
Foundations of QIS 8610 Homework problem list

Problem 1. This problem concerns angles between vectors in ℂ2.

1. We may try to define cos(𝜃) for 𝜃 is the angle between two vectors in 𝜂, 𝜉 ∈ ℂ2 as 
either

cos(𝜃) = Re⟨𝜂|𝜉⟩
‖𝜂‖ ⋅ ‖𝜉‖

or by first considering 𝜂, 𝜉 ∈ ℝ4 and considering the usual formula there. Which of 
these is correct?

2. Find 3 vectors in ℂ2 such that the angle between any two of them is 𝜋/2.

3. Can you complete the previous task in ℝ2? If not, find a proof.

4. If two vectors in ℂ2 have an angle of 𝜋/2, are they necessarily orthogonal?

Problem 2. Verify the following relations for the Pauli matrices:

• 𝑋2 = 𝑌 2 = 𝑍2 = 𝐼,

• 𝑋𝑌 = −𝑌 𝑋, 𝑋𝑍 = −𝑍𝑋, and 𝑌 𝑍 = −𝑍𝑌, and

• 𝑋𝑌 𝑍 = 𝑖𝐼2.

Then show that the relation 𝑋𝑌 = −𝑌 𝑋 implies that Tr(𝑋𝑌 ) = 0. Deduce that Tr(𝑌 𝑍) =
Tr(𝑍𝑋) = 0.

Problem 3. Suppose 𝐴 ∈ 𝑀𝑛(ℂ) is normal, i.e., 𝐴†𝐴 = 𝐴𝐴†.

1. Show that ‖𝐴 |𝜓⟩ ‖2 = ‖𝐴† |𝜓⟩ ‖2 for all |𝜓⟩ ∈ ℂ𝑛.

2. Show that 𝐴 − 𝜆𝐼 is also normal for all 𝜆 ∈ ℂ.

3. Use (1) applied to the normal matrix 𝐴 − 𝜆𝐼 to prove that if |𝜓⟩ is an eigenvector for 
𝐴 with eigenvalue 𝜆, then |𝜓⟩ is also an eigenvector for 𝐴† with eigenvalue 𝜆.

4. Use (3) to prove that if 𝐴 is self-adjoint/Hermitian, then the eigenvalues of 𝐴 are real.

Problem 4. Prove that the following are equivalent for 𝑥 ∈ 𝑀𝑛(ℂ).

1. 𝑥 is invertible.

2. 𝑥 has a left inverse.

3. 𝑥 has a right inverse.
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4. rank(𝑥) = 𝑛.

5. nullity(𝑥) = 0.

Then find more equivalent statements. How many can you find?

Problem 5. A sesquilinear form on a complex vector space 𝑉 is a function (⋅|⋅) ∶ 𝑉 2 → ℂ
which is linear in the second variable and anti-linear in the first variable, i.e.,

(𝜆𝜂1 + 𝜂2|𝜉) = 𝜆(𝜂1|𝜉) + (𝜂2|𝜉) for all 𝜂1, 𝜂2, 𝜉 ∈ 𝑉 and 𝜆 ∈ ℂ.

1. Prove that every sesquilinear form satisfies the polarization identity

4(𝜂|𝜉) =
3

∑
𝑘=0

𝑖𝑘(𝜉 + 𝑖𝑘𝜂|𝜉 + 𝑖𝑘𝜂). (1)

2. A sesquilinear form is called positive if (𝜂|𝜂) ≥ 0 for all 𝜂 ∈ 𝑉 and self-adjoint (or 
Hermitian) if (𝜂|𝜉) = (𝜉|𝜂) for all 𝜂, 𝜉 ∈ 𝑉. Prove that positive implies self-adjoint.

Problem 6. Suppose ‖ ⋅ ‖ is a norm on a complex vector space 𝑉. Show that the expression

⟨𝜂|𝜉⟩ ≔ 1
4

3
∑
𝑘=0

𝑖𝑘‖𝜉 + 𝑖𝑘𝜂‖2

determines an inner product if and only if ‖ ⋅ ‖ satisfies the parallelogram law:

2‖𝜉‖2 + 2‖𝜂‖2 = ‖𝜉 + 𝜂‖2 + ‖𝜉 − 𝜂‖2.

(This exercise says that being an inner product/Hilbert space is a property of a normed 
space.)

Problem 7. Given an orthonormal set 𝑆 = {𝑒1, … , 𝑒𝑘} ⊂ ℂ𝑛, show that the formula 
∑𝑘

𝑗=1 |𝑒𝑗⟩⟨𝑒𝑗| defines an orthogonal projection whose image is span(𝑆). Then prove that the 
projection ∑𝑘

𝑗=1 |𝑒𝑗⟩⟨𝑒𝑗| is independent of the choice of ONB of span(𝑆) in two ways:

• Show by hand that ∑𝑘
𝑗=1 |𝑒𝑗⟩⟨𝑒𝑗| = ∑𝑘

𝑗=1 |𝑓𝑗⟩⟨𝑓𝑗| for another choice of ONB {𝑓𝑗} of 
span(𝑆).

• Show that for |𝜓⟩ ∈ ℂ𝑛, ∑𝑘
𝑗=1 |𝑒𝑗⟩⟨𝑒𝑗|𝜓⟩ is the unique vector in span(𝑆) closest to |𝜓⟩.

Problem 8. Show that the map 𝑥 ↦ ⟨⋅|𝑥 ⋅⟩ is a bijective correspondence (one-to-one and 
onto map) between 𝑀𝑛(ℂ) and the sesquilinear forms on ℂ𝑛. Then prove that ⟨⋅|𝑥 ⋅⟩ is 
self-adjoint/positive if and only if 𝑥 is self-adjoint/positive respectively. Finally, show ⟨⋅|𝑥 ⋅⟩
is non-degenerate (for every |𝜓⟩ ∈ ℂ𝑛, there is an |𝜂⟩ ∈ ℂ𝑛 with ⟨𝜓|𝑥𝜂⟩ ≠ 0) if and only if 𝑥
is invertible.
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Problem 9. Show that if 𝑥, 𝑦 ∈ 𝑀𝑛(ℂ) are normal and commute, then there is an ONB 
consisting of simultaneous eigenvectors for both 𝑥 and 𝑦.

Problem 10. Show that every positive operator in 𝑀𝑛(ℂ) admits a unique positive square 
root. Can you determine exactly which matrices in 𝑀𝑛(ℂ) admit square roots?

Problem 11. Suppose 𝑥, 𝑦 ∈ 𝑀𝑛(ℂ) are positive. Show that the product 𝑥𝑦 is positive if 
and only if 𝑥, 𝑦 commute.

Problem 12. Alice and Bob are PhD students attending taking Foundations in Quantum 
Information Science. They play the following game during the semester. Each brings either 
a red or blue stick of Hagoromo1 chalk to class each day. If both sticks are red, Alice pays 
Bob $1, and if both sticks are blue, Alice pays Bob $3. If the sticks do not match, Bob pays 
Alice $2. Would you prefer to be Alice or Bob? Why? Would your answer change if you 
only played this game once?

Problem 13. Suppose ℐ ∶ (0, 1] → [0, ∞) is a function which satisfies the following axioms:

𝑝 < 𝑞 ⟹ ℐ(𝑞) < ℐ(𝑝), ℐ(1) = 0, and ℐ(𝑝𝑞) = ℐ(𝑝) + ℐ(𝑞).

Prove that if ℐ is twice differentiable, then ℐ(𝑝) = − log(𝑝), up to a choice of base for the 
logarithm.

Problem 14. Show that the Shannon entropy of a probability distribution on a finite set is 
maximized at the uniform distribution.

Problem 15. For 𝜌 ∈ 𝑀𝑑(ℂ), define 𝜑𝜌 ∶ 𝑀𝑑(ℂ) → ℂ by 𝜑𝜌(𝑥) ∶= Tr(𝑥𝜌).

1. Prove that 𝜑𝜌 is a state if and only if 𝜌 is a density matrix, i.e., 𝜌 is positive with 
Tr(𝜌) = 1.

2. Prove the map 𝜌 ↦ 𝜑𝜌 is a bijection from the set of density matrices to the set of 
states.

Problem 16. Prove that a state 𝜑 ∶ 𝑀𝑑(ℂ) → ℂ is a vector state (𝜑(𝑥) = ⟨𝜓|𝑥|𝜓⟩ for some 
state vector |𝜓⟩ ∈ ℂ𝑑 if and only if it is extremal in the state space, i.e., whenever

𝜑 = 𝑡𝜑1 + (1 − 𝑡)𝜑0 for some 𝑡 ∈ (0, 1),

then 𝜑0 = 𝜑1 = 𝜑.

Problem 17. Prove that a density matrix 𝜌 is a rank one projection if and only if 𝑆(𝜌) = 0, 
where 𝑆 denotes the von Neumann entropy.

1Yes, it is important that the brand of chalk is Hagoromo. No, we did not receive any money for this ad 
placement.

3



Problem 18. For a density matrix 𝜌 ∈ 𝑀2(ℂ), calculate 𝑆(𝜌) as a function of the distance 
between 𝜌 and the identity 𝐼. Deduce that 𝑆 satisfies the following inequality on density 
matrices:

𝑆(𝜌𝑡) ≥ 𝑡𝑆(𝜌1) + (1 − 𝑡)𝑆(𝜌0) ∀ 𝑡 ∈ [0, 1] where 𝜌𝑡 = 𝑡𝜌1 + (1 − 𝑡)𝜌0,

and that von Neumann entropy is maximized at the center of the Bloch sphere.

Problem 19. Suppose 𝑥 ∈ 𝑀𝑑(ℂ) is normal and 𝑓 ∶ sp(𝑥) → ℂ is a function. Show that 
for any polynomial 𝑝(𝑧) = ∑𝑛

𝑗=0 𝑎𝑗𝑧𝑗 such that 𝑝|sp(𝑥) = 𝑓,

𝑓(𝑥) =
𝑛

∑
𝑗=0

𝑎𝑗𝑥𝑗.

Problem 20. Prove that the following are equivalent for a density matrix 𝜌 ∈ 𝑀𝑑(ℂ).

1. 𝜌 is pure,

2. rank(𝜌) = 1,

3. 1 is an eigenvalue of 𝜌,

4. 𝜌2 = 𝜌

5. Tr(𝜌2) = 1

Problem 21. Prove that the Kronecker product ℂ𝑚 ⊗ ℂ𝑛 satisfies the universal property 
of the tensor product: for every complex vector space 𝑉 and bilinear map 𝑇 ∶ ℂ𝑚 × ℂ𝑛 → 𝑉, 
there s a unique linear map 𝑇 ′ ∶ ℂ𝑚 ⊗ ℂ𝑛 → 𝑉 such that 𝑇 (𝜂, 𝜉) = 𝑇 ′(𝜂 ⊗ 𝜉) for all 𝜂 ∈ ℂ𝑚

and 𝜉 ∈ ℂ𝑛.

Problem 22. . Consider the state

|GHZ⟩ ∶= 1√
2

(|000⟩ + |111⟩).

Show that the set {(𝑋𝑎 ⊗ 𝑍𝑏 ⊗ 𝑋𝑐) |GHZ⟩|𝑎, 𝑏, 𝑐 ∈ {0, 1}} is simultaneously an ONB of 
eigenvectors for the three operators 𝑍 ⊗𝑍 ⊗𝐼2, 𝑋 ⊗𝑋 ⊗𝑋, and 𝐼2 ⊗𝑍 ⊗𝑍. Then show that 
ℂ |GHZ⟩ is exactly the intersection of the +1 eigenspaces for each of these three operators.

Problem 23. Compute the expectation values ⟨𝑋 ⊗𝑋 ⊗𝑋⟩, ⟨−𝑌 ⊗𝑌 ⊗𝑋⟩, ⟨−𝑌 ⊗𝑋 ⊗𝑌 ⟩, 
and ⟨−𝑋 ⊗ 𝑌 ⊗ 𝑌 ⟩ in the GHZ state. Do this in 2 ways: via direct computation and using 
Problem 22.
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Problem 24. Suppose that an experiment is performed which measures one of the four 
operators in Problem 23. For instance, if 𝑣(𝑋𝐴) = −1, 𝑣(𝑋𝐵) = +1, 𝑣(𝑋𝐶) = −1, then 
the observer would measure +1 for the value of 𝑋 ⊗ 𝑋 ⊗ 𝑋. Prove that that the following 
system of equations is inconsistent.

⟨𝑋 ⊗ 𝑋 ⊗ 𝑋⟩ = 𝑣(𝑋𝐴)(𝑋𝐵)𝑣(𝑋𝐶)
⟨−𝑌 ⊗ 𝑌 ⊗ 𝑋⟩ = −𝑣(𝑌𝐴)(𝑌𝐵)𝑣(𝑋𝐶)
⟨−𝑌 ⊗ 𝑋 ⊗ 𝑌 ⟩ = −𝑣(𝑌𝐴)(𝑋𝐵)𝑣(𝑌𝐶)
⟨−𝑋 ⊗ 𝑌 ⊗ 𝑌 ⟩ = −𝑣(𝑋𝐴)(𝑌𝐵)𝑣(𝑌𝐶).

Interpret these results as best you can.

Problem 25. A platonic solid is a 3D convex regular polyhedron. That is, it is a 3D convex 
shape built entirely from copies of the same regular 𝑛-gon, where the same number (say 𝑘) 
of 𝑛-gons meet at each vertex, where 𝑛 > 2 and 𝑘 > 2.

1. Explain why there is at most one platonic solid for each choice of pair (𝑘, 𝑛).

2. Denote the number of vertices, edges, and faces of our platonic solid by 𝑉 , 𝐸, 𝐹 re­
spectively. Explain why 𝑉 − 𝐸 + 𝐹 = 2. This may require you to look up some results 
from basic algebraic topology. You may still use this result in the steps below if you 
do not answer this part.

3. Given that our platonic solid is built from regular 𝑛-gons, and that the same number 
of 𝑛-gons meet at each vertex, explain why 𝑛𝐹 = 2𝐸 = 𝑘𝑉.

4. Calculate 𝐹, 𝐸, 𝑉 in terms of 𝑛, 𝑘.

5. Show that (𝑛 − 2)(𝑘 − 2) < 4, and give the full classification of platonic solids.

Problem 26. In this problem, you will show that ℂ𝑛 cannot be canonically identified with 
ℂ𝑛. For a matrix 𝐴 ∈ 𝑀𝑚×𝑛(ℂ), 𝐴 ∈ 𝑀𝑚×𝑛(ℂ) is the matrix whose 𝑖𝑗-th entry is 𝐴𝑖𝑗 and 
𝐴𝑇 ∈ 𝑀𝑛×𝑚(ℂ) is the transpose of 𝐴.

1. Show that for any choice of linear unitary isomorphism 𝑢 ∶ ℂ𝑛 → ℂ𝑛, there is a matrix 
𝐴 ∈ 𝑀𝑛(ℂ) and |𝜓⟩ ∈ ℂ𝑛 such that 𝑢𝐴|𝜓⟩ ≠ 𝐴𝑢|𝜓⟩.

2. Deduce that for any choices of linear unitary isomorphisms 𝑢 ∶ ℂ𝑛 → ℂ𝑛 and 𝑣 ∶ ℂ𝑚 →
ℂ𝑚, there is a matrix 𝐴 ∈ 𝑀𝑚×𝑛(ℂ) and |𝜓⟩ ∈ ℂ𝑛 such that 𝑣𝐴|𝜓⟩ ≠ 𝐴𝑢|𝜓⟩.

Problem 27. Prove the exchange relation between the multiplication and Kronecker product 
of matrices. That is, if 𝐴1 is 𝑚1 × 𝑛1, 𝐵1 is 𝑛1 × 𝑝1, 𝐴2 is 𝑚2 × 𝑛2, and 𝐵2 is 𝑛2 × 𝑝2, then

𝐴1𝐵1 ⊗ 𝐴2𝐵2 = (𝐴1 ⊗ 𝐴2)(𝐵1 ⊗ 𝐵2).
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Problem 28. Suppose 𝑀 is a set which is equipped with two compatible multiplications. 
Unpacking, this means:

• 𝑀 has an associative operation ∗ ∶ 𝑀 × 𝑀 → 𝑀 together with a unit element 𝑒 ∈ 𝑀
for ∗:

𝑚∗(𝑛∗𝑝) = (𝑚∗𝑛)∗𝑝 ∀ 𝑚, 𝑛, 𝑝 ∈ 𝑀 and 𝑒∗𝑚 = 𝑚 = 𝑚∗𝑒 ∀ 𝑚 ∈ 𝑀,

• 𝑀 has a second associative operation • ∶ 𝑀 × 𝑀 → 𝑀 together with a unit element 
𝑓 ∈ 𝑀 for •, and

• the operations ∗ and • satisfy the exchange relation:

(𝑚1 ∗ 𝑛1) • (𝑚2 ∗ 𝑛2) = (𝑚1 • 𝑚2) ∗ (𝑛1 • 𝑛2).

Prove that 𝑒 = 𝑓, ∗ = •, and 𝑚 ∗ 𝑛 = 𝑛 ∗ 𝑚 for all 𝑚, 𝑛 ∈ 𝑀.

Problem 29.

1. Show that for all Λ ∈ 𝑀2(ℂ),

Tr2(Λ) = Λ = Λ .

2. For Λ ∈ 𝑀2(ℂ), compute the operators

Λ and Λ .

3. Using the previous part, for Δ ∈ 𝑀2(ℂ), we define

Δ∶= Δ

Prove that

Tr(ΛΔ) = Λ

Δ.

Deduce that Tr2(ΛΔ) = Tr2(ΔΛ)
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4. Show that for all Γ ∈ 𝑀4(ℂ),

Tr4(Γ) = Γ = Γ = Γ .

5. Show that for all Γ ∈ 𝑀4(ℂ),

Tr𝐵(Γ) = Γ  and Tr𝐴(Γ) = Γ .

Problem 30  (𝐺-torsors). Let 𝐺 be a group. A 𝐺-action on a set is a group map from 
𝐺 to the set of invertible self-maps (bijections) of 𝑋. We say a 𝐺-action is transitive if 
for every 𝑥, 𝑦 ∈ 𝑋, there is a 𝑔 ∈ 𝐺 such that 𝑔 ⋅ 𝑥 = 𝑦, and we say a 𝐺-action is free if 
whenever 𝑔 ⋅ 𝑥 = 𝑥 for all 𝑥 ∈ 𝑋, 𝑔 = 𝑒, the identity of the group. Suppose 𝐺 acts freely 
and transitively on 𝑋. (Such an 𝑋 is called a torsor for 𝐺.) Construct a bijection (invertible 
map) 𝐹 ∶ 𝐺 → 𝑋 such that 𝑔 ⋅ 𝐹(ℎ) = 𝐹(ℎ) for all 𝑔, ℎ ∈ 𝐺. How many such bijections can 
you find? Give your favorite example of this setup.

Problem 31. In this problem, you will show that (ℂ𝑛)∗ cannot be canonically identified 
with ℂ𝑛. Given 𝐴 ∈ 𝑀𝑚×𝑛(ℂ) viewed as a linear map ℂ𝑛 → ℂ𝑚, observe that we get a 
canonical linear map (ℂ𝑚)∗ → (ℂ𝑛)∗ given by 𝜑 ↦ 𝜑 ∘ 𝐴.

1. Show that for any linear isomorphism 𝑢 ∶ ℂ𝑛 → (ℂ𝑛)∗, there is a matrix 𝐴 ∈ 𝑀𝑛(ℂ)
such that the following diagram does NOT commute.

ℂ𝑛 (ℂ𝑛)∗

ℂ𝑛 (ℂ𝑛)∗

𝑢

𝜂↦𝐴𝜂

𝑢

𝜑↦𝜑∘𝐴

2. Deduce that for any choices of linear isomorphisms 𝑢 ∶ ℂ𝑛 → (ℂ𝑛)∗ and 𝑣 ∶ ℂ𝑚 →
(ℂ𝑚)∗, there is a matrix 𝐴 ∈ 𝑀𝑚×𝑛(ℂ) such that the following diagram does NOT 
commute.

ℂ𝑛 (ℂ𝑛)∗

ℂ𝑚 (ℂ𝑚)∗

𝑢

𝜂↦𝐴𝜂

𝑣

𝜑↦𝜑∘𝐴

Problem 32. Suppose 𝜌 ∈ ℒ(𝐻𝐴) ⊗ ℒ(𝐻𝐵) is a density such that the reduced density 𝜌𝐴
is pure. Prove that 𝜌 is simply separable.
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Problem 33. Given two self-adjoint observables 𝑥, 𝑦 ∈ 𝑀𝑑(ℂ), their covariance with respect 
to the density 𝜌 is defined as

Cov(𝑥, 𝑦) ∶= 1
2

⟨𝑥𝑦 + 𝑦𝑥⟩𝜌 − ⟨𝑥⟩𝜌 ⋅ ⟨𝑦⟩𝜌 = 1
2

Tr(𝜌𝑥𝑦 + 𝑦𝑥) − Tr(𝜌𝑥) Tr(𝜌𝑦).

Given a simply separable density, prove that for all self-adjoint observables 𝑥 ∈ 𝑀𝑚(ℂ) and 
𝑦 ∈ 𝑀𝑛(ℂ), Cov(𝑥 ⊗ 𝐼𝑛, 𝐼𝑚 ⊗ 𝑦) = 0. Give an explicit example of how this can fail for a 
separable density which is a nontrivial convex combination of separable densities.

Problem 34. For the other three Bell states |𝛽𝑖𝑗⟩ other than |𝛽00⟩, give a modified Quantum 
Teleportation Protocol assuming that Alice and Bob can generate entangled |𝛽𝑖𝑗⟩ states. 
Justify your answers.

Problem 35. For the list of ‘correction factors’

𝑖𝑗 𝐶𝑖𝑗
00 𝐼2
01 𝑋
10 𝑍
11 𝑍𝑋

prove that (𝐼2 ⊗ 𝐶𝑖𝑗)|𝛽00⟩ = (𝐶†
𝑖𝑗 ⊗ 𝐼2)|𝛽00⟩. Do this in two ways: entry-wise and using the 

graphical calculus. What happens if you replace |𝛽00⟩ with |𝛽𝑘ℓ⟩?

Problem 36. Use controlled 𝑋 and 𝑍 unitary gates to construct a 3-cubit quantum circuit 
which implements quantum teleportation (the first qubit is transported to the third position) 
where measurement occurs at the end rather than in the middle. What disadvantages does 
this quantum circuit have?
Hint: think carefully about what happens when Alice transmits the outcome of her measure­
ments to Bob, who then applies the correction factor.
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