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group
 measure  

space
/ crossed product

 construction

-

Def An  action
of  a

gp

G
on  

a  
una M is  

a

gp
.

hanon
.

do
.

G
→ AUECM )

= { annal *
 

alg
.  iso 's M→M}

.

Exercise
Every

annal
tag

.

 iso  of  M is
←  wot  cts

.

¥nphe
:

Suppose a ;G
→ ucte )

st
.

FGEG , ugMug*=M
.

then

d ; G
→ Antcm )

by 2g

-

Adlug
) is

an  
action

.

13¥ An  

irn
automorphism

of M is an
out

 I of M sit .

It UEUCM ) uy
oI#)=uxu*

F- EM
.

In
this case

,

we

say

OI is
imply bythe

unitary
U

. If OI
is not  inner

,

OI is called outer An  
action

at G

→ And M )
is

called

.

outer if
dg

inner
⇒ gee .

Example
: Let CI

,  a)
be a

measure  

space
and Tabijeeteen

of X=
 preserving

the measure
class

at
↳

not )=O
←→ eel T 'A)=O

¥A  n' ble
.

Then
T

goes
an  automorphism L

,

of L•CE,u ) by

*f)
a) == fct

- '

x )
.

Macon

,

if T presence
al

,
then

at
 is

implement by

cut E)
⇐  2- =[

Ct
 '

x ) for &tECX=,u)
.

Obsoe :

@,fuF[)Cx7=
Lfuietzlct

'

# =fCT' x ) CutEICF 'x)=fCT→x)T⇐)= @(f)E)
a )

.

Def
A

bijeetan
T of Cen ) as  

asae  
is

called ez=di if

A  n' bk w/
TCH = A  ⇒ out A)

=o
or  MCI \ A)

=0
.

Pope Tegotae
< ⇒

L•C#,u)⇐=e1

.

PFI Note
That tetra ⇐> 2t(Xn7=Xa .

Hence
T is

eogodic

⇐> P ( Loc
# anti ) ={ 0,13 # Lace ,  a)

⇐  =E1•

-  
-  

-

 L



Defy Say
an  action

2iG→ Aeetcm ) is  

engotec if
MG= €1

.

Exercises :

-

a

I
,

!1!

Any
gp

 
action d. G→AutCM )

is  

ingle

if
M is

factor
 

acting
on

ECM
)

tr )
.

IHI ,

2g persons
trl.TT

@ Do @ for a finite  
una

M
4

G- wot  cos  
tnaccal state  tn

 sat .

fg←G ,
trodg

=
 +  

To [ This  is  auto=tic by
! mess of  tr  in 0.71

!3! All automorphism

of  Bat ) are  inner
.

@
Let  tE=< acts > .

Show
ai→b

;
base

extends to  an  automorphism
of LEE .

Prove  it  
is Outer

-

.

Def : It G is topological, say
on  

ocean
L=G→d~HM7

is :

-

as  if
FXEM

,
fg >

→

g
in

6

, 2g
,

an -

2gC⇒
in

-

•

there
,

the blank
could be norm

,

SOT
,

*
 feet

- usually best !

!5! Is the translation

action
of 112 or

L•CLR ) norm
,

sot
,

*
 

tsotqg ?

Let G be a
loc

.
 cpt

gp -1dg
its

left translation  iunniattlaanneas
,

Suppose 2 :G→AutCM ) is an
action  

where
MEBCHZ

.

For -

the
Hilbert

space
LYG

,

H7={ I iG→H| Suzicghzdgsoo
}EEG

@ H
.

The G and
14 act  or

GCGTG
we :

•

Ug=Xg@
I

,

i.e.

,
@g§Xh

)
=

Ecg

' '

h )

• [ Tan ) £ ]Ch )
=

Ln . ,

Cn ) {
Ch )

.

Exude
: it ; M

-3 BCLYG
,

te ) )
is  a  an  injeetoe

 G- not  as

in ,tnl A- honor so
 LTCM )

IM as
una 'S

•
Moreover

,

VJGG ,

=

ugitcn)ug*=THgcmD,

i.e.
,

the G- altier  is implemented by the

ceg
.

DfI
The Crossett MXAG

=⇐Cm)uZug3
)

"

EBCECG
,

(e) )
•

- contains
M and unitary

implementing

Gaetan  
xiG→Aat ( M )

.

Exercise
'

.

Finite lunar  
combinations Ixgceg

form  a  G- not  dense

-

untal *
-

subag
of MIG .



we 'll be interested in
the case

M
fine w

(

faithful

normal

trowel state tr  
and

T a

dead gp
ay tnedgetr Fg

ZD
2nd equivalent

defer
of MqP

:

Form
H= EM

IO

IP
.

Get  amplified
Left

M
-

action and

left
P - action kg ugcmr

@
Sul = Lgcmsrosgn ,

i.e.
,

if  

vgEUCEM7s.t.ugcmr2-agcnsRVneMiug-vg@tg.DefeMgP-Emo1.ug-ugx0lg1mtohgcp34cBCH-emol2MRtghta_tina.I

f  
xem

, get , get
 

right
actin  

at M and p

on  EM @ IT

by
( mr @ Su ) s  

=
 

mgncx
) Ro Sn

and

CMR
@

In )
•

g=
 

mrofng
( night

F -
ach  is 1

•

57 .

Note the Left
+

night
 actors  of

M
,

F A EM @ AP c-
man

Commute .
we 'll eventually

show
that em @ IP = Ecmxap )

onto that  these UR occurs
match the usual 4R actress

,

laymen

:

If 14 a finite  
una al

faithful normal racial state

tr
,

then M

'

NBCEM
) is JMJ where JmR=m*R

coy

.hn .
 

many
.

~ >
prove

for ttw
.

For 14=27
,

JMJ =RT
.

CkinIfxcMqp7l.CxglEl4psMJ-2mip-sM1E1lmgrlPmca3s.t.xCr@se7-Zxgr0xSg.Ft.F

-

get ,
delve

p
:  EM @e2p →  EM by

mrxoz
-> KZ

, fg
>

Lgncnlr

- g

Then pg* ;

LrM-sL2ol2Pisginbgmri-dgcm@fg.No

 tree

that

Pg* is

righty
Ag

⇒  so  is

Pg
:

pg*
( JEJur )

-

Bjcnxr
)

=

LgCm⇒r@Sg= Lgcmsdga

)r*o
Say

=CLgcnir
@ Sg

)
. ×  =

 Pgtcmr) .

 x

They

Pg×p*
ECJMJJEMEBCEM

)
.

Define  

Xg=2g(Pg×Pe* )
EM

. Thai .

e

( x( rose )

,

mnxosg >
= Cxpetr , pgitajcmr >

=

<

pgxpefr.dg.cm
)r >

=+n(

ag.am#LPgxPe*T)=+ncm*xg)=(Exhrofn,mr@Sg7fmEM,gtP

.

Hence 2- xnrexofh
ELM @ AP and equals  xcr @ fed

.



CLaimIFgGF.mGMrCmrofg7-FXn2nCm7rx0SngPfINotemR@Sg-CroSe7.m.g

.

she right
 +  left  aches  

commute

,

xcmrosg ) =[xcrosen.m.ge
=

fExur@ShI.m of

=

§

XnLhCnsR@fhgosCbunIRxoSe.3cgc1ietsepanaaryLnMXnP.pfI.x

-→ ←→ ×g=o toy
⇒

Rose

sepanaay
.

If [
=

2-

mgrxosg
is  a

Lure sum in GM @ IF
,

then

[
=

⇐mgug ) (
rose )

,

so
{ ecmusp > ( rose )

⇒  rose
cyclic

.

Clard
Wr @ se

is a faithful normal treat state  on MXAM .

PFI
# , For  a

Lute linear  comb 's 2-

xgug ,

Eynunt

MXAP
,

< (
Exgugktynun)Cr@

Set
,

rose >
= -2 <

xg2gcyhuguncrose7.r@set-ZLxg2gCyncrx0Sgn7.rofe7-Egn.e

<

xskgcynr
,

R >

= £
+  

rCXg&gCYg
,

) )

g

=

§

tn  
°  

&g-i

(
xgdgkfgn

) )

=

§
tn (

Lgiag
)

Yagi
)

=

Eg

tn (
yg

.

, dgicxg
) )

=

< (

EyuuDCExgag3Cr@te7.roSe7.N
°°  use

Wage is
normal of

G- not density
of the

until *  

ally
of fine

linear
combinations .

CLaanIeM@e2pEL4mXaPD-t.t

r=

chose
'

HE he
nap

our @
§

-
mug

I c- LZCMXAP ) where
I is  megeot

1

extnds
 to

 
a  

4R Man
- ( men  

untny
isomorphism

.



Deft An  automorphism
2£ Autc M ) is fee or

papaCy=t
if

YGM
and

yacxtxy
them ⇒ y=o

.

Nn
 action a : G - Autcm ) is Lee if

2g
not free  

⇒

g=e
.

Exercise Suppose
I  

ept
Huusd .

 and ee a  a
finite nor

-

neg
.

regular

Boel measure  on
# .

let  T :# m ) → C
In )

be  a homean
. peering

the

measure  class of al .

Show at free ⇐
> MC { ×1Tx=×D=O

.

Pu# If M is
a

factor
,

then

every
outer  automorphism

is free
.

P€ Suppose
deautctl ) and

Fy←M\{o

} st .

yaks
-

xg
them

.

we 'll

show 2

inner
.

If GGUCM
)

,

we 'd be finished .

Taking

adjoins ,

we
have

g*×=2⇐2y*
FXEM

.

Thus

yy*x=y2C⇒y*=xyy*

them

,

so

yy*e
ZCMZ

. Similarly , y*y
← ZCM ) ; yy7=y*£kHy=×yey

.

Recall
Spcyytluzos

-

spcyty )
u 203

.

since ZCMKQI
, yytody*2

are  two  elts  of  

Egos
,

al
yy*=o⇐Sy=o

< ⇒

y*y=o
.

Thus

yy*=y*y=
:

 

retired.

If
y⇐o⇐

> reo
,  u=

 

5kg
EUCM ) and

L= ttdcu )
,

so
d is  inner

.

So a
outn  ⇒

y=o
 ⇒ a free

.

Len : If a :p → Autcm ) is free
MHMXAM

 
c- ZCM )

.

÷
( Aei This  inputs

:
Ca ) zcth=M' nm  E  n' n

My
in

 c- Zcm )
,

and

-

(
b

) zCM¥p ) c- n' n
Mxap

 
c- ZCM )

.

pf÷ suppose YEM'nM¥pand let

(g)
CM st .

yfrxofetzygrofg
.

Then for XEM
,

we  calculate
ycxrxofe ) in

2

ways

:

gcxrofe
) =

Eg yg2gcx2oSg by aam= .

11

yx
( rose ) =xg(

rose ) =

I
xygxofg

The

only way
these too  uectns  in GM @ lip can

agree
 is

tf
ygdgcx

)  =  

Xyg
.

Sire ×  B  

arbitrary
and 2,3 free

,

we

must had

fgto
for

gte
.

New for
*

 e

, yecrofe
) =yer•fe

=

ycrxofe )
.

Sue rose as  

separating by ¥3 ,

ye
'

Lee
M

.

five
ztm

'

, ye
Minn = ZCM )

.



Col . Suppose
LI P→ Auten ) B

an

 action .

!1! If M is  a
factor

and L is  eaten

,

then MXAP Rated
.

!2! If
2 is free and

egodic ,
then MXAPisafaeton .

THE @ M
a

facto  and
Learn

 
=> a free

,

so

by
the

laming

zcmxap
) EM 'nM¥p

 
c- ZCM )

= a 1
.

@ Z ( Mlgp ) C- M 's

Myre
ZCM )

. Suppose
 

XEZCMI and

[×ng7=o fg
. Then

ugxugt

 

=

dgcx
,

=x Fer ,

so  xEMt=e1
.

Deff when M=L•C# a) and a :p - Autcm ) comes
from  an

actor of P
or (#,u ) pesnuy

the measure

Class of

a
,

we  call L•CE,m ) 4£
P the greapnea.su#ote

construct
.

Pwp:_ a :p
 

→ Au+CL•C#,uy )
fee ⇒ L•C# a)

cL•C#m2XP

is maximal abelian
.

PfI If
L•CI,m

) c- AEL•C# ah XP a A  aseliar
,

then AEZCLOEXIUDXP ) E LTE
,u )

•

Examples
:

The following are  examples of fneetengdeic  actors .

@ Consider
( Isnt

=

(2) V )
Canary

measure

,

Z acts

by
translator .

L• # a) XZ I B(e2Z )
.

@
AI ,u2=C#,

do )
,

p=Z generated Sy
TCZ > =ei¥

aha

4zitotQ.fHwt.7@CBanoull.D

P ntmite Couture

,
CE.ie

p
- gas .

-

lay space
.

Case

( ⇒ my w , product
 meese .

P
~ C # on )P by Cg

.A→ChtACJ'
h )

,

where As  P→ Cane
)

whole
•

• Also
,

car do P ~

IOCM,tr )
by

g.Cxg.xoxgzxo-txgg.xoxggio-iio@ScC2.Z

) AD

'

by [ EIIEY ] =[E⇒tgt]
.

!5! The
"

axis

"

gp
QXQ× acts  on 12 by [

a  

? ] [ I ]
=

Tait
's

]
.



Type
of  the crossed

products
-

°

Suppose  now
a :p  

→ Auten )
is fneetegodtc ,

so MXIP a factor.

•

t.ee
:

Lg feefgte ,

i.e.

,

yen
sit .

 

×2gcy1=y×
the ⇒

y=o
.

• ender
:

Mr = €1 .

special
case : M=L•CE< a) for 2g coming

from
ga

we )
.

4

types
of

free  
+

ergocaz
 actions

of  countable discrete
gps

TACEON ) :

type
P acts freely tonsitndy ( I  a Thorson ) [ ex

 01

+Jpe#I
P

presences

a finite  
measure  on # .

Eet  !2! +301

type

:

P
preserves

an  infinite  measure  on

I
.

[ ex @ ]

M¥
: P

preserves
 no

 measure equivalent  to  ee
[e× #

we 'll now
 show the

type
 of  

actor

goesthe type
of L•C# a)

XP
.

ThmIj If
PATAI

.us
is  

transit
,

L•C# a) Xap
is

type
I

.

fftc Sonae 2 toughie and
P Cannae

)

I
 is countable

.

Here
 me

-
-

may
remove

all measure
the  pts

so  al  is just

weighted country
case .

Carsoden
p=Az×s

for
any

XEI
.

Then
p

 B a  

minimal

projection
 in Le (E) mists

P
,

a factor
,

which must
be

type
I

. I suppose

yEL•C#
a) xap

art ( et

(

yofEMbeitslh-sequaeest.zCroSe7-EgyagrxoSe.thenpypCr@Se-PCEgygproSg3-ZgpygdgqnRx0S-3pyp-yepEGp.T

-1 He }n{g⇒Yg=SgeYe
.

t.hn# Suppose
T E M fneetegodtc

- C Cn .tn ) a  racial - Ma

and

trodg
-

in

fg
.

Then M¥P is
either finite dull a  

type
I

,
*

PFI It suffices to show MIP
has  a  

normal faithful taeial state

[ obsne :  If 7- or  

irfoue
projector

 
in  

a -
Na  N

)

then
N  

Cadet
have

a faithful trace
.

 
Indeed  if  uu*=p

 
and u*u=q£p ,

the
it

 traces

+ ( p

-

q)
=

true
- ueu

) -0
. -7 Recall we showed

that whose

is such a normal faithful facial state
or MXAP .



Cord If P
1

# a)
free

, egodic ,  
non

- transitive
and in  

a

fire

measure st .

ilcgn
)=u(

A )
t  ml hole A

,

then EOCE
,m2l£P

is

type
In .

12¥ The
action  

of  T
or

L°°CEm )
presences

 
the

faithful
normal

taecral state f. due
.

Hence EC XI a) Xap
 is  

either fate

doll an

type
Ii . It  suffices to prove

LTEm2¥P

finite
dink and 2 fneetergodic

⇒
a essentially

tonsure
.

Note
L•C# w ) is  a finite

Link - Na
,

which has  minimal
prays .

Thus ( In )
I ( Y

,

✓ ) fan so
-

fid
-

as
. space

Yu
,

Va  aeuyhtd Country
measure

. [ By
a  rationality argument,

can

n

wife 1=-2 HA
;

where
each th

,

 
is  

minimal in
L°CI

,

ue )
,

AIEI

tl

disjoint
Wible

sets
. Defy

Y={ I
,

... ,n3 y
vcseistuecdi

)
. If

Exercise
Show  that  a fade

actor of P
on  

a the

measure

space
 is tar=te

.

Obs : A fun this  

type
# ←→ Imirfmute

and 7- PEPCM
)\↳3

-

fin ,te
sit , ptlp  

is  

type

 Ii .

Lend
If

M

type
Io

,

F  a #
factor

N at . MENXEBCEZID
,

ME Let PEPCM
)\Zo3 be fine  

at
set Ntpmp

.

let {Pi3c¥
be  a

maximal funnily
of 1-

Png
's st

. piicp
Fi .

Clangs
=p ,

=L
.

HE
Set

q

= 1- Epi
.

 

By
normality

, p
# q ,

so
q¥p

.

Sue for is

infinite ,

I  is  
" fmte

,

so 7- io ←
 I  and a

bjefen

I
# I -463

.

Then 1
=9t¥±Pi

F Poot ¥=u⇒Pi
 

= EPIFI •

N - site  

Epi
 =L

,

1-
p

.
 

i.
 a  c-

M st .  acute
 

= Epi
,

6*5-1
.

ti←I
,

dehe
g.

.
 =

 

atp
,

 - .

Thin Z9i
 =L

 Lad qinrp
 ti

.

No - form a  s.nu .

Eeg
} set . @

=

= qi
 Ai in  the usual

any
.

Exercise
,

If siege
} a  Smee  in  a

una M
,

then F a  spade
1

*
- to

-

F

M E
a

"

tif
,

,€B( NCI ) )
.

upland by

a  

enjoy
or  underlying space .



¥2
:

If
 re  

is  
infinite  

and G- finite  an  I  and T acts

fueelytegodtalkypnesany
re but  not  

transiting ,

the

L•C# a) xp is

type
too .

TYL There are  no  
minimal

pnojcs
 in

L•C #
in )

,

so
there

are subsets YEE
of  

arbitrary
positive

finite name
.

let

YEE st .

 o<

eeC42saoaLLetEIT-L2CI.a2byECg7-Sg.euCe5kKy.LTitae.LooaIayxractsonL2CP.L2CIruDtsy@gsDChkzCgth1adCfz7Chi-xh-iCfHzCh7.TfNowletp-XyEL0oCI.u2.We

have

wg
 on  the oo

- den 'd

few p[L•CE .ae ) xp]p
is a

 vernal
taaal site

,

so

the
compression

is

type
I

,  
•

But L•C # a) XP is not
type

Ii as  it  controls an  infinite family
of  

mutually
1- equrakut

properties
Ecoou

 in L•C# a)
. I

.

Have
L•CE,u ) XP

is  

type

Is .

←

'll

skip
the proof

that of P
presences

me
measure

aol.cat

to
al

,

then L•CX=,u7XP is

type
#

,

-

Conditional
expectation

( M
,tr ) be  a

taetal una  and

-

: Let

2 :p - Autcm ) on  action
set

.

trodgttr fgep .

Recall that

Lytrxap ) I cimxothp as
Cnormal ) Mxap replies ,

as

we had a  
urinal inclusion of

traeualuNacsMC_M.Xapa.VxEM.trmgpCxrCxCroSed.r@Se7-cxrxose.r

'ofe>

=

( xr
, man =

trot
.

Getacnoonal ) inclusion  

map

EZLZM→
L2Mol2P

by
mRL→mr×ofe .



Can
'

. E is a

right
M

- linear Tsovety
.

⇐
mr .x=mxrtsmxr@Se-CmroSe7soxl1mRllI-thCmeh-trmg.p

cmxnz =
Umno

Sell } .

Fec# If  Ttf
N

→  Bars and Tk
:

N → B ( k )
are  

named epks
 ofa

- woe

and XEBCH
,

k ) sat
.

 xittecn )=Tk(n ] ×

it  NEN
,

then  * EBCK
,

ie
)

satisfies x*

iTkCn7-cTteCmxtetneNTEjestteleatjointsbCoIExiEm@ern-EmbgmRo.Sgi-Sg.e
air is acso

night M
- linear

.

Deft
fan XEMXAP ,

define EMCx2=E*xE
EBCEM )

.

Ocssene

Erect ) EJMJ

'

=M
.

En is
called a  candied expectation .

(
you'll do several case

for tlw
. )

TtopI_ The conditional expectation En IN IT →
M

enjoys
the

following properties

:

@ For  a finite sum

ZXgcegEtlXaP.EmCZxgceg7-Xe@AsMEMxaP.E
,f=Em .

@ Em
B a  

normal in .to
completelypositive map

⇒
-

xethgnp
,

Keanu E Kill
> EmCx*1=EmGy*

,

En⇐YEn⇐)fEm#⇒ ,
and

Emc
# × ) = -

⇐>x=O .

!5! target ,xtm¥p ,
Encaxb

2 =  a  EmC⇒b .

PFI
You 'll

pace

!2! -50 in

general
to twl

.

For  0 :

[ i*(
Exgug

) e]nr
= E*

 

Exgugcmrxofe
)

=

 
it

 

Exgdgcwsrosg

=  Xe~R •


