
A CE  algebra A  B an  
involution Banach algebra st

.

=D
• ( Xatbc )*=Ia*tc*b*

• 11 at all = Half teeth .
C C* tax ion )

•  a**=a  +  a

Every unite commutative Cteaty is of  the fan CC # )

Len some cpt ttaasdaff  space I
.

Moreover
,

thee is a

cormorant  equivalence  of  categories

{ Gtttausd  Top Spaces  a , } # { until Conn
. days a , }cnn.to ( * - hononnonpmcsnes .

Cts maps

There B an  analogous statement for nonmetal C*→§ 's
,

but

must  use locakyept Hausd
.  spares  and p=pr maps

Spectral Thm 1 Let A be a  until Ctalg and aett
-

:

nanny ( aa*=a*a )
.

There is a car C isometric ) unite (

* - be C ( Spca ) ) I C*Ca2 Et . [spoet{ xeelx - a  naive .3]
Continuous factional calculus

÷aryfeccspca ) )
,

get forth correspond ytf .

Properties - ⇐
FC extends the ho6napn= Fe defined for a cut I Baaehtty.

@ Cspectal mapping ) f ( Spca ) ) = spcfca ' ) .

�3� If geccspcfcal ) )
, gcfcal 2 = Cyof )Ca2 .

�4� If  an -2  a  one  normal
,

U > Spca) is a  nbhd
,

the eventually

span ) C U
. Moreover

,

FFECCU )
,

fcai → fca ) n A
.

Usiy the CFC in  a  crucial any ,
we saw  a Canty ) C*alg

has sufficiently many States ( pos .

linen ftt 's ofnon 1)
,

and

we  used this to

prove
:

Gekaktka.me#ngEunzCun.tal)C*-algisCisonetn.tally
) * - iso

to  a  norm
- dosed *  →  wbalg of B Ctt ) for some Hilbert

space H .



Our goal is to extend the CFC to  the Lonetree .

Operator c- pdogoes on
BCH ) a

-

First
,

we'd need to discuss a

Canteen

�1� The ueakopeatonpolgy is induced by the separating

family of senior  ms { x - K×Z,E > I / n ,{ e it } .

•  xy→× wot ⇐> < xxz ,E > → ( xz ,[ > fz ,z←H .

@ the s-gopaalw.gg is induced by the sep . family

of seniors { *  → 11×{11 |E←H} .

•  Xx - × SOT ⇐> x×[ →  x§ t§EH [ pause  convergence ]

More to  come !
- woofn ⇒

s :L ⇒  noman
.

S.ae/Ksz,E > 11 E 11×211 - k£4 E # littell ' k£11
,

wotasote
norm=She < xz ,§>=< q ,

# E >
,

*  is not - cos
.

Note! * B net SOT cos .
den> cell )x← ,

does  not covyesot ,

but ( ie .
> <GD⇒±µ courses to 0 set

.

*  B- SOT cts when restricted to  nonrated Crotaseosspaoel
,

sure ×  normal ⇐> KXEK =hx*{ 4 t£←H .

NIE : Multiplication is separately WMYSOT Cts  in each variable
,

but  not jointly cos cuotlsot .

Lemke :

N={*  BCH ) 1×2=03 is set dense in  Bae )
.÷

I The  sets ZXEBCH ) 1 11  Cx - x→[ ill  < E
, it ,  

- .

,  n } where xo EBCH ) and £ is

are line-up form  a base for SOT .  we 'll Show  each  of  these  Contains

an  elt .  at N
. Choose  m . ,  . . -

,
ZNEHs.tk#EE..... , £ n

, mi
,

... ,Zn3 Iraq
and 11*02--2.tk Eti . Defining ×Ei=z,

.

,
×Zi=o

,
×=o  on Kt works

.

Lee : Matt.  is jointly set Cts on Bn ( ⇒ ×  BCH ) fn >  o
.

In particular ,
matt .  is jointly SOT as on bed sets

.

BE lkxy . x. g.) zyl = 4 Cxy - Hot  To - * Fosse

1¥
aeut .nu .

f 11×11.11 @fys§ 11 t  u⇐-×→yoI 11

If
-

-

of → go set it  xo  set



Rope For

EEBCteF.TFtEi@FEii.isIniZn.n.znCtfs.t
. yes  =  ÷z cxzi ,& . > FXEBCTD

,

@ 4 wet - as
.

@ Y sat - cts .

pf!_ 0=>20--0 :  clean
.

30=0 suppose Y sot  as .

Then C-
 ' ( BIG ) ) is sot open ,

and

this F 2 . ,
... ,znt H sat .

 qq.EUMills1  ⇒ LECH1<1 .

Consider  the three seminars pcx ) :  = least
,

next  =[§yH×ZiR]k
,

and

Mc⇒=  mat 11×2-11 .  we know

EC ,
. . in

@ [ Mate 1  ⇒pc⇒a1] ←→ pars Met ) ! !
@ Mcx ) smcx )

.

Have txeesat )
,

hears

Fennig
.EE#esYnh.

consider Zaczi) .I ,
e Hn

,
and let Ho={xz :

-1×7,111
xt  

BCHPSEHI
Dehe 4 or Ho by 4(xz) = pcx )

. By above
,

144221 f[IE
,

k£2,112 ]k = uxzil , ,
so

4 ← HE
. Usry

HB_ ,
can  extend 4 to  all of to

,
so by Resztkp thin

, F

y , , ... ,&nEH st .
 4- < - ,[ > 4 [ = CIIZI , •  this txecscte )

,

y⇐ , =  4 cxz ) = < xz ,E > = Lcxatii
, ICEIKI > II. aziz :>

.

Note In  the above pf ,
we  used the anptLe#on of Bcte )on

ten gin by xcz.IE ,
'=C×Zi7I= , .

€ : Every SOT closed cmx set  is not close
.

← coast

Def For SEBCH )
,

define S '= { x←BCH2 |xs=sx fses } .

Ex=is
: @ SET  => T

'
c- S

'

.

@ S a- S
' 1

.

@ s
'  

= S
' "

.
.

Eyases :@Find an @metric * - ise B ( §fH ) I MNCBCH ) ) .

@@Show MIS )
'

= { xemncs
' ) | x  B const along the diagonal }

.

Show { ytmncs) Iyaerstaut along the diagonal 3.=  mnls ' )
.



Warmuth : If M I Mnce ) is a  united  * - closed subalg , then it n
"

.

Pf÷ It suffices to prove LEM
"

⇒ FEM .
Fit FEM

' '

. Consider

the amplified action of  M on G
"

0 a
"

kg x(z@£)=×z@& .

Letting Ceo ) be the site ONB of Q
"

get a  unify

isodoenEgIenbzzoEs-IftIgIdwmeEfndlgfed.TLBeteuitt@KIdItdkttasalilb.s

peas ]
It  is straightforward to  calculate that BCEIQG "

)EMu[MnCQ]
.

Now  under  this unitary
to

,
the amplified action  of  M

Corresponds to  the diagonal matrices which are  a single
ett of M along the diagonal .

zog - LIED
⇒

Ii. - EE.IE#Yd
Now by the exercise ,

Camplifud MJNMN ( Mda ) = My ( M
' ) and

Camplofied M )
"

= MNCM
' )

'
= { i.  c- MNCM " ) I x  constant  along diagonal } .

Consider the  vector £ 
= cei.I.cl#ErLstL basis  ells  in  each Gord . ]

Let V = M{ c- o§
.

en
.

then Mr c- v as M is an algebra .

Since M=M*
, R commutes a , one

,
i.e. ,

R Ecanptifekm ) '=MdM ' )
.

% of YEM
"

, diagcz , ... , y ) c- M~( a
'

)
'

commutes  ayPu
,

art thus

yM&=M&!=f Since A EM
,

Fxetl sit
. yC1E ) ⇐  ×& .

In

particular , yeo=×
 ei  fit

,  . . ,n ,
so g=×  EM .

Thm(uorNana= s For MEBCH ) a  antal *  →  usalgebna
,

M
" =tTs←

.

PfI Commuters are wot . dosed
,

since  if ( x > ) C M at X×→× wet

FYEM
'

, tz ,g¥H , cnzz.se > ← cxxyzsi > = < yard > → < yxse.tt .

Now since M "
crux

, it  is sotdoset
, at tests M

' '
.



Now suppose YEM
"

,  and consider { XEBCH ) Ilia -

g) sauce ix. . . m }
,

a basic Sot  open nbht of y .
we  ant to show M intersects

the nshd nontrnialky . Let § = C I ⇒ I
,

E  ¥,H ,
and consider

the amplified repk of  B. at ) or ¥§H .
let V= METEHN

,

which is M - invariant
. Hence RE Camp lifted M ) '=MnCM' 2

.

Then duagcy . ... , zze MNCM '

)
'

comma a , R • Sore ICM
,

7£ = ( y£i ) ,I
,

E ✓ =tTz
,

so Zxetl st . uxzii - yz.tk E test .

Cor ( von Neumann bicommwtat  than )
-

; If ME Bcte ) is a  cnctal

*  susedg ,
TFAE :

@ M=M
"

]
such a  metal * -

subolg of Bcte )

@ M is not - closed B called a  uonNe=i~ algebra .

�3� M is SOT - closed

Examples .

÷YNCE ) EBCH ) for dm H=n
.

�2� Anyfiriediil metal *  sasacg . of Bcte )
.

�3� BCHZ itself
�4� L•⇐ ,  a ) for a ← fmie neasae space

C# u )
.

CHWII )

�5� If SEBCH )
,

Gus 't )
"

is a  

una
.

@ Let P be a
discrete gp .

bet H=l2P={ £ :t→C1 Ektgpcoo }
2

4  inner product < 2 ,f > = Egzcg , Fg ) .
An  Omb is gun

by { Jg :hi→Sg=n 1 get }
. ager ,

aefe bgeUCtP ) by

dg[Kh2 = Ecg'h )
.

Than tylflgh . Mapi :P → Uae )

-3 called the leftreg-epn.spaxtt.EE Tigpakg .

To
"  '  "

= : Erp reseed gp Ealy.LT#TYgpuu=.OpcnRo=n: Is GEELES ?



KapknskyDensctyThm_LetteEBCtabeat-subodg@Them.t
ball of Msa

.
 B set - dense in the - it hell of Catsot )

,

@ The unit ball of M+  13 Scot dense  in  the net ball of ( Feet )+
.

�3� The not ball of M is set . dense in  the unit ball of Tnsot
.

Note . Also true fan UCM ) and UCM " ) when M aunty Ealy ,

beet this uses the L•FC
,

so we 'll skip it for  now .

-

Steff Ifp €€[ t.IT is  a poly in 2- and I
, ×l→pc⇒ is

SOT - Cts on bad sets of  normal ops in Bcte )
.

pfi Matt  is sotcts  on bed sets
,

and *  is sotcts as  normal ops .

Wye : Step 1 holds on 3dL sets of nor . normal ops for noncannuoaay

pdgir p←€< t
,

I > in Z and I .StepZ:_If FECCE )
,

then × - fat is sotets  on

Idd sets of normal ops in Bcte )
.

RfI Suppose Cxx ) is  a bdd net  of  normal ops -1 ×x→x Set
.

Then ×  is  normal
,

and ZR >  0 sat . SpC⇒ , spcxxz c- BRCO )
.

Then ftp.go,
Can be uniformly approx by poly 's in 2-

,
E

. The

Gulf  now follows fun Step I .

Flea felt . Laredo .

her PEG G. €2 unit .  approx
f  Ti

%
, ,§y

Pick  x .
so  that th

.
⇒lkpcxi

- para)2fU < E
.

Then it > Zdo
,

3lkfcxs
- f(×⇒)§( 1 1 4 Cfcxs - par > Ell + UCpc⇒ - PCEXDEYH llcpcxx )  - tangy

= Eau . " ill + Est Essen
'  " £4 =E . #

Steff C Cagley Transform ) The map  × - ( × - i)C×+i5 '
is SOT - cts

from BCH )sa
.

 -
UCH ) .

If : Suppose Cts ) is  a  net  of  sa .  ops uy Xx→X SOT Go  ×  Bsa . )
.

Rzthe spectral mapping thn
, sp[ * + is

' ]= [ STEFFIII
'

E Bits
.

Since

Cxxti )
"

<3  normal
,

ucx , +  is 'll = re ⇒ +  e 5
' ] EI .

Hence t.EE  H ,

H Cx - a Cxtct
' [ - Chee )C×*i5' [ 11=11 ( × >

+  it
' teacake )]C×ti5' Ill

ZE C x - × , 7

f 211 Cx - xx ) Cxtc 5 '[ 11 -30

±
 o  SOT one  it



Note :  The Cagley transform  is a ttobies  transformation

chief
sends EZ → s

'

,
since I÷ .tt#=EII=tEI ,

- i¥ , ,

and €2172 + CZET = @2+15 . Alternatively , a ttobiws

transformation must  

map 112 to  a ( me  on  circle  in @ )

as uaauu
. EII÷÷IE¥=÷= . : }ms :

-1 - II.  =€Etr=2÷=e
By special nappy than

, @. i ) ( ←  tit
' has  spectrum  in S

'

art

is  normal
,

at thus  it  is a  unitary a

The three of the Cagley transform is th
I YI •

nurse of the ttobtus  transformation z - IE¥g at -5

#o]|[ {s↳given zy

z-s.EE#a.Cazlezisa=c=1.b=-i.d=E.Step4:_VfeCoC.R

)
,

× - fcx ) is sofas  or Sa . ops .

pf÷ Let FECOCLR )
. Define g :S

'
→ E by gch={ FGYIE ? # I

Then g=foC
- '

where c-
 '

is  imvse of Cagley Tms
,

° #

By Sep 2
, g

is sot - Cts  on UCH ) .
Now f=g•C ,

and

C is SOT - cts BCH )sa
.

→ UCH ) by step 3 . Here f is Sotets

as a  Composite Of 2 sat - Cts  maps .

Sept For Kapbnsay Dusty Thm
,

one  may
assure M is  a

MILE
,

Pfi we prone
:

30 ant ball of  M is ltk - dense in  ~ .
t ball of * " ill

.

[ If  seat
" ' "

we KHIEC
, pick ⇐ a) C  M  T  × -

→  ×  in LC . 4
.  Then kxultutuel

,

so  passing to  a  subsea ,
we  may assure llxnll I ktn .  Then It in  →  ×

,

and a ⇒ all E IT ,
( ¥ ) - 1 . ]

@ not ballot Msa
.

13 K 'll ' dense in  unit ball of ( NT
" ' "

)s
.

.e .

[ If  xectt" '

")sa
.

w ,
IHKEI ,

Pick an )  c M  
ay

dxnu  El and  an  →  ×  as  in  30 .

Then ×nt¥
'

→  ×
n  a 'll

)
at thy seq .  D is  at  ↳  all of  

tls.a.Tf@cn.tball of M+  is a . K - dense  or  unit ball of @ "  '

4) +

Eff  ×← @ "  -  ' 1

)+ a ,
axil =L

,
unite t=y*2 ,

so  ltflkl . Pick  a seq . Cy ) c- M

4 llynikl as  in  30
,

at y~→y .
Then yEy~→Z*L⇒  and Kyieyul 1=1

. ]



Finally ,
we  note that SOT - closed ⇒ ltll - closed

,
so AT " 'll  c- ttsos

and ×~→x  in II.  a ⇒  ×*→× sot . Hence  if R is ukase  in S

and S is 50T - dense  in
T

, then R is sot dense  in T
•

[ suppose TET
,  and consider V= EXET I lie . t ) E. LK E.  it .  - in }

. Since

S is  set - done  in  T
) Fsesnv •

Now Snv  is ltll - open in S
,

so F r G Rnsnv
.

Have 7reRnv• ]

THAT ; By step 5
,

cease -
M  is  a C←eCg .

@ First ,  we 'll sheer Msa .
 is dense  in €s*)s - .

Suppose  xE@s07s.a
.

let cxycm sit .  ×x→x  sot .
Th ×x→x

wot
.

Since *  is  wotetg

xie - ×*=× not
, so ×x¥¥ →  x  not

.
Hence Msa

.
 is  not - dense

in @ sot )s← ,
but  Msa .  is  aux ,  so MT.ae?F=tTwoT=@usot)ee.

Now  suppose  uxy El in  addition .

ByaboesFCx.yCtls.a.4Xy-sXSoT.ConsodrfECoCLR7ct.fctr-ttteEi.D.adhflloE1.eg.FI.Xf.By8zps4.fCxn-fCxtxSoT.BetbzspeeaalnappignkfcxnusLtz.Osupposexc@sotkyuxhel.BzcOsFEx3cEsot1.a.y

llxxlkl at  and × > →  × set
.

Let FECOCLR ) st . fee  on Gao ,o]
,

fctkt  tteeo , D
,

and llflloo - 1
, eg. ,

¥?±d=
. By step 4

,

fcxy ) → fcxtx sot
,

and tsyspeetel napping ,
ltfcxx ) 11<-1 and # Zo

.

�3� First
,

one pace Mz ( M ) is SOT - dense in Mzcotsot ) or Holy
.

Suppose @g) E Mzcatsot )
,

at Let @Pg ) corset .  

xFj-xijsot.theqrtoaeieEIEiI3kttxiYeIaEEEtEIEtIIE.7EiiI3EitNousupposexE@so7-iaxual.t

her [0*3] c- Mzc Feet ) <3 see .

,

so 7([95IEDE" zcm ) " 11 [EIEIHK i ⇐ EIHE ]→[¥o]s← .

Then 115×11<-1,
and b*→x set

.

Ease# ykzkxthi ,K[{7H=H[ITIKI,
so KTEIII][{ 3. [ I ] > 1

= 1 < b
,

%T> 1<-1 by as
.  ontt

.

we accede Abdel .

Frady ,
Hat , ⇐he ][q]=['E§3→E*×o1[EFFI ] ,

>°k.£⇒E . D



Reduce By you
HW

,
BCH ) = LYHF '

,  implanted by Tr
.

Def : The

6¥
is the weak * topology on  Bcte ) =L 'ay&

.

Rope For  a functional Y on Bctc )
,

TFTE :

@ FCZ
. ) , ( E . ) E H -1 2- llznue

, -211£ ,( 1
2<00 st . YCH =E< xz . ,§n>

@ Soon as  @ at Cnn ) , GY ) seq .  of Paine I  F 'S
.

�3� Ftc LKH ) trace - class  s .+
.

4C×2 - that ) +  ×

@ 6 is  G- not  cts
.

P£ : Bga Hw problem last semester
,
�3� a  �4�

,
It  is  clear �2�

⇒÷0=03 ! Let  Ho  =  span E Zn , Eu } EH
,  and let Cen ) be  an  ONB Lantto .

If dmrttocoo , we  may express  each zn ,&n as  a finite lneen

coms .  of  the En 's to  • Stam Scales by .  at .

Ycxs  =
I tijcxei,ej > = E < xtejeg > =  T - Et )

where +  = 2- t.gl ei >  < egl is fn.se rank .

If dm this
,

define t
,  ,tz EBCH ) by Gil ,t±=°

 - d

t
,

= -2 lz ,
> < e~( and tz= EIER > < enl

q
wuelraesdd .

Then Tn ( feet , )=  Zctiet ,
en

,
en > = Zllznuz < oo

,  
and

similarly Tnctyetz ) = Eu Du 42 Coo )
so t

, ,tzE LZCH )
.

Here t = tutee L' at ) LTHW !D
,

and

Tncxt ) = Tnlxt, tee ) = Tnctiexti) = ZC xtienztzer >

= I < xzn , Eis = Ea )
.

3¥20 : let  t=u(( 1 be polan decomposition .  Then LEL is positre  cpt  op .

, so

F  ON seq .
Cen ) and Clan )CE9a ) ydn→o  sit

.
KC = Exn Len >  eenl .

Since LHELYH )
,

Ehn Coo
.

Defe zn= # uer
, £n= # en .

 The

( Nn ) one patronised  as  a  is  a P.ci .  st .
 utuen = en .

 Ob - ions (
y

( Eu )

are pain - use + a  Finally ,
itx EBCH )

,

ya ) = Trcxt ) =  z < xter , en > = Z<stone ,
en >

=  Ecxzn , En >
.

GI If Y is - auot  cts ftl en BCH ) and Yko
,

T=E< . £ . ,{n >

In she on sequence CED cy z((£nK2< a .



TYI By the prop .

, at  T - C.  t ) In see to L' CH )
. tgtcte ,

we have

< c- £ ,§ > = TNCIE >  < Elt > = TCIE > < 24 ) 10
,

so €70 .

Here F. on seq . ( en ) st .  t= Z

tnK~
> < en I y A nktqoo )

,

and Itn c oo . Setty &n=}4 en works
.

CI : The unit bad of Bcte ) is a wet  cpt .

THE Immediate from Barack tttaogte  and fwoT=wk*  top .

t.no# on gdd subsets of BCK )
,

6- wet  =woT
.

In particular
,

the unit ballot B Cta is not - cpt .

THE The identity map
( Bcte )

,
G- wet ) → C BCH )

,
not ) is

Cts and injection . Resxoety to  the unit ball of  BAe )
,

we Set  a Cts big . from a cpt  Hand
. space to  a

Hansd
.

Space ,
which must be a hoheanonphogm .

Renay: The e- not  is the same  as the pullback of  the WOT

of LCBCH ) ) where L ; Bete ) - B ( ¥ H ) is the country

infinite amplification .

Def : The G- set is the pull seek of the set  of 2C Betel )

here a  is as  in  the Renate .

That  is
,

we had

Xs→ x o - SOT <⇒ Fdic ten ,
Ekzinltcoo ,

I 11k - xx , £ny2 -20
.

Remark : we have G- not  £ a SOT 1 Nan .

#
~  (

" 1

not 1 set

E=ie : A linen ft y on Bat ) is G- wet  as ⇐> €sot  Cts
.

Exercise For  on  Waal * . susalg TLEBCH )
,

TFAE :

�1� M - M
' '

@ or is  closeda- not

�3� M is  closed 0 - sot .

Exercise On bdd subsets of BCH )
,

GSOT  =soT
.



The : Let MEBCH ) be a  una
.

Thee is a  Barack

space M* St .
M is  Bonetttcallg 130  to (M*)*

.

Macoun
,

the G- not topology on M is the wk*  top ,

p£ Identify Blte ) = L' ( HF
.

Consider the peanihilatan

Mt ={ to L' C te ) 1 tn(×⇒=o
the  M }

.

then M+ EL
'

Ctt ) is a 4.11
,

- closed subspace ,
ah we

define M*  =L 'Ctt)/µ
,

.

Sue MEBCK ) is EIoI*

dosed
,

it follows that M=@ if
. Considering the

canonical snjectier
Q : L' Ctt ) → M* ,

we may identify
Q* :@ * # - c > L' ( te)*=BCte ) as  a  someone  ensedty - M

.

Trak : M*  is called the petrol and is [ up to  isometric  iso
.

-
)

Ghnot Sakai )
.

He  also showed a C* - acgisa  we #

it has  a  Pedeeal .

On to the spectral Thu + L•FC

÷
sent  ay an  example :  Cpt  normal ops ,

( et TEBCHD Se Cpt  and normal .
Recall that Far  ONB of

that  the cornesp .
 e- ual 's ki  →  o

.

eigenvectors Cee ) for T
,

and
-

we  can think of this in several equivalent ways
: ctscoauatcy

many no-one

@ T= 2- tile ,
> Seil where lz > < £1 is a rank are op

-

8- < s.si > z .↳  courses in U 'll
.p

@ T  
= -2 XE , where Ex is the Cfmioe nanny

despot )Yo3
-

projection onto  the efuspeceassoe .
tot

↳  conveys in 11 ' Kop

�3� T=UMgU* where UEBCLZI ,
tt ) fan see set #

4 country neasue
,

a  is unit -y[u*=idmp*uaIg¥]
fec.CI )

,
at Mf€B(dE ) Sy Mf{=f£ .



Lanny . For  any increasing net Cty of sea .
 ops  whack is 21.11 - bdd

,

]  a s.ae.  op ×= lubxy St .
 X > Ex it  X ,  and ×  revel ucth  this

property ,
and X >  

- × set .

Pf:_ Since ll.tl - closed ball of  radius R is wottpt ,
F  a  wotecaste

pt  * of a . Then t£EH , cxyzl ,£ > * ( × E. £ > ,
so × 's xx 4 X

.

Finally , ixtxf →  O
sot

,
at mnlt .

13 jointly sot - Ces or

btksets
,

so  x >
→ t sot .

Can
.

. If Cpi) B a family of mutually + pnoj 's
>

then
- IEI

IR . Converges  as  on SOT - limit of finite sums .

9£ Not  that N={ fine subsets XII } R directed ante inclusion
,

and

(B=  ¥ Pi ) is an  increasing
net which is tkd above . Apply the ten

.

Special Measures ! Let # be a set  and Q a  o - acg of subsets

fanfareon @= ,
@ ) is a

Hilb .  space
tt at

a projection - valued fat  E
.

'

a → PCH ) st .

• ECO )=o and EC # = 1

• If Csn ) is  a seq .
 of disjoint  sussets  M A

,
S - I

,
sn

,
then

[ ECSN ) connives to
ECS ) SOT

.

Oksene that Fz ,£EH , uy.GG ):=<EGIZ ,§ > is a finite areas .  on # .

If I  B a loc
.  cpt space

and A the Borel Galg ,
we  call E

regular if My ,←  is a regular  Bond measure the ,
EETE .

Facts  about  spectral measures

-

:

@ If S ,nsz=0 ,
ECS

, )t #-) .

P£ we know ECS ,  Use ) =  ECS c) +  ECSZ ) Rapoj .  The esatt follows from ?

Eye
'

. If  p ,qePCH ) set .  ptqepcte )
,

then ptq .

1¥ let I c- pH .
 Then

uEu2tllcpteszyt-uzu2tuqElit2cqzyEs-llzlit3kqEk2ltenaeqt-o.arLqp-o@ECS.n
E) =  ECS , ) ECSZ )

PIs ECSDECSZ ) =[ECs,\so)TECSRE)][ Ecsisi ) tocsins . 5) =  Ecsnsz ) byo .

�3� If Sicsz
,

ECS ,
) ECSZ ) =  ECS , ) [ immediate for @ ]



bet EICI
,

d) → Pat ) be a spectral were
.

we say that

measurable fet f  or X=  is essentially bdd cent
.

E

-
if Fc >  o sit .

E ( { ( fl > c } ) =  0
•

For such f ,
we define llfllt to be the

mf of  all such C 20
,

so EC { lfl > kfu
, } ) =o

,

let

L•CE ) = set of Cq .

classes ) of foes ess .

Sdd ant  E.

Feet ( •( E) is a commutative  on .tn C*aCg
mda A ' HE '

Def of SIDE :

←0 .

' If f= Ec,zs
,

 a a  simple fat  in Lace )
,

define

SFDE  
= # c :

 ECS :) .

well-defined. Show if II. a As ,=o ,
the ¥gciEGi) =o

.

Ttc
4,2 ,  - . ,n3 ,

let s
,

= ( Isi ]\ [ ¥ ,
Si ] .

th theses

{ Sx 1 Xcel , } .
. in 3 } are  mutually disjoint ,

at Se = ¥ Sx .
Then

0 = Eats
,

 = Zac Fats , )
= I ( Efi ) xx ⇒ Eci - out

.

Thus

EciECsos-FciEC.ysn-ZciC.ExEC.D-tfCEIECs.to.srq@jUffdEH-VfLlE.tfi-Asnsoep0_Za.ksi-tzCEa.CDX.andSfdE-tfCFzEi7ECsD.w

here  all the Sy are disjoint .

Both norms are  mgex 1 Is ,
Ci / st

.
 ECS , # 0

.

Step_@: Get  a linear  tsometny fts SFLE fun simple fcts  in TEE )

to  BCH )
.

Since  simple feces one dense in
C•( E) ,

this map

Rooney ;

•tn↳ t.ly by continuity to  an  isometny
LTE ) → BCH )

.

⇒ c- (
• (E)

,
ffdE=¢fdE)*

. ]
to 0+0 ,

Cook at

@ ftgeL•CE )
, CffdE) ( Sgde ) = ffgse .

smtk fete .

�3� + f€L•CE )
,

fn
, § ← it

, 2 ( SfdE)z, [ > = ffdny .g .

@ If Cfx ) cL•CE ) is a
bdd increasing net  of nerugfcts ,  a { f=sapf .EE#3

then Sfyde  increases to SFLE , converging in sot
.



PFI For { EH
, define

µg§s)=

( ECS ) £ , [ >
,

a  non -

negative finite

measure  on #
,

A )
.

Since f > Ff C- LTE ) and 2f finite
,

FEL '( Vg )
. By the monotone convergence thmi

.

< (Slade)t.si > =

Sfxn
, ,[

Y Sf

dug,f
< ( Sf # d. E >

.

Hence Sf ,
LEF SFLE .

�5� [ LIYI

.IE/spCSfdE)=ess.rageCf
) in L•CE )

= { tee I FE >  O
,

EC { If  → 1 < E 3) to }
The First

, suppose FEZO st .
 ECS

:={
toll < E 3) to

. Define geL•CEJ by
qct ,  = { Cfcti-77

" if I # → 1 >,{ ⇐ >z€s° if lfetioy a e # zes [ " SHE f E
" ]

Then SGDE ( ffdt - x ) = fgcf - a) DE  
=fgcf - X )dE +Sgcf - t )

dE=ECEis
)- as # =1

.

=O

Comedy ,  if  ECS
,

:= { ( f - xl  < Es ) to  tezo
,

the fate
. { EEGs ) H

,H@fdE.x)[11 = KCSFDE- x ) ECSDEHEH §d→)dE H £ E .

Hence X  is  an  approximate  e. val for SFLE
,  and thus XESPCSLLE )

.

Spectrum : Let AEBCTD be a  united commuter C*→lg

and F : At> CCE ) the Gelfand transform .

There  is a unique

regular Borel spectral measure
E on

A set . VLECC # )
,

F-
 '

Cf ) = Sfd E
.

Moreover , f. de is an  isometric * - hair .

L•CE ) → A
' ' CBCTC )

.

PfI Let E= At
.

Observe that +2,8£ 't
) F ! finite regular

Borel

measure My ,§  on # st
. ( T

'  '

(f) z ,{ > = Sfdaez .§
FFECC # ) .

First
,

T£€H , M[ y
 is a  none - negaaz f. nine regular Bond measure -

Since

I  cpt Hansdonff ,
I  is  normal < so by regularity of elg ,§ , they

SEE
, µ&g ( Sj ¥sup { Sf DE IFECC # 2

,
otftl

, gppcf ) c- S }
.

Since Cnw ) - > ilyg  
is linen in 2

,
conj .

liner  in [
, by polarization

,



442£ = ¥oikkz+iu&z+a£
,

and thus by ( * )
,

Uz,eC=
 

= ME ,zCs ) FZEEH .

Now  notice for Boel SEE
, the map Cz ,£ ) - iez ,gCs ) is

69.1and best the F ! op
ECS ) EBCTG sit . Mz ,§Cs)=< ECS ) z ,£ >

.⇐me .
E :( E) Boelaacg ) → BCH ) is a regular spectral

measure which takes values on  PCA " ) •

¥0 : Ecof ) =o  at EC # 2=1
.

tfi FZ ,I , < Ecodz ,£ > =k
, ,§( 01=0 at LECE )z,£ > = kqg (E) ⇒z£> .

Sep@=

ECSF
= ECS ) .

Me +2 ,E ,
( Ecsstz,g > = < n , Ecgz > =ugyI=Mz , {

G) =<ECs7ZsEZ.Shq_s@5IfS.nS
-

=D
,

ECS ,
U 52 ) =  ECS , )+  Ecsz )

.

1¥ Fz ,g ,
<

ECsiusDz.zy-uez.gCSiuSzl-ulqgCsDtkn.gCSz7-kECsDtECsoDqy7.step@i_Vm.zEtfrfECCE3.dMpyan.ffdkz.t.PIVfECCXI.Sgdelp.yn.n.g-srtgieYHzizz-CtYgf7Z.E7-fgfdeez.g.Sep_SOifz.zEH.ffEcCI7.VSEEBoelsddecsm.g
= Ksdkz.ge.

¥ '

ffdueecs
, ,,g=<FCI ) Easy , E > = <

EG7ZsFYJ1E7-uz.p.yygCs3apyjyyzCSj-fXsfdz.z-SXsfdzy.Step@ECs.n

E) =  ECSDECSD
.  In patience ,

ECS )=  ECSPEECSF ]

HI FZ ,g , < ECS , )EGz)z , E > =il←q,zgCs , ) = Sts ,Xs
.

diez,§=L Ecsinsz ) 9. £ >
.

÷
 in  Sz

Step# i If ( Sn ) a  seq .
 of disj  Bad sets

, Ecysn )=EECSN
) c.nu .  in SOT .

pff Let ELEH and Not '±l
.  Then ECS ) - EE

,

EGD =  ECS ) - ECE.si ) = ECSE.si )
.

Then UEG )E - II. Ecsi )[ 42- 11 Eastep ,)ElP - ( Eaves . ) I. £ >

= eez , {
( Sl # s , ) -2  o  as n  →  oo

.

Skp@i_ A  Boel SEE
,

ECS ) EA
"

.

PSI Let  XEA
'

and 2. EEH .
we  claim  rexz ,§=eez ,  # £ .

Indeed
,

VFECCE )
,

ffduxz ,
= < MCs )×z,z > =cxF'Cfl Rig > =<ptf)z,x*[ > = Sfdun

,
# [ .

Thus
,

its  a- I ,  we
have '

.

( ECS )xZ ,  I >  =n×z ,  qcs )  =  oclz ,  # §
( S ) = ( ECS )z ,

# [ > =L xtcs ) z , £ >
.



Summarizing so far ,
E :C ¥ , Bond a ecg ) → PCA

" ) is  a regular Boel

Spectral measure
,

so S.DE ; LOOCE ) → A "
is an  isometric * hah .

claim : FFECCE )
,

f-
 ' (f) = SFDE

# bet FECC ¥ )
. tz , Eat , < e-

 ' G) z ,I > = ffdae , ,g
.

Now fEL•CL⇒ ,
so < CffdE) n ,E > = Sfduezie the .

Hence F-  ' ( f 7 = SFLE VFECCE > .

Remands : Claim 2 shows Cc # c- Late ) injecting ,  and thus

t  nonempty open UE I ,

ECW ) * °
.

Eeseuinysohn's Gemma
.

]

Claim 3 : E is the unique regular Bowel spectral verse

-

set
. VTECCI 7

, ffde  =P
'  ' Cf ) .

1¥ Suppose F  B  another such regular Beel spectral measure .

Fz ,§tH , define Vz ,zCS2=< FCS ) 2,5 >
, agiler

Boel neas .  or I
.

Then Fz
,

£EH , TFECCE )
,

Sfdvz ,g=4ffdF)q, E > =L ( SHEK
,

E) = ffduzie .

the tz.ae , he ,z=uy[ ,
so ECS ) = FCSZ +  Boats .

12¥ The id
nap from the  united C*a(g Be (E) of bdd Roel

fag on # to  L⇒CE ) is a motel *  than
,

and thus norm decreasing
.

Oman : when is it  mjeetee ? Sunjeetoe Abelian  una !
-

Bonello ftl calculus ; Let  xetscte ) be anal art set  rncxl =c*cxj !

- E on spcx ) st
.

There . } a unite regular
Borel spectral neasae

Sid DE  
=  × where  

idcztz tzcspcx )
.

Pf÷ If Side - x
,

then * poly 's PEEETET , fpdE=pcx ) ,
so

by continuity ,
ffdE=fCx2 VFECCE )

.

we  are  now fucked

by the uniqueness condition  in the Spectral Thu .

Nods one  may
thus unambiguously denote SfdE=fc× , tfEL•CE )

.



Raf .

' Suppose XEBCTE ) normal and fe Late )
.

Let  F be the

regular Bond spectral measure for fcx ) EBCTN .

Then

FGELCOCF )
, gofe EOCE ) and Cfof )Cx7=gCfCX7 )

.

12¥ First
, spcfcxl ) =  ess range (f) in L•( E) and of is Bond neasble

on SPCFCKI )
,

so gef  is  Boel measble or SPCX )
,

and defines

an  elt  of LEE )
.

It  suffices to prove that  the assignment

S

#
( Xsof ) C × ) EP ( vncx ) ) is  a regular Borel spectral

measure  on spcfc xD s .t . fiddle = fcx )
.

Notice that

Xsof = Xgics ) , so GCs ) = ECFKSD
,

and FME Et 's M{,{ •  ~

essragect ) is the pushfamd of MEN ,£
via fispcxi  →  spcfcxis .

Have M{,[ B  regular Borel
. [ fine Boel nieces .

 or  2¥ ctsle loe .

cpt  space  is regular ,
and ess . ranged ) is cptce ] Finally ,

if

we
qpg - ox  it E B%pCfCtsDsay simple fees g-

→  it in " . Hoo )

then g~•f  → f  in U ' Koo  in Bay span )
,

so grief → f  in LME )
,

and

Sid dG=4mSgudG = hmcgnoflcx ) = hmfgnof DE = ffdE=fcx )
.

Imnedieteeasgppcas
:

@ Let ME  BCH ) be a  una .  Then M is  the Hell - closure  of  span PCM )
.

pff It  suffices to  approximate  any positive  op .  in  the  uitball of  M by a
linear

Comb .  of  p . oj 's
.

Just  approximate ¥?a uniformly by a  simple fct .

�2� bet LEM be a nonzero left  ideal .
Then L contains a  nonzero proof .

THE bet  XEL ,
xto .

Then x*xEL\2 03
.

WLOG
,

LLx*xll=1
.

Get  OCECI .

Castor fct) = toX[g± ,
A )

.

Then fex*x)x*x=X[g⇒# ⇒ EL
.

Noted X[ gay
¥7  to

, since f.DE extras CFC
,

and 1- cts lets  on  sp⇐*⇒

Whose support
lies  in EE ,1] .

@ UCM ) is path corn  in All - top .

Pfi Let  a c- UCM ) and let Log bea Such of  the Logarithm . Then

u= e# →
= ditty )

,
where ×=  Efta ) is Sa . by spectral mapping

-

Non  u£=  eits is a
11.4 - cts pathof centuries fnar a  to 1- in Ucor )

.



�4� If AEBCTD a  cnctrl C*→lg , then UCA ) is sot - dense  in UCA ' ' )
.

F£ suppose u GUCA
" )

.
Let  XE A  

's
.a .

 set .  u=ei×
. By kaplanshy

Dusty ,
F  a  vet C Xx ) c Asa .

at .  " THE  4*1 th st .  ×y→×  soon .

fct1=  eit or [-4×11,11×11]
.

The f- is set - cts
,

andfcxyysotsflx )
.

bet FECOCLR ) sit . n,
u

UCA ) 9

Ateleanvl4aistMipeyTegtlwILeeAEBCtCJbeanabdianuNaardHsepaeebk.TtotEi@Ahasacyc6zTi.OVy.cc-sepaascesot-daseGt-suhokgttoahAohasacydicF.3OFltll-sep.sOT-daseCt-suSodgAoeAacaogctEut.4OFcptteeasd.Z

# ctbce space I  
and - finite  region Boel has  a

on I and a  unitary
UEBCLTI ,  a) ,

It ) st . fi→uMgu*

B an  isometric  * - Do AE Loc I. ie )

�5� A = A
' ( A  is  maximal ask.me )

.

normal is called mukipkcitzfoee if C*Cc→ EBCH ) has

Deft x←BCt ) -

a cycle I
,

which is equmalntto uNC×)=uNCx5
 

ECEXJ
' ] .

HIS bet E :#
,

@ → Bcte ) sea spectral measure and A  C- Bcte ) the

abelian  metal creaky wroth is the image of L•cE7 under f. LE
.

It A has  a  cycle  F.
,

OF a  non - negate fate  near m on ( I
,

a) st .

L•CE2=L•( I
,

a ,uf a dflletllflloo
=

as eq classes of  nsk fees
.

@ 7  a  uutny UEBCECE , aims ,tD sit . FfEL•( I
,

died ,

uMfu*=SfLE ,  and

�3� At A
'

If you
do  the above HWP - bleus  as expected ) you  can put

 the proofs

together to get  the following :

Caf : Suppose XEBCH ) is normal t  mutt
. free .

thee  exist :

•  a finite nor . negative regular Bonet measure m or # = spcx )

•  a  unteny
let  BCECE ,  a) ,

TD st
.

@ ( of #-) = L•C Ex) �3� the  nap
LEE

,  a)zfifcx )

F- eegrkn  Borel  spectral  neas . iz  an  isometric * - Do  

0nto@ffELooCIt.u7.uifcit-SfdExatfx3.vN

cx )
.



Suppose H is separable and × c- BCHZ is normal .

1¥
z  a seq . cpn , of painuret pages in PCM 's

' ) set .

]
Pars the

.

• -2,2=1 SOT  and

• putt is a  cyclic  subspace for C*cx2 the .

@ Un
,

7 a  nor -

neg . finite regular  Boel neas
.

al .
or I ⇒ pcx 2

and a  unity

n~EBCECE.ie
,

)
, putt ) st .

• FfEB•(X⇒,

u~MfuF=fa→pn=fc×R
) ,

and

•  the nap
EE # an ) af - fcxsp ,

C- [ NADP
,

is an  Boneta

-

Contessa ofuna by a  Png .

* - is  0 .

in  the  comnutnt .

�3� Setting m= I ztnmn ,

• tf c- Lee # a)
,

EUnMfun*=Zfc⇒p~=fc⇒
con . sat

,
and

• the map L•CE,eD7f - fees B a ⇐ wet as )

isometric  * - iso  onto  uncx )
•

To prove this
,

we 'll need a few facts
,

Propi Suppose MEBCH ) is a une and PEPCM ) is - projection .

Then pmp EBCPH ) is a ✓Na
 4 (pMp )

'
= M 'p .

If : If  xp  c- Mlp , certainly xpcpmp ) = Pxpmp =p  npx=@mp ) Cxp ) Vmeol
.

Hence Mfs  E @Mp )
'

.

The course requires a  clever  trick .

Cfr : Evey elt  in  a  una  is  a
linear  cons .

 of 4 unites
,

Pfi_ First
.  any

ett  is  a
lm

. cans .  of 2 soa .  ops .  If  a  is  s.a.ee/da4El >

u=  a  tiff is a. toy
and a  = tzCu+u* )

. Scaling does  the general case
.

41¥ Suppose  uecpmp )
'

unitary ,
set K=  MFH and let q=pk .

Save K is M and M
'

- inert , QGZCM )
. Extnk uto K Sy

Ee Zxipz ,
:= 2- × ;

 up E. for Xiem
,

EIEH .

Cloud , I B a  well-defined isonety in  BCK )
.

Tie .PT=o ¥  Temps
'

HE HE  Ex
. .p£ .

-112 = ¥ < xiupzi , ×supTj > €,§< pxjtxipudi.az ,
> =

= Eg ( up # xip Ii , up . > = § < P # eiptiizj > = - '  ' =U Zxitiilp .



Now
, by construction ,

a commutes a  action of M on K=MptT .

Thus ciqcm
'

< BCH )
,

and u=⇐q)p e M 'p .

[n•tie f- EM
, tzctl , Eqn£=Emq¥g,

=  

mEqg÷ .
Hence In ,eq2=o .

Next
,  Eqp[ =

 a 1pE= 1up£  
=  upsz  =u[ FEEPH ,

so  EEp= -
. ]

Deft For PEM , ptlp  and Mlp  are  compressions fednctens  ofM÷


