
←  ' put is finite  rank

,  al they in L
'

.

we  calculate :

Tn ( st )  =  T - ( LTIE
-  1 putt ) =

Tr ( lT1%p )
.

Hence

cfcs ) =
' Tt

'

* finite rkp - j  P
,

T~ ( ( troop ) _< hell . 11 ITIE
' ' 11

,
ad to Loh

.

Finally ,
Y=  T - ( set ) on LP since

f. nine  rules  are 11 ' llp
- dense in LP

,

so 22  ELP is ltllp - dense . I • tssen  that  if +20  in LP are Schmitt  up

T= 2- Xilei > < eil
>

than  setting
Tn=  ¥

,

tiles > < eil
,Ten

 =  

§ ,

Tiki >  < e :L >a
,

° uterus =  If IF →  o  as  n
→ oo

. ]

and llttnlp = 5 >  Y Lei >  < eel
•

The >

iZy

Step ! CLEF I LP is  omitted .



More  on BCH ) next semester !
-

.

Rqresatngcx-alg_tlb.se .

De# A  representation of -
E  *  olg A  is a  pain ( H

, it ) a  <

th a Hills .
 space

and # 5 A  →  BCHI a  * - hour .
If it is

United ,
we  usually discess  a ¥1representations .

• A  reph

CH
, # ) is called nordeg=oate if the subspace

Zito # last
,

£ Etc } B dense  in H
.

Exampled Lee T be a
dseeie gp .

Recall that  the go.pe#bre
�1� [ D= { Zgxjg lxgee ,

all but finitely my xgeo } 4

adding Izxjg
+

Egyjaf
= Eastman

multiplication :

Egxgg ) ( zyuh ) = F(§⇐u×2YDk
¥ Efxjefs

't
= EFGF

'

Define If  
= { El :P  → al Eizcgyz < oo } .

we dehe

get

tgep tag
'

. At → lip sg ( dg[ ) ( n )=£ G-
 ' 4

.

Notice that log is iwate - ( iwese tgt .

Macon
, tg is  an  isometj

: 11*115 = EIEG
'  '4712=118462 .

Thus kg is Ing .
al Eg= tgi

,
so y : f →UCLZTSince T is  a basis for QT

,
we get t : at ] →  

BCLY
)

by extending linearly ,  which is a  * - hononeonphisn .

Defy A linen functional E on a  annul Q *→g A  is called

position if Kata ) to Feet . A style on of is

a position liver fit 4 on A  st . eCIz= 1
.

Exercise . If Cole State  or the  ante ( Q  *  alg It
, Eat )=EaT  teed

.

-
,

then I is a  state on
A 

iffEx=ie : If A is a  motel C*-dg

Ee At a ,
llek - KI ) .

[ For both ? Adapt pf for CCI ) when we  

calculated
Zext CPC # 7) . ]



Eaampte ; Let A C- BCH ) be a * - swsacg .

,
and [ EH .

Then

a - Case , £ > is positive .

It  B  a  stale  iff 1441=1 .

Nate×mpk_ ; Let d- = @ to a in , usual addition -
L multiplication

,

but  4 Cxiy)*== (z ,
I ) .

The A has  I sees !

Given  a @ * - alg A  and a  state Th th
, get  a sesqudnen

farm  on
A bz < as b >ei=ECb*a )

.
Than  also do ECALF . ]

By Cauchy . Schurz
, Ny :={ aeot ( Ca ,a>e= o 3

= { art 1 < a. s >e=o
it SEAS

is abetted • Thus < .

.

. >e is an  innenpoat or Ahf ,

and A  acts  on Afne Sy Left-back : Lacbt  the )=abtNe .

@ then <3 the actor  of A  on Any tsdk ?

until normal * - aly and 4tA*a pos .

Lenn ftc
.

Prep: let A k a
- -

@ KEY = Kc )

@ Left  egwcm  action of
A  •  ~ #Ny as b£k a , ALACCECKECC to .

Lennon : If  a .at
,

kaka
,

Fb=b*  sat .
b 2=1 - a

.

radius  of  Conway I
.→

÷ Can a note # as  a  poem
saves  a ,

I of pop :@If  eat  in A- ul
Kallal , 4a→=Kb2 ) > co

,
and Ecaiccea , .

- tlace feet ,
lecasl EKCC 7 ( ( a((

.

Sinilulg ,
Kita ) to ,

so
LEG ) ( EEG ) .

For  arbitrary a
,
146112 = Klm > et E < '

i
' >

e
'  < a '→e =  Ea ) ecaea ) eecc ) kaeedeea ,  near

.

@ A bent
,

oh
,

it  →  a by ac→ E C Eat'd is Positoe ,
so ( Ec tie as )|<- Hayes ( c )

Zd uabdj - Ecbiaeab ) = gates c- uaeeueaiebzcuaur.FM#4K5eb
' '

Car ; It A  is  a  
unctdnonnekthalg

,
and pos .

( men ftt % F*-uep
'

~ C He , The 2 and

=
 cyclic  vector Ryecty st

, TECAIRE dense  in He  and Ecal  =  Citeceirqrey
.

#
- Hue

4ft Let He = #n
. ,

I
e

(a)  =L
- ,

and Re=  image of 1A  in the .

we  also donor the as
ECA

, y )

,
the 6¥| up .

 essoc .
 to 7 .

de :
-

-

Define If CH#is  a  * - ueph of  the  *  alg A

adyta
defe

the cydicubspaee gn by R to be Kr={ Iayrl eat } c- H
.



A  triple

CH
,

# yr ) is  called a  cydie#n if Cit
,

H ) is  a  * - up

and REH is  a  cyc@torzi.e .

,
Knelt ⇐s Act ) REH dense

.

P=P" Suppose ( Her
,

# i. Ri ) it ,  < are  two  cyclic  nephs of A  SI .

Q =L

4 9  (a)  =  < it ;  6) Ri
, Ri >

.

TM 7  UEBCH . , Hz ) Eng set .

#z=  Utt
,

C. I u*
•

Pfi for  aehf
,

we out  UC Ti GIRL ) =  Ifa ) Rz  •
Note  this  ce  is

isometric ,
and thus  well - defied = Hitzcardleiieslatake .ca#e)=Ut.carR.l1q2 .

she  I
,

CH R ,  
is dense ihwl '

,
UGBCH . ,H⇒ . Smee LTIATRZ tense or  tee

,

a  is  onto ,
so  u  is an  

invertible  Eouetny ,  i.e.
,

a  century .

Dveetsuns : If Ctli
, # i )

, ⇐
is  a family of  nepins ,

an tefe

tt-tOHianLtTi-tOiTitsziTGsoi-oTiCa1orHi.ThDveplni3b_ddTf_fVaEAzllIiCa2lLi3uIEnCy3ddfoniEIi_nqsnotAcs@Ect.e

?
- States 4

For
A  a  until Oealg ,

the urinal

¥ .

'

we ( ( see I uep 's  one  toes  of cycle  efd .

↳ it's a
+0 of  Cycle  rep 's

.

Lenny If  BEA  is a until Cthseesalg , ayseate  or B extends

to  a state  on A .

uFCnil=ae( c) I ( =  well = AEK ⇒ gassy
Cbzeaacsej

pfj Apply HB
, noting

that

-

Let of be a  metal cage and AEA See .  The ✓-×←spca ,
,

Prop :
The associate GNS czdoe  regen

F state of on d- set . Qka2= X .

cecaie )
, a.r

.
) sashesFrettas a careteen,r

,
>a

Pf÷ Read ccspca , > = Ctca ) = :B It .
Defe P :B -2 e by eux ,

which a  a  state  as CCSPCE ) )
.

Use  the lemma to  extend to of
.

;
The  arma

( hep
'

~ B  isometric from - pueseauy
.

If X=  Katan ,

FqEAts.t.QCatoel-l.Th@dTDPfILec-eed.ThnktCa7lL2-KiTcaeelL1.ThaiTxsocsfcs1ltyCate74-7-llatell.2dcanaCsodoaCCtho3fonreer-uutfCt-alges.Ineduoib.tity_1Ideconp_saSitfAngincH.it1Bcaltedomnedu_SeifTEanaemwaltCtliuaintsnSspaaeKcte.oointean_psKifTfnoatnuielKykzEHaCt7-iuaiats.t

.

H= Kiokc .



Ropy If K  Etf is  ICA )  - inonnt
,

then  so  B Kt
. there CH , # ) is

c=d
.

iffy ; - is ihdeeconposk . Ekt c- K
- -

RI It § ekt  and ZGK,
< Ica ){ , z > = < E , Teetz > = < £ ,

# at z > =o
.

there Toe )§EK± .

Cot Eng fihhedml veph of  a  
uwsal named *a(£ is  completely uedecisce

on  slnisinpe ( a finish TO of  
irreducible )

.

COI Emy * -

nepin  is a @ of  Cjd re pins .

PFI inmate pf that H has 9  °  NB .

g- comfort of #-) .

sohu.slenmj.CH# ) is  Mnedreisce ⇐ > Itt ) '={ XEBCH ) ( xitcattca )× feet }=Q1
.

Emofe #et2 ' is  a Chg as @TCa1=, ×fa]see  ←  close ltll - closed condition . ]

pfi If H  is  not 
irreducible

,
Fnontnual ICH - mu .

 subspace KEH
,

and Kt

Rate  Ict ) - inuanirt .
 Then Pa C- Ict )

'
# EI .

Conneely,
if  UTCAJ

'

# ¢
,

then by Geant  Mat -
, Faye * city

.

Sit .  xiysco ,
x ,y#O ,

and xy=yx=o ice .

, xig
are  community positive

thetas . [ If B is  a  antal C* . atg st .  Btc ,  as  any
e It is  a

linen  comb . of 4 pos .  elfs
,

7  a b. c- B no 620 st
. lspcb ) 122 .

Use CEC

to Set  4fEC*Cb2 . D Now Ken at # co ) isat ) - iucnont ,
so

H reducible .

[ of ←  knx⇐>x£=o←
fast

,

xutcaisc
= Ice

H{=o
,

so  Ica @

Ekesx
. ]

Def E- A a  utdctealg and 94 ←A¥ , say
924 if fee is pos=e .

EXIE Suppose 4 is  estate  and xettot )
'

at
OEXE  I

.

Doke 4=4× by

4cal  = 2 Tea  XRE
,

Re >µ
,

.
Note 470 ,

she
test

,

4ca⇐a2 = < Tecate )  are , Re > = < Tie (a)  × "2Re ,
Feces  XKRE >

.

Sme txzo ,
E- 420

,
so  Ke . Connoly ,

it 4,420  y EZK
,

then  14C beat (2144*1>24 Late ) E Ecbtb ) Ekeee )
,

so Ne c- Ny •
For  a

fixed belt
,

the  nap  Tete ) R - > Ycbta ) on  Iecthhy is  aekdefoed

e

and bed by the  above . By Riesz - Rep .

, Z  x←BCH ) st
.

4C late ) = < × Ieee ) re , ice (b) Re > a

Now she 0£ 4<-4
,

• Exe I
.

Macon ,
×ET{at )

'
:

< Tecc )  ×  Ieee ) Re ,
Tells ) Re > = < xte (a) re , Ife b) Re >

=  YG cc*b2*a )

=  4C btca )

= 2 xitecca ) he ,
tectd Re >

.

Here Tyco  × = XTEG ) by dugrty of # eat ? a- EC tie )
.



WE Summarise the Previous  example  uy the following:

Pnepi The nap  ×i→4×  is  - bijectar btun

{ xeutts
'

1 oEx a- 13 # { 420 1 ostee }
.

Def A state C is caked p=e if 014<-4 => are to

some RCTO
,

L ] .

The bet ett*← .  There is pane ⇐> Katie ) is  ir=k neph .

PTI It e not pure ,
F  • EYE @ y 4¥ in e

.

the

Fxcttft
)

' sit .

× # 61 .
Then  Act )

'  # QL
,

so L2Ct< E) not  met . Covosecg ,

Y

Tf F KELYA , @ ) nontrivial  teeth  iwmiat
, Pk Gatt )

'
is  apnejeetier ,

and 4pm # re
.

bet SCA ) be the setot States otd
,

a  c=x-ETA  sbseeofdft
.

Papi eesot ) is pane ←→ e is extreme  in Scots
.

PFI It e not  extreme
,

74 , , XZESCA ) so . E=t4tCtt24z tccqc ,
,

~ , 4
,

# Ef 42 .  Then C >ctQ ,
so & is  not pure . Conenselg ,

it E not  pane ,
F  o st Ee ay

4€ne
,

rteoie ] .

Then setting

• < +  =ut4=Kc ) sea ) =L
, e=  t.ly#Ctt7ceIiso9IExteae- al - 41C

- .

@ 414=0  ⇒  He -411=0
.


