
Elenentanypnepertoesofunlas retail una
.

Lemma : Every elt  in  a  una  is  a
linear  cons .

 of 4 unites
,

←
I First

.  aye
# is  a

lm
. cans .  of 2 Soe .  ops .  If  a  is  s.a.ee/cLa4El >

u=  ati @ is a. toy
and a  = 'zCu+u* )

. Scaling does  the general case
.

Col Let  x GM sot .  ×=ulxl  is  the polar decomposition .

Then  a) HLGM .

The (xl=⇐*x2k€c*Cx ,
# c- th as M is  a

C* - alg .
Notice it  unitary

✓ EU ( Ml )
,

x=  vxv
't  

=  

vuuxlvtt-vuvtlx1.wdticeVlHEtlxltlyvuutttlzl-xE@Monam.kenCvuue2-vkvCu7-vKnCx-kucszasCu.x

]=o .  By the anrquees Properties of  a
, vuv*=U it  ready

.

By the Cannae
, at  M

' '=M .

Ropi Suppose MEBCH ) is a une and PEPCM ) is - projection .

Then pmp EBCPH ) is a ✓Na
 4 (pMp )

'
= M 'p .

If : If  xp  c- Mlp , certainly xpcpmp ) = Pxpmp =pnpx=@mp ) Cxp ) Vmeol

Hence Mlpe CpMp )
'

.

The course requires a  clever  trick .

Suppose  uecpmp )
'

unitary ,
set K=  MPTI and let q=pk .

Save K is M and M
'

- inert , QGZCM )
. Extnk uto K say

Ee Zxipz ,
:= 2- × ;

 up E. for XIEM
,

EIEH .

Clay '

, I B a  well-defined isonety in  BCK )
.

ta.PT-aeuy@MpJHEllEEa.pE'
.

-112 = ¥ < xiupzi , ×suPTj > €§<pxjtxipudii ,u4 . > =

= Eg ( upxontxip Ii , up . > = § < Pxgiteiptiizj > = - '  ' =U Zxitiilp .

Now
, by construction ,

a commutes a  action of M on K=MptT .

Thus ciqcm
'

< BCH )
,

and u=⇐q)p e M 'p •

fuotie f- EM
, tzctl , Eqn[ =Emq¥g,

=  

mEqg÷ .
Hence In ,u~q2=o .

Next
,  Eqp[ =

 a 1pE= 1up£  
=  upsz  =u[ it Eeptt ,

so  EEp= -
. ]

Deft For PEM , ptlp  and Mlp  are  compressions feductens  ofM÷



Col ZCPMP ) =ZCm7p .

PFI Again ,
it's clean Ztmp E PMPNMLP . the course  is

Sumiton  to Setae
,

and it's on year
HW !

lattkeotprojettns : Suppose t a  una  and p ,q←PM ) .

Define paq
-

pnoj
onto PH^EH the pnq ,pvqeM

. -

pvq= pnej
onto ptttqtc

Factors A fete is a  una  4 trial certn
,  i.e.

,

M 'nm= 2- Cart QI
.

N=td Just  as  una 's come  an pairs M
,

or
'

,

M is a factor # otis
.

Rep ( Egodic property of factors )- Suppose M is a factor  and

p.qEPCm7yo3.thnFxEMst.pxqtO.Mon@ow.com
choose - eUCM?

Pf:_ Suppose it  UEUCM ?
, page . then @*pu2q=o

tuezkoe )
.

Consider Z = ✓ u*pu GPCM ) [ this is the bets  of  the  net of

lathem

pays P←== avg.ie#pu
of EEUCM ) finite .] Since malt  is

separately set - cts ,
[ z ,u]=o tumor ) ,

and z-EZCay=61 ,

Since
PEZ

,
z=1  • Bets again

as
malt is separately

sofas
,

&q=

@u*pu2q=O
,

-2€ .
I  observe P

,q=°
= Pie ( ⇒ qp ,=o=qp ,

For  such p . ,R,q ,
tn ,geH ,

q[piz+RI]=o . This ECRVPZZ -0 ⇐> #up . )q=o
.

This  + fuse  Fewer )
,

Pp q=o ,
so ( Vupae )q = soot - lump ,=q =0

. If

€ : bet p ,qEPCM1\{ 03
,

M a factor .
Then

Fanorzuo
pi .  usm

st
. uuttsp

 and

u*U±E
.

p# Piece XGM st . pxqto ,
and Let pxqtaelpxql be pdan deep .

Recall kacajnkencpxq ) EKECEJ ,
so  u←u=Pkucu,± ⇐Rugs = E .

Moeam
, by arsfnactth of the P.ie  u

,

at =uu*HE p×TH a- pH ,
so  uu*sp .



CI : In previous corollary ,

can find Pi .  UEM sit .  uu*=p  on  u*u=q .

PFI Order picks in M a , aattap and reuse ↳
z

use

if  uu*Evv*±p  and utua Hu Eq .

If  out # p  and ututq
,

F none p.ci .  v EM st .
 vv*sp - nut and vtv < q

- u*u .

Thus

utr  is a pii .  at a € w+✓
. By torn

,
7- natural pic .

 U
,

and this u  must  satisfy cent =p  or  u*u=E .

PNOPI Suppose M is a  una  and p ,qEPCM)\63 .
TFAE :

@ Zcpjzcq ) to Where zcpz= V utpce  is the central
UEUCM )

@
ZueUcm2at.paq-to@7norhnop.i.cecMs.t

.  uu*sp  and tens E .

HI - @ ⇒ - @ : If puq=o favors ,
ZAiE⇒ .

But  then

.

FUEULMJ
,

O= azcpnqut = Zcp )  uqu* ~s0  ZTPZZCQ ?  to
.

@_⇒@ : take polar decamp .  £ pueq €0 for actual ) as Jesse
.

70¥30 : Suppose zcpszcq ,  =o
.

If  AGM is  a poi .
 sat .

 wutep

and view  Eq ,
then w=uu*uw*u=puq=2tpjuHqs=  uzcpszcq )=o

.

Def A C nonzero ) poj p  is  a  una M is  called I

•  M¥1 of qfplm ) y q1p  ⇒ qezo ,p } .
obviously

•  abelian if pmp  is abelian
.

) Is"Tteka~
.

-

• diffuse if For  abekarpojqap .

Exampled
Beth ) has  

minimal poj 's
. p  man .nl#nnk(p2=d.mCpH)=TnCp)=1 ,

@ 1EL•( co ,n , ,t ) is
diffuse .

Ehebesge



L¥oe ! Suppose a  R a finite  nor -

regain  regular Boel areas .

or  a  cpt
tlausde . top . space X= .

Show  that  the  min .

prod 's of to # an ) conesp .
 to  atoms of  I

,
Ee .  ##

Sat
.

U({x3 ) > O
.

De# A  una M is called type
I  if t z EPCZCM )

)\{
os

,

FPEPCNZ abelian set . PEZ .

Exercised
p  minimal ←→ pMp= Clp .

Pfi Clearly Cipcptlp ,
so  we  show p  minimal ⇐ p Mp c- Ep .

=I If qepcpmp )
,

then qtpfm ) and qtp ,
so EEEO , ps .

 the

only una  4 exactly Zpnoj 's B € 4
, so pMp=Qp .

⇐ Let QGPCMI 4 qtp . then pqp =q
= > p ,

so qEE9p3 .

@ p  abelian +  M a factor  ⇒ p  minimal
.

P¥ M a factor  ⇒ PMP  is  an  abelian fucker .

The only abeken

deter  is Q Cup to  until * - is . )

@ A factor  is type
I ⇐> it has  a  minimalpnoj

.

HE Frost  observe that M a feta  implies PCZtmD\Zo3={ 13
,

=I type
I  ⇒ Fpepcn ) abettor ( EI )

. Bz@ , p  is  nominal .

¥ If FPEPLM ) manual
, then PII  and p  is  abelian .

Examples of type
I  unacs ;

-

abelian  Wee 's
,

BCH )

Classifies : If M is a type I fecton

acting or  a Hilbert space
L

,
2 Hilbert  spaces

H
,

K and

a  cnctny

UEBCHOIK
, L ) s .← .

u* Mu =  BCH ) xo 1
.

12¥ ( a- Epi }
#

GM be a  maximal family of  mutually 1

minimal preys Ltwhioh exists by Zorn 's Canoe #

Claire =p ,
 =1

,
so L= TOP :L .



FFI If =p ,
t I

,
1- a  nonzero  p.ci .

 UEM set
. uu*EP

,
and a*u<- 1- ZR .

.

By mminakty of  R ,
a # =p

, ,
so  u*U  is also minimal !

[ absence  w*uMu*u  =  w*uu*uMu*uu*u€u*R
E - =  utu Q

. ]
- -1 - c

Pi C- th P
,

But  a*u  1- Pi  ti
, contradicting the nationality of Epi } •

Now ti , choose a  nonzero p .i .

e.  i  GM sit
. Qiei ,F±P

,

and EPIE , .i£Pi .

Ctnwe  e
.

, ,  =p ,=e# . )

Again by minimally , q.ie , ,¥  
=p

,
and eye .

, ,
 =P

,
.

Then txctl ,

we have  × - € Pi ) x ( Epj ) =

§g  pixpg converges
SOT

.

Bat  note

Pixpg  = e.  It eiixe # eiy  =  eitip
,

e
,e xentjp ,

e.
 is

= ×  i. j9FQj .

÷ i,j£€P ,

⇒ X = I Xi ,j e IF E
, ,j zcovsges in SOT

.
Hence M={ eiss }

"

.

Detra H - ICI ) and K =p ,
L

.

If { Eg5 is  an ONB far K
,jes

th an  owBfantL@KosgrnSzEfix0Elj1eEt.jc -53 .
Delee

a IHEK → L by ucsiogj ) = Ee ''E&j .

Claim: a extends uniquely to  a  unitary in BCHEK ,
Do

4¥ Since { £ ;
} is an  • NB of p ,L and a ¥ ←  Bcp ,L

,  pile > is unitary ,

{ a .it Ej 1 JEJ 3 is on  ONB of Pol .
Snne L=  topic , we

here { e
,  # Is IEEI

, jet 3 is a ONB of L
. Next

,

Eg Xij fixosdj Etcxok ⇐ 2- ( kgjl
'

< oo
.

Hue 11 Egxi.se#EslE=ElxijP=llEstiojSi*E'jH2@k ,

and cc  is or  Bonetry with dense  image ,

Gksme @*e. .eu ) C Si .  @ Eg ) =u*e
..ie#Eg=u*ei...p..p...QxIEg

= See ,  u*& .
 = Si=eu*e¥Eg  = Say 8*0 Ij .

x .

there u*e
,

, ,
 a  = El

, ,
 01  where  Eye hes a

A in  the  ⇐ )  - poster

art as everywhere  else ,
Hence w*Mu=  BCHJXOI .

[ If S=s* st .  M=S
"

, then  u*Mu=@*Su)
"

.

Tf



In the pneaieey Then
, one  exploited a  sgstmofnatxts

of  site 1=1
,

i.e.
,

a family { eiij I
iy EI } sit

.

• Eig*- eg ,
•  ei

, ,
.eu ,e

= Sjaeei ,e
• Zei ,i=1 Got )

°b= " If EP :3 is a family of mutually 1- pays st . EPi=1csotP

and Ee . ,i3 is  a family st
. G. =P

, ,
Gee , ,F=P , ,

and eyFe , ,i
 =P ,

ti
,

then setting eij  = e Fi a ,j completes the Ee , ,i3 to  a s.mu. Eeioj }
.

Deff we  say
M is a type In factor if M is a  type I

factor and MEBCTE ) 4 dmctt ) =n .

t.hn : If M is a type Infactor
,

then its type In  until

sukfeectens NEM are  uniquely determined up  to  artery

Conjugacgir M by the K sit
.

•

fp
 EPCN ) minimal ptlp  a  type In factor

.

Moscow
,

Kn=m
.

P# Suppose N
,  and Nz are two type In sbfactons 4 Smu 's

{ eij } and { fists respectively .

let K be sit .  e
"

Mei ,  is a  type

In factor .

Then 1- = Eeii ,
and each eii  is the

CSoTjLEmotkmarinalpnejcsin@iiMeis.soKn=m .
The same

argument  works fan Nz  •  }

Clad : If PGPG , ,Meu ) is manual
,

then p  is  minimal in M
.

HI Suppose q<p .

Then qsp⇐Q ,
so q< ei .

then EEETPZ •

Claud F- a pic .
 

UEM st .  uu*=e , ,  and utu=f , ,  .

Pfj ,
wrote ey = Ep ;

 and fy = Eqi 1- CEOT ) sums  of knihpng 's
.

By mminaltty ,
ti , 1- ui  st .  a- ui*=po

,
uituiaqi .

Now  u - Eu
,

works
.

Finally , viszeuf,
 is a  cnutny at .

 ✓ fight =

eij tij, so vNzu# M
.

SOT  sum .



Comparison of poj 's
p ,q€PCm )

, say PIE Epcot- If

if 2  ap.ci .
 UEM st .  uu*=p  and uiusq . Say paq if

Z a p.ci .  UEM st .
 uu 't  

=p  and utu=q .

Fe :

@ ¥  13 effete  and transition .

THE hefty
: obvious  as  each p  is a pi .

taste : Suppose uu*=p , utusq =vv*
,

and Fever .
then

uvv*u*  
=  uqu*  

=  uutuqut  
= nut  nut  

=p  and
←

-

u=uw*u 2 =w*u

Matav£  v
*

qv =  v*ru*✓  =  ever
•

@ ~~ is on equivalence  net '~ .

Pf '
, reflexes : obvious  as  in  0 .=gmnesrici a  a pi .

 ⇐ > at a p .  i.

-

thyme ? Suppose uute  
=p , u*u=q=vv* ,

and Fu = ~
. Then

uvv*u*  
=  uqu*  

=  untrue  
=p  and vtutuv  =v*qv=u*uv*v=r .

Third I is a partial order .

Pfi Suppose p # q and QIP . let  until he p.is  in M st .

uu*=p ,
weak q ,

vv*=E , vtvsp .

aatn : Dating [ EFFI ] at [ E⇒=[ IIsame ] nhaiidy defines

to decreasing sequences of puoj 's  on M
.

Pfc p . ,q• are projs .  p ,=v*q•v  =  utvvtv  =u*u < p  =P .  and similarly ,

E
,

is  a  Pnoj
 E Ee . Suppose Pu

, qn are pojcs 1  pm , ,
9mi uespeetielg .

then put ,
= v*qnvv*E~  =v* qnqqnu  =  v*qnv=pn+ ,

is  a Pnoj  and

Pn+ ,
= we qnu -4 uteqnuv =Pn

. Similarly an ,
is  a proj . SEN a

Indeed
eoeveevgicsontenpesnynapf.jcssq3-s@oj1ssp3snni6Cgfonei-zcite.u

.

00
ooo

Define p•= Npn ah Eat A En (png 's
an NRH alnq H )

nao
to



Clad ' v*q•v= Poo and qwuv*q••=Eoo . Here  Poo =E•o -

pf:_ mwlt  is separately sot - Cts
,

and q~→q• set .

Now p= ( Po - Pit CP ,  
- RZ + . >  + poo C set ) Sun of  1- prj 's

q= Cqo - q , ) + Cq ,
- Edt .  . . + Eoo

ti
, v

*
( q ,

 
- qi . , ) ✓ =P ,+ ,

- P ,
art u* ( Pi - Po . ,

)u=%o+ ,
- EE .

ttme@i-q.nv  R a p .i .  witnessing Pi+ ,
- P ,

 = qi - Ei . ,  and smithy
for Cpi - Pi . , ) u

.
Have  we  construct  a pi .

 witessrypaq vie '

.

P  = Cpo - R )tCP
,

- TE ) + ( R - B) + CB - the ) t . . .  +  Poo

*a
. It÷:+Et

.
q= ( Eoteiltcq , -27 t ( qz - G) + Cqz - Ea ) t

and addmy up these p.ci .
's Got ) •

Cd If µ is  a factor
,

¥  is a  

totr1ordn_orpojls.P_fiIfp.qcoel3ogFp.e.ceEMs.t.uute-ponutu-qzsopfqonqhp.DefiAprojpepcm2iscalled@f.n_tetfVqapsqzp-sE-p.2OMtir_etf_7qEpucq-tps.t

. qap .

An  infinite projection p  is called :

• P.ua#uie of F a  nonzero finite EEP

• ferrite tf fz€p(z(n) ) set .
 tptto , Zp  is infinite .

A - Na M is called fin .ie/Cpaely/pwpen1y)irfintetf1mu3 respectively .

E.tk#?AbeLonuNacs  are finite
, so p  abelian ⇒ p finite

.

Deft M is called type_# of M is purely infinite .

M is called type of M has  no  abelian projections  and

any ZEPCZCN , )\{o3 majority a  nonzero finite projection .

• III , 3 M type # and M finite .

• tale : M type # and # EEPCZCMDKOS finite
.



Lift : Let P be a countable group .

Consider LP  
= { Xglgep 3

"
c- BCLZP ) where @\g£7C4 ) =ECgth2 .

Clay : it # LP
,

7 Cga}←El2P st .  ×Se= Eqfg .

Moroni

•  x*Se= ECI , fg Can  * Cdu ) Edp !
- =

•  if  xfe = Ecgsg and ySet2du£ ,

×yfe=§({
chdii , g) Sg

Pf:_ Clearly xfeEdp
,

so Ccg ) exists and is uniquely deemed
.

X

than
,

< * Se
, Sn> =LSe ,

xq.se
> = <

qese
,

- Se > =

gEcFSaiSg7-cI.fkoKlxySe.Su7-CqIyse.ESe7-T2gdncgt5iISmSg7-f.ngnEdnEiiuNotfHae.f.3nig_rtactienotFarl2PI@nzYCgz-zCgn7.N

we fine U(e2P ) NLP  •

.

-

fwsg = Sgui !

Claire FXELT
,

HEP
, xSh=ZgcgfghtEg Cgh§g

He

xfu=×fiSe=fntfe=feEcgSg= 

Egfgn .

Claim 3 :
-

Se  is cyclic  at
separating for LP on GP

.

FfI Clearly ELPTSE ELP fe is dense  in tip
.

It x. YELP
ft

. xfe =EgSg=yIe ,
the by class , xsiiyfn th ⇒  *

y.CL#4ftr=Lofe
,

Se > is a faithful aaoe  on LP
,

and

textce
.

Pf:_ Lxyse ,
Se > = § cndn . ,

= Egdgcg ,

=L yxse ,
Se >

,
so In  Bate .

Since Se is separating ,

tn  is faithful : ( xtxfgfe > = 11×1422=0 # *  0
.

Clumsy All pwjcs  n LP ae finite -

HE suppose  uu*  
=p  and utu  =qEp .

Thin tncp -q7=tr(uu* - nee )=o ,

so p-q=o Sure tn  is faithful

Pwp:_ If  p ,  oo Icc Call natnietedcoj . classes  infinite )
,

LP
, }  ALI

,
factor

.

12€ Suppose XEZCLP ) -1 xSe= Zagfg .

Then tu×YhSe=  Echgwi Say = Zcgsg ,

so Ccgl top  is constant  acorg cerjngaey classes
.

we  conclude cg
- ifgte .

Hence  * EEI by CLao_m4. Thus LP is a factor
.

Since M is fine

by ¥5 al aotvil since T is  infinite
,

LT B type # , •



Idea(= Let of be a  
ona  and IEM a left  ideal

.

Lemmer : Let M be a  una  and IEM a G-

uoT1woT
dosed left

.

ideal . Then M= Mp for some pc-p.CM )
.

12¥ I G- wet  closed ⇒ I it 4- closed
.

Thus I has  a  ntgft

approx .  id
.

CE > 2 at .

+  d
, o<e×E1 ,

tax
'  ⇒ Eye ex ,

and

Ha - ae > 11 →  0 FEGI .

Now p := ye > EI as IGwotlwotclosed
.

Have Up - peyk -20  ⇒ p=p2=p* ,
and ap=p TAEI

.

Tms

I =  Ip C- Mp E I
,

so equality holds
.

Col A left  ideal IEM is e - wag . sot  closed two # closed
.

ME Both are  of  the form Mp ten PEPCM )
.

Col A  G- wot closed 2- sided ideal is of the fan ME
,
ZEPCZCMI )

.

Me Since I  is a G- wot closed Left  ideal
,

I -- Mp for see PEPCM)
.

Since I  is 2- sided
,

I  is * - closed
,

and p  is a left  identity
fee

Here f  x←M
, xp=pxp=p× ,

art PEZCM ? .

tea : A G- wet  Cts tracial state tr  or  a factor M is faithful .

PFI Let I  = { xeml trCx*⇒=o3 .
Since  xteyeyxskjtyllxtx ,

±

is a
left  ideal .

Since tr is  a  trace
,

I  is
Zsidd -

By Gs
,

tnctex )=o ←→ tray 2=0  FFEM ⇐s xeyngmkectrc .y ) )
- c

G- wet  Cts !
co I  is G - WOT  closed .

Thus I -- ME for a  tepctmi ) .

Since M is a factor ,

EEEO ,
I ] .

Since tnc 11=1
,

2- ⇐  0
,

so  I -07
.

Pepi An  oo - duil factor M a , a G- wot  as tree is type Ii .

P€ we  rust  show M has no  abelian projectors and is finite .

By the Lenna
,

tn  is faithful .
If 1=uu& and p=uEu ,

then

tr C Ip ) = that -u*u7 =o
,

so pet  Land M is finite .

Nor

FPTPCM)
, ptep  is a factor .

Thus p  abelian ←→pMp=pe⇐Pm±

But Bat ) for danttao has no  such trace ! Eitw ! ]



Supposethatmisaliifactaruceaotctcfaithfnltraeidlstetetn

:

lemma '

i Mongan
,

p=q <⇒ try )  - +97 .

-
pofq # tncp ) stncq ) .

12€ ⇒ tncp )=trCau← )  =  truce ) 1 tray .

⇐ since M is  a factor
, p # q on Esp . by ⇒  step , q¥p  implies

trcq )=tnC hate )  =tnCu⇐u ) Itncp ) c- teqz ,
so  utu=p  since  +  is

faithful . Thus  THE ,
so pafq .

The final statement  new follows formally ,
and we  omit  the pf .P=piFPEPCth203 at to  < E< trips , 2 q< p  sit .  O < trcq ) < E

.

PI let f =irf{ + -

(g)
1

qepctu
-  { 03

,qsp
3

.
If  0<81  tnqss ,

I

QGPCMK 203 sit . qEp  and trcq ) - S < S by the def .  of  irf .

Since of

is not  minimal as M # BCEC) ,
1-

o⇐r€qgp .
Then SE  + CY) s

so

1- CE - n ) =  tncq )  - tncn ) {+n ( q ) - S < S
,

a  contradiction .

Thing If M a I ,
factor  a , G- wet cts Cfaithfel ? trucial state tn

,

then tr [ PCM ) ]=[ 0,11 .

HI For  

recoil
) ,

let S= { PEPCM ? 1 trcp , < is . By 2am
,

F

a not  It qes .

If # < r
,

1- q # 0
. By the proposition , a

otq'S L -

q st . O < trcq
' ) < r - tncqp . Then qtq

' Epcot )
, qtq

'

I q ,
and

O < 1- Cqtqc ) =tncq ) +  trcq
' ) E + be )  +  r - toes  =~

,
a  contradicter .

Exercises Let M be a LI .
factor  WL G- not  Cts  traced state tn

@ the LN
,

Z  a  urinal subfloor  Noam so . NEMNCE ]
.

�2� M B algebraically sample ,
de

,
M has no 2- sided

ideals
.

Coy i Any two  o - wot  cts  tractal saves  on
M agree .

Pte.
It  suffices to shoe these traces  agree a projections . By Ex .

�1�

asoe ,
the traces  agree  on pej 's -1 tree t.no#1

,

as F ! tree

or MNCE )
.

Now for an  arbitrary Proj .p ,
an build an 1- see . ofpaj 's

Cpi ) st
. P= E- Pi and trcpil - nt in :# ti

, using the Rep .  above .

Caf A finite  UN - M  at  aoneot as faithful trace  tn  is  a  I
,

teeter
-

⇐> A G- not cts traced State C
,

E=tn .



PI =I This  was the  content of  the previous  corollary .

⇐ suppose M net a factor .

Then let  ZEPCZCMI ) Yo , is .
Then

Ycxl := fat ,

tn ( xz ) is  a  G- not  as  there star  ace # +  r

As Kc - z )  =o  =/ tncl - z ) as
tr  3 faithful .

ThehypenfinitetIfacc_FFonnE1N.letA5@Mzcc2.InduteAn-bAni-ibyxc-xoe.LetAoo-InAn.S
.ve

An E Mzn @ ) tu
,

An has a !  normalized faithfulposition trace

trn
Thus

too
:= In

,
try on tta  is the ! trace

,

-1 it  isfaithfultposwe
.

and note Hoo ads by tsdd ops on the left .

for H= L2( Aoo
, too )

,

Hxarliitncae# as en #

xlh.ntn.ca#e7=llxiPllaruz2LTx*xau*xikni~An.7Ah
Since toois  taeial ,

He  night action  is ago bdd ! E wequaes traced ! 7

Let R=CAoo )
" E B ( Ena

,
trod

.

we  claim R is  a Life .

¥0 .

'

tr= ( • R.rs > is a  ←  not  cts +  racial state  on
R st . trlnojtnoo .

PFI For  xettoo
,

tax ) = < xr ,r > =  tnoocx )
,

so
+ n 1*5-+6  on Aao -

Smee tn  rs  a  vector  state
,

it  is  sot  Cts
.

For  x. YER ,  pick Kdd neoj

Ex )
, Cyy ) cttao  Y ×x→× , y×→y Sat  byKaplansky density .

Then

tray ) = limtn ( xxyy ) = lumtnoocxxyx ) =
( in thocyxxo 7 =  trtfx )

.

CIO
.

'

+ r is the ! G- not  as trucial state on R
.

P# Let E be another G- not cos
taetal state  or R

.

then Ela
.

=tn• ,

Since trio  isthe ! trace  a Aa .

Then by G- wet continuity , of

Cxx ) cttoo  y xx ->×  ER
, ya )= 1in Qcxy ) = ( in  track ) = tncx ? •

Claim @ ! tn  is faithful or R
,

so R is  a  #
,

factor
.←

I Suppose trcxxx )=o .

Thn

tattoo
, sire night malt by a  is bed and

commutes ay the left Aoo action and thus uz R
,llxaru

} = ax RARKE = uRa×RK[ ⇐ clralpdxrll -2=412117 - cxtxko
.

By density of Aoor &L4Aoo,tn• ,
x=o

.

Thus tr  is faithful
,

end the unique e- wotctstraeial state
.

So R is alIl-4=



Note To construct a LI ,  
- factor

,
we  exploited the tree .

Our next step is to show  all KT factors have a faithful

G- not Cts there state
.

Some  important  results  about  comparison  of Pnoj 's
.

÷less otherwise stated
,

below
,

M is a  una
, p . QEPCM )

.

@ If ×GM
, poj onto It and Kerch one  in M

,
ME P

#
a  RE .

Pf!_ a) ×=ul×l the polar decamp .

Then uH= # and Chen Lu ) = hence ) .
So

Uw* B pnoj  auto  xtf and 1- utu  is pnoj .  onto  her  Cx ) .

b) Kuca )
t.ua#)t=x*tT .

there  u*u  is pnoj  onto  x*tT .

@ Ckaplarsky 's Formula ) Pvq - p Iq- pnq .

Ffi Consider ×=Ctp)q . Then Kencxi = Kucq ) to cpnq ) H
,

so pnoj .  

onrkencxi
 is C-g) + pnq .

Then proj  onto # = 1- ¢hq)+pnq3=q . pnq .

Snee ×=[ ( i - CtE7)Ctp7]*
,

the  above  argument  tells  as  the pnoj .  onto

xtt is Ctp ) - Ctp ? aci -

q ) = tp - ( 1 -

pvq ) = puq
- P .

These are  a-

by @
.

@ If p ,
# q , pzf qz ,  

and qq=0 ,
then

P.vPaIqtqz.PERvP5PztR-PnPzTq.by@iondPvpz-CPuR-pa7tRIE.t
Ez .

@ ( Comparison Thin ) 7- ZEPCZCMD sit
. pzynqz  and Chez # CTPZZ .

p¥ By Zen
,

I  meet families { p , } , Eqi } of  mutually +  tongs  sit .

2- Pitts n
2- Eisq ,

and Pi -~qi ti
.

let Z ,=
 Z ( p - ZR . ) E central supp . ]

and Zz =  Z ( q - Eqi7 . By masinakty ,
2,2-2=0 ,

so

( P - Epi ) { z
,

E 1- Zz => Zz ( P - Epi ) =0
.

C q - Eq ;) c- Zz ⇒ Ctzigcq - Zq ;) =°
.

µ
ZZEPCZCM ) )Since Epi  a Eqi >

• Zzp  = Zz Ep ,
 I Zz Zqi } Zzq

and

• a- ZDQ = Ctzz ) Eq ;
 z Ctzz ) Epi I ( TZDP •

€
( l - zz ,  e PCZCM ) ) .

�5� If  pzq are finite
,

so  is puq .

p# Omitted . Uses @ ) @
,

and in  a properly infinite una .

, Fp  s.tn . pEtp=1 .



�6� If  p. q finite and paq ,
then tptl -

q . Hence FUEUCM ) at . utpu - q .

P¥ By 50
, pvq B finite

,
so  replacing M by Cpuqimcpuq ,

we

may assure M is finite
. Ewe 'll only use this  result to -

finite M
,

which is why we've  omitted the proof  of  �5� •

Also
, vote �5� is

mu_oheasIuhenp.qEPC2tMD.7By@s_7zcPCZCMDst.Ctp7EofctqzardctE7Cl-t2fCi-P7Cl-zJ.S

.ve  we  can consider Mt  at Mci # )  separately ,
we  may assure

¢- p ,  =  r El -

q .
Since 1=4 - PZTP  ~~  rtq { E qztq =L  and al

is finite
, rtq

- 1 . Thus I - par  =  tq .

Non  if WE 
=p , v*v=q and ww*=  1 -

p ,w←w=tE ,
U=  vtw  satisfies

"
*

P  ~  = ( vtw )*p cutw ) =  utpv  =  v*vv←v=q •

�7� If  p ,q EPCM ) finale with p ,qIr ,
then

@1 If pauq ,
r - Par . q . C b ) If pofq ,

r
- qfr - p .

pfI p , qer  ⇒ pvqfr .
 Passingto Cpvq ) Mcpvq )

, by @
,

we  may assume

µ is finite and r=1 . E Again , we 'll only use @ for M finite .TT

@ ) now follows by @ .
 For @ 7

,
let  SE  PCM ) s.t.PT SEE .

By @ ,
tp  Its3 tq .

�8� If Cqn ) is  an  increasing seq .
of finite pooj 's  and PEPCMZ

sit
. E , Ip  tn

,
then Vqn IP .

pfd we  inductively construct  on  + seq .
of pnjcs pn Ep st . Ro=9

,

% oo oo

and FNGLN
,

Th =9~
,

- En .
Then an = 9. + I @~+,

- En ) = Epn EP .

nil
a , n=o

By assumption ) 9
, Ip ,

so 7-
pos

p  st
, 9. =p .

. suppose  we have pond ,
... ,  Pa .

Claire Entz - Ent
, I P - Eopi org 2pm , =p t  to  p• ,  

-

,
en  as desired .

Obscene qn+z¥p ,
so ftp.i .

U  st - ww*= Entz
, G+zi=

# =P .

Since q~+z > gun ,
Ewtii=  U*En+

,
U  S  w*9ut2U  =  en +2

,
and en+,~~qu← ,

.

Then U* ( qn -
- gun ) u=  Entz - eutl \ So %+z

- Ent I Ectz - Ent ,  •

Also
> Enht@nn-9nstCEn-qn.Dt .  -  . + CEZ . E.) + q ,

a £oP , IP .

since

qntz is finite
,

so  are  eatz ,
Ertl , ¥Pi . Finally ,

q . ,  z

-

Era , ~~G+z - Gt
,

= CP - eat ) - CP - Entz ) E P - eat , ynp - £op,

Ky 07 since eat , Kqn+ ,
I §p ,

 and  eat , , §p[ Ip finite .

)



�9� Suppose M a finite vNa
,

and CR ) a  infinite sequence
SOT

.of  mutually + Ping 's
.

VN
, suppose qnzpn .

Then q~→o -

thus  also  G- WOT
.

pf÷ By inductor  usy �3�
,

tnsn
,

Vnmq ; I £ Pi I %nPe
.

sine

Iq ,
 is  increasing in n

,
FfqiuaEp , by �8�

.
hotpot 1- FFPI .

~ - l
oo

By 07
,

Pot  Zpi = 1- Emp : F l - zqi { 1- It
,

[ Ei .

e =L

Again by �8�
, 1=po+IEP[ up 1 - %=

,

? qi . Sue M

oo oo oo

is finite
,

0 = A V q ,
= sot - hm Y 9i

•

Here f£tH )

m=  ( m m  →  oo

- -

decneesny as  m→oo . 2 , qm

UEMEYF =  < q - E
,

£7 E < qq.E.se > →  o  as  ~→oo .

Thus q -
→  osot .

Red : 6- wot  an M is wk*  top  induced by CM* # = M .
thus

we  may identify M*  a , the • - wot  Cts linen ftcs  on M
.

Def For  a  una 14
,

bet SCM ) = { co - wet cos States  okM}cM* .

Note that UCM ) ASCM ) by 4- you .us .

Lemna!_ let M be a  una and EGm* a state .
TFAE :

@ 4 is tercel : Ycxy )= Ycyx ) tx ,yEM ,

@ FXEM , Ycxxt ) = Ycxtx )
•

�3� Fuetlcm ) ,

Ku*xu
) = Ycx ) fxem .

TI ¥0 : obvious

¥-303 ! t×70
, 4Cuxu*)=4( uxkx "lu*2 - Y( × "zu*uxk)= Kt ) ,

Now  any

XEM is a liner  combination of 4 pos .
 elte .

30*0
' If  UEUCMJ

,
YC×→=e(a*u×~ ) = ycux ) •

Now  every ytm is  a

linear  comb .
 of  4 cnn.tar.es

,

¥ ! To  construct  a trace  in SCM ) ten  a finite  una  M
,

find

a fief in SCM ) for the actor  of UCM ) .

we 'll use '

.

TYtN :] : Let I be  a  Banach space  ah KEE  a  wkly

opt  aux subset
.

suppose GEBCE 7 ant GKEK .  Then I KEK s .t .

gk=k VFEG .



FUEUCM )
,

define

TuGBCM*
) via

tale
=ECu* .  a) .

[ OBIE '

. tut Uczcmn
,

TuY=4it 4£  M* ,
so uczcan ) EKent

. ]

Hence G=T[UCM ) ] E BCM* ) .

that Suppose M is a finite r Na
,

and fix YESCM )
.

Let

K
.

= GY= { y(u* .  → ( UEUCM ) } ESCM )
,

and let K ESCM ) be  the

wkly closed crux
hullof Ko  in M¥ .

Then K is weakly compact .

C=5 In  a  G- wot  cts traced state  on M
.

12¥ By Ryll - Nandzensui ,
7- a G - fixed pt tnc KESCM )

,
which

13 a tale .

we 'll first prone
the above them

,
then Rylt Nandzewski .

Lenna
'

. For  a positive ( ⇒  bdd ) line - fil YG M*
,

TFAE :

.
3 G- not  Cts

.

@ 4 is normal : it  0£ Xx FX ,
clay piece ) .

�3� Y is conpletdgaddie : it family Cpi ) of  mutually +  pnoj 's
,

I YCP , ) = ECER . ) .

Pt Hw !

Renay , F  OEY c- M*
,

it finite subsets FEI , F⇐KPi7=°CE⇐PiZE( Ep
, )§

so E UCP . ) E UC Eto. ) .

Hence 4 is completely additive #

FCPI ) family of  1- pnoj 's
,

FE > o
)

7- finite FEI st .

YCIfppe7fEooLTob_semi.Eecp.hspzyzEzEcp.ss-syzECEEPDzsfyzECEPi7-ECiIePiI-eCEpn-Inetz4cI3EIis.TP@fThmo.Re

call that the relate wk* top or I c- #** is

the weak topology .

So to show KE My  13 ally Cpt , by the

Barack - Alaoglu  thm
,

it suffices to prove K E M***=M* is

wk*  closed
,

as K a- ( M* )
,  

which is wept .



Let  YEE
,

the wk*  closed of K in M*
.

we 'll show 4 is

completely additive
, and thus 4EM*  ⇒ YEK

. Suppose  not for

Contradiction
.

Then 2  a family Cp , ) of  mutually + poj 's and
IEI

anE > 0 st . Ffniie FEI
, 4( E Pi ) > E .

i€F

Claim : 7- a scq .

of  unites @j ) c- rlcm ) and a sea of  mutually 1

pnej 's CEJ ) a  M sit .

Ycugntqjug
) > E tj .

we
'

. This claim gives  as our  contradiction ! Sure the Cohj )

are mutually -1 and ujtqjuj  =qs , by @
, # qgug

 →  ° SET ,
.

and thus G- wot
.

But YESCTL ) B Gwot cts
,

and Ylujtoguy ) 3 E

Fj ,  a  contradiction .

pfofccain ! By induction .

j¥ Note 4C Epe ) > E
.

Thus 7- 01
,

Eko st . b. ( Ep , ) > E .

[ Caul Ko ) Ccwxwull ) is whly dense  in K which is  uk* dense in
I

.

Hence Card Ko ) is  wk* dense  on I
.

Thus +830 , I @ Econucko )

Set
.

1 C 4-g) ( zpi , 1 < S as { bent 1164- d) ( Epi ) 1<83 is  wkttopn  nbhdot 4
.

n

Since 4C Epa ZE
, choosing I small ~b OCEPE ) > E .

Now  if @=§,bjdj
Comx comb . of lfgeko, Ijst . OJCETEJ > E

. Else
,

LOCEP .ph#=.Tf

Sue if
,

is completely addition ,
It finite set FEI  st .  01

, ( F⇐,p⇒
> E .

Since 4 ( Iff
,

PD > E
, Zlozeko sat .

&(¥ePi) > E . Again , sire dz is

completely additive
,

7- finite Fz a- I\F ,
st .

02C ¥qp⇒ 3 E .

Smee

YCIZ,÷Pi ) > E
, 7=63 GK .  ete .

Now
,

Fjetxl
,

unite log - Kieft.  uj ) far UJEUCM )

,
and define

9
,

 =
ftp.pi

.

Since all the Fj  are disjoint ,
the Png 's cqj )

are  mutually ± . By construction ,

656 Fgpi ) - oljcaestkajtqgu ;) > E tj←Ly .

EE



Theorancryltllandtewki) ; bet I be a
Barack space  at

KE # cnux nonempty
with is weakly cpt .

Let G be a gp of

isometrics of I which presents K
.

Then I xek sit . gcx ,  # ageG .

Noted we 'll use the proof below due  to Jacob Lurie
,

which assumes GE BCE ) a Note  that FUEUCM )
,

Tu : M* - M* by 4- Ku*.u ) is linear  + bdd
,

so

T[ UCM ) ] E BCM* )
.

Wanmup= Suppose ZTEBAI ) st .

TKEK .

Zxek sit .
Tx=x .

P£: Far  n #
,

the Tn=tag¥o TJ
.

As K aux
,

FNKEK fatal
.

let Ku=Tn KEK
,

we claim Ekn } has FIP
,

so NKnE& .

Indeed
, Kan -  . nknj 2 Tnfnz . i.  Tngk ,

as TuTm=TmTn Fm ,n .

let  XE nkn
.

Then

FNELN
,

zyek
set ,

×= Thy .
Hence

Tx - x=T[tn¥t5yI - ±±z' Tiy = tnffny -

y]e÷K
-

k]
.

Save K - K uhlycpt ,
it  B tsdd

,
so f  open

nbhd U ⇒  °i FNELN

s 't
. f- ( k - k ) C- U

.
Here Tx -

× ← ze topn  risk U of  0
,

so Tx=X
.

PfefThn= Epf where GEBCI )
,  not  necessarily affine isometrics -17

Stef Can  assure
6 is finitely generated .

At Wwe G=UGi
,

all Gi finitely gen -
Then KG=nK°i

. By aptness

of K and FIP ,
KG # ti

 ⇒ K¥0 .

Slept We  may
assure for  contradiction G=< Is ... ,G~ > and Fxeks #

.

÷ Eg=a→=× ,
but Gia '  # × ti .

PSI By step 1
,

we may
assue 6=4, ... , g- > .

Let T=t=Egi e BCI )
.

By the warm  up ,
Zxtk at .

 T×=×
.

 If g. a)  =×
Fi

,
we're finished .

Else
,

relwbdlry ,

me have get ,  # × tl<i<n<m  and g ,⇐i=xtnsism .

Thu ×=T×= Is 2- g. ex ,
=

t.ES#tnIx2isn=x=tnEfgias2sX=t.EI.qicxi
.



Steps : Replace K al the weak closed crux well of Gx I K caucpe )

and # by close  of  span } gn
,

gnz
-  '

agngx
1 ni

,  .
. ,njE 21 , . ;n3} c- #

,

which he sep=afK Banach space .

Lenna : let E > O st . Hgiai - xll > E ti=l
, .  - in . F- a  uklg cp+

- Klk '

cnvx subset K '  ⇐ K sit .
diaml ) c- E

.

PnaefofthmassunhytKlee's Since K is wk closed out hall

Of Gx  and Kickis why closed
, opt  cnux

,
1- hef SA .

hxctk
'

•

Then hx=hT×  = In IE
,

hgicx , €K
'

.
Since K ' aux ,

7- eat '
.

. .ms sat .

h£⇐' €K
'

as
so hx

, hgicx , c-

K\K
'

.
Since dram ( Kik

' ) EE
,

me

had Khx - hg .

- a) HEE
.

She 4GG is an  isonetny ,
llx - often EE

,
¥ .

Rfoftheme
: ( et E=2e×+ ( k ) C- K

,
extranets . By the

Known - Milman Thm
,

K is  closed aux hall of E
.

let EEK be the

weak closure of  E
. Let B=Bog[ 01

,
closed ball of  adds 93 .

Note B is crux  tecosed
,

- B is closed weakly as well since

the Hill at wh top trace  same
closed aux sets

,

She I separable ,

F seq .

( y⇒E # st
. @.

. +  B ) cans I .

Thus Cy ,

.+B ) ME is  a  corn

of the -4g cpt set E-
. By Baine category

than
,

7- i at .

CYITBKEhas nonempty
interim Ce in E cent .  the relate  wk top .

 on E-
.

Define K ,  -- wkdosedcanxhrtlofE\Uand KL = wk dose cnux hell of #B)NE
,

Then Ki
, Kz uk closed Cnet  subsets of K .

Since lk is the closed

Amex hull of

EE(E\U
) UCL .

.
+  B )

,
it  is the cnux join

otktkz ,

OE .

,
K =  in yahae@KixKxE9D-X_hzca.b ,c→l→ tatcttsts .

For f > 0
,

let KCH = in Ylk .×kz×zg , ]
.

we  clam  if S sutfianttf small
,

we  can
take K '= KCS ) .

@ Each KG ) is uk closed aux
subset  of KI

C↳££ ! Y is cwuxwhxsit . ) - uk Cts
,

so KCS ) is wkcpt<
and thus  wkdosete .

÷
 n  top  on  I  is  a  Tus  Structure .



Cnf a) tftcou]
,

SK,tCtS7k -
is  convex .

b) Y(Ki×Kzx[ Sit ] ) =Y( Kix ( SK ,
+  a - HKz)xE oil ] ) which  <3 #

€ It TEC 3,1 ]
,

tat  C ht )b  =  sat Cts )[ Sa  +  ( i - 8) b)

£ SEC oil ] son .
d- s ) C 1- b) =  Cht ) <⇒t= Stscts )

•

¥  If  SEE 0113
,

s  a. + Cts )[ Sazt  a- s )bI =  tat  Ctt )b

for  t= Sts - sf EE Sul ] as before  and  a=said GK
, .

Sts - SS

@ ton fzo sufficiently small
, Lian (

KYCCSDEE
.

pf= Note KCBRG ] Len see R > 0
• [ KEEE ¥ *

is ptuisebdd

as  maps  or
#* by compactness ,

thus  uniformly bdd . Tf If

of ,y' Eklkcf)
,

then 7- OEE,t' < 8
, v.v 'EK

,
and w ,w' C- Kz st -

Y - tvt Ctc )w  and y
'  

= E 'v '  tcl - E) w
'

•

Then

Hy -

y
'll { E[ 1141+114]tE' [uuutilw 'll ] tllw - w 'll EYIR + FE

÷
 n' EKZEY .

.tB
,

which has diameter }E .

Now  choose fc ¥2 .

@ For 820
,

KCSZEK .

THE Sine UEE 13 a  nonempty open  subset
,

7- yeEnU . [ let  NEUEE .

If  if  a #E
,  uE2E ,

so ZE >  O  s .t . Becu ) EU .
 But  Becuzn E # 01

. ] we

claim that y€KCf7 .
Since YEE  is  on  extreme pt . of K

,
it  suffers

to  show g€K ,  • [1 If y¢K ,
and y

= tutcl - E) w fon  VEK ,  and  uekz
,

SME Y is extreme
,

v=w=z •
Since  ✓  c- K

, ,  we  must have  to •
This

J cannot be written  as tv  t  ( ( . £ )  w fon Ee
 [ Sil ]

,

ueki
,  - ← Kz . ]

Sure #iwk top ) is
loc .  cnux ,

7- a  wkly open anuxnbhd VEXI

Sot .

the ah dosue T satisfies Cy -
J ) n  EEU . [ Can  use  Euecy

qt ,
so  E  B  wkly normal . ] Since E \U is - kly Cpt ,

it  admits

a  whly open Conn { Zit V }ek=
,

where  each  

Zi←E\U
.

Thus K
,  is

contained in the closed cwx had of ¥
,

C t.tv )^E  2 El U
.

In

turn , ffk
,

Ctitv )nE is contained an
the  crux join of  the ⇐ TTJRK .

If ye Ki
, y⇐⇐i+J)nK for scene i

.

Then  zi  ←  ( y - T ) NEEU
,

a  contradiction to tie  

E\U•


