
Def ; • A probability space  is  a complete measure space ( I ,
Q

, a)
-

a

Set . MCI 2 =L .

G- algebra , sappy .

• A probability measure preserving Cpmp ) isomorphism torn
.  -

Pots . spaces ( Ii , eli )
,  # 2

,
is an  invertible fct  oiY→Yz ski

- Yi C- Ei  is ¥4 [ µ , ( Iihf ) =o ]

- 0
,

at
are both readable +  measunep=seuuy

• Aat ( E. u ) = { pmp  iso 's ( Icu ) → CI.ms }% equality a.  e .

• A pupation of P on C# can ) is  a gp .

Lou P -> Auten )
.

Daff A pob space  is  called Standard if  it  is isomorphic to :

• [ o
,

11  Y Lesesgue  measure

•  a  countable set  at ( weightedcountry measure
,

on

• a disjoint  union oh the above 2  types .

Def '
' A  cysleldisce_eequ.name real is an eq .  net 'n

. -

R cX=xX=  on  a  standard probe . space set .

- R is Borel mlbbe

- the equivalence classes of R are countable .

Induced measure  on R : let  To :# I  →  I be proj .  or  ithcoond
.

÷
on RC # ×E ,

define Gfirote Vi  2  it >
2

, tzy ?

VICC ) := SITE 'Cx)nC I ducts
.

I

Detne [ ER ]1== { Boel iso 's n¥I→¥slgnpnce ) c-r3nI¥foI)

DetAhm'= [ Ap
,

Len 1.5.21 for RCI × E
,

TFAE
,

and we  call R pmP_ :

D Vi = Vz [ R preserves ice -7

@ F@:A→B]E[ [ 027-1,7is measure pcseny :  uceca ' Il = eeca 't FA 'cA .

Ede : Let PACE ,m2 be  a pup  actor of  a  countable discrete P
.

Define R={ Cx , gx ) ( XE # 3
,

the orbit equivalence relh
-

.

E is  pfn# .



Defy Let RCI # be  a pup  countable eq .  relic . For

EEEERII
set . Eih→B

,
defe (

g.
Re EBCGR ) by

( Lq { ) a. yl - = Xiscxs & ( e-
 '

as ,y7
( Rq E) Cxiy ) :  = XB (g) § Lx , e- kg ) )

both LR ={ Lee Lee  EERII }
"

CBCCER )

RR =
{ Re let EERI -73

"

CBCCZR )
.

Note [ Ly
, Ry ] =  0 it e. 4. EEERII .

Exercises !
-

[ some  will be HW
. ]

@ FEECERII
, Lf = Let  and Lyly = LEI

!2! L
y is  a p.j.VE .

suitable  notion  of  composite
I

.

@ Lida is a projector that
.

@ b : Loo # as → BCLZR ) tsy @(f) { Kx , g) == fcx , {C x. g) defers

a faithful
,

normal central *-aCg .
horn .

!5! LOCI
,  a) Einck) CLR

.
[nooe FACE

,
XCXA ) = Lisa GLR ]

.

identify a ,  image .

@ tfGL•C# w )
,

FEEEERII
,

Lykfl # = Xfoq . i  •

!7! The diagonal 1 CR satisfies VCI ) =§lTiC⇒na|dma=eeC¥)=1 -

Defray tn :L R→G by w¢ =< . zs ,za > dates a
a-

faithful normal
traced

state  on LR
.

!8! XI is cyclic  + separating for LR
,

so GR ± ECLR ,tn ) .

!9! C R
'

= RR
.

Def ' Let CM ,tr ) be  a fmuhe una  cy faithful normal traded Stace .

A  men Neumann sebacgebne AEM is Caked Canty if :

0 AEM is maximal abelian

!2! NMCAI = { UGUCM ) |uAa*=A } generates
M as  a  vote .

÷
 =diNefA  in M

[ !3! C for free - hen clan ) trucial : a normal and .  exp .
 E

. 'M→A•]



Def : The gpoidnonmzer of ACM is

GNMCA ) :  = { p.ci .
 UEM I uAu*c A  =D u*AucA3 .

Itt v  EGNMCA ) ⇒  w*,u*u  EPCA )
, and van 't  =Aw*  and u*Au=Au*v .

The nap
xl→vxu*  is  a  * - io Au*u  → Auutt .

Note GNMCA ) is closed under protect and adjomt .

Lance : Let ACCM ,tr ) CBCH ) . Then

GNMCAJ = { uql UENMCA ) and QEPCA ) 3 .

there Nmct
"  

= GN Cots
"

c BCH ) •

M

PI the !

Th= : L•C# as c LR is Cantor
.

THE Identify LZR = ECLR
,

tr )
•

For  

xeLRswntexi-xRcL2R.cLaan1_IVaELo0CEuDsuppCoe3cN.pfIVbELooCtIcal.ab-tsa-atsR-baR-dbCxsaCxoys-bcgsaCxzyzfrae.CxiyiER.UayirytsELooCEiee7yueldstleeseeCt@SnpposeuGUCLRJs.t

. [qa1=o FaEL•CE in ) .¥2
: suppcci ) CI .

PFI Similar  to pf of Cd .

Now  since  we  may identify L2C# as = 22A c ER
,  we defe foe #→¢

by fc ⇒ = = East .

clay : fEL•CIu ) , bed µ

nuttbyfIddoo.pfiSinceLqaIoVaELoeCFa1.EIgcx.xj-aatuCxiH-fCHaCxitj.FnallzsasXasepa_atrysuXq-fzn-su-fcLoCEou3o@Recu4thatLR-ELe1eEEER713llCBCL2RJ.Claan_4o.E

very Ly EGNLR ( LOOCXI a) )
•

PI Recall Lytf LT = Xfoet •



thni Let t.nu#m) be  a tree pmp actor - Get R={ Cx ,g⇒ Keegan }

be the associated Countable Pnp 9 .  ndtl - Then I spyis .

Lace ,  a) XP = C R extending Late ,np⇒fi→XCf )
. |HwT|-

.

Cayton !

Remands LEE
,

n }Z is not a cgp
- measure space  una

.

• ( Uoiculescu 1996) L ±E has  no Center
.

on( Ozawa 2004 ) L En  is soft t diffuse M E  LKE
, M

' NLHF is  anette
.

• ( Ozawa - Popa 2007 ) LIE  is strongly : F dttttse  amenable  XN susalgMELE,
N

, #
( M )

"

is amenable E⇒ non - Gonna
,  pnue ,  no  careen I

-

StonglgsoG=od : Suppose ME LE  is diffuse
.

Let Q c- M be dittse  +

amenable .

Note 141^2 # E Q '^  LE E  N
, #

CQ )
"

c- LEE
.

The result  now

-

fellas Lani amenable !

ECI If ( Mit ) is a traced amenable una  and NEM is a -
N snsalg , then

N is amenable .

12€ Let  EIBCLZMZ →  M be a  cord .
 etp .

bet  Eni  m→N be the  canonical

tceceepvesnuy card
.  eep .  Then Eno  E :  B ( Ems → N is  a  card

.
 exp .

bet Riyo=h2 ,
be two countable pmp@q.net 's  orUII ,eei )

,  II.  2
.

let a : ( ¥ , in . ) - C#z , elz ) be a Pmp so of prob .  Spees .

• we  say a  is an  isfrom 02 ,
to Ra  if @xo2CRn= Rz  up

to  null sets .

Suppose now Ri  is  the pmp  orbit eq .
 red '~ of  the countable

gp FiA CEI
, aei ) zie .

,
Ri - { cxigxslgcfi ,xex⇒ .

•  we say the actions  as  orsiteqeacek if I  arise from Rito R
,

Eie .

,
7- iso of :# up → C In oez ) s # ocpix .

) = Rz. OCXD a- e- x ← Ii .

The Suppose Ri  is a pmp  eq .

Elin  on CEI
, uei ) fan i=h2  and

0 : # mi ) → CXI ,uz ) is a pmp  Bo
.TFAED

a  is an  Bo from R ,
to Rz

.

!2! of  induces  an  iso LR
,  ELRZ .



In the case Ri  is the  orbit be .  net 're of PEACE  i. eei )
,

i=42 . I

Cat For free  actors Pi ACE i. ni ) and a pup  Bo a # . , -D→ # red
,

IFAE :

!1! The actions  one  orbit  equivalent  uia

020The map f- foot
' etohts to  arise L•#yu , ) xp ,

EEOCIZ ,u⇒XtE .

Pfeffer : Identify L•#i,mi2XPi  ILR ,
 via HWLT

Emi ' Suppose of :( Inn , ) -> CEZ
,

eez ) is a  Pnp  iso
.

¥0 : Defe u :  ER
,

- ERZ by uzl = To # '
to

" )
} which is unitary

set .  u¢RDu* =CRz
,

as  uLqu*
 =L FEE  [ [ R

,
-71!

f-
 '

oYoO@LyutjgCx.ys-Cyut1E4otas.oTyD-X.3CotancitE.7Cqtcotan.okgD-XoctsfxsE4oIEE0ttmiy3-fLo.i.e
.←[ Tang ) .

#E.EJ
'

Moeow
,

it f- idn for ACCE , .mn
, ulidnut - Lid•a→ ,

so  ae  see

Conjugated by ce  tales L• # Mi ) to L•C#z,uz)←←

20=0 ! Get Ai= C•CEi
,  at ) C LRI .

bet  tr
,

 =  Wza
,

be  the Canonical trace

or LRI
,  and recall

JiECx.gs-ECyIonL2RiEECLRiitri-2.tetxiLRi-sLRzbearih@xtudoyfl-sfoEl.T
 her  dad

,
) = Xaz ,

so  trzo  2=4
,  on  C Ri

,  and we
get

 a  unity implemented of  d

on GR
,  : 1- UEBCER . ,5Ri unify

set
.

•  uxw*=  Lcxz it  XELRC ,
and

•  UJ
,  =  Jzu .

Recall L•Ri= @

iusAiJjtlcBCERi1by1tLwIT.ItatAyzcERg@auttEi2Ctiy1-CdeaszYCtiy1-aCEExDEYx.g7wCuJiaJiutEXhyt-CIuauttzzjCxg1-CuacitIq4cy.x

)
=  atokyi ) Iii Gi )

=⇐zacEkgnJz[)Cxug7 .

g This u¢•R,
)u* = L•Rz

,
so I

pmp  is ¢ : R ,→Rz  st .
 062 ,  = Uz ;  

and

K
e atcfju 't  =d(fo¢'

)tfEL•R , . whereon fcxy ) =g⇐)hCg ) at gmec.CI , ,m , }the'kIeI.tt?EFIEEe:n.tI:Es.Eeasawa .  -

h
.



Let R be a  countable pmp eq .  nelin on CE.ae ) .

Deff The fulling [ R ] is the subset  of [ [ 5211 of e '#⇒I
.

En fe L•R and pEER1zdeLe@osf2Eiyi-fCEkxs.y ) .

Def,
A countable pmp eq .  vel 're R on CE ,

ie ) is called anette if
-

-  

-Fa  state

¥
on GR sit .If ( g. f) = -442 VFEER , teem

Bed: R is called hyperfine if It  increasing seq .
CRN ) of  sub - ee .  elks

,

each -1 LIE orbits
,

st
. UR~= R

, up to  null sets , If  noeoon

R is engodic [the  Enible
,  Iz[ti' (A) I =

 it
, EIICHI - A ⇒  note 291317

LT ←→ LR a factor -7  y  infinite  abets
,

we  call R a hypnfmite Ii eqnelh .

[ ⇒  CRER
,  the hgpofmie I

, faced
. ]

ThnCDg#.@
A able pmp eq .  al 'n R is hyperfine ⇐2 it  is  iso  to

the orbit  eq .  relln of Z acting an CI
,  a) for  some Pnp  action .

@ Any two
pmp 2- actors  are  orbit equivalent .

⇒ Z ! hyperfine type Ii ee .  net 've .

Then ( Ornstein - Weiss ) @ above holds for any two countable  amenable gps-
•

C= :
Any two eogotcc pmp  actions of  infinite  countable amenable gps

are  orbit equivalent .

Thun ( Zimmer ) :

-

R amenable ⇐ LR amenable
.

thefts ) ; R amenable # Rhypenfmite .

Chesty: Does avg.ua#skgp  contain HE ?

AuswrCOlshanski= No
,

Tanski  monster gps  are  courter  etanples .

- many easier  canon - examples  since .

Th~(Gaboriau-hyer= : Let p be countable  +  nondurable
,

and consider

the Bernoulli  action  TA  To ,
11

"

.
7- measurable , engodic , essentially free

action LE A [ 0,11
"

st .

the orbit  eq  rd 'n  of the P - action  contains

the orbit eq .
 relh  of the EE - action .



Cocydesepernigitity
we now  out  to find condemns  on

P at PACE ,ue ) to lift
onset  equomlnce to  conjegaey . Suppose PA # a ) al ^ 1 CY

,
L )

are fneetengodic  and onset  equivalent so -7 a  measure pnesewy big.÷
.

 I →  T Cup to  well  sets ) s.tn . ftp.x ) = d. at ) ace .
XECI

.

Clad : ttgep ,
a. e. XEI

, II. led sit . aCgx2=l 0-42 .

PFI Since OCT .  × ) = A .  ocx )
,

Fled sit . ocgxtlocx ) a .a##
.

If Il
, ,lz c- NS.t.ocgxkl.oai-lzocxs ,

then led , esiatscoaal
.

But Stats ( acts ) IN which acts freely ,
so StrbCoG→=Ee3 a .e .

XGI .  Thus l ,  =lz a. e .
 XEE .

Def÷ A Avaketyle for T.nu#u ) is a  nine ftp.t# → A

sit . pcgh ,
× ) = pcg ,h⇒p( h ,x ) tghcp ,

a.  e
.

×←E .

Etanplei Defining p :p # → A on cg ,⇒ to be the 1- led as

in  the claim above defines  a Coyote .

Obst : cfcghx ) = pcg ,hx7eChx ) =p Cgirx ) pch,⇒t
=p  cgh ,

+ ) .

Def For y :# → A
, define dei  Px # →  n by @6) Cgx )=eG⇒Ea5 !

O_bsme: ( dyjcgu,× ) = Ecghx) East = Ecghx )ECh⇒ "
hecht ECH

' '
=Cd4) ( g ,h⇒ @e) Chat

.

we  say cocydos dip :P×E→N are  cohomology , &~p ,  if Z

4 :  E- > ns.t.ag.xs-ecgx ) pcg ,⇒eCx5 '

tgcp ,
ae .

x←# .

÷den  necessary for

cocyde  condition !

Rent : Suppose Cocyde p :  Px # →  a  is  independent of  ×EX= .
 Define

I :P - > n Sy TCg7=pCg,⇒ for =yxeX= . Then it  is  a gp .

han '

.

Top # ( 41 = pcghx ) pch ,×)= pcgh ) x ) = tcgh ) tg , he P
.



Defi Say Ta Cetin ) and AACY ,v ) one

stabtyas=qt[soE]
 if

It AEI
,

BEY  nornull and 0 :#→ B measure scaling set .

OCT .xnA ) = @.  #DnB a  e- x←A .

•  we Call UCB )/µ( a ,
the index of  the Stable  orbit  equaled .

→ Can  associate a  c=ycLe to  SOE as  well
.

[ omitted . ]

Thm(Zimm_) : suppose P has no  nontrivial finite subgroup )

PACE .ae ) gone
NACY

,
U ) uta a A  →  B

,  and let  2 be  the  associated

Coyote . If 2 is cohondogous to  a gp .
horn  Ii  F - N

,
then

@ I :  F  → a is  injective
!2! TCP ) I  ^ has finite  index  equal  to  the  index  of  the SOE

!3! A A Y  E IndoIp ,
CT~I ) yes action

.

Note when PAE  and AAT  are  0¥ ,
then it  is  a gp.se

@Gies a  strategy to left  Itto conjugey

Cocyctesuperrgtyi: Given  conditions  or T
, FACE .ve )

,
^

, and

p : Px # → n
, can conclude Part 't  →  ^

, a gphon .

Except :

T.hn#opa2=. Suppose p

had
and PA # is  a

Bernoulliaction
. Then

any cocyde p : P×E → N into discrete ^ is
-

 -anycohomologousto  a homomophisn 2T = T → N .


