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Abstract

The purpose of QuSTEAM Course 3: Mathematical methods for quantum informa-
tion science is to simultaneously teach quantum information and linear algebra, aimed
at university students in year 2. This course was developed through by the QuSTEAM
Course 3 Development Team 2022-23, consisting of Bennett Brown, Russell Ceballos,
Eric Chitambar, Larry Hurtubise, Kyle Kawagoe (course co-lead), Ariel King, Eric
Kuo, Chaobin Liu, David Penneys (course co-lead), Peter Plourde, Sean Sanford, Yu-
dan Wang, and Lee Wayand. This manuscript consists of course notes to accompany
QuSTEAM Course 3 produced in 2022-23 during the first 3 iterations of this course
at The Ohio State University, taught by David Penneys (Au22), Sean Sanford (Sp23),
and Kyle Kawagoe (Au23). These notes are divided into 3 modules, mirroring the 3
modules of the course: (1) Superposition: 1 qubit, (2) Entanglement: 2+ qubits, and
(3) Applications.
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Preface

The purpose of QuSTEAM Course 3: Mathematical methods for quantum information sci-
ence is to simultaneously teach quantum information and linear algebra, aimed at university
students in year 2. This course was developed through by the QuSTEAM Course 3 De-
velopment Team 2022-23, consisting of Bennett Brown, Russell Ceballos, Eric Chitambar,
Larry Hurtubise, Kyle Kawagoe (course co-lead), Ariel King, Eric Kuo, Chaobin Liu, David
Penneys (course co-lead), Peter Plourde, Sean Sanford, Yudan Wang, and Lee Wayand.

This manuscript consists of course notes produced in 2022-23 during the first 3 iterations
of this course at The Ohio State University, taught by David Penneys (Au22), Sean Sanford
(Sp23), and Kyle Kawagoe (Au23). They were heavily influenced by materials produced by
and the weekly meetings of the QuSTEAM Course 3 Development Team 2022-23. We would
like to thank Bennett Brown and Sean Sanford for helping fix typos in this manuscript.

These notes are divided into 3 modules, mirroring the 3 modules of the course:

(1) Superposition: 1 qubit

(2) Entanglement: 2+ qubits

(3) Applications.

The first module is centered around the Stern-Gerlach experiment, the second module is
centered around the EPR paradox, the CHSH inequality, and the GHSZ paradox, and the
third module is centered around applications of the graphical calculus to quantum infor-
mation protocols. The idea to divide the course into these 3 modules was synthesized at
the 2022 QuSTEAM Conference at The Ohio State University. We would especially like to
thank Russell Ceballos, Dan Gauthier, and Ezekiel Johnston-Halperin for contributing to
this division. We would also like to thank Giovanni Ferrer for the formatting style using the
mdframed package.

This manuscript also includes a short appendix on supplemental linear algebra needed for
some material in the second module. We try to present results in this section as algorithms
whenever possible, which can be implemented on computer algebra software.
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1 Superposition: 1 qubit

1.1 Introduction: the Stern-Gerlach experiment

The Stern-Gerlach experiment took place in 1922 [GS22]; in this experiment, silver atoms
were sent through an inhomogeneous magnetic field. Behind the magnetic field, a measure-
ment device was set up to record the position of the silver atom. Rather than obtaining
some kind of Gaussian distribution (bell shaped curve), the atoms landed at two discrete
bands, which corresponds to whether the single unpaired electron the 5s orbital of the silver
atom is spin up or spin down. This was the first experiment to establish that electrons have
a property called spin which is quantized, i.e., can take one of two values, not a continuum
of values. (Electrons are fermions whose value for spin is a half-integer, but this is more
information than we need to know right now.)

The spin of an electron can be measured in any of the x, y, or z axes, leading to 2 discrete
answers each time. The truly remarkable property of spin is that measuring in the z-direction
affects a subsequent measurement in the x-direction. If we measure in the z-direction getting
‘spin up,’ then there is a 50% chance that the measurement in the x-direction is ‘spin up’
and a 50% chance that it is ‘spin down.’ If we measure in the z-direction again, we may not
get the same measurement that we obtained the first time! If we measure the z-direction
again, we observe that we also have a 50% chance of obtaining ‘spin up’ and a 50% chance
of obtaining ‘spin down’ !

This is truly remarkable, because it contradicts our typical world view. For example,
let’s consider a thought experiment where we have a drawer full of socks which are either red
or blue, and each sock is a left sock or right sock. (This latter condition is not as ridiculous
as it sounds if you are a runner; some high end running socks are designed independently
for left and right feet!) You choose a sock at random from the drawer, and you measure the
color: red. Then you measure the chirality: left. You would then know that the sock is a red
left sock, correct? Surely looking at whether a sock is a left or right sock could not change
the color of the sock, right? Well, not if color is the spin measurement in the z-direction and
chirality is spin measurement in the x-direction!

We do not need silver atoms nor a magnetic field to verify this quantum phenomenon.
A similar experiment can be carried out with light polarization filters. Light is made of
photons which also have spin. (The spin values of photons are integers rather than half-
integers as they are bosons rather than fermions, but this is beyond what we need to know
right now.) The state of light polarized in the z-direction can be | ↕ ⟩ or | ↔ ⟩. If we pass
| ↔ ⟩-polarized light through a ↔-polarization filter, it will pass through unchanged, but if
we pass | ↔ ⟩-polarized light through a ↕-polarization filter, it will be completely blocked.
Counter-intuitively, if we insert an x-direction ‘↙↗-polarization’ filter between two ↔ and
↕-polarization filters, we surprisingly see that some ↕-polarized light passes through! This is
truly remarkable, as all polarization filters do is block light (which has particle properties)
from passing through. How can it be that adding a filter increases the total light passing
through?

These outcomes are summarized in the cartoon on the next page. The goal of this first
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module is to understand the mathematics behind this phenomenon. (We will not at all
understand why the universe works this way – this will remain a mystery!)

↔

↕

↔

block ↕

↔

no ↕
Source ↔ ↔

↔

↕

↔

block ↕

no ↔

no ↕
Source ↔ ↕

↔

↕

↔

block ↕

↙↗

no ↖↘

no ↔

↕
Source ↔ ↙↗ ↕

1.2 The Hilbert space R2

The set R2 is the collection of all ordered pairs of real numbers:

R2 =


[
x
y

]
︸︷︷︸

candidates

∣∣∣∣∣∣∣∣ x, y ∈ R︸ ︷︷ ︸
requirements

 .

Above, we have used set notation; the part on the left is the collection of all candidates that

belong in this set, in this case, pairs

[
x
y

]
. The part on the right is the requirements, which

stipulate which things on the left actually belong in the set; in this case, we requre that both
x and y are elements of (denoted ∈) the real numbers (denoted R).

You can think of an element (x, y) ∈ R2 as an ordered pair, but here we will think of it
as a vector in the plane. The x coordinate tells us the x-position on the x-axis of the head
of the vector, and the y-coordinate tells us the y-position on the y-axis of the head of the
vector:

the vector

[
3
2

]
:

We add vectors by stacking them head to tail, which is the same as adding them componen-
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twise:

[
3
2

]
+

[
1
−4

]
=

[
4
−2

]

Since addition is commutative, you can stack the vectors in either order, and the sum is
the point on the other side of the parallelogram. Addition is also associative, meaning you
can add three vectors in different orders and obtain the same result. There is a zero vector

0 :=

[
0
0

]
which leaves every other vector unchanged under addition. Also, given any vector,

there is another vector you can add to it to get back to 0.
You can also scale vectors by multiplying by a constant, for example:

2 ·
[
4
2

]
=

[
8
4

]
1

2
·
[
4
2

]
=

[
2
1

]

Scaling by 1 does nothing to the vector, and scaling by r and s is the same as scaling by rs.
Finally, scalar multiplication and addition are compatible and satisfy distributive properties.

All this structure is what is needed to say that R2 is a vector space.

Definition 1.2.1 — A vector space over R is a set V together with an addition + :
V × V → V and a scalar multiplication · : R× V → V satisfying:

(V1) u+ v = v + u for all u, v ∈ V ,

(V2) (u+ v) + w = u+ (v + w) for all u, v, w ∈ V ,

(V3) there is an element 0 ∈ V such that 0 + v = v = v + 0 for all v ∈ V ,

(V4) for each v ∈ V , there is a −v ∈ V such that v + (−v) = 0 = −v + v,

(V5) (rs)v = r(sv) for all r, s ∈ R and v ∈ V ,

(V6) 1v = v for all v ∈ V ,

(V7) r(u+ v) = ru+ rv for all r ∈ R and u, v ∈ V , and

7



(V8) (r + s)v = rv + sv for all r, s ∈ R and v ∈ V .

Vectors in R2 have a magnitude/length given by the Pythagorean Theorem:

∥∥∥∥[xy
]∥∥∥∥ =

√
x2 + y2

x

y .

Given two vectors, we can also compute the angle between them. To do so, we use the inner
product, which encodes all information about lengths of vectors and angles between vectors.

Definition 1.2.2 — The inner product on R2 is given by

〈[
x1
y1

]∣∣∣∣[x2y2
]〉

:= x1x2 + y1y2.

Notation 1.2.3 (Dirac) — When possible, we will use the notation |v⟩ for a vector in
R2. This allows us to write ⟨u| for the function R2 → R given by |v⟩ 7→ ⟨u|v⟩.

The vectors |v⟩ are called kets and the maps ⟨u| are called bras. The action of a bra
⟨u| on a ket |v⟩ produces the bracket ⟨u|v⟩.

Axioms 1.2.4 — Using the notation above, we can give the formal axioms of an abstract
inner product ⟨ · | · ⟩ on a real vector space V :

(IP1) ⟨u|v + w⟩ = ⟨u|v⟩+ ⟨u|w⟩ for all |u⟩, |v⟩, |w⟩ ∈ V ,

(IP2) ⟨u+ v|w⟩ = ⟨u|w⟩+ ⟨v|w⟩ for all |u⟩, |v⟩, |w⟩ ∈ V ,

(IP3) ⟨u|v⟩ = ⟨v|u⟩ for all |u⟩, |v⟩ ∈ V ,

(IP4) ⟨v|v⟩ ≥ 0, with equality if and only if |v⟩ = 0.

Remark 1.2.5 — When we discuss inner products over complex vector spaces in §1.5
below, (IP3) is replaced with:

(IP3) ⟨u|v⟩ = ⟨v|u⟩ for all |u⟩, |v⟩ ∈ V , where · denotes the complex conjugate operation
in C.

We saw in Notation 1.2.3 above that we have bras ⟨u| : R2 → R given by |v⟩ 7→ ⟨u|v⟩.
The space of bras is called the dual space of R2, and sometimes denoted (R2)∗. Given a
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vector/ket |u⟩ =
[
w
x

]
∈ R2, we define the bra ⟨u| :=

[
w x

]
, which is the transpose, that is,

we switch the rows and columns. We then get the bracket ⟨u|v⟩ by matrix multiplication:

|v⟩ =
[
y
z

]
|u⟩7−→ ⟨u|v⟩ =

[
w x

]
·
[
y
z

]
:= wy + xz.

That is, we multiply the 11-entry of ⟨u| with the 11 entry of |v⟩ and we add this to the
product of the 12-entry of ⟨u| with the 21-entry of |v⟩. Here, the term ‘ij-entry’ means the
number in the i-th row and j-th column.

Exercise 1.2.6 — Show that the length of |v⟩ ∈ R2 is exactly
√
⟨v|v⟩.

Proposition 1.2.7 — The angle between two non-zero vectors is determined by the
formula

cos(θ) =
⟨u|v⟩

∥|u⟩∥ · ∥|v⟩∥
.

Proof. This follows from the Law of cosines which states that given a triangle with side
lengths a, b, c and angle θ as pictured below,

a = ∥|u⟩∥

b = ∥|v⟩∥

c = ∥|u− v⟩∥ θ

we have the formula
c =

√
a2 + b2 − 2ab cos(θ). (1.2.8)

Now if the line segment of length a is |u⟩ and the line segment of length b is |v⟩, then the
line segment of length c is |u⟩ − |v⟩, whose length is given by

c = ∥|u⟩ − |v⟩∥ =
√

⟨u|u⟩+ ⟨v|v⟩ − 2⟨u|v⟩. (1.2.9)

Now equating the right hand sides of (1.2.8) and (1.2.9), squaring, and canceling like terms,
we have

2∥|u⟩∥ · ∥|v⟩∥ cos(θ) = 2⟨u|v⟩.
The result follows after rearranging. ■

There are several particular vectors that get special names in quantum information:

|0⟩ =
[
1
0

]
|1⟩ =

[
0
1

]
|+⟩ = 1√

2

[
1
1

]
|−⟩ = 1√

2

[
1
−1

]
.

Observe that |±⟩ = 1√
2
(|0⟩ + |1⟩) and |−⟩ = 1√

2
(|0⟩ − |1⟩); this is where the name +/− for

the ket comes from.
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Definition 1.2.10 — An orthonormal basis (ONB) for R2 is a pair of vectors {|e1⟩, |e2⟩}
such that

⟨ei|ej⟩ = δi=j :=

{
1 if i = j

0 if i ̸= j
.

Exercise 1.2.11 — Prove that {|0⟩, |1⟩} and {|+⟩, |−⟩} are two ONBs.

ONBs have a particular significance: given an ONB {|e1⟩, |e2⟩}, every vector |v⟩ ∈ R2

can be written uniquely as
|v⟩ = a|e1⟩+ b|e2⟩ (1.2.12)

for some a, b ∈ R.

Exercise 1.2.13 — Show that a = ⟨e1|v⟩ and b = ⟨e2|v⟩.
Hint: apply ⟨e1| to the left and right hand sides of (1.2.12) above.

We end this section with the Cauchy-Schwarz inequality, the most important inequality
in the theory of inner product spaces.

Theorem 1.2.14 (Cauchy-Schwarz) — For every |u⟩, |v⟩ ∈ R2,

|⟨u|v⟩|2 ≤ ⟨u|u⟩ · ⟨v|v⟩.

Proof. We may assume |u⟩, |v⟩ are both non-zero. For t ∈ R, consider the vector |u− tv⟩ =
|u⟩ − t|v⟩. Since its length is non-negative, we have

0 ≤ ⟨u− tv|u− tv⟩ = ⟨u|u⟩ − 2t⟨u|v⟩+ t2⟨v|v⟩.

This is a quadratic in t which achieves its minimum at t = 2⟨u|v⟩
2⟨v|v⟩ . Plugging this value of t

into the above quadratic yields

0 ≤ ⟨u|u⟩ − 2
|⟨u|v⟩|2

⟨v|v⟩
+

|⟨u|v⟩|2

⟨v|v⟩2
⟨v|v⟩ = ⟨u|u⟩ − |⟨u|v⟩|2

⟨v|v⟩
.

Rearranging yields the result. ■

Remark 1.2.15 — There was nothing special about R2 in this theorem; the same proof
works for Rn as well. We will see in §1.5 below that there is a complex version that
works in Cn.
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1.3 M2(R): Operators on R2

A matrix is an array of numbers. An m × n matrix has m rows and n columns, and the
ij-th entry is the number in the i-th row and j-th column. This section is all about 2 × 2
matrices, i.e., those of the form

A =

[
a b
c d

]
.

The collection of such matrices is called M2(R).
The 2 × 2 matrices with real entries act as linear operators on R2. We can multiply a

2× 2 matrix A times a vector |v⟩ by

A|v⟩ =
[
a b
c d

] [
x
y

]
:=

[
ax+ by
cx+ dy

]
A =

[
a b
c d

]
|v⟩ =

[
x
y

]
.

We can think of multiplying A times |v⟩ another way. Let ⟨A1| be the first row of A and
⟨A2| be the second row of A. Then

A|v⟩ =
[
⟨A1|
⟨A2|

]
|v⟩ =

[
⟨A1|v⟩
⟨A2|v⟩

]
A =

[
⟨A1|
⟨A2|

]
.

We can also multiply two 2× 2 matrices by multiplying each column of the second matrix:[
a b
c d

] [
|u⟩ |v⟩

]
:=
[
A|u⟩ A|v⟩

] [
a b
c d

] [
e f
g h

]
=

[
ae+ bg af + bh
ce+ dg cf + dh

]
.

Exercise 1.3.1 — Show that for 2×2 matrices A,B and |v⟩ ∈ R2, A(B|v⟩) = (AB)|v⟩.

Trick 1.3.2 — Suppose A =

[
a b
c d

]
. Then

A|0⟩ =
[
a b
c d

] [
1
0

]
=

[
a
c

]
and A|1⟩ =

[
a b
c d

] [
0
1

]
=

[
b
d

]
.

That is, A|0⟩ is the first column of A, and A|1⟩ is the second column of A.

Exercise 1.3.3 — Compute ⟨0|A and ⟨1|A in terms of the entries of A.
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Example 1.3.4 — The most basic example of an operator in M2(R) is the zero matrix

02 :=

[
0 0
0 0

]
For every |v⟩ ∈ R2, 02|v⟩ = 0, the zero vector.

Warning — The zero vector 0 =

[
0
0

]
should never be confused with the 0 ket |0⟩ =

[
1
0

]
.

Example 1.3.5 — The most basic example of an operator is the identity matrix

I2 :=

[
1 0
0 1

]
Observe that I2|v⟩ = |v⟩ for all |v⟩ ∈ R2. Using Trick 1.3.2, we can calculate that
AI2 = A for every 2 × 2 matrix A, and using Exercise 1.3.3, we see I2A = A for every
2× 2 matrix A.

Example 1.3.6 — Given θ ∈ [0, 2π), the matrix Rθ :=

[
cos(θ) − sin(θ)
sin(θ) cos(θ)

]
rotates R2

counterclockwise by θ.

|0⟩

Rθ|0⟩ =
[
cos(θ)
sin(θ)

]
θ

|1⟩

Rθ|1⟩ =
[
− sin(θ)
cos(θ)

]

θ

Example 1.3.7 — Given two vectors |u⟩, |v⟩ ∈ R2, we get the rank one operator or
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ket-bra |u⟩⟨v| which acts on a vector |w⟩ ∈ R2 by

(|u⟩⟨v|)|w⟩ := ⟨v|w⟩|u⟩.

These ket-bras form the basic building blocks of M2(R). Indeed, observe that

|0⟩⟨0| =
[
1
0

] [
1 0

]
=

[
1 0
0 0

]
|0⟩⟨1| =

[
1
0

] [
0 1

]
=

[
0 1
0 0

]
|1⟩⟨0| =

[
0
1

] [
1 0

]
=

[
0 0
1 0

]
|1⟩⟨1| =

[
0
1

] [
0 1

]
=

[
0 0
0 1

]

Example 1.3.8 — Pick two non-zero scalars r, s ∈ R \ {0}. The matrix

[
r 0
0 s

]
scales

vectors on the x-axis by r and vectors on the y-axis by s:

[
r 0
0 s

] [
x
y

]
=

[
rx
sy

]
r|0⟩

|0⟩

|1⟩

s|1⟩

Observe that this scaling matrix is diagonal : the ij-entry is zero unless i = j.

Exercise 1.3.9 — Plot

[
1
2

]
. Then plot

[
2 0
0 1

2

] [
1
2

]
. Does your answer make sense?

Example 1.3.10 — In Example 1.3.8, if r = 1 and s = 0, then[
1 0
0 0

] [
x
y

]
=

[
x
0

]
∈ C|0⟩ = {z|0⟩|z ∈ C} ,

the span of |0⟩. This operator is called a projection, as it projects any vector to its
x-component.

We could also project onto other lines passing through the origin. For example, we

13



project onto C|+⟩ via the operator |+⟩⟨+|. Observe that

|+⟩⟨+|v⟩ = 1

2

[
1 1
1 1

] [
x
y

]
=

1

2

[
x+ y
x+ y

] |+⟩

|0⟩

1√
2
|+⟩

Observe that in the diagram on the right,
1

2

[
1
0

]
=

1√
2
|+⟩ = |+⟩⟨+|0⟩.

Algorithm 1.3.11 (2 × 2 Gram-Schmidt) — Using projections, we can complete any
unit vector |e1⟩ to an ONB. First, choose any vector |v⟩ which is not a scalar multiple
of |e1⟩ (one of |0⟩ or |1⟩ must work.) Then form the vector

|v′⟩ := (I2 − |e1⟩⟨e1|)|v⟩ = |v⟩ − ⟨e1|v⟩|e1⟩ and |e2⟩ :=
1

∥|v′⟩∥
· |v′⟩.

Above, |e2⟩ is the normalization of |v′⟩, which is obtained from dividing a non-zero
vector by its norm to get a vector with unit length.

First, |v′⟩ is not the zero vector, since |v⟩ is not a multiple of |e1⟩. Second, |v′⟩ is
orthogonal to |e1⟩, since

⟨e1|v′⟩ = ⟨e1|v⟩ − ⟨e1|v⟩⟨e1|e1⟩ = ⟨e1|v⟩ − ⟨e1|v⟩ = 0.

Thus the normalization |e2⟩ of |v′⟩ is still orthogonal to |e1⟩, so {|e1⟩, |e2⟩} is an ONB.

We finish this section be defining some things one can do with a matrix that will be very
important later on.

• The determinant of a 2× 2 matrix is given by

det(A) = det

[
a b
c d

]
:= ad− bc, A =

[
a b
c d

]
which is the signed area of the parallelogram spanned by the two columns of A.

Example 1.3.12 — Here are two examples of determinants as signed areas. Con-
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sider the parallelogram spanned by the following vectors:

[
3
2

]
,

[
1
−4

]

Depending on the ordering of these two vectors as columns of a matrix, the deter-
minant is either positive or negative:

det

[
3 1
2 −4

]
= −14 det

[
1 3
−4 2

]
= 14.

• The trace of A is the sum of the diagonal entries, i.e., Tr(A) := a+ d.

Exercise 1.3.13 — Show that Tr(AB) = Tr(BA) for all A,B ∈M2(R).

• The transpose of a 2 × 2 matrix AT is the matrix obtained from A by switching the
rows and columns. That is, we reflect about the diagonal line from the top left to the
bottom right of the matrix: [

a b
c d

]T
:=

[
a c
b d

]
.

Exercise 1.3.14 — Show that the transpose satisfies the following important
identity:

⟨u|Av⟩ = ⟨ATu|v⟩ ∀ |u⟩, |v⟩ ∈ R2.

Theorem 1.3.15 (2× 2 Square Matrix Theorem) — Suppose A is a 2× 2 matrix. The
following are equivalent.

(Sq1) det(A) ̸= 0.

(Sq2) A is invertible, i.e., there is a 2× 2 matrix A−1 such that A−1A = I2 = AA−1.

(Sq3) There is a 2× 2 matrix B such that BA = I2.

(Sq4) There is a 2× 2 matrix B such that AB = I2.
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(Sq5) If A|v⟩ = 0, then |v⟩ = 0, the zero vector.

Proof.

(Sq1)⇒(Sq2): Define A−1 :=
1

ad− bc

[
a −c
−b d

]
and check that AA−1 = A−1A = I2.

(Sq2)⇒(Sq3),(Sq4): Set B = A−1.

(Sq3)⇒(Sq5): Suppose A|v⟩ = 0. Multiply both sides by B to see that

|v⟩ = I2|v⟩ = (BA)|v⟩ = B(A|v⟩) = B0 = 0.

(Sq5)⇒(Sq1): We prove the contrapositive; that is, we assume that det(A) = 0 and we

construct a non-zero |v⟩ ∈ R2 such that A|v⟩ = 0.
Suppose det(A) = ad− bc = 0. If A is the zero matrix, then any |v⟩ will do, so we may

assume A is not the zero matrix.

Case 1: If a = 0, then either b = 0 or c = 0. If b = 0, then the first row of A is zero, so

|v⟩ =

[
−d
c

]
works. (Remember, we assumed A is not the zero matrix, so either c ̸= 0 or

d ̸= 0.) If c = 0, then the first column of A is zero, so |v⟩ =
[
1
0

]
works by Trick 1.3.2.

Case 2: If a ̸= 0, then d =
bc

a
. We then check that |v⟩ =

[
−b
a

]
works.

(Sq4)⇒(Sq2): We have already established that (Sq2) is equivalent to (Sq3). Observe that if
AB = I2, then by (Sq3)⇒(Sq2), B is invertible. This means we can multiply both sides by
B−1 to see

A = AI2 = A(BB−1) = (AB)B−1 = I2B
−1 = B−1.

But clearly B−1 is invertible with inverse equal to B, so A is invertible. ■

Exercise 1.3.16 — Suppose det(A) ̸= 0. Verify that AA−1 = I2 = A−1A.

Exercise 1.3.17 — Suppose A,B,C are 2×2 matrices such that AB = I2 and BC = I2.
Adapt the proof of (Sq4)⇒(Sq2) above to show that A = C. Deduce that B−1 is unique
when it exists.
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1.4 Complex numbers

In the study of quantum information, we will see that it is necessary to work with complex
numbers :

C =
{
x+ iy

∣∣x, y ∈ R and i2 = −1
}
.

Just as a vector in R2 was described by two real numbers, so is a single complex number
z ∈ C. We can picture the complex numbers exactly like R2, with the real numbers R on
the x-axis and the purely imaginary numbers iR on the y-axis.

3 + 2i can be visualized as

R

iR

3

2i .

The real part of z = x+ iy is Re(z) = x, and the imaginary part is Im(z) = y.
We add complex numbers just like we add vectors in R2, and we can multiply complex

numbers by real scalar exactly like in R2. However, C also has a multiplication:

(x1 + iy1)(x2 + iy2) = x1x2 − y1y2 + i(x1y2 + x2y1).

Exercise 1.4.1 — Prove that multiplication in C is commutative (z1z2 = z2z1) and
associative (z1(z2z3) = (z1z2)z3).

How can we visualize complex multiplication? First, multiplication by i is rotation by
π/2 in the counter-clockwise direction. Indeed, i(x+ iy) = −y + ix.

R

iR

.

In matrix form, the equation i(x+ iy) = −y + ix reads:[
−y
x

]
=

[
0 −1
1 0

] [
x
y

]
and

[
0 −1
1 0

]
=

[
cos
(
π
2

)
− sin

(
π
2

)
sin
(
π
2

)
cos
(
π
2

) ] .
Similarly, multiplying by −i is rotation by π/2 in the clockwise direction.

It will take a little work to geometrically describe multiplication by an arbitrary complex
number. To do so, we make the following definitions.
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Definition 1.4.2 — The complex conjugate of z = x+ iy ∈ C is z := x− iy.
The modulus of z = x+ iy is |z| :=

√
x2 + y2.

Exercise 1.4.3 — Prove that Re(z) =
z + z

2
and Im(z) =

z − z

2i
.

Exercise 1.4.4 — Show that |z|2 = zz.

Exercise 1.4.5 — Prove the following inequalities for w, z ∈ C:

|Re(z)| ≤ |z|, | Im(z)| ≤ |z|, and |w + z| ≤ |w|+ |z|.

Just as we can define polar coordinates in R2, we can define the polar form of a complex
number z as r cos(θ) + ir sin(θ) where r = |z| ≥ 0 is the distance to zero, and θ is the
angle from the x-axis measured in the counter-clockwise direction. Indeed, observe that
cos(θ) + i sin(θ) is the point on the unit circle whose angle from the x-axis is θ in the
counter-clockwise direction, and multiplying by r scales the unit circle to have radius r.

r
z = r cos(θ) + ir sin(θ)

θ

We end this section with some notation that is often used for phases, i.e., complex
numbers z with modulus |z| = 1, i.e., complex numbers that lie on the unit circle. The
exponential function is defined by the infinite series

ex =
∞∑
n=0

xn

n!
= 1 + x+

x2

2
+

x3

3 · 2
+

x4

4 · 3 · 2
+ · · ·

which converges absolutely for all x ∈ R. Now the above series also converges for all complex
numbers, so we can plug in x = iθ for θ ∈ R. The first 8 terms (starting at zero) are:

1 + iθ +
i2θ2

2!
+
i3θ3

3!
+
i4θ4

4!
+
i5θ5

5!
+
i6θ6

6!
+
i7θ7

7!
+
i8θ8

8!
+ · · ·
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Now i2 = −1, i3 = −i and i4 = (−1)2 = 1, so as the exponent of i grows, we cycle around
the unit circle as 1, i,−1,−i and repeat in a period of 4. This allows us to separate the above
sum as follows:

1 + iθ +
i2θ2

2!
+
i3θ3

3!
+
i4θ4

4!
+
i5θ5

5!
+
i6θ6

6!
+
i7θ7

7!
+
i8θ8

8!
+ · · ·

= 1 + iθ − θ2

2!
− i

θ3

3!
+
θ4

4!
+ i

θ5

5!
− θ6

6!
− i

θ7

7!
+
θ8

8!
+ · · ·

=

(
1− θ2

2!
+
θ4

4!
− θ6

6!
+
θ8

8!
− · · ·

)
+ i

(
θ − θ3

3!
+
θ5

5!
− θ7

7!
+ · · ·

)
It turns out that the infinite sum in the first set of parentheses is exactly the Taylor expansion
of the cosine function cos(θ), and the infinite sum in the second set of parentheses is the
Taylor expansion for the sine function sin(θ). We have just proven the following theorem.

Theorem 1.4.6 (Euler’s Formula) — For all θ ∈ R, eiθ = cos(θ) + i sin(θ).

Exercise 1.4.7 — Show that under the identification of R2 with C sending

[
x
y

]
to x+iy,

applying the rotation operator Rθ from Example 1.3.6 corresponds to multiplying by eiθ.

Returning to our discussion of polar form of a complex number, we see that polar form
allows us to easily multiply complex numbers. Writing z1 = r1e

iθ1 and z2 = r2e
iθ2 , we have

r1e
iθ1 · r2eiθ2 = r1(cos(θ1) + i sin(θ1)) · r2(cos(θ2) + i sin(θ2))

= r1r2(cos(θ1) + i sin(θ1))(cos(θ2) + i sin(θ2))

= r1r2

(
(cos(θ1) cos(θ2)− sin(θ1) sin(θ2)) + i(sin(θ1) cos(θ2) + cos(θ1) sin(θ2)

)
= r1r2(cos(θ1 + θ2) + i sin(θ1 + θ2))

= r1r2e
i(θ1+θ2).

Here, we made use of the trigonometric identities for cos(θ1 + θ2) and sin(θ1 + θ2).

1.5 The qubit Hilbert space C2

In quantum information, a qubit is a state in the vector space C2, which is like R2, except
that the ordered pair of numbers comes from C instead of R:

C2 =

{[
x
y

]∣∣∣∣x, y ∈ C
}
.
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We can think of vectors in C2 like vectors in R2, with the exception that since numbers in
C require 2 real numbers to specify, it requires 4 real numbers to specify a vector |ψ⟩ ∈ C2!
This is not really possible to visualize in our 3-dimensional world.

The space C2 still has an addition and a scalar multiplication. We still have an inner
product, which can be defined using matrix multiplication:〈[

w
x

]∣∣∣∣[yz
]〉

:=
[
w x

] [y
z

]
= wy + xz.

Exercise 1.5.1 — Compute the inner product ⟨v|w⟩ between the following three pairs
of vectors in C2:

1. |v⟩ =
[
1
i

]
, |w⟩ =

[
i
1

]

2. |v⟩ =
[
1 + i
i

]
, |w⟩ =

[
4
1

]

3. |v⟩ =
[
1
i

]
, |w⟩ =

[
1
i

]

Remark 1.5.2 — In Remark 1.2.5, we saw that the axioms for a complex inner product
are similar to those for a reall inner product from Axioms 1.2.4, but we replace (IP3)
with the complex version.

We can still discuss kets |ψ⟩ and bras ⟨ψ|, with the added caveat that ⟨ψ| is the conjugate
transpose of |ψ⟩:

|ψ⟩ =
[
x
y

]
=⇒ ⟨ψ| =

[
x y

]
.

The conjugate transpose is obtained by taking the transpose, and then taking the complex
conjugate of every entry. Even though complex vectors have complex entries, we still can
define their norms as before:

∥|ψ⟩∥ =
√

⟨ψ|ψ⟩
∥∥∥∥[xy

]∥∥∥∥ =
√
|x|2 + |y|2.

Exercise 1.5.3 — Compute the norms of the following three vectors in C2:

1. |v⟩ =
[
1 + i
2

]
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2. |v⟩ =
[
3
4

]

3. |v⟩ = 1√
2

[
1
i

]

Similarly, we can discuss the angle between two vectors, as any two vectors live in a single
plane which looks like R2. The angle formula is similar to before, with a real part added:

cos(θ) =
Re(⟨ψ|η⟩)

∥|ψ⟩∥ · ∥|η⟩∥
|ψ⟩, |η⟩ ∈ C2. (1.5.4)

This real part appears because in the proof of Proposition 1.2.7 using the Law of Cosines,
(1.2.9) is replaced in the complex setting by

∥|ψ⟩ − |η⟩∥ =
√

⟨ψ|ψ⟩+ ⟨η|η⟩ − ⟨ψ|η⟩ − ⟨η|ψ⟩ =
√

⟨ψ|ψ⟩+ ⟨η|η⟩ − 2Re(⟨ψ|η⟩).

Exercise 1.5.5 — Compute the angle between the vectors |v⟩ =
[

2
1 + i

]
and |w⟩ =

[
2i
3

]
in C2.

In C2, as opposed to R2, there is a subtle difference between |ψ⟩, |η⟩ being orthogonal,
i.e., ⟨ψ|η⟩ = 0, and the angle between them being π/2 (90◦).

Exercise 1.5.6 — Find 3 vectors in C2 such that the angle between any two of them
is π/2. Note that this task is not possible in R2. If two vectors in C2 have an angle of
π/2, are they necessarily orthogonal?

Again, C2 has orthonormal bases (ONBs) which play the same role as in R2: every vector
can be written uniquely as a linear combination of the vectors in an ONB. Indeed, given an
ONB {|e1⟩, |e2⟩} for C2 and an arbitrary |ψ⟩ ∈ C2, we have

|ψ⟩ = ⟨e1|ψ⟩|e1⟩+ ⟨e2|ψ⟩|e2⟩. (1.5.7)

This is proven by taking the inner product of |ψ⟩ with |e1⟩ and |e2⟩.
Finally, the Cauchy-Schwarz Inequality (Theorem 1.2.14) also holds for C2, and more

generally for Cn.

Exercise 1.5.8 — Write the vector |ψ⟩ =
[
1
−1

]
as a linear combination of the elements

of the orthonormal basis

{
|e1⟩ =

1√
2

[
1
i

]
, |e2⟩ =

1√
2

[
i
1

]}
.
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1.6 M2(C): Operators on C2

Just as 2× 2 real matrices in M2(R) act as linear operators on R2, 2× 2 complex matrices
in M2(C) act as linear operators on C2. We can still have the same types of operators as
before, like the identity, rotations, diagonal scalings, and projections. We can still define
the determinant and trace as before, and if det(A) ̸= 0, we still have an inverse matrix.
Moreover, Theorem 1.3.15 still holds for 2 × 2 complex matrices. The transpose is also
defined similarly, but we can also take complex conjugate to define the conjugate transpose.

Definition 1.6.1 — The conjugate transpose A∗ (or A†) of A is given by taking the
complex conjugate entries of the transpose matrix:[

a b
c d

]∗
:=

[
a c

b d

]
.

Exercise 1.6.2 — Show that the conjugate transpose satisfies the following important
identity:

⟨ψ|Aη⟩ = ⟨A∗ψ|η⟩ ∀ |ψ⟩, |η⟩ ∈ C2.

Exercise 1.6.3 — Compute the conjugate transpose of the ket-bra |ψ⟩⟨η| for |ψ⟩, |η⟩ ∈
C2.

Using the notion of the conjugate transpose, we can now define projection abstractly,
and we can define a new kind of operator called a unitary.

Definition 1.6.4 — A 2× 2 matrix P is called a projection if P = P ∗ = P 2.
A 2× 2 matrix U is called a unitary if U is invertible and U∗ = U−1.

Exercise 1.6.5 — Suppose |ψ⟩ ∈ C2 is a vector with length 1. Show that |ψ⟩⟨ψ| is a
projection.

Exercise 1.6.6 — Suppose {|e1⟩, |e2⟩} is an ONB. Define P1 := |e1⟩⟨e1| and P2 :=
|e2⟩⟨e2|. Prove that P1P2 = 0 = P2P1 and P1 + P2 = I2.
Hint: To show P1+P2 = I2, show that (P1+P2)|ψ⟩ = |ψ⟩ for all |ψ⟩ ∈ C2 using (1.5.7).
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Remark 1.6.7 — By (Sq3) in Theorem 1.3.15, to check U is unitary, it suffices to check
either U∗U = I2 or UU∗ = I2; you don’t have to check both.

Exercise 1.6.8 — Show that U =
[
|e1⟩ |e2⟩

]
is unitary if and only if {|e1⟩, |e2⟩} is an

ONB.

The significance of the above exercise is that unitary matrices are exactly the matrices
which map ONBs to ONBs.

Definition 1.6.9 — A 2× 2 matrix A is called:

• normal if A∗A = AA∗ and

• self-adjoint if A = A∗.

Example 1.6.10 — The 2× 2 Pauli matrices are given by

X =

[
0 1
1 0

]
Y =

[
0 −i
i 0

]
Z =

[
1 0
0 −1

]
.

Observe that they are all self-adjoint unitaries.

Exercise 1.6.11 — Verify the following relations:

• X2 = Y 2 = Z2 = I,

• XY = −Y X, XZ = −ZX, and Y Z = −ZY , and

• −iXY Z = I2.

Then show that the relation XY = −Y X implies that Tr(XY ) = 0. Deduce that
Tr(Y Z) = Tr(ZX) = 0.

1.7 State vectors and vector states

Definition 1.7.1 — A state vector in C2 is a vector |ψ⟩ ∈ C2 with length one. Each
state vector gives a corresponding vector state |ψ⟩⟨ψ| ∈M2(C), which is a projection.

This projection has rank one, meaning that if we apply |ψ⟩⟨ψ| to any vector |η⟩ ∈ C2,
the result is a complex scaling of |ψ⟩, i.e., it can be described by a single complex number.
Rank is formally defined as the dimension of the image, which we will get to later on.
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Observe that if α ∈ C is a phase (|α| = 1), then |αψ⟩ is another state vector producing
the same vector state as |ψ⟩:

|αψ⟩⟨αψ| = αα|ψ⟩⟨ψ| = |α|2|ψ⟩⟨ψ| = |ψ⟩⟨ψ|.

Since different state vectors can produce the same vector state, we can ask what the space
of vector states looks like.

Proposition 1.7.2 — Given two state vectors |η⟩, |ψ⟩, we get equal vector states
|η⟩⟨η| = |ψ⟩⟨ψ| if and only if |η⟩ = α|ψ⟩ for some phase α.

Proof. We just saw that if |η⟩ = α|ψ⟩, then |η⟩⟨η| = |ψ⟩⟨ψ|. Suppose now |η⟩⟨η| = |ψ⟩⟨ψ|.
Then

|ψ⟩⟨ψ| = |ψ⟩⟨ψ|ψ⟩⟨ψ|ψ⟩⟨ψ| = |ψ⟩⟨ψ|η⟩⟨η|ψ⟩⟨ψ| = |⟨η|ψ⟩|2|ψ⟩⟨ψ|,
so we can conclude that |⟨η|ψ⟩| = 1. This means there is a phase α ∈ C such that ⟨η|αψ⟩ = 1.
Let θ denote the angle between the two length one vectors |η⟩ and |αψ⟩. By (1.5.4),

cos(θ) =
Re(⟨η|αψ⟩)

∥|η⟩∥ · ∥|αψ⟩∥
= ⟨η|αψ⟩ = 1 =⇒ θ = 0.

This means that both |η⟩ and |αψ⟩ are length one vectors that point in the same direction,
so they must be equal. ■

This proposition tells us that the set of vector states in M2(C) is the same as the set of
state vectors in C2 up to phase. We can now visualize this space as follows. We can write
any state vector as |ψ⟩ = α|0⟩ + β|1⟩. multiplying by a phase, we may assume α ≥ 0. We
have now used up our phase degree of freedom, so the parametrization we obtain will be
one-to-one with vector states. Since |α|2 + |β|2 = ∥ψ∥2 = 1, we may write α = cos(θ/2) for
some and β = eiϕ sin(θ/2) for some 0 ≤ θ ≤ π and 0 ≤ ϕ < 2π. This is exactly the surface
of the 2-sphere in R3 in polar coordinates! This representation is referred to as the Bloch
sphere.

z

y

x

|0⟩

|1⟩

1√
2
(|0⟩+i|1⟩)

1√
2
(|0⟩−i|1⟩)

1√
2
(|0⟩+|1⟩)

1√
2
(|0⟩−|1⟩)

θ

ϕ

|ψ⟩

(1.7.3)
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The angle θ represents the angle from the z-axis, and the angle ϕ represents the angle from
the x-axis in the xy-plane.

Warning — In quantum information/mechanics, many people will just write |ψ⟩ for
the state instead of |ψ⟩⟨ψ|, which is OK if you remember that |ψ⟩ is the same state as
α|ψ⟩ for a phase α.

One consequence of this is that the north and south poles of the Bloch sphere are
labelled by |0⟩ and |1⟩ respectively, which can be quite confusing, as |0⟩ and |1⟩ are
perpendicular vectors. Remember that the Bloch sphere is not the subset of state
vectors in C2; the latter is the 3-sphere in R4. Rather, the Bloch sphere is the subset
of vector states in M2(C). So we we should really label the north pole and south poles
respectively by

|0⟩⟨0| =
[
1 0
0 0

]
and |1⟩⟨1| =

[
0 0
0 1

]
.

Remark 1.7.4 — The map from the 3-dimensional sphere of state vectors to the corre-
sponding vector state in the 2-dimensional sphere is an important and beautiful mathe-
matical object called the Hopf fibration. This is well beyond the scope of this class, but
it is so important and beautiful that we cannot help but mention it here.

1.8 Quantum observables and measurements

We now state the axioms of quantum mechanics/quantum information for quantum observ-
ables and measurements.

Axioms 1.8.1 (Axioms of Quantum Observables I) — Consider a quantum system con-
sisting of a single qubit.

(QI1) A quantum state is a vector state |ψ⟩⟨ψ| ∈M2(C) where |ψ⟩ ∈ C2 is a state vector.

(QI2) A quantum observable is a self-adjoint operator A ∈ M2(C), whose eigenvalues
must be real by Exercise 1.9.4.

(QI3) There are two possibilities when measuring the observable A:

• Suppose |ψ⟩ is an eigenstate of A, meaning there is some λ ∈ R called the
corresponding eigenvalue of A such that

A|ψ⟩ = λ|ψ⟩.

This property is unchanged multiplying |ψ⟩ by a phase. In this case, the
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outcome of the measurement is the corresponding eigenvalue, and the state
remains unchanged.

• If |ψ⟩ is not an eigenvector of A (which is again a property unchanged multi-
plying |ψ⟩ by a phase), the outcome of the measurement is probabilistic, and
occurs by the Born rule as follows. Let {|e1⟩, |e2⟩} be an ONB of eigenstates
of A corresponding to eigenvalues λ1, λ2 ∈ R respectively. The outcome of
measuring A in state |ψ⟩⟨ψ| is λi with probability |⟨ei|ψ⟩|2 for i = 1, 2. After
measuring, the state changes to |ei⟩⟨ei| if the value λi is observed.

The above axioms say that if we want to measure the observable A in an eigenstate, the
result is completely determined. However, if we want to measure A in a state that is not
an eigenstate, the result is not determined, and we get a random result according to the
particular probability distribution corresponding to our state.

Example 1.8.2 — If we measure Z in the state |0⟩, the result is +1 with probability 1,
and |0⟩ remains unchanged. However, if we measure X in the state |0⟩, the outcome will
be ±1 with probability 1/2, and the state will change to |±⟩ depending on the outcome.

Definition 1.8.3 — Given an observable A with an ONB of eigenstates {|e1⟩, |e2⟩} and
a quantum state |ψ⟩ which is not an eigenvector of A, we say |ψ⟩ is in a superposition
of |e1⟩, |e2⟩.

Warning — It does not make sense to say that a state |ψ⟩ is in a superposition un-
less you have chosen a quantum observable to measure. We can only say |ψ⟩ is in a
superposition relative to some basis of eigenstates of a quantum observable.

1.9 Eigenvalues and eigenvectors

Given their importance to measuring quantum observables, we now study eigenvalues and
eigenvectors of operators in M2(C) systematically.

Definition 1.9.1 — Given a 2 × 2 matrix A, a λ ∈ C is called an eigenvalue of A if
there is a non-zero vector |ψ⟩ ∈ C2 called an eigenvector of A such that A|ψ⟩ = λ|ψ⟩.

Example 1.9.2 — Suppose D =

[
λ1 0
0 λ2

]
is a diagonal matrix. Then by Trick 1.3.2,
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the eigenvalues of D are λ1, λ2 with corresponding eigenvectors |0⟩, |1⟩. For a specific
example, the eigenvalues of Z are ±1.

Example 1.9.3 — The eigenvalues of X are also ±1 with corresponding eigenvectors
|±⟩.

Exercise 1.9.4 — Suppose A is normal.

(1) Show that ∥A|ψ⟩∥2 = ∥A∗|ψ⟩∥2 for all |ψ⟩ ∈ C2.

(2) Show that A− λI is also normal for all λ ∈ C.

(3) Use (1) applied to the normal matrix A− λI to prove that if |ψ⟩ is an eigenvector
for A with eigenvalue λ, then |ψ⟩ is also an eigenvector for A∗ with eigenvalue λ.

(4) Use (3) to prove that if A is self-adjoint, then the eigenvalues of A are real.

Exercise 1.9.5 — Use Theorem 1.3.15 to prove that 0 is an eigenvalue of A if and only
if A is not invertible.

Algorithm 1.9.6 (Eigenvalue/Eigenvector Algorithm) — The following algorithm pro-
duces the eigenvalues and eigenvectors of a 2× 2 matrix A:

Step 1: By (Sq5) in Theorem 1.3.15, the values of λ for which A−λI are not invertible are
exactly the λ ∈ C for which there is a non-zero |ψ⟩ ∈ C2 such that (A−λI)|ψ⟩ = 0,
i.e., A|ψ⟩ = λ|ψ⟩.

Step 2: Compute the characteristic polynomial of A, given by χA(λ) := det(A− λI). The
values of λ ∈ C such that χA(λ) = 0 are the eigenvalues of A by Step 1.

Step 3: For each eigenvalue λ of A, find a non-zero |ψ⟩ ∈ C2 such that (A − λI)|ψ⟩ = 0.
This can be done quite quickly, since the rows of A − λI must be multiples of
each other. If A− λI = 0, the zero matrix, then |0⟩, |1⟩ are both eigenvectors. If

A− λI ̸= 0, then pick a non-zero row of A, say
[
x y

]
, and set |ψ⟩ =

[
y
−x

]
.

Note: if you cannot find a non-zero |ψ⟩ in Step 3 for λ, you have made an algebraic
mistake, and you should go back to Step 2.
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Remark 1.9.7 — Let’s actually compute χA(λ) = det(A− λI). Observe:

det

[
a− λ b
c d− λ

]
= (a−λ)(d−λ)−bc = λ2−(a+d)λ+(ad−bc) = λ2−Tr(A)λ+det(A).

Now remember that the eigenvalues are the roots of χA(λ), i.e., the λ1, λ2 such that we
have a factorization χA(λ) = (λ−λ1)(λ−λ2). Now expanding this factorization, we see

χA(λ) = λ2 − (λ1 + λ2)λ+ λ1λ2.

We conclude that we must have that Tr(A) = λ1 + λ2 and det(A) = λ1λ2!

Example 1.9.8 — Consider the matrix

A =

[
0 1
0 0

]
.

The characteristic polynomial is χN(λ) = λ2, so 0 is the only eigenvalue. We see there
is only one eigenvector up to scaling, namely |0⟩.

Example 1.9.9 — Consider the matrix

A =

[
5 2
2 2

]
.

Its characteristic polynomial is

χA(λ) = (5− λ)(2− λ)− 4 = λ2 − 7λ+ 6 = (λ− 1)(λ− 6),

and so the eigenvalues are 1, 6. We compute

A− I =

[
4 2
2 1

]
=⇒ |e1⟩ =

1√
5

[
−1
2

]
is an eigenstate for λ = 1. We compute

A− 6I =

[
−1 2
2 −4

]
=⇒ |e1⟩ =

1√
5

[
2
1

]
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is an eigenstate for λ = 6. Setting

U :=
1√
5

[
−1 2
2 1

]
and D =

1√
5

[
1 0
0 6

]
,

we see U is unitary, D is diagonal, and AU = UD.

Theorem 1.9.10 (2× 2 Spectral Theorem) — For a 2× 2 matrix A, the following are
equivalent:

(Sp1) There is an ONB consisting of eigenvectors of A.

(Sp2) There is a diagonal matrix D and a unitary matrix U such that AU = UD.

(Sp3) There are non-zero pairwise orthogonal projections P1, P2 with P1P2 = 0 = P2P1

and P1 + P2 = I2 and scalars λ1, λ2 ∈ C such that A = λ1P1 + λ2P2.

(Sp4) A is normal.

Proof.

(Sp1)⇒(Sp2): Let {|e1⟩, |e2⟩} be such an ONB corresponding to eigenvalues λ1, λ2. Then

A
[
|e1⟩ |e2⟩

]︸ ︷︷ ︸
=:U

=
[
A|e1⟩ A|e2⟩

]
=
[
λ1|e1⟩ λ2|e2⟩

]
=
[
|e1⟩ |e2⟩

]︸ ︷︷ ︸
=U

[
λ1 0
0 λ2

]
︸ ︷︷ ︸

=:D

.

Observe that U is unitary by Exercise 1.6.8.

(Sp2)⇒(Sp3): Suppose AU = UD, and write U =
[
|e1⟩ |e2⟩

]
as in the previous proof. Then

A = UDU∗ =
[
|e1⟩ |e2⟩

] [λ1 0
0 λ2

] [
⟨e1|
⟨e2|

]
=
[
|e1⟩ |e2⟩

] [λ1⟨e1|
λ2⟨e2|

]
= λ1 |e1⟩⟨e1|︸ ︷︷ ︸

=:P1

+λ2 |e2⟩⟨e2|︸ ︷︷ ︸
=:P2

.

Now observe that the ket-bras P1, P2 are projections by Exercise 1.6.5, and they satisfy
P1P2 = 0 = P2P1 and P1 + P2 = I2 by Exercise 1.6.6.

(Sp3)⇒(Sp4): Suppose A = λ1P1 + λ2P2. Then A
∗ = λ1P

∗
1 + λ2P

∗
2 = λ1P1 + λ2P2, and since

P 2
1 = P1, P

2
2 = P2, and P1P2 = 0 = P2P1, we calculate

A∗A = (λ1P1+λ2P2)(λ1P1+λ2P2) = |λ1|2P1+ |λ2|2P2 = (λ1P1+λ2P2)(λ1P1+λ2P2) = AA∗.

(Sp4)⇒(Sp1): By Algorithm 1.9.6, we know A has an eigenvector |ψ1⟩ corresponding to an
eigenvalue λ1. Since |ψ1⟩ is non-zero, we may normalize it to get a length one vector |e1⟩
which is still an eigenvector corresponding to the eigenvalue λ1.
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Complete |e1⟩ to an ONB by finding |e2⟩ of length 1 with ⟨e2|e1⟩ = 0. We claim |e2⟩ is
also an eigenvector of A. First, there are α, β ∈ C such that

A|e2⟩ = α|e1⟩+ β|e2⟩.

We can calculate α using (1.5.7):

α = ⟨e1|A|e2⟩ = ⟨A∗e1|e2⟩ =
(Ex. 1.9.4)

⟨λ1e1|e2⟩ = λ1⟨e1|e2⟩ = 0.

We conclude that A|e2⟩ = β|e2⟩, and thus |e2⟩ is an eigenvector as claimed. Since {|e1⟩, |e2⟩}
is an ONB, we are finished. ■

Exercise 1.9.11 — Suppose U is a 2× 2 self-adjoint unitary with distinct eigenvalues.

(1) Prove that the eigenvalues of U are ±1.

(2) Show that P =
I − U

2
is an orthogonal projection.

(3) Show that if |e±1⟩ is the eigenvector for U with eigenvalue ±1, then P |e+1⟩ = 0
and P |e−1⟩ = |e−1⟩.

1.10 Random variables

We saw in Axioms 1.8.1 that given an observable A and a state |ψ⟩, the outcome of measuring
A is probabilistic and given by the Born rule. In the language of probability theory, we would
say the outcome (λ1 or λ2) is a random variable on some event set (outcome 1 or 2) with a
given probability distribution (p1 = |⟨ei|ψ⟩|2 and p2 = |⟨e2|ψ⟩|2).

We now give a more formal treatment of these basic concepts of probability theory.

Definition 1.10.1 — An event set Ω is a (finite) set of outcomes of a given experiment.
For example, if we are flipping a coin, the outcomes are heads and tails, so Ω = {H,T}.

A probability distribution on Ω is a function from Ω to [0, 1] which assigns a prob-
ability value px to each outcome x ∈ Ω such that

∑
x∈Ω px = 1. Typically we assume

that px > 0 for every x ∈ Ω; otherwise we remove points from Ω with zero probability
of occurrence.

We call an event set Ω equipped with a probability distribution {px}x∈Ω a probability
space.

A random variable R on a probability space (Ω, {px}x∈Ω) is a function which assigns
real numbers to elements of Ω.

Beyond observing operators in quantum states, here are some more examples of proba-
bility spaces and random variables.
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Example 1.10.2 — A Bernoulli trial is an experiment with two outcomes success and
failure, where ‘success’ has probability p and ‘failure’ has probability 1− p. Typically a
Bernoulli trial corresponds to the random variable

R(success) = 1 R(failure) = 0.

Typical examples include flipping a weighted coin with probability of heads p.

Example 1.10.3 — Iterating Bernoulli trials with probability of success p gives the
binomial distribution. Typically, we have a fixed number n of Bernoulli trials, and the
event set is Ω = {0, . . . , n} corresponding to the possible number of successes. The
probability of exactly k successes is

pk =

(
n

k

)
pk(1− p)n−k.

That is, out of the n trials, to get exactly k successes, we pick k of the n trials to succeed,
where each has probability p, and n− k of the trials to fail, where each has probability
1− p. There are exactly

(
n
k

)
many ways for this to happen.

Example 1.10.4 — Given a set Ω = {x1, . . . , xn}, the uniform distribution assigns
equal probability pi = 1/n to each outcome xi. We will see in §1.16 below that this
distribution is the ‘most random’ in some sense.

Definition 1.10.5 — Given a random variable R on a probability space (Ω, {px}x∈Ω),
the expected or average value of R is

E[R] :=
∑
x∈Ω

R(x)px.

The variance of R is

Var[R] := E[(R− E[R])2] = E[R2]− E[R]2 ≥ 0.

The standard deviation of R is σ[R] :=
√

Var[R].

Exercise 1.10.6 — Compute the expected value, variance, and standard deviation of
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the random variable X(H) = 1 and X(T ) = 0 for a weighted coin with probability p of
heads. What value of p maximizes the variance?

Exercise 1.10.7 — Alice and Bob work at the same office and like to gamble. Each
day, they each wear one of two hats to work, a red hat or a blue hat. If both hats are
red, Alice gives Bob $3. If both hats are blue, Alice gives Bob $1. If the hats do not
match, Bob gives Alice $2. Would you rather be Alice or Bob? Why?

In the above formula for the variance, we used the following result.

Proposition 1.10.8 — Expected value is linear. That is, given random variables X, Y
on (Ω, {px}x∈Ω) and r ∈ R,

E[rX + Y ] = rE[X] + E[Y ].

Proof. We compute

E[rX + Y ] =
∑
x∈Ω

(rX(x) + Y (x))px = r
∑
x∈Ω

X(x)px +
∑
x∈Ω

Y (x)px = rE[X] + E[Y ]. ■

Remark 1.10.9 — The above proof should look vaguely like linearity of the integral in
calculus; indeed, it is an integral over a discrete space, where the values px play the role
of dx. This is made rigorous in measure theory.

Exercise 1.10.10 — Let X : {1, 2} → R, and consider the two probability distributions
{p1 = 1/4, p2 = 3/4} and {p1 = 1/2, p2 = 1/2}. Compute Var(X) with respect to both
distributions, and compare them. Is one always bigger than the other?

Suppose now we have an experiment with outcomes Ω that we iterate N times without
knowing ahead of time the probability distribution {px}x∈Ω. What is our best estimate for
the px? Given a random variable X : Ω → R, what is our best estimate for E[X], Var[X],
and σ[X]?

• To estimate px, we perform N experiments (with N large) and count the number of
times Nx that x occurs. We would then estimate p̂x = Nx/N .

• To estimate E[X] for a random variable X, we use our estimated p̂x to get Ê[X] =∑
x∈ΩX(x)p̂x.

• Estimation of Var(X) and σ[X] is similar.

In the field of statistics, we also have formulas for ‘error estimates’ for these estimates.
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Example 1.10.11 — If we have a weighted coin with probability p of heads and we flip
it 10000 times and get 3535 heads, we would estimate that p ≈ 3535/10000.

1.11 Expected value of observables and the Uncertainty Principle

Here is our most important example of expected value.

Proposition 1.11.1 — The expected value of the observable A in the state |ψ⟩ is
⟨A⟩ := ⟨ψ|A|ψ⟩.

Proof. We calculate the expected value of the random variable R which is λi with probabil-
ity |⟨ei|ψ⟩|2 where {|e1⟩, |e2⟩} is an ONB of eigenstates for A corresponding to eigenvalues
λ1, λ2 ∈ R. We see

E[R] = λ1|⟨e1|ψ⟩|2 + λ2|⟨e2|ψ⟩|2

= λ1⟨ψ|e1⟩⟨e1|ψ⟩+ λ2⟨ψ|e2⟩⟨e2|ψ⟩

= ⟨ψ|
(
λ1|e1⟩⟨e1|+ λ2|e2⟩⟨e2|

)
|ψ⟩

= ⟨ψ|A|ψ⟩.

The last equality above follows from the Spectral Theorem 1.9.10. ■

Exercise 1.11.2 — Prove that the expected value of the observable A in the state |ψ⟩
is also given by Tr(A|ψ⟩⟨ψ|).

We can now use the notion of expected value and variance to state the Uncertainty
Principle, which gives a lower bound for the product of the variances of two observables in
terms of the commutator [A,B] := AB−BA. Roughly speaking, this means that we cannot
know measurements for both A and B in the same state if A and B do not commute. For an
observable A and a chosen state vector |ψ⟩ ∈ C2, we denote by σ2

A the variance of A viewed
as a random variable:

σ2
A := ⟨ψ|(A− E[A])2|ψ⟩ = E[A2]− E[A]2.

Theorem 1.11.3 (Uncertainty Principle) — For observables A,B ∈ M2(C) and a state
vector |ψ⟩ ∈ C2,

σAσB ≥
∣∣∣∣ 12i⟨ψ|AB −BA|ψ⟩

∣∣∣∣ = ∣∣∣E [AB−BA2i

] ∣∣∣.
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Proof. Let |ψ1⟩ = (A−E[A])|ψ⟩ and |ψ2⟩ = (B−E[B])|ψ⟩. By the Cauchy-Schwarz Inequality
(Theorem 1.2.14),

|⟨ψ1|ψ2⟩|2 ≤ ⟨ψ1|ψ1⟩ · ⟨ψ2|ψ2⟩ = σ2
Aσ

2
B.

Since Im(z)2 ≤ |z|2 for all complex numbers z ∈ C, we have

|⟨ψ1|ψ2⟩|2 ≥ Im(⟨ψ1|ψ2⟩)2 =
(
⟨ψ1|ψ2⟩ − ⟨ψ2|ψ1⟩

2i

)2

.

We calculate that

⟨ψ1|ψ2⟩ = ⟨ψ|(A− E[A])(B − E[B])|ψ⟩ = ⟨ψ|AB|ψ⟩ − E[A]E[B]

⟨ψ2|ψ1⟩ = ⟨ψ|(B − E[B])(A− E[A])|ψ⟩ = ⟨ψ|BA|ψ⟩ − E[A]E[B],

so their difference is exactly ⟨ψ|AB −BA|ψ⟩. The result follows. ■

The following result stands in contrast to the Uncertainty Principle; if A,B commute,
there are states where we can know with 100% certainty measurements for both A,B simul-
taneously!

Theorem 1.11.4 — If A,B ∈ M2(C) are commuting observables, there is a common
ONB of eigenstates {|e1⟩, |e2⟩} for A and B.

Proof. First, by unitarily diagonalizing B, we may assume B is diagonal. Indeed, by the
Spectral Theorem 1.9.10, there is a diagonal matrix D and a unitary matrix U such that
B = UDU∗. Then AUDU∗ = AB = BA = UDU∗A, so multiplying by U∗ on the left
and U on the right, we have U∗AUD = DU∗AU . If {|e1⟩, |e2⟩} is a simultaneous ONB of
eigenstates for U∗AU and D, then {U |e1⟩, U |e2⟩} will be a simultaneous ONB of eigenstates
for A and B.

Now assuming B is diagonal, we compute AB and BA:[
a11 a12
a21 a22

] [
b11

b22

]
=

[
a11b11 a12b22
a21b11 a22b22

] [
b11

b22

] [
a11 a12
a21 a22

]
=

[
a11b11 a12b11
a21b22 a22b22

]
.

Since these are equal, we must have a12b11 = a12b22, or equivalently, a12(b11 − b22) = 0.

Case 1: If a12 = 0, then since A is self-adjoint, we have a21 = 0, so A is also diagonal. Hence
{|0⟩, |1⟩} is a simultaneous ONB of eigenstates for A and B, as desired.

Case 2: If b11 − b22 = 0, then B = bI2 for some b ∈ C. Thus any ONB of eigenstates for A is
also an ONB of eigenstates for B, as desired. ■

This means that if A,B are commuting observables, and |ψ⟩ is a common eigenstate for
both A and B, then we know the outcome of measuring A and B simultaneously with 100%
certainty.
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1.12 Mutually unbiased bases and Stern-Gerlach revisited

Two ONBs are mutually unbiased if they are as ‘far away from each other’ as possible. We
make this rigorous using the inner product, since for any two length-one vectors |ψ⟩, |η⟩ ∈ C2,
the angle θ ∈ [0, π/2] between them is determined by cos(θ) = |⟨η|ψ⟩|.

Definition 1.12.1 — Two ONBs {|e1⟩, |e2⟩} and {|f1⟩, |f2⟩} of C2 are said to be mu-
tually unbiased if

|⟨ei|fj⟩|2 =
1

2
∀1 ≤ i, j ≤ 2.

There is an analogous definition for mutually unbiased ONBs of Cn replacing 1/2 with
1/n.

Exercise 1.12.2 — Show that {|0⟩, |1⟩} and {|+⟩, |−⟩} are mutually unbiased.

Exercise 1.12.3 — Find another ONB in C2 which is mutually unbiased with respect
to both {|0⟩, |1⟩} and {|+⟩, |−⟩}. Can you find any more?

Remark 1.12.4 — One can find p+ 1 mutually unbiased ONBs in Cp for every prime
number p. At this time, it is an open problem how many mutually unbiased ONBs can
be found in C6!

We now revisit the Stern-Gerlach experiment from §1.1 and explain the phenomena there
in terms of mutually unbiased bases. We saw that if we have two light polarization filters
oriented the same way, then all light that passes through the first filter will pass through the
second. However, if we rotate the second filter by 90◦, no light gets through.

Mathematically, this can be explained as follows.1 The initial photon is some qubit |ψ⟩.
As we are free to declare what ‘zero rotation’ ought to mean, we declare that our first light
polarization filter acts as the spectral projection of the Pauli Z operator for the λ = 1
eigenspace, namely

pZ=1 = |0⟩⟨0| =
[
1 0
0 0

]
.

Assuming no rotation for the filter, when the photon meets the filter, it passes through with
probability |⟨ψ|0⟩|2, after which it is in state |0⟩.

A light polarization filter rotated by θ acts as the pZ=1 operator conjugated by the
unitary Rθ representing the rotation. If the second filter is not rotated relative to the first,
it is another pZ=1 operator, and since |0⟩ has eigenvalue +1, the outcome is +1 with 100%

1There is also a classical description of light polarization and attenuation (Malus’ Law), which gives the
same predictions as the quantum mechanical description here.
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probability, meaning every photon passing through the first filter passes through the second.
However, if we rotate the filter by 90◦, we must conjugate pZ=1 by

Rπ/2 =

[
cos(π/2) − sin(π/2)
sin(π/2) cos(π/2)

]
=

[
0 −1
1 0

]
meaning we have the observable

Rπ/2ZR
∗
π/2 =

[
0 −1
1 0

] [
1 0
0 0

] [
0 1
−1 0

]
=

[
0 0
0 1

]
.

This is exactly the spectral projection pZ=−1, which is orthogonal to pZ=1. For this operator,
|0⟩ has eigenvalue 0, so it passes through with probability |⟨1|0⟩|2 = 0. This means no light
passes through the 90◦-rotated filter.

Now what happens when we add a filter between these two rotated by 45◦? The π/4-
rotation means we conjugate by Rπ/4:[

cos(π/4) − sin(π/4)
sin(π/4) cos(π/4)

] [
1 0
0 0

] [
cos(π/4) sin(π/4)
− sin(π/4) cos(π/4)

]
=

1

2

[
1 −1
1 1

] [
1 0
0 0

] [
1 1
−1 1

]
=

1

2

[
1 1
1 1

]
= |+⟩⟨+|,

which is exactly the spectral projection pX=1 onto C|+⟩. Note that the ONB of eigenstates
{|+⟩, |−⟩} for pX=1 is mutually unbiased with respect to the ONB of eigenstates {|0⟩, |1⟩}
for pZ=1 = |0⟩⟨0|.

Now when the photon in state |0⟩ meets the second filter rotated by π/4 corresponding to
pX=1, it passes through with probability |⟨+|0⟩|2 = 1/2 and changes into the |+⟩ state. Now
when it meets the third filter rotated by another π/4 (which is π/2 from the original Pauli
Z), we apply pZ=−1, so the photon passes through with probability |⟨1|+⟩|2 = 1/2. Thus the
initial beam of light is reduced by 1/2 intensity each time, resulting in a total reduction by
1/8 > 0.

Exercise 1.12.5 — Suppose {|e1⟩, |e2⟩} is an ONB of eigenstates for the observable
A and U is a unitary matrix. Show that {U |e1⟩, U |e2⟩} is an ONB of eigenstates for
the observable UAU∗. Deduce that {Rθ|0⟩, Rθ|1⟩} is an ONB of eigenstates for the
observable RθZR

∗
θ.

Exercise 1.12.6 — Show that the operator corresponding to rotating the light polar-
ization filter by 22.5◦ = π/8 is the Hadamard gate

H :=
1√
2

[
1 1
1 −1

]
.
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Then compute an ONB of eigenstates for this operator.

Exercise 1.12.7 — Show that ZHZ =
1√
2

[
1 −1
−1 −1

]
. What are its eigenvalues and

corresponding eigenstates?

1.13 Towards violations of Bell’s Inequality

This subsection is adapted from material from Bell’s Theorem: The Quantum Venn Diagram
Paradox https://www.youtube.com/watch?v=zcqZHYo7ONs.

Using the sequential Stern-Gerlach style experiments, we can provide evidence that mea-
surements of observables are random, and not pre-determined by some kind of hidden vari-
able. We consider light polarization filters with angles 0, 22.5◦ = π/8, and 45◦ = π/4. We
will call these type A,B,C respectively. We already saw in the previous section that A corre-
sponds to the Pauli Z operator, B corresponds to the Hadamard gate H, and C corresponds
to Pauli X.

We denote the eigenstate corresponding to the eigenvalue ±1 for H by |e±1⟩. This means
that if a photon in state |ψ⟩ meets a B filter, the filter allows the photon to pass through
with probability |⟨ψ|e+1⟩|2, after which it is in state |e+1⟩. By Exercises 1.12.5 above, we see
that the ONB from Exercise 1.12.6 is a 22.5◦ rotation of the standard basis, up to choices of
phases.

|e+1⟩

|e−1⟩

π/8

Exercise 1.13.1 — Calculate the probability that a photon passes through:

• a type A filter and then a type A filter,

• a type A filter and then a type B filter,

• a type A filter and then a type C filter,

• a type B filter and then a type C filter,

• a type A filter and then a type B filter, but then is then blocked by a type C filter.
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We now consider three sequential light polarization filters with angles 0, 22.5◦ = π/8,
and 45◦ = π/4.

|0⟩ |e1⟩ |+⟩
Source A B C

0◦ 22.5◦ 45◦

At this point, we make an assumption of realism, that is, we assume every photon has
a pre-determined answer a, b, c ∈ {0, 1} to whether it passes through the A,B,C filters
respectively. For example, if a photon has a = 1, b = 1, and c = 0, then it will pass
through the 0◦ and 22.5◦ filters, but not the 45◦ filter. We will see this assumption leads to
a contradiction.

We repeat this experiment for a large number N of photons, and we let A,B, C denote
the sets of photons whose values for a, b, c respectively are +1. Consider the following Venn
diagram:

A

CB

Intuitively, the only way a photon can pass through the initial A filter and not the final C
filter is if it is blocked at the B or C filters. This means we have an inclusion of subsets
A \ C ⊆ (A \ B) ∪ (A ∩ B) \ C:

A

CB

⊆

A

CB

∪

A

CB

Note that all three of these are subsets of A. This containment gives the following inequality:

|A \ C| ≤ |A \ B|+ |(A ∩ B) \ C|. (1.13.2)

This means the number of particles which satisfy a = +1 and b = −1 is less than or equal to
the sum of the number of particles for which a = +1 and b = −1 and the number of particles
for which a = +1 and b = +1, but c = −1.

Now if we were to actually set up these polarization filters, we would see that for every
100 photons in A:

• about 50 of them are blocked by C, meaning |A \ C| ≈ 50,

• about 15 of them are blocked by B, meaning |A \ B| ≈ 15, and
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• of all the photons that pass through B filter, about 15% are blocked at C, so |(A ∩
B) \ C| ≲ 15.

But this means that the inequality (1.13.2) would be 50 ≲ 15 + 15 = 30, a contradiction.
Another way to see this apparent contradiction is as follows. You saw in Exercise 1.13.1

above that after passing through A, a photon has a 50% chance at passing through C. But
if it first approaches B, it has a 85% chance to pass through B, after which it has another
85% chance to pass through C. But note that .5 < (.85)2, so introducing an additional filter
has somehow increased the number of particles which pass through. Such a simple hidden
variable model above would not allow for this.

To make this mathematically rigorous, we will rephrase the above in probability theory,
in particular random variables and expectations. To do so, we introduce the notion of
conditional probability.

Definition 1.13.3 — Given a probability space (Ω, {px}x∈Ω), an event is a subset
A ⊂ X. The probability of the event A is P(A) :=

∑
a∈A pa.

Example 1.13.4 — Given a random variable X on a probability space (Ω, {px}x∈Ω),
we can consider the event that X = r ∈ R. The probability of this event occurring is

P(X = r) :=
∑
x∈Ω

{px|X(x) = r} .

Example 1.13.5 — Suppose we have a fair 6-sided die. The probability of the event
that we roll 1 or 2 is

P(roll is 1 or 2) = 2
1

6
=

1

3
.

Definition 1.13.6 — Given two events A,B ⊂ Ω, the event that both A and B occur
is the intersection A∩B. We define the conditional probability that A occurs given that
B occurs as

P(A|B) :=
P(A ∩B)

P(B)
.

Here, since B is assumed to have occurred, we have assumed P(B) > 0. There is a
similar definition for the conditional probability that B occurs given A occurs.
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Exercise 1.13.7 — Show that conditional probability gives a probability distribution
on Ω. That is, show that for a fixed event B, the numbers

qx :=


px

P(B)
if x ∈ B

0 if x /∈ B

give a probability distribution Ω.

Example 1.13.8 — Given two random variables X,Y on (Ω, {px}x∈Ω), we have

P(X = r and Y = s) :=
∑
x∈Ω

{px|X(x) = r and Y (x) = s} .

We have a that the conditional probability that X = r given that Y = s is given by the
formula

P(X = r|Y = s) :=
P(X = r and Y = s)

P(Y = s)
.

Surprisingly, we can compute the conditional probability P(B|A) in terms of the condi-
tional probability P(A|B)! Indeed, observe that

P(A|B)P(B) = P(A ∩B) = P(B|A)P(A).

As long as P(A) > 0, we can divide to obtain the following result.

Theorem 1.13.9 (Bayes) — For events A,B in (Ω, {px}x∈Ω), if P(A) > 0, then

P(B|A) = P(A|B)
P(B)

P(A)
.

Example 1.13.10 (Monty Hall problem) — In the famous game show Let’s Make a
Deal, the host Monty Hall would present contestants with a dilemma. A prize would be
hiding behind one of three doors. After the contestant picked a door, say door 1, Monty
would open one of the doors 2 or 3 not hiding the prize. (Monty never opens the door
the contestant picks.) At this point, the contestant is given the opportunity to switch
doors. Should they do so?

Since the prize is behind door 1 exactly 1/3 of the time, if the contestant stays
with door 1, they will still win exactly 1/3 of the time. However, 2/3 of the time the
contestant picked the wrong door, and Monty shows them the correct door by opening
one of the two alternatives! Thus switching wins 2/3 of the time.

This result may seem counter-intuitive; there are only 2 doors left after Monty opens
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one, so why should switching have any effect whatsoever? To answer this, let’s discuss
the Monty Hall problem using Bayes’ Theorem. Let A be the event that Monty opens one
of the doors the contestant does not choose, and let B be the event that the contestant
has chosen the correct door. Observe that P (A) = 1, P (B) = 1/3, and P (A|B) = 1.
Thus

P(B|A) = P(A|B)
P(B)

P(A)
= 1 · 1/3

1
=

1

3
.

The reason this problem is counter-intuitive is that P (A|B) = 1! Monty always opens
one of the doors the contestant does not pick.

We are now in the position to give a rigorous mathematical treatment of the above
contradiction. Consider a set of photons traveling towards the filters of type A,B,C set up
in series. We can view the values of a, b, c for each photon as a random variable, and (1.13.2)
becomes the following inequality:

P(c = −1|a = 1) ≤ P(b = −1|a = 1) + P(c = −1|a = 1 and b = 1).

In real-world experiments, we have observed that these probabilities are 50%, 15%, and 15%
respectively, violating the expected inequality.

The mathematical reason is clear for this violation. For a given photon, if a = 1, the
state becomes |0⟩, so if we measure a type C filter, there is a 50% chance we get −1 as
|⟨−|0⟩|2 = 1/2. If a = 1 and we measure a type B filter, the probability we get −1 is
|⟨e−1|0⟩|2 ≈ .15. Similarly, if a = 1 and b = 1, the state becomes |e+1⟩, and if we measure a
type C filter, the chance we get −1 is |⟨−|e−1⟩|2 ≈ .15.

1.14 Mixed states

Suppose Alice has an electron in state |ψ⟩, and she measures its spin the the z-direction
by measuring Pauli Z. She then leaves the room, and passes by Bob in the hallway. She
says, “I measured the electron in the room in the z-direction,” but she does not mention the
outcome of her experiment. Bob then walks into the room to perform measurements on the
electron. What state best represents the state of the electron? Alice measured either ±1, so
the answer is either |0⟩ or |1⟩, but Bob has no idea which value she measured.

In this scenario we say the state is a classical mixture of |0⟩ and |1⟩, meaning it can be
modeled by classical probability theory. Indeed, there is some p ∈ [0, 1] such that the state
is |0⟩ with probability p and |1⟩ with probability 1 − p. We represent this by the density
matrix

ρ = p|0⟩⟨0|+ (1− p)|1⟩⟨1| =
[
p 0
0 1− p

]
.

Definition 1.14.1 — A density matrix for one qubit is a ρ ∈M2(C) such that

• ρ is positive (ρ ≥ 0), meaning ⟨ψ|ρ|ψ⟩ ≥ 0 for all |ψ⟩ ∈ C2, and
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• Tr(ρ) = ρ11 + ρ22 = 1.

A density matrix is called a pure state if there is a state vector |ψ⟩ ∈ C2 such that
ρ = |ψ⟩⟨ψ|. Otherwise, it is called a mixed state.

Exercise 1.14.2 — For a state vector |ψ⟩ ∈ C2, prove that ρ = |ψ⟩⟨ψ| is a density
matrix.

Example 1.14.3 — The matrix 1
2
I2 is a mixed state.

In these notes, we will take the point of view that all quantum states are pure states, and
mixed states reflect incomplete information about the state of a system.

Recall from Exercise 1.11.2 that ⟨ψ|A|ψ⟩ = Tr(A|ψ⟩⟨ψ|) for all observables A ∈ M2(C)
and state vectors |ψ⟩ ∈ C2. This formula also gives the expected value of A in a mixed state
ρ.

Proposition 1.14.4 — The expected value of an observable A in a mixed state ρ is
Tr(Aρ).

Proof. Using the spectral decomposition of ρ,

Tr(Aρ) = pTr(A|e1⟩⟨e1|) + (1− p) Tr(A|e2⟩⟨e2|) = p⟨e1|A|e1⟩+ (1− p)⟨e2|A|e2⟩.

This latter quantity is the expected value of A in the mixed state ρ. ■

Exercise 1.14.5 — Suppose ρ = |ψ⟩⟨ψ| is a pure state.

• Show ρ is not invertible.

• Show ρ has rank one, i.e., the columns of A are multiples of each other.

The next results proves the converse of the previous exercise.

Proposition 1.14.6 — Suppose ρ ∈M2(C) is a density matrix which is not invertible.
There is a |ψ⟩ ∈ C2 such that ρ = |ψ⟩⟨ψ|.

Proof. First, since ρ is self-adjoint and has trace 1, we can write it as

ρ =

[
t z
z 1− t

]
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for some t ∈ R and z ∈ C. Since ρ is positive, ⟨0|ρ|0⟩ = t ≥ 0 and ⟨1|ρ|1⟩ = 1 − t ≥ 0, so
t ∈ [0, 1]. Now since ρ is not invertible,

det(ρ) = t− t2 − |z|2 = 0,

so |z| =
√
t(1− t), and there is a phase α with |α| = 1 such that z = α|z|. This means we

can write

ρ =

[
t α

√
t(1− t)

α
√
t(1− t) 1− t

]
.

Finally, we leave it to the reader to check that ρ = |ψ⟩⟨ψ| where |ψ⟩ =
√
t|0⟩+α

√
1− t|1⟩. ■

We now give several more equivalent conditions to a density matrix ρ being a pure state.
Observe that since ρ is self-adjoint, the Spectral Theorem 1.9.10 applies. This means there
is an ONB {|e1⟩, |e2⟩} of eigenstates for ρ and eigenvalues 0 ≤ λ1, λ2 ≤ 1 such that

ρ = λ1|e1⟩⟨e1|+ λ2|e2⟩⟨e2|.

Since λ1 + λ2 = Tr(ρ) = 1 by Remark 1.9.7, using this spectral decomposition, we see the
following are equivalent:

• ρ is pure,

• 0 is an eigenvalue of ρ, and

• 1 is an eigenvalue of ρ.

There are a couple other conditions as well in terms of ρ2. Since ⟨e1|e2⟩ = ⟨e2|e1⟩ = 0,
we see

ρ2 = (λ1|e1⟩⟨e1|+ λ2|e2⟩⟨e2|)(λ1|e1⟩⟨e1|+ λ2|e2⟩⟨e2|) = λ21|e1⟩⟨e1|+ λ22|e2⟩⟨e2|.

Recall ρ is pure if and only if λ1, λ2 are 0, 1 (up to swapping) if and only if λ21 = λ1 and
λ22 = λ2. We can now add the next two equivalent conditions to ρ being pure:

• ρ2 = ρ, and

• Tr(ρ2) = 1.

Indeed, if 0 < λ1 < 1, then ρ2 ̸= ρ and Tr(ρ2) = λ21 + λ22 < 1.

1.15 Quantum state tomography

So far, we have given several characterizations of when a state ρ is pure, but we have not
seen many examples of mixed states. We now give two methods to construct lots of mixed
states.
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The first uses convex combinations. Recall that a shape in R2 is called convex if given
any two points in the shape, the line segment between them is also contained in the shape.

convex convex convex not convex

A convex combination of matrices A,B ∈ M2(C) (or more generally vectors in any vector
space) is a sum of the form (1− t)A+ tB for t ∈ [0, 1]. Geometrically, as t goes from 0 to 1,
we travel along a straight line from A to B in M2(C):

A

B(1− t)A+ tB

The point A corresponds to t = 0 and the point B corresponds to t = 1.

Proposition 1.15.1 — Suppose ρ1, ρ2 ∈ M2(C) are density matrices and 0 ≤ t ≤ 1.
Then the convex combination (1− t)ρ1 + tρ2 is a density matrix.

Proof. First, observe that Tr :M2(C) → C is a linear map, which means

Tr(αA+B) = αTr(A) + Tr(B) ∀A,B ∈M2(C), ∀α ∈ C.

This means for any two densities ρ1, ρ2 ∈ M2(C) and 0 ≤ t ≤ 1, the convex combination
(1− t)ρ1 + tρ2 also has trace 1. Indeed,

Tr((1− t)ρ1 + tρ2) = (1− t) Tr(ρ1) + tTr(ρ2) = t+ (1− t) = 1.

Second, for any fixed |ψ⟩ ∈ C2, the expectation map E|ψ⟩(A) := ⟨ψ|A|ψ⟩ is a linear map
M2(C) → C. This means for any two densities ρ1, ρ2 ∈ M2(C) and 0 ≤ t ≤ 1, the convex
combination (1− t)ρ1 + tρ2 is also positive. Indeed, for any |ψ⟩ ∈ C2,

⟨ψ|(1− t)ρ1 + tρ2|ψ⟩ = (1− t) ⟨ψ|ρ1|ψ⟩︸ ︷︷ ︸
≥0

+t ⟨ψ|ρ2|ψ⟩︸ ︷︷ ︸
≥0

≥ 0.

The result follows. ■

We can now give lots of examples of mixed states.
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Example 1.15.2 — We can write 1
2
I2 as a convex combination in multiple ways:

1

2
I2 =

1

2

[
1 0
0 0

]
+

1

2

[
0 0
0 1

]
=

1

2
|0⟩⟨0|+ 1

2
|1⟩⟨1|

1

2
I2 =

1

2

[
1 1
1 1

]
+

1

2

[
1 −1
−1 1

]
=

1

2
|+⟩⟨+|+ 1

2
|−⟩⟨−|.

Example 1.15.3 — Consider the two states |0⟩ and |1⟩. We get a mixed state by taking
a convex combination:

1

4
|0⟩⟨0|+ 3

4
|+⟩⟨+| = 1

4

[
1 0
0 0

]
+

3

8

[
1 1
1 1

]
=

1

8

[
5 3
3 3

]
.

Now we also have a geometric interpretation of the space of states in M2(C): the Bloch
sphere. In §1.7 above, we saw that the pure states are exactly the surface/boundary of the
Bloch sphere (1.7.3). The mixed states, which are non-trivial convex combinations of pure
states are then in the interior of the Bloch sphere.

There is a better way to represent these mixed states in the interior of the Bloch sphere
than using convex combinations, which did not give a unique representation as seen in
Example 1.15.2 above. First, we note that I2, X, Y, Z form a basis of M2(C), meaning that
every matrix can be written uniquely as a linear combination of these four matrices:

A = aI2 + bX + cY + dZ a, b, c, d ∈ C.

Moreover, each of I2, X, Y, Z are self-adjoint, so they form a real basis for the real vector
space of self-adjoint 2 × 2 matrices. This means every self-adjoint matrix can be written
uniquely as a linear combination of these matrices where the coefficients are in R instead of
C.

Now, note that each of X, Y, Z have trace zero, so if we write any density matrix ρ in
the I2, X, Y, Z basis, we must have that the coefficient of I2 is 1/2. We thus incorporate an
overall factor of 1/2 in our coordinates:

ρ =
1

2
(I2 + nxX + nyY + nzZ) =

1

2
(I2 + n⃗ · σ⃗) nx, ny, nz ∈ [−1, 1]. (1.15.4)

Here, we write n⃗ =

nxny
nz

 for the Bloch vector, and σ⃗ =

XY
Z

 as shorthand notation.
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z

y

x

|0⟩⟨0|= 1
2
(I2+Z)

|1⟩⟨1|= 1
2
(I2−Z)

1
2
(I2+Y )

1
2
(I2−Y )

|+⟩⟨+|= 1
2
(I2+X)

|−⟩⟨−|= 1
2
(I2−X)

n⃗

1
2
I2

1
2
(I2+n⃗·σ)

Now if we look again at the Bloch sphere geometrically, the center is 1
2
I2, and we get to the

surface by adding n⃗ · σ⃗ for some n⃗ ∈ R3 with norm exactly 1. For example, |0⟩⟨0| = 1
2
(I2+Z)

and |+⟩⟨+| = 1
2
(I2+X). The interior points exactly correspond to those n⃗ with norm strictly

less than one. We thus get the following equivalent characterizations for a state ρ to be pure:

• ρ is on the surface/boundary of the Bloch sphere, or

• the Bloch vector n⃗ of ρ has norm 1.

In order to calculate the Bloch vector for a given density ρ, we can use expectation values
as in §1.11 above. Indeed, using Exercise 1.6.11 above, we see that in the state ρ,

⟨X⟩ = Tr(Xρ) =
1

2
Tr(X + nxI2 + nyXY + nzXZ) =

nx
2

Tr(I2) = nx

and similarly ny = Tr(Y ρ) and nz = Tr(Zρ). This is another reason for the choice of overall
multiplicative factor of 1/2 for the expression (1.15.4).

In practice, if we want to prepare a particular state in a lab, we need to be able to check
that we have prepared the correct state. A process to do this is quantum state tomography.
We assume we can prepare as many copies of the same state ρ ∈M2(C) as we would like, say
a large number 3N . We can then take measurements of the observables X, Y, Z numerous
times, say N times each, and count how many times we measure ±1 for each. We call these
numbers NX

±1, N
Y
±1, N

Z
±1 respectively, where N

X
+1+N

X
−1 = N , and similarly for Y, Z. Our best

estimate for the Bloch vector is then

n̂x ≈
NX

+1 −NX
−1

N
n̂y ≈

NY
+1 −NY

−1

N
n̂z ≈

NZ
+1 −NZ

−1

N
.
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Example 1.15.5 — Suppose we have an unknown density matrix ρ, and we measure
the observables X, Y and Z 90 times each. For X, we obtain 1 on 73 measurements
and −1 on 17 measurements; for Y , we obtain 1 and −1 on 45 measurements each; for
Z, we obtain 1 on 10 measurements and −1 on 80 measurements. Our best estimate for
ρ is

ρ̂ ≈ 1

2

(
I2 +

56

90
X + 0Y − 70

90
Z

)
.

1.16 Shannon entropy

In Shannon’s original paper [Sha48], he gives axioms for a function I from (0, 1] to [0,∞)
meant to represent the amount of information or surprise that one gets from observing an
event with probability p ∈ [0, 1]. For example, if we observe an event with probability 1, we
have not learned anything, since it was sure to happen. We cannot observe an event with
probability 0, so it is is not in the domain of the function.

Axioms 1.16.1 (Axioms of information function) — We assume the function I : (0, 1] →
[0,∞) satisfies the following three properties:

(I1) If p < q, then I(p) > I(q). That is, we gain more information when a more rare
event occurs.

(I2) I(1) = 0. That is, if an event is sure to happen, we get no information.

(I3) I(pq) = I(p) + I(q). That is, if we observe two independent events, with proba-
bilities p and q, we get a sum of information from both events.

Proposition 1.16.2 — If I is twice differentiable, then I(p) = − log(p) for all p ∈ (0, 1],
up to choice of base for the logarithm.

Proof. First, we differentiate (I3) (I(pq) = I(p)+I(q)) with respect to p (holding q constant)
to get

qI ′(pq) = I ′(p).
Differentiating again with respect to q yields

I ′(pq) + pqI ′′(pq) = 0.

Now introducing a change of variables pq = r, we have the differential equation

I ′′(r) + rI ′(r) = (rI ′(r))′ = 0.

This means that rI ′(r) = c, a constant, so I ′(r) = c/r, and thus I(r) = c log(r)+k for some
constant k. By (I2), k = 0, and by (I1), c < 0. The choice of c exactly corresponds to the
choice of base for the logarithm. ■
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Given a probability distribution {p1, . . . , pn} on the set {x1, . . . , xn}, the Shannon entropy
is the expected/average information obtained from one experiment.

Definition 1.16.3 — The Shannon entropy of {p1, . . . , pn} isH({pi}) := −
∑
pi log(pi).

Shannon entropy is is a measure of uncertainty for the distribution. We will compute
two examples of this.

Example 1.16.4 — Suppose we have a weighted coin with probability of heads p and
probability of tails 1− p. The entropy of this distribution is

H(p) = −p log(p)− (1− p) log(1− p).

0 p 1

H(p)

To maximize H, we take the derivative and set it equal to zero:

H ′(p) = −1− log(p)−
(
(−1) log(1− p) + 1

)
= − log(p) + log(1− p) = 0.

We see that log(p) = log(1− p) exactly when p = 1/2, i.e., the coin is fair. (Technically,
we should check that H ′(p) changes sign at p = 1/2; we leave this to the reader.) This
makes sense: we gain the most average information from a single coin flip if the coin is
fair.

Example 1.16.5 — The entropy of the distribution {p1, . . . , pn} is

H(p1, . . . , pn) = −
n∑
i=1

pi log(pi).

To maximize H, we use the method of Lagrange multipliers. We add to H the constraint∑
pi = 1 multiplied by a scalar λ:

G(p1, . . . , pn, λ) := H(p) + λ

(
n∑
i=1

pi − 1

)
= −

n∑
i=1

pi log(pi).+ λ

(
n∑
i=1

pi − 1

)
.
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Taking partial derivatives, we see

∂G

∂pi
(p1, . . . , pn, λ) = 1− log(pi) + λ ∀ i = 1, . . . , n

∂G

∂λ
(p1, . . . , pn, λ) =

n∑
i=1

pi − 1.

Setting all these partial derivatives equal to zero, we obtain our constraint back, to-
gether with the equation λ + 1 = log(pi) for all i = 1, . . . , n. This means the critical
point happens when all pi are equal to the same value, i.e., {p1, . . . , pn} is the uniform
distribution. (Technically, we have to check that something happens at this critical point
to verify we have a local maximum, but this is left to the reader.)

One important feature of entropy in comparison to the variance of a random variable is
that entropy only depends on the distribution, and not on any random variable.

Exercise 1.16.6 — Consider the two probability distributions {p1 = 1/6, p2 = 1/3, p3 =
1/2} and {p1 = 1/6, p2 = 1/6, p3 = 2/3} on {1, 2, 3}.

(1) Which distribution has greater entropy?

(2) Let X : {1, 2, 3} → R be given by X(1) = 10, X(2) = 1 and X(3) = 2. Compute
Var(X) with respect to both distributions. Which one is greater?

1.17 von Neumann entropy

States/density matrices have their own notion of entropy due to von Neumann.

Definition 1.17.1 — The von Neumann entropy of a state ρ ∈M2(C) is

S(ρ) := −Tr(ρ log(ρ)).

Here, log(ρ) is defined in terms of the Spectral Theorem 1.9.10. Since ρ is a density
matrix, we can write

ρ = p|e1⟩⟨e1|+ (1− p)|e2⟩⟨e2|

for some ONB {|e1⟩, |e2⟩} and p ∈ [0, 1]. We then define

−ρ log(ρ) := −p log(p)|e1⟩⟨e1| − (1− p) log(1− p)|e2⟩⟨e2|.

Here, the trace Tr plays the role of the summation in the usual formula for H({pi}).
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Lemma 1.17.2 — For any A ∈M2(C) and ONB {|e1⟩, |e2⟩} of C2,

Tr(A) = ⟨e1|A|e1⟩+ ⟨e2|A|e2⟩.

Proof. Form the unitary matrix
U =

[
|e1⟩ |e2⟩

]
and observe that for all A ∈ M2(C), Tr(A) = Tr(I2A) = Tr(UU∗A) = Tr(U∗AU). But then
we calculate

Tr(U∗AU) = ⟨0|U∗AU |0⟩+ ⟨1|U∗AU |1⟩ = ⟨e1|A|e1⟩+ ⟨e2|A|e2⟩,

and the result follows. ■

Lemma 1.17.3 — For any state vector |ψ⟩ ∈ C2, Tr(|ψ⟩⟨ψ|) = 1.

Proof. Using the 2 × 2 Gram-Schmidt Algorithm 1.3.11, we can complete |ψ⟩ to an ONB
{|ψ⟩, |ϕ⟩}. Using the previous lemma,

Tr(|ψ⟩⟨ψ|) = ⟨ψ|ψ⟩⟨ψ|ψ⟩+ ⟨ϕ|ψ⟩⟨ψ|ϕ⟩ = 1. ■

Exercise 1.17.4 — Use the strategy of the above proof to give another proof that
⟨ψ|A|ψ⟩ = Tr(A|ψ⟩⟨ψ|) for any state vector |ψ⟩ and observable A ∈M2(C).

We get the following immediate corollary.

Corollary 1.17.5 — The von Neumann entropy S(ρ) is equal to the Shannon entropy
H({p, 1− p}) where

ρ = p|e1⟩⟨e1|+ (1− p)|e2⟩⟨e2|

is the spectral decomposition of ρ.

Proof. We use Lemmas 1.17.2 and 1.17.3 to calculate

S(ρ) = −Tr(ρ log(ρ)) = −p log(p) Tr(|e1⟩⟨e1|)− (1− p) log(1− p) Tr(|e2⟩⟨e2|)
= −p log(p)− (1− p) log(1− p) = H(p). ■

We now see from the above corollary that 1 is an eigenvalue of ρ if and only if S(ρ) = 0.
This is an other equivalent characterization to ρ being pure. We summarize all the equivalent
such characterizations in the theorem below.

50



Theorem 1.17.6 (Characterization of 2 × 2 pure states) — For a density matrix ρ ∈
M2(C), the following are equivalent:

(P1) ρ is pure,

(P2) ρ is not invertible,

(P3) det(ρ) = 0,

(P4) rank(ρ) = 1,

(P5) 0 is an eigenvalue of ρ,

(P6) 1 is an eigenvalue of ρ,

(P7) ρ2 = ρ

(P8) Tr(ρ2) = 1

(P9) ρ is on the surface/boundary of the Bloch sphere,

(P10) the Bloch vector of ρ has norm one, and

(P11) S(ρ) = 0.
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2 Entanglement: 2+ qubits

2.1 Introduction: Violations of Bell’s inequality

Before learning about quantum mechanics or quantum information, most people believe that
the world is made of real things which exist even when we don’t look at them, and that these
things can only be affected by other things close to it, within a reasonable amount of time.
(For example, nothing moves faster than the speed of light.) These are notions of realism and
locality. Taken together, the notion of local realism is a common belief held by most people
at some point in their lives. And if they never deal with quantum things, this assumption is
usually pretty good!

In the initial days of quantum mechanics [EPR35], Einstein and collaborators came up
with a notion of ‘spooky action at a distance’ which would violate the concept of local realism.
They posited that spins of particles are not random, but are governed by some ‘hidden
variable’ that we cannot access. Later in 1964 [Bel64], Bell came up with an experiment
that could falsify any hidden variable theory. He came up with an inequality, now referred
to as a Bell inequality, which should hold under the assumptions of local realism. He then
gave an experimental setup that one could perform to check whether this inequality holds
in the real world.

In [FC72], Bell’s prediction that his inequality would be violated in the real world came
true. Numerous experiments have been carried out since providing more evidence against
local realism. In Spring 2022, the Nobel Prize was awarded to Aspect, Clauser, Zeilinger
“for experiments with entangled photons, establishing the violation of Bell inequalities and
pioneering quantum information science,”2 telling us that quantum entanglement is a real
phenomenon in our world.

The entire premise of this module is quantum entanglement. In order to define the
notion of entanglement between two particles, we discuss tensor product Hilbert spaces, and
in particular, the tensor product space C2⊗C2. Not only will we see how to create entangled
states, but we will use quantum entanglement as a resource for quantum communication,
including the quantum teleportation protocol.

2.2 The tensor product space C2 ⊗ C2

One qubit is represented mathematically by C2 with its standard inner product. For appli-
cations to quantum information, computation, and communication, we need to be able to
work with more qubits. We represent 2 qubits by the vector space C2 ⊗ C2 with its inner
product, which we define below. There are several definitions we can give – some abstract
and some concrete. We will make the most concrete definition possible and discuss a more
abstract approach in a remark later on.

2Advanced information. NobelPrize.org. Nobel Prize Outreach AB 2023. https://www.nobelprize.
org/prizes/physics/2022/advanced-information/
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Definition 2.2.1 — Given an m× n matrix A and a p× q matrix B, the (Kronecker)
tensor product matrix A ⊗ B is the mp × nq matrix obtained from A by substituting
AijB for the if -th entry of A.

A⊗B =

A11B · · · An1B
. . . . . .

Am1B · · · AmnB

 .

Example 2.2.2 — Here are some examples of tensor products of matrices.

Z⊗X =

[
1X 0X
0X −1X

]
=


0 1 0 0
1 0 0 0
0 0 0 −1
0 0 −1 0

 X ⊗Z =

[
0Z 1Z
1Z 0Z

]
=


0 0 1 0
0 0 0 −1
1 0 0 0
0 −1 0 0



Exercise 2.2.3 — Compute A⊗B for the other 14 possibilities for A,B ∈ {I2, X, Y, Z}.

Observe that [
w
x

]
⊗
[
y
z

]
=

w
[
y
z

]
x

[
y
z

]
 =


wy
wz
xy
xz

 ∈ C4. (2.2.4)

Such a 4× 1 vector in C4 which is of the form |ψ⟩ ⊗ |η⟩ for |ψ⟩, |η⟩ ∈ C2 is called a product
vector. The space C2 ⊗ C2 is the set of all linear combinations of product vectors, i.e., we
can take sums of product vectors which are allowed to first be multiplied by scalars, e.g.:

n∑
i=1

ci|ψi⟩ ⊗ |ηi⟩ |ψ1⟩, . . . , |ψn⟩, |η1⟩, . . . , |ηn⟩ ∈ C2, c1, . . . , cn ∈ C.

By (2.2.4), C2 ⊗ C2 ⊆ C4.

Notation 2.2.5 — Product vectors in C2⊗C2 are sometimes denoted without the tensor
product symbol as |ψ⟩|η⟩, or sometimes by juxtaposing the symbols in a single ket |ψη⟩.
We will use this second notation as it involves the fewest mathematical symbols. In
summary:

C2 ⊗ C2 = span
{
|ψη⟩

∣∣|ψ⟩, |η⟩ ∈ C2
}
.

Here, the word span means we take the set of all linear combinations of product vectors
as explained above.
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Example 2.2.6 — We calculate that

|00⟩ =
[
1
0

]
⊗
[
1
0

]
=

1
[
1
0

]
0

[
1
0

]
 =


1
0
0
0

 |01⟩ =
[
1
0

]
⊗
[
0
1

]
=

1
[
0
1

]
0

[
0
1

]
 =


0
1
0
0



|00⟩ =
[
0
1

]
⊗
[
1
0

]
=

0
[
1
0

]
1

[
1
0

]
 =


0
0
1
0

 |01⟩ =
[
0
1

]
⊗
[
0
1

]
=

0
[
0
1

]
1

[
0
1

]
 =


0
0
0
1


This means that every vector in C4 can be written as a linear combination of the vec-
tors |00⟩, |01⟩, |10⟩, |11⟩. Said another way, the vectors |00⟩, |01⟩, |10⟩, |11⟩ span C4.
Since C2 ⊗ C2 ⊆ C4 by (2.2.4), we now see that in fact C4 ⊂ C2 ⊗ C2, since each
of |00⟩, |01⟩, |10⟩, |11⟩ are in C2 ⊗ C2. Thus C2 ⊗ C2 = C4.

Note that not every element in C4 is a product vector.

Exercise 2.2.7 — Write down the form of an arbitrary product vector |ψη⟩. Then use
proof by contradiction to show that |00⟩+ |11⟩ is not a product vector.

Remark 2.2.8 — Some would define C2 ⊗ C2 as a space of linear combinations of ab-
stract symbols |η⟩⊗|ψ⟩ and then say there is a map to C4 given by mapping the abstract
tensor symbol to the Kronecker product symbol. This point of view is particularly useful
when defining the tensor product of abstract Hilbert spaces, but it does not really afford
that much more generality when working with concrete Hilbert spaces.

As before with C2, we can write bras ⟨ψη| for the 4× 1 matrix ⟨ψ| ⊗ ⟨η|.

Definition 2.2.9 — The inner product on C4 = C2 ⊗ C2 is given by

〈
w1

x1
y1
z1


∣∣∣∣∣∣∣∣

w2

x2
y2
z2


〉

=
[
w1 x1 y1 z1

] 
w2

x2
y2
z2

 = w1w2 + x1x2 + y1y2 + z1z2.

Observe that {|00⟩, |01⟩, |10⟩, |11⟩} is an ONB of C2 ⊗ C2:

⟨ij|jℓ⟩ = δi=jδk=ℓ

where δi=j is the Kronecker delta symbol which is 1 if i = j and 0 otherwise. As before, every
vector in C2 ⊗ C2 can be written uniquely as a linear combination of {|00⟩, |01⟩, |10⟩, |11⟩};
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if
|Ψ⟩ = a|00⟩+ b|01⟩+ c|10⟩+ d|11⟩,

then a = ⟨00|Ψ⟩, b = ⟨01|Ψ⟩, c = ⟨10|Ψ⟩, and d = ⟨11|Ψ⟩.
We have the following alternative formula for the inner product on C2 ⊗ C2 which is

useful for taking inner products of product vectors.

Exercise 2.2.10 — Suppose |ψ1⟩, |ψ2⟩, |η1⟩, |η2⟩ ∈ C2. Use the first part of Exercise
2.2.7 to show that

⟨ψ1η1|ψ2η2⟩ = ⟨ψ1|ψ2⟩ · ⟨η1|η2⟩.

Exercise 2.2.11 — Find the 4×1 matrix representations of |++⟩, |+−⟩, |−+⟩, |−−⟩
and show they form an ONB.

As with C2, the notion of length of a vector in C2 ⊗ C2 is still given by ∥ψ∥ =
√

⟨ψ|ψ⟩,
and the notion of angle between two non-zero vectors is still given by the usual formula:

cos(θ) =
Re(⟨ψ|η⟩)

∥|ψ⟩∥ · ∥|η⟩∥
.

Remark 2.2.12 — Larger quantum systems are represented by larger numbers of qubits.
The space representing n qubits is

(C2)⊗n = C2 ⊗ C2 ⊗ · · · ⊗ C2︸ ︷︷ ︸
n copies

= C2n .

We will use this space later on when we need to.

Exercise 2.2.13 — Show that the vectors
1√
2
(|+−⟩−|−+⟩) ,|++⟩, 1√

2
(|+−⟩+|−+⟩),

| − −⟩ form an ONB. The first state is known as the “singlet” state where as the last
three are known as the “triplet” states.

Exercise 2.2.14 — Show that the tensor product of two vectors is a bilinear operation.
That is to say that for all vectors |a⟩, |b⟩, |c⟩, |d⟩ ∈ C2 and α, β, γ, δ ∈ C,

(α|a⟩+ β|b⟩)⊗ (γ|c⟩+ δ|d⟩) = αγ|a⟩ ⊗ |c⟩+ αδ|a⟩ ⊗ |d⟩+ βγ|b⟩ ⊗ |c⟩+ βδ|b⟩ ⊗ |d⟩.
(2.2.15)
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2.3 Tensor products of operators M2(C)⊗M2(C)
Just as the 2× 2 matrices in M2(C) act as operators on C2, 4× 4 matrices in M4(C) act as
operators on C4 = C2 ⊗ C2. Given A,B ∈ M2(C), we already discussed the meaning of the
operator A⊗B, which is an element ofM4(C); we will call such an operator a simple tensor.
We writeM2(C)⊗M2(C) for the subset ofM4(C) spanned by operators of the simple tensors
A⊗B.

Proposition 2.3.1 — We have an equality of sets M2(C)⊗M2(C) =M4(C).

Proof. We need to show we can write any 4× 4 matrix as a linear combination of operators
of the form A⊗B. Let Eij ∈M2(C) be the matrix with a 1 in the ij-th entry and all other
entries zero. Then Eij ⊗ Ekℓ is a 4 × 4 matrix with exactly one non-zero entry, and that
entry is equal to 1. The 16 different ways of choosing i, j, k, ℓ (which can all be either 1 or
2) give the 16 matrices in M4(C) with exactly one non-zero entry equal to 1. Thus we can
write every matrix in M4(C) as a linear combination of the simple tensors Eij ⊗ Ekℓ. ■

Exercise 2.3.2 — Compute the 4× 4 matrices corresponding to each of the 16 simple
tensors Eij ⊗ Ekℓ.

As with C4, not every 4× 4 matrix in M4(C) is a simple tensor.

Exercise 2.3.3 — Let S ∈ M4(C) be the matrix corresponding to the swap operation
|ψη⟩ 7→ |ηψ⟩.

(1) Compute the 4× 4 matrix S.
Hint: The i-th column of S is S|ei⟩ where |ei⟩ is the i-th standard basis element.

(2) Show that S is not of the form A⊗B for A,B ∈M2(C).

Exercise 2.3.4 — Show that (A ⊗ B)(C ⊗ D) = AC ⊗ BD for A,B,C,D ∈ M2(C).
Deduce that (I2 ⊗B)(A⊗ I2) = (A⊗ I2)(I2 ⊗B).

As before, we can still take the conjugate transpose of a 4× 4 matrix.

Exercise 2.3.5 — Show that (A⊗B)∗ = A∗ ⊗B∗.

It is easy to calculate the eigenvalues and eigenvectors of simple tensors A ⊗ B; we
simply calculate the individual eigenvalues and eigenvectors for A and B separately, and
then we ‘multiply’: take the products of the eigenvalues and the tensor products of their
corresponding eigenvectors. Matrices which are non-trivial linear combinations of simple
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tensors are more complicated; we will explain how to deal with them later on when we need
to.

We end this section with an important theorem for quantum information. If we want to
perform computations with qubits or transmit quantum information in some communication
protocol, we will need a way to copy qubits. The operators that do not destroy any quantum
information are the unitary operators. So it would be great if there were a unitary operator
U ∈ M2(C) ⊗M2(C) such that for any state |ψ⟩ ∈ C2, there is a phase αψ ∈ C (which is
allowed to depend on ψ!) such that

U |ψ0⟩ = αψ|ψψ⟩.

The phase αψ is to account for the fact that states are really only well-defined up to a phase.
We start with |ψ0⟩ on the right because we have one qubit of information |ψ⟩ we want to
copy, and our second qubit is allowed to be any fixed ancillary qubit that we know how to
prepare. (Without loss of generality, we can take it to be |0⟩, but we could fix it as |η⟩ for
any other choice of ancillary qubit.)

Unfortunately this universal unitary U does not exist!

Theorem 2.3.6 (No Cloning) — There is no unitary U ∈M4(C) such that for any state
|ψ⟩ ∈ C2, there is a phase αψ ∈ C such that

U |ψ0⟩ = αψ|ψψ⟩.

Proof. Suppose for contradiction that such a U exists, and let α, β be phases such that

U |00⟩ = α|00⟩ and U |+0⟩ = β|++⟩.

Since |α| = 1, rearranging the first equation and taking conjugate transpose, we have ⟨00| =
⟨00|U∗α. Since |β| = 1, rearranging the second equation, we have |++⟩ = βU |+0⟩. Now we
calculate:

1

2
= ⟨0|+⟩2 = ⟨00|++⟩ = ⟨00|U∗αβU |+0⟩ = αβ⟨00|U∗U︸︷︷︸

I2

|+0⟩ = αβ⟨00|+0⟩ = αβ⟨0|+⟩ = αβ√
2
.

But |αβ| = 1, so taking modulus of both sides, we get a contradiction. ■

Remark 2.3.7 — The above proof actually holds replacing C2 with Cn for any arbitrary
n, so that no such U ∈Mn2(C) exists. Indeed, |0⟩ and |+⟩ can be chosen to be any two
length one vectors in Cn such that ⟨0|+⟩ = 1/

√
2, like |0⟩ = |e1⟩ and |+⟩ = 1√

2
(|e1⟩+|e2⟩).
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Remark 2.3.8 — The space of operators on the n qubit space C2n is M2(C)⊗n =
M2n(C).

Exercise 2.3.9 — Is it true that for any S ∈M4(C), the singlet state

|ψ⟩ = 1√
2
(|+−⟩ − | −+⟩) and the triplet state |ϕ⟩ = 1√

2
(|+−⟩+ | −+⟩) give

⟨ψ|S|ψ⟩ = ⟨ϕ|S|ϕ⟩? (2.3.10)

If true, explain why. If false, find a counter example S ∈M4(C) where S can be expressed
in terms of sums and tensor products of Pauli matrices.

Exercise 2.3.11 (No Anti-Cloning) — Show that there is no unitary U ∈ M4(C) such
that for any state |ψ⟩ ∈ C2, there is a phase αψ ∈ C such that

U |ψψ⟩ = αψ|ψ0⟩. (2.3.12)

2.4 Pure states: entangled vs. product states

For one qubit, there were only 2 kinds of states: pure and mixed. With 2+ qubits, these
types of states can be further divided by whether they are separable or entangled. In this
section, we treat only pure states in C2 ⊗ C2, and we will discuss mixed states later.

Definition 2.4.1 — A pure state |Ψ⟩ ∈ C2 ⊗ C2 is called

• a product state if |Ψ⟩ = |ψη⟩ for some |ψ⟩, |η⟩ ∈ C2.

• entangled if it is not of the form |ψη⟩.

As before, states are only defined up to phase. Alternatively, we could discuss the density
matrices |Ψ⟩⟨Ψ| ∈M4(C) instead to get rid of this phase ambiguity.

We already saw in Exercise 2.2.7 that |00⟩ + |11⟩ is not a product vector; normalizing
provides an example of an entangled state. Here is another example.

Example 2.4.2 (Singlet states) — The singlet state is

1√
2
(|e1e2⟩ − |e2e1⟩)

for some ONB {|ei⟩, |ej⟩} of C2. In Exercise 2.4.3 below, you will show that the singlet
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state is independent of the choice of ONB! The singlet state describes two electrons
whose spins are paired along some axis.

Exercise 2.4.3 — Consider a state |e1⟩ = α|0⟩+ β|1⟩ ∈ C2.

1. Show that |e2⟩ := −β|0⟩+ α|1⟩ extends |e1⟩ to an ONB.

2. Show that
1√
2
(|e1e2⟩ − |e2e1⟩) is equal to

1√
2
(|01⟩ − |10⟩).

3. Deduce that the singlet state is independent of the choice of ONB.

Remark 2.4.4 — There is a deep reason that the singlet state is independent of the
choice of ONB coming from the advanced mathematical area of representation theory.
The main idea is that the special unitary group SU(2) of unitary 2 × 2 matrices with
determinant 1 acts on C2, and thus acts diagonally on C2 ⊗ C2. This representation
breaks up as a 1D representation spanned by the singlet state and a 3D representation.
That the singlet state is independent of the choice of ONB corresponds to the fact that
there is only one copy of this 1D representation inside C2 ⊗ C2.

Example 2.4.5 (Spooky action at a distance) — Suppose Alice and Bob have a pair of
photons or electrons in an entangled state, and separate them very far apart. To be as
concrete as possible, we will assume the state is the singlet state

|Ψ⟩ = 1√
2
(|01⟩ − |10⟩),

where the first tensor factor represents Alice’s qubit and the second tensor factor repre-
sents Bob’s qubit.

Now suppose Alice observes spin in the z-direction by measuring Pauli Z on her qubit.
We will see in §2.5 below that this corresponds to measuring the observable Z ⊗ I2, and
depending on Alice’s measurement, the state will update to the (renormalized) projection
of |Ψ⟩ to the corresponding eigenspace.

In more detail, Alice will get an answer of +1 or −1, each with probability 1/2.
If Alice measures +1, then the state will update to the projection of |Ψ⟩ to the +1
eigenspace of Z ⊗ I2, which is exactly |01⟩. If Alice measures +1, then the state will
update to the projection of |Ψ⟩ to the −1 eigenspace of Z ⊗ I2, which is exactly |10⟩.

Now observe that even though Bob has done nothing, his qubit is now in a state
which is completely determined by Alice’s measurement! It seems as though information
has been transmitted instantaneously from Alice to Bob, faster than the speed of light,
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which is impossible!
However, no information has been transferred; Bob is working with incomplete infor-

mation about the state. He has no idea which value Alice measured, and so he cannot
know his state unless Alice transmits information (which moves only as quickly as the
speed of light) to Bob. Bob’s best approximation of his state after Alice performs her
measurement is the mixed state

1

2
|0⟩⟨0|+ 1

2
|1⟩⟨1| = I2.

This is the state with maximum entropy, so Bob still has as little information as possible
about the state as possible until Alice sends him an update.

Example 2.4.6 (EPR paradox) — Example 2.4.5 was pointed out by Einstein-Podolsky-
Rosen in [EPR35], and is part of what is now called the EPR paradox. Alice can also
observe spin in the x-direction by measuring Pauli X on her qubit, which corresponds
to the observable X ⊗ I2. Now we can also write the singlet state

|Ψ⟩ = 1√
2
(|01⟩ − |10⟩) = 1√

2
(| −+⟩ − |+−⟩),

and both | − +⟩ and | + −⟩ are eigenvectors of (X ⊗ I2) corresponding to eigenvalues
−1 and +1 respectively. This means that Alice will get +1 or −1 each with probability
1/2, after which the state is updated to either |+−⟩ or | −+⟩ respectively. Again, even
though Bob has done nothing, his qubit is in a state completely determined by Alice’s
measurement.

The supposed paradox arises from the same behavior when measuring either of the
observables Z or X, which do not commute. Indeed, since Z and X do not commute,
they satisfy the Uncertainty Principle from the previous module, saying that we cannot
simultaneously know the z-spin and x-spin of an electron. Now assuming local realism
so that the two qubits cannot ‘communicate’ faster than the speed of light, the state of
Bob’s electron cannot be instantaneously affected by Alice measuring in either the z-
or x-direction. This means Alice could measure in the z-direction, and before the state
has collapsed, Bob could measure in the x-direction, so that both the z- and x-spins of
Bob’s electrons would be determined simultaneously, giving a contradiction.

Today, we have observed the failure of local realism, in particular in violations of
Bell’s inequalities, which resolves the EPR paradox. We will study Bell’s inequalities
more in §2.8 below.

Example 2.4.7 (Bell states) — Certain inequalities called Bell’s inequalities can be
proven by assuming local realism, and Bell states violate these inequalities. These are
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also referred to as EPR states as the same ‘spooky’ phenomenon can be observed using
any of these states. The Bell basis of C2 ⊗ C2 is given by{

1√
2
(|00⟩+ |11⟩), 1√

2
(|00⟩ − |11⟩), 1√

2
(|01⟩+ |10⟩), 1√

2
(|01⟩ − |10⟩)

}
.

All four of these states are entangled. The first basis element was our first example of
an entangled state, and the last basis element is the singlet state. We sometimes call
these states |β00⟩, |β01⟩, |β10⟩, |β11⟩.

Observe that we may obtain |βij⟩ from |β00⟩ by applying a ‘correction’ simple tensor
using Pauli matrices:

|βij⟩ = (Cij ⊗ I2)|β00⟩

ij Cij
00 I2
01 X
10 Z
11 ZX

(2.4.8)

Indeed, for |β11⟩, we have

|β00⟩ =
1√
2
(|00⟩+ |11⟩) X⊗I27−→ 1√

2
(|01⟩+ |10⟩) Z⊗I27−→ 1√

2
(|01⟩ − |10⟩)

Exercise 2.4.9 — Consider the ONB |e1⟩ = α|0⟩ + β|1⟩ and |e2⟩ := −β|0⟩ + α|1⟩
as in Exercise 2.4.3. Define |e1⟩ = α|0⟩ + β|1⟩ and |e2⟩ = −β|0⟩ + α|1⟩. Show that
1√
2
(|e1e1⟩+ |e2e2⟩) is equal to |β00⟩.

Remark 2.4.10 — Again, there is a deep mathematical reason that the Bell state can
be written with any ONB in this way. The main idea here is that C2⊗C2 is canonically
isomorphic to M2(C), and under this isomorphism,

1√
2
(|e1e1⟩+ |e2e2⟩) 7−→

1√
2
(|e1⟩⟨e1|+ |e2⟩⟨e2| ∈M2(C).

But by (3.2.1), this operator is exactly I2, regardless of the choice of ONB.

Exercise 2.4.11 — There is an interpretation of Pauli matrices as operators which
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rotate space. Determine which Bell state does not change (modulo a minus sign) after
applying X ⊗X, Y ⊗ Y , or Z ⊗ Z. This state is “rotationally invariant.”

Exercise 2.4.12 — As was seen in Example 2.4.7, any Bell state can be generated from
|β00⟩. Show that any Bell state can also be generated from |β11⟩ by finding C ′ij such that

|βij⟩ = (C ′ij ⊗ I2)|β11⟩. (2.4.13)

This exercise can be done starting with any Bell state.

2.5 Measurement and local measurement

We saw in §2.2 that a 2-qubit system is represented by C2 ⊗C2. This is true no matter how
far apart the qubits are from one another. Often in quantum information, we will have a
pair of qubits, one controlled by Alice and one controlled by Bob, who are separated by some
distance. Alice and Bob can each measure an observable on their respective qubits locally
which corresponds to measuring a simple tensor, and the outcome is either determined or
probabilistic depending on our axioms of observables. There are also non-local measurements
corresponding to observables which are not simple tensors. The axioms for measurements
for 2 qubit systems is entirely analogous to those for 1 qubit systems.

Axioms 2.5.1 (Axioms of quantum observables II) — Consider a quantum system con-
sisting of 2 qubits.

(QII1) A quantum state is a vector state |Ψ⟩⟨Ψ| ∈M4(C) where |Ψ⟩ ∈ C2 ⊗C2 is a state
vector.

(QII2) A quantum observable is a self-adjoint operator C ∈M4(C).

(QII3) There are two possibilities when measuring the observable C ∈M4(C):

• If |Ψ⟩ is an eigenvector of C (which is a property unchanged multiplying
|Ψ⟩ by a phase), then the outcome of the measurement is the corresponding
eigenvalue, and the state remains unchanged.

• If |Ψ⟩ is not an eigenvector of C (which is again a property unchanged mul-
tiplying |Ψ⟩ by a phase), the outcome of the measurement is probabilistic,
and occurs as follows. We denote the distinct eigenvalues of C by λ1, . . . , λk
where k ∈ {2, 3, 4} (if C is self-adjoint and has only one eigenvalue, then C
is a scalar matrix, so all vectors are eigenvectors). We will see in Theorem
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2.7.7 below that we can write |Ψ⟩ uniquely as

|Ψ⟩ = a1|Ψ1⟩+ a2|Ψ2⟩+ · · ·︸ ︷︷ ︸
k terms

up to at most 4 terms where each |Ψi⟩ is an eigenstate corresponding to
eigenvalue λi. The outcome of measuring C in state |Ψ⟩ is λi with probability
|ai|2 = |⟨Ψi|Ψ⟩|2. After measuring λi, the state changes to |Ψi⟩.

Example 2.5.2 — When C has 4 distinct eigenvalues λ1, . . . , λ4, the axioms above
are entirely similar to the case of 2 distinct eigenvalues in C2. There is an ONB
{|e1⟩, |e2⟩, |e3⟩, |e4⟩} of corresponding eigenvectors, and outcome of measuring C in state
|Ψ⟩ is λi with probability |⟨ei|Ψ⟩|2 for i = 1, 2, 3, 4, after which the state changes to |ei⟩.

Example 2.5.3 — Suppose A,B ∈ M2(C) are observables with eigenvalues λ1, λ2 and
µ1, µ2 respectively. Let {|e1⟩, |e2⟩} and {|f1⟩, |f2⟩} be respective ONBs of eigenstates for
A,B. Then A⊗ B has eigenvalues λ1µ1, λ1µ2, λ2µ1, λ2µ2 corresponding to eigenstates
|e1f1⟩, |e1f2⟩, |e2f1⟩, |e2f2⟩, respectively. Observe these eigenstates form an ONB by
Exercise 2.2.10. If the four products are distinct, then we may proceed as in the previous
example.

There are many examples of A ⊗ B in these notes where we have λiµj = ±1, each
with a 2-dimensional eigenspace, including A,B ∈ {I2, X, Y, Z} (except A = B = I2)
and other examples in §2.8 below on the CHSH inequality.

Example 2.5.4 — We will observe Z ⊗ I2 in several different states to see how the
process outlined in Axioms 2.5.1 works. First, by Example 2.5.3, the standard compu-
tational ONB is an ONB of eigenstates for Z ⊗ I2. We can separate them into two pairs
depending on the corresponding eigenvalue: |00⟩, |01⟩ have eigenvalue +1 and |10⟩, |11⟩
have eigenvalue−1. This means that we have two eigenspaces (see Example 2.6.3 below):

E1 = span{|00⟩, |01⟩} E−1 = span{|10⟩, |11⟩}.

• Suppose

|Ψ⟩ = 1√
5


2
1
0
0

 .
Then |Ψ⟩ ∈ E1 as it is a linear combination of |00⟩ and |01⟩. Thus it is an eigenstate
corresponding to λ = 1, When we observe Z ⊗ I2, we measure +1 and the state
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remains unchanged.

• Suppose |Ψ⟩ is the singlet state 1√
2
(|01⟩ − |10⟩). Observe we have written |Ψ⟩ as

a linear combination of eigenstates: |01⟩ ∈ E1 and |10⟩ ∈ E−1. When we observe
Z ⊗ I2, we measure ±1 each with probability | 1√

2
|2 = 1

2
.

• Suppose

|Ψ⟩ = 1√
3


1
1
1
0

 =
1√
3
(|00⟩+ |01⟩+ |10⟩).

We have written |Ψ⟩ as a linear combination of eigenstates for Z ⊗ I2, but two
of these eigenvalues are not distinct. We must combine these into one eigenstate
to get the unique representation in order to determine what happens when we
measure. Observe that

|Ψ⟩ = 1√
3
(|00⟩+ |01⟩+ |10⟩) =

√
2√
3

(
|00⟩+ |01⟩√

2

)
+

1√
3
|10⟩.

Thus when we measure, we get +1 with probability 2
3
after which the state changes

to 1√
2
(|00⟩ + |01⟩), or we get −1 with probability 1

3
after which the state changes

to |10⟩.

The above example is an instance of a local measurement, where we are only observing
one qubit in our 2-qubit state. In the setting where Alice and Bob share a quantum state
|Ψ⟩ ∈ C2 ⊗ C2 and each control one qubit in this 2 qubit quantum system, Alice measuring
observable A on her qubit means that she is measuring the operator A⊗I2 in state |Ψ⟩. Bob
measuring observable B on his qubit means he is measuring the operator I2⊗B in state |Ψ⟩.

Definition 2.5.5 (local measurement) — The observable C is localized to the first qubit
if C = A⊗ I2 for some A ∈M2(C); it is localized to the second qubit if C = I2 ⊗B for
some B ∈M2(C).

Remark 2.5.6 — We saw in the first module that if A,B ∈ M2(C) are commuting
observables, there is an ONB of common eigenstates for A and B. This is also true
for observables in Mn(C) for any n. In particular, for the commuting local observables
A⊗ I2 and I2 ⊗B, there is an ONB of common eigenstates.

As seen above in Example 2.5.3, when A ∈ M2(C) is an observable with 2 distinct
eigenvalues λ1, λ2 and corresponding ONB of eigenvectors {|e1⟩, |e2⟩}, A ⊗ I2 also has 2
distinct eigenvalues λ1, λ2, and choosing any ONB {|f1⟩, |f2⟩} of C2, {|e1f1⟩, |e1f2⟩} is an
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ONB of eigenstates for λ1 and {|e2f1⟩, |e2f2⟩} is an ONB of eigenstates for λ2. The outcome
of the measurement is λi with probability

|⟨eif1|Ψ⟩|2 + |⟨eif2|Ψ⟩|2.

In §2.11 below, we will connect this quantity above to the reduced density matrix of |Ψ⟩ and
the partial trace.

Exercise 2.5.7 — What are the possible measurement outcomes for the observable

(X + Z)⊗ Y ? What are their probabilities for the Bell state |β00 =
1√
2
(|00⟩+ |11⟩)?

Exercise 2.5.8 — Suppose that you and another student of quantum information are
each given one qubit from a Bell state. The Bell state has a probability of 1/2 of being
|β00⟩, 1/3 of being |β01⟩, 7/12 of being |β10⟩, and 5/12 of being |β11⟩. You measure the
observable X on your qubit and get the value +1. What is the probability that your
friend measures X and gets +1 on their qubit?

2.6 Subspaces

In Axioms 2.5.1 above, we asserted that |Ψ⟩ could be written uniquely as a linear combination
of eigenstates corresponding to distinct eigenvalues. The next two sections provide the
necessary mathematics to back up this claim. To do so, we will need the notion of a subspace
(this section) and the operator which projects onto the subspace (the next section). Some of
this material draws on the supplementary Appendix A at the end on more advanced linear
algebra. In this section, we will work in Cn, as nothing we say here is special to the case
n = 4.

Definition 2.6.1 — A subspace of Cn is a non-empty collection S of vectors such that:

(S1) S is closed under addition, i.e., |Ψ⟩, |Φ⟩ ∈ S implies |Ψ⟩+ |Φ⟩ ∈ S.

(S2) S is closed under scalar multiplication, i.e., |Ψ⟩ ∈ S and λ ∈ C implies λ|Ψ⟩ ∈ S.

Example 2.6.2 (Trivial subspaces) — The trivial subspaces of Cn are V = Cn and
V = {0}.

Example 2.6.3 (Eigenspaces) — If A ∈ Mn(C) has eigenvalue λ ∈ C, then the corre-

65



sponding eigenspace is
Eλ := {|ψ⟩ ∈ Cn|A|ψ⟩ = λ|ψ⟩} .

Eigenspaces are special examples of null spaces/kernels of matrices, which appear in the
next example.

Example 2.6.4 (Null space/kernel and image) — Suppose A is an m × n matrix. The
null space/kernel of A is

ker(A) := {|ψ⟩ ∈ Cn|A|ψ⟩ = 0} .

The image of A is

im(A) := {|ψ⟩ ∈ Cm|there is a |η⟩ ∈ Cn with |ψ⟩ = A|η⟩} = {A|η⟩||η⟩ ∈ Cn} = ACn.

Observe that if A ∈Mn(C) is a square matrix with eigenvalue λ, then Eλ = ker(A−λIn).

Exercise 2.6.5 — Verify that ker(A) ⊆ Cn and im(A) ⊆ Cm are subspaces.

Example 2.6.6 (Span) — Any collection of vectors S ⊂ Cn generates or spans a
subspace called

span(S) : = {(finite) linear combinations of elements of S}

=

{
k∑
i=1

ci|ψi⟩

∣∣∣∣∣|ψi⟩ ∈ S and ci ∈ C for i = 1, . . . , k where k ≥ 0

}
.

Exercise 2.6.7 — Verify that span(S) is a subspace.

Example 2.6.8 (Orthogonal complement) — Given a subspace V ⊆ Cn, we get another
subspace V ⊥ called its orthogonal complement defined by

V ⊥ := {|ψ⟩ ∈ Cn|⟨η|ψ⟩ = 0 for all |η⟩ ∈ V } .

Exercise 2.6.9 — Verify that V ⊥ is a subspace.
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Exercise 2.6.10 — Suppose S ⊂ Cn is some collection of vectors and V = span(S).
Show that |ψ⟩ ∈ V ⊥ if and only if ⟨η|ψ⟩ = 0 for all |η⟩ ∈ S.

Facts 2.6.11 — Every subspace V ⊆ Cn admits an ONB. All ONBs have the same
size, and this size is called dim(V ), the dimension of V . Moreover, every ONB for V
can be extended to an ONB for Cn. We will prove this in detail in Corollaries A.9.3 and
A.9.4.

Remark 2.6.12 — In practical applications, e.g., to construct the projection onto V ,
we need to be able to actually find an ONB of V rather than just know one exists.
Typically, this is done as follows:

• First, set up a matrix A corresponding to some system of linear equations defining
V . For example, V could be ker(A) or im(A) for some matrix.

• Perform the Gaussian Elimination Algorithm A.3.14 on A to obtain a matrix ref(A)
in row echelon form.

• Analyze ref(A) (e.g., use Algorithm A.6.5 for im(A)) to obtain a basis for V .

• Perform the Gram-Schmidt Algorithm A.9.1 on this basis to make in orthonormal.

In practice, one can perform all these operations in some kind of computer algebra
system, like Mathematica or Python using the numpy.linalg library.

Exercise 2.6.13 — Consider the collection of all entangled two qubit states. Do they
form a subspace? Does the collection of all unentangled two qubit states form a sub-
space?

Exercise 2.6.14 — Find a value of α ∈ C such that X + αZ has a non-trivial kernel.

2.7 Projections

Definition 2.7.1 — Suppose V ⊂ Cn is a subspace, and let {|e1⟩, . . . , |ek⟩} be an ONB
of V . The projection onto V is the operator

PV := |e1⟩⟨e1|+ |e2⟩⟨e2|+ · · · |ek⟩⟨ek| =
k∑
i=1

|ei⟩⟨ei|.
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It is independent of the choice of ONB. For every |ψ⟩ ∈ V , PV |ψ⟩ = |ψ⟩, and for every
|η⟩ ∈ V ⊥, PV |η⟩ = 0.

In fact, the above definition is independent of the choice of ONB, as we prove in the
following proposition.

Proposition 2.7.2 — The vector PV |ψ⟩ is the unique closest vector in V to |ψ⟩ ∈ Cn.

Proof. For our chosen ONB {|e1⟩, . . . , |ek⟩} of V , we may extend it to an ONB {|e1⟩, . . . , |en⟩}
of Cn by Corollary A.9.4. Given an arbitrary vector

∑k
i=1 bi|ei⟩ ∈ V , its distance squared to

|ψ⟩ =
∑n

i=1 ai|ei⟩ is∥∥∥∥∥
n∑
i=1

ai|ei⟩ −
k∑
i=1

bi|ei⟩

∥∥∥∥∥
2

=
k∑
i=1

|ai − bi|2 +
n∑
i>k

|ai|2 ≥
n∑
i>k

|ai|2 =

∥∥∥∥∥
n∑
i=1

ai|ei⟩ −
k∑
i=1

ai|ei⟩

∥∥∥∥∥
2

.

Hence the vector PV |ψ⟩ =
∑k

i=1 ai|ei⟩ ∈ V uniquely minimizes the distance to |ψ⟩. ■

Proposition 2.7.3 — Suppose V ⊆ Cn is a subspace. Every vector |ψ⟩ ∈ Cn can be
written uniquely as

|ψ⟩ = |ψV ⟩+ |ψV ⊥⟩

where |ψV ⟩ ∈ V and |ψV ⊥⟩ ∈ V ⊥.

Proof. Suppose that |ψ⟩ ∈ Cn can be written as

|ψ⟩ = |ψV ⟩+ |ψV ⊥⟩

with |ψV ⟩ ∈ V and |ψV ⊥⟩ ∈ V ⊥. Let {|e1⟩, . . . |ek⟩} be an ONB for V , and define PV as
above. Applying PV to both sides, we see that

PV |ψ⟩ = PV |ψV ⟩+ PV |ψV ⊥⟩ = |ψV ⟩,

and thus there is only one choice for |ψV ⟩. Moreover, we then must have |ψV ⊥⟩ = |ψ⟩−|ψV ⟩,
which is completely determined. It remains to prove that defining |ψV ⊥⟩ := |ψ⟩ − |ψV ⟩ gives
a vector in V ⊥. To show this, it suffices to prove it is orthogonal to each |ei⟩ by Exercise
2.6.10:

⟨ei|ψV ⊥⟩ = ⟨ei|ψ⟩ − ⟨ei|ψV ⟩ = ⟨ei|ψ⟩ − ⟨ei|PV |ψ⟩ = ⟨ei|ψ⟩ − ⟨ei|ψ⟩ = 0.

Here, we used that ⟨ei|PV = ⟨ei| by taking adjoints of the identity PV |ei⟩ = |ei⟩. ■
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Exercise 2.7.4 — Show that In − PV is the projection onto V ⊥.

Definition 2.7.5 — A partition of unity is a collection of projections P1, . . . , Pk which
are mutually orthogonal (PiPj = 0 if i ̸= j) and sum to the identity:

∑k
i=1 Pi = In.

An orthogonal direct sum decomposition of Cn is a collection of subspaces V1, . . . , Vk ⊆
Cn which are mutually orthogonal (⟨ψI |ψj⟩ = 0 whenever |ψi⟩ ∈ Vi and |ψj⟩ ∈ Vj with
i ̸= j) and sum to Cn (every |ψ⟩ ∈ Cn can be written as a sum

|ψ⟩ = |ψ1⟩+ · · ·+ |ψk⟩

with |ψi⟩ ∈ Vi for all i).

There is a one-to-one correspondence between partitions of unity and orthogonal direct
sum decompositions of Cn. Given a partition of unity, we get an orthogonal direct sum de-
composition by setting Vi := PiCn = im(Pi). Given an orthogonal direct sum decomposition
of Cn, we get a partition of unity by setting Pi := PVi . Passing between these points of view
is extremely helpful in understanding the general Spectral Theorem 2.7.7 for Cn below. We
will only state the following theorem for now; we may provide a self-contained proof in an
optional section later on.

Example 2.7.6 — We can now use the language of subspaces and projections to give
a unified rule for measuring quantum observables C ∈M4(C) in our 2-qubit state |Ψ⟩ ∈
C2 ⊗ C2, making Axioms 2.5.1 more precise. Denote the distinct eigenvalues of C by
λ1, . . . , λk, the corresponding eigenspaces of C by E1, . . . , Ek, and the corresponding
projections onto these eigenspaces by P1, . . . , Pk. The outcome of measuring C in state
|Ψ⟩ is λi with probability ⟨Ψ|Pi|Ψ⟩, which is called a projective measurement. After
measuring λi, the state changes its projection onto Ei, renormalized to have unit length.
That is, |Ψ⟩ changes to

1

∥Pi|Ψ⟩∥
· Pi|Ψ⟩.

Note that the denominator cannot be zero as ∥Pi|Ψ⟩∥2 = ⟨Ψ|P 2
i |Ψ⟩ = ⟨Ψ|Pi|Ψ⟩, which

had to be non-zero in order to observe λi!

Theorem 2.7.7 (n× n Spectral Theorem) — For an n× n matrix A, the following are
equivalent:

(Sp1) There is an ONB consisting of eigenvectors of A.

(Sp2) The eigenspaces of A give an orthogonal direct sum decomposition of Cn.

69



(Sp3) There is a diagonal matrix D and a unitary matrix U such that AU = UD.

(Sp4) There is a partition of unity P1, . . . , Pk and scalars λ1, . . . , λk ∈ C such that A =∑k
i=1 λiPi.

(Sp5) A is normal.

Proof. Most of the proof except (Sp5)⇒(Sp1) is similar to the 2× 2 Spectral Theorem.

(Sp1)⇒(Sp3): Given our ONB of eigenstates {|e1⟩, . . . , |en⟩}, set

U :=
[
|e1⟩ · · · |en⟩

]
and D := diag(λ1, . . . , λn)

where |ψi⟩ is an eigenstate corresponding to the eigenvalue λi, where the λi may not all be
distinct. The reader can check as in the 2× 2 case that AU = UD and U is unitary.

(Sp3)⇒(Sp4): Suppose AU = UD where U =
[
|e1⟩ · · · |en⟩

]
is unitary and D is diagonal.

Then as in the 2× 2 case,

A = UDU∗ =
n∑
i=1

λi|ψi⟩⟨ψi|

which is a linear combination of mutually orthogonal projections. Now it may be the case
that not all λi are distinct, so we can group the projections |ψi⟩⟨ψi| into groups corresponding
to the same eigenvalue. Summing these |ψi⟩⟨ψi| for the same eigenvalues gives the projections
Pj.

(Sp4)⇔(Sp2): This is the content of the paragraph before the statement of the theorem.

Just observe that if A =
∑k

i=1 λiPi, then im(Pi) is exactly the eigenspace of A corresponding
to λi.

(Sp4)⇒(Sp5): Just as in the 2× 2 case,(
k∑
i=1

λiPi

)∗( k∑
j=1

λjPj

)
=

k∑
i=1

|λi|2Pi =

(
k∑
j=1

λjPj

)(
k∑
i=1

λiPi

)∗
.

Here, it is important to use the fact that

P ∗i Pj = PiPj = δi=jPi = PjPi = PjP
∗
i .

(Sp5)⇒(Sp1): We omit this proof here as it would take us too far afield. The basic outline
of the proof is as follows.

• First, the characteristic polynomial det(λI−A) has a root λ1 ∈ C by the Fundamental
Theorem of Algebra.

• The root λ1 is an eigenvalue of A with a corresponding eigenvector, say |ψ1⟩, which we
may assume has norm 1. Since A is normal, λ1 is an eigenvalue of A∗ with the same
eigenvector |ψ1⟩.
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• The subspace C|ψ⟩ ⊂ Cn is invariant under both A and A∗, so we may restrict A to
C|ψ1⟩⊥ to obtain another normal (n− 1)× (n− 1) matrix named B.

• We replace A with B and repeat the above steps, which yields an ONB of Cn consisting
of eigenvectors of A. ■

Exercise 2.7.8 — Use the Spectral Theorem 2.7.7, to show that for every unitary U ,
there is a Hermitian/self-adjoint matrix H with the following two properties:

(1) The eigenspaces of U and H coincide.

(2) The eigenvalues λj of U are related to the eigenvalues µj of H by αj = eiβj .

In this sense, we say U = exp(iH). In fact, more is true; the series

∑
k≥0

(iH)k

k!
= I + iH − H2

2!
− i

H3

3!
+
H4

4!
+ · · ·

converges entry-wise to U .

Exercise 2.7.9 — Suppose we start with the state |++⟩ ∈ C4 and measure the observ-
able X ⊗ I2 + I2 ⊗X and obtain the value 0. What is the probability of then measuring
the observable Z ⊗ I2 and obtaining a value of +1?

2.8 The CHSH inequality

The exposition in this section is adapted from [NC00, p115-6].
Let’s now revisit Alice and Bob who share an entangled 2-qubit state separated by a

considerable distance. We now perform an experiment. We will need to suppose that Alice
and Bob can generate as many pairs of entangled electrons or entangled photons as they
would like, which is a reasonable assumption given experiments that can be carried out in
laboratories today. Each of Alice and Bob will pick 2 observables to measure, whose possible
measurement values are ±1, for a total of 4 observables. We’ll call these observables A1, A2

and B1, B2. For example, Alice may choose to measure her photon along the x- or z-axis.
Bob can choose any other 2 observables he chooses.

On each round of the experiment, Alice and Bob choose at random to measure one of
their two observables independently. That is, Alice chooses to measure A1 or A2, and Bob
chooses to measure B1 or B2. After many repetitions, they compare their results.

We now suppose that local realism holds, which means that each photon has an a priori
‘hidden answer’ to whether it returns +1 or −1 when asked for its measurement for A1, A2

or B1, B2 locally.
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We denote by ai the value (±1) that would be returned if Alice measures Ai for i = 1, 2.
We denote by bi the value (±1) that would be returned if Bob measures Bi for i = 1, 2. Here,
a1, a2, b1, b2 are the hidden variables possessed by the entangled photons shared by Alice and
Bob. We will only ever be able to find out 2 of these values, as Alice only measures one of
A1, A2Z and Bob only measures one of B1, B2.

Claim 2.8.1 — The random variable

R := a1b1 + a2b1 + a1b2 − a2b2 = (a1 + a2)b1 + (a1 − a2)b2

is always equal to ±2.

Proof. Since a1, a2 are both ±1, exactly one of a1+a2 or a1−a2 must be zero, and the other
is ±2. Since b1, b2 are both ±1, the claim follows. ■

We now repeat our experiment, and we calculate the expected value of our random
variable R. It is clear that the expected value of R must lie between −2 and 2:

−2 ≤ E[R] ≤ 2.

But since expected value E is linear, we also have that

−2 ≤ E[R] = E[a1b1 + a2b1 + a1b2 − a2b2] = E[a1b1] + E[a2b1] + E[a1b2]− E[a2b2] ≤ 2.

The right hand side is called a Bell inequality :

E[a1b1] + E[a2b1] + E[a1b2]− E[a2b2] ≤ 2. (2.8.2)

We now show that this Bell inequality can be violated, which means that local realism
must fail. To be as concrete as possible, we will assume that Alice and Bob are generating
as many pairs of photons in the Bell state

|Ψ⟩ = 1√
2
(|00⟩+ |11⟩)

as they would like. Alice chooses her two observables to be measuring A1 = Z and A2 = X
on her qubit. Bob chooses his two observables to be measuring

B1 = H =
1√
2

[
1 1
1 −1

]
and B2 = ZHZ =

1√
2

[
1 −1
−1 −1

]
on his qubit.

Exercise 2.8.3 — Show that Bob’s two observables B1, B2 have possible measurement
values ±1. What are the corresponding eigenstates?
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Recall that an ONB of eigenstates for Z is {|0⟩, |1⟩}, and an ONB of eigenstates for X
is {|+⟩, |−⟩}; these ONBs are mutually unbiased. In R2, these ONBs are depicted in the
diagram on the left below.

|0⟩

|1⟩

|+⟩|−⟩

π/4 ⇝

|e+1⟩

|e−1⟩

|f−1⟩

|f+1⟩

π/8
π/8

Observe that your eigenbasis {|e+1⟩, |e−1⟩} for B1 from Exercise 2.8.3 could be chosen to be a
π
8
-rotation of the standard basis. This π/8 is the same 22.5◦ that gave our previous violation

of local realism in our sequential Stern-Gerlach experiment from the previous module. Your
eigenbasis for B2 could be chosen as {|f+1⟩ = Z|e+1⟩, |f−1⟩ = Z|e−1⟩}, which flips the y-
coordinates. Multiplying |f−1⟩ by −1 , we see that again the eigenbases for B1 and B2 are
mutually unbiased.

Exercise 2.8.4 — Compute the simple tensors A1⊗B1, A2⊗B1, A2⊗B2, and A1⊗B2

as elements of M4(C).

Exercise 2.8.5 — Compute ⟨Ψ|M |Ψ⟩ for M = A1 ⊗ B1, A1 ⊗ B2, A2 ⊗ B1, A2 ⊗ B2.
What is

⟨Ψ|A1 ⊗B1|Ψ⟩+ ⟨Ψ|A1 ⊗B2|Ψ⟩+ ⟨Ψ|A2 ⊗B1|Ψ⟩ − ⟨Ψ|A2 ⊗B2|Ψ⟩?

What does this say about the CHSH Inequality (2.8.2)?

2.9 The GHSZ paradox

In this section, we provide a series of exercises guiding the reader through the GHSZ paradox
[GHSZ90, §4-5]. Our presentation was adapted directly from [ZCZW19, §1.4.1]. In the
exercises below, we consider the 3-qubit pure state

|GHSZ⟩ := 1√
2
(|000⟩+ |111⟩).

Exercise 2.9.1 — Prove that |GHSZ⟩ is entangled.
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Exercise 2.9.2 — Prove that the operators Z ⊗ Z ⊗ I2, X ⊗X ⊗X, and I2 ⊗ Z ⊗ Z
pairwise commute. There are exactly 23 = 8 simple tensors of {I2, X, Y, Z} up to sign
that one can obtain by multiplying copies of these 3 above operators together. (Why?)
For example,

(Z ⊗ Z ⊗ I2)(X ⊗X ⊗X) = ZX ⊗ ZX ⊗X = iY ⊗ iY ⊗X = −Y ⊗ Y ⊗X.

So far, we have seen 4 of these operators:

Z ⊗ Z ⊗ I2, X ⊗X ⊗X, I2 ⊗ Z ⊗ Z, −Y ⊗ Y ⊗X.

What are the other remaining 4?

Exercise 2.9.3 — Show that the set
{
(Xa ⊗ Zb ⊗Xc)|GHSZ⟩

∣∣a, b, c ∈ {0, 1}
}
is si-

multaneously an ONB of eigenvectors for the three operators Z⊗Z⊗I2, X⊗X⊗X, and
I2⊗Z ⊗Z. Then show that C|GHSZ⟩ is exactly the intersection of the +1 eigenspaces
for each of these three operators.

Exercise 2.9.4 — Compute the expectation values ⟨X ⊗ X ⊗ X⟩, ⟨−Y ⊗ Y ⊗ X⟩,
⟨−Y ⊗ X ⊗ Y ⟩, and ⟨−X ⊗ Y ⊗ Y ⟩ in the GHSZ state. Do this in 2 ways: via direct
computation and using Exercise 2.9.3.

Now suppose that each of the operators X, Y, Z have ‘hidden values’ in {±1} when acting
on the first, second, or third qubit. Note here that these ‘hidden values’ can be different
when the same operator acts on the first, second, or third qubits. We will denote these
values by v(Xi), v(Yj), and v(Zk) for i, j, k ∈ {A,B,C} where A,B,C are the labels of the
three qubits.

Suppose now that an experiment is performed which measures one of the four operators
in Exercise 2.9.4. For instance, if v(XA) = −1, v(XB) = +1, v(XC) = −1, then the observer
would measure +1 for the value ofX⊗X⊗X. However, there is no choice of the values v(Xi),
v(Yj), and v(Zk) for i, j, k ∈ {A,B,C} for which all of the expectation values calculated in
Exercise 2.9.4 can be true! That is, the following four equations are inconsistent:

⟨X ⊗X ⊗X⟩ = v(XA)(XB)v(XC) (2.9.5)

⟨−Y ⊗ Y ⊗X⟩ = −v(YA)(YB)v(XC) (2.9.6)

⟨−Y ⊗X ⊗ Y ⟩ = −v(YA)(XB)v(YC) (2.9.7)

⟨−X ⊗ Y ⊗ Y ⟩ = −v(XA)(YB)v(YC). (2.9.8)

This is the GHSZ paradox: there is no consistent choice of hidden variables which can mimic
the quantum mechanical prediction of this experiment.
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This demonstration may feel more troublesome to the reader than other quantummechan-
ical paradoxes. For example, Heisenberg’s uncertainty principle for position and momentum
measurements is troubling, but ultimately the acceptance of wave/particle duality reduces
this principle to a simple fact about waves in Fourier analysis. A wave packet is similar
enough to a particle that one can recover quickly from the initial shock.

More disturbing is violations Bell’s inequalities. The nature of locality and causality is
revealed to be inexorably linked to the randomness of quantum mechanics. As disturbing
as these violations are, the discrepancy in the predicted expectations of measurements be-
tween classical and quantum mechanical theories are a matter of scale on a continuum of
possibilities.

The GHSZ paradox forces us to confront the fact that our classical intuition about in-
formation is not merely a perturbation of a quantum truth, but is altogether incorrect when
applied to the smallest scales of information. Bell’s inequalities can be broken experimen-
tally by using the “upon repeated sampling” approach to probability theory and its relation
to scientific results. The GHSZ paradox shows us directly, without considering a probability
distribution, that our classical conception of information is fundamentally incorrect.

Exercise 2.9.9 — Prove that that the system of equations (2.9.5), (2.9.6), (2.9.7),
(2.9.8) is inconsistent.
Hint: Each of v(XA), v(XB), v(Xc), v(YA), v(YB), v(YB) appear exactly twice on the right
hand side.

2.10 Density matrices in M4(C)
In the first module, we defined the notion of a density matrix ρ to define a mixed state,
which described a classical mixture of states. In the 2 qubit setting, we can define density
matrices and mixed states the same way, but as we will see, they capture more information
about a quantum state than just a classical mixture. The following definition is made in
M4(C), but it can easily be adapted to Mn(C).

Definition 2.10.1 — A density matrix is a ρ ∈M4(C) which

• is positive (ρ ≥ 0), i.e., ⟨Ψ|ρ|Ψ⟩ ≥ 0 for all |Ψ⟩ ∈ C4, and

• has trace one, i.e., Tr(ρ) = ρ11 + ρ22 + ρ33 + ρ44 = 1.

A density matrix ρ is called a pure state if there is a state vector |Ψ⟩ ∈ C4 such that
ρ = |Ψ⟩⟨Ψ|. Otherwise, we call ρ a mixed state.

Exercise 2.10.2 — Show that the following matrices are densities. Which ones are
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pure?

1

4


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 1

4


1 1 1 1
1 1 1 1
1 1 1 1
1 1 1 1

 1

4


1 0 0 1
0 1 1 0
0 1 1 0
1 0 0 1

 1

2


1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0



Exercise 2.10.3 — Prove that |Ψ⟩⟨Ψ| is a density matrix when |Ψ⟩ ∈ C4 is a state
vector.

Remark 2.10.4 — Since the image of |Ψ⟩⟨Ψ| is equal to C|Ψ⟩ which is 1-dimensional,
we see that ρ is pure if and only if it has rank 1, i.e., the columns of ρ are all scalar
multiples of each other. In this case, it is easy to find a state vector |Ψ⟩ ∈ C4 such that
ρ = |Ψ⟩⟨Ψ|: just take any non-zero column of ρ and normalize it to get a state vector.

Again, we can use convex combinations of densities to form more densities; this is an
easy way to construct lots of examples of mixed states.

We now look at the equivalent conditions to being a pure state in M2(C), and we see
which ones still remain true forM4(C). We can immediately remove any conditions referring
to the Bloch sphere, as this was particular to M2(C). Recall that ρ ∈ M2(C) is pure if and
only if one of the following equivalent conditions hold:

(P1) ρ is pure,

(P2) ρ is not invertible,

(P3) det(ρ) = 0,

(P4) rank(ρ) = 1,

(P5) 0 is an eigenvalue of ρ,

(P6) 1 is an eigenvalue of ρ,

(P7) ρ2 = ρ

(P8) Tr(ρ2) = 1

The fourth example in Exercise 2.10.2 is a mixed state which is not invertible. This means
(P2), (P3), and (P5) are no longer equivalent to (P1). However, all the rest are still equiva-
lent.
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Theorem 2.10.5 — The following are equivalent for a density matrix ρ ∈M4(C).

(P1) ρ is pure,

(P2) rank(ρ) = 1,

(P3) 1 is an eigenvalue of ρ,

(P4) ρ2 = ρ

(P5) Tr(ρ2) = 1

Proof. The result follows from the Spectral Theorem 2.7.7 taking a spectral decomposition
of ρ:

ρ = λ1|e1⟩⟨e1|+ λ2|e2⟩⟨e2|+ λ3|e3⟩⟨e3|+ λ4|e4⟩⟨e4|
where, without loss of generality, we have

1 ≥ λ1 ≥ λ2 ≥ λ3 ≥ λ4 ≥ 0 and λ1 + λ2 + λ3 + λ4.

Since the λi are between 0 and 1 and sum to 1, every condition in the statement of the
theorem is equivalent to λ1 = 1 and all other λi = 0. ■

Exercise 2.10.6 — Show that if ρ1 and ρ2 are density matrices, so is (ρ1 + ρ2)/2.

Exercise 2.10.7 — Suppose that ρ1 and ρ2 are pure density matrices. When is it the
case that (ρ1 + ρ2)/2 is pure?

Exercise 2.10.8 — Suppose that ρ1 and ρ2 are pure density matrices in M2(C). Is
ρ1 ⊗ ρ2 pure?

Exercise 2.10.9 — Give an example of a density matrix ρ ∈ M4(C) which is mixed,
but not invertible.

By definition (see §2.4), a state vector |Ψ⟩ ∈ C2⊗C2 is either a product state of the form
|ψ⟩ ⊗ |η⟩ = |ψη⟩ or entangled. This is no longer the case for densities.

Definition 2.10.10 — A density matrix ρ ∈M4(C) is called

• a product density if it is of the form ρ1 ⊗ ρ2 for densities ρ1, ρ2 ∈M2(C),

• separable if it is a convex combination of product densities, and
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• entangled if it is not separable.

We note here that separable states are not considered entangled, but rather as classical
mixtures of product states.

Exercise 2.10.11 — Show that a vector state |Ψ⟩⟨Ψ| is either a product state or
entangled.

Exercise 2.10.12 — Suppose ρ ∈M4(C) is a density and U ∈M4(C) is a unitary.

(1) Show that U∗ρU ∈M4(C) is also a density.

(2) Show that ρ is a product density, separable, or entangled if and only if U∗ρU ∈
M4(C) is a product density, separable, or entangled respectively.

The second part of the above exercise says that entanglement does not depend on a choice
of basis, but rather is fundamental to the density itself. Moreover, entanglement can never
be achieved from a separable state under unitary time evolution.

2.11 Reduced densities and partial traces

We saw how to take measurements of local operators in §2.5 above. However, if we are merely
interested in expectations of local measurements, we can do this with only local knowledge
of our state. This is made precise in the following theorem. In this section, we use the labels
A,B to denote the first and second qubits in C2 ⊗ C2.

Proposition 2.11.1 — Suppose ρ ∈ M4(C) is a density matrix. There is a unique
reduced density matrix ρA ∈M2(C) such that

Tr4(ρ(M ⊗ I2)) = Tr2(ρ
AM) ∀M ∈M2(C). (2.11.2)

Here, we use the subscripts 2, 4 to denote which trace is applied above.

Proof. Assuming such a ρA exists, we can calculate its ij-th entry by

⟨i|ρA|j⟩ = Tr2(ρ
A|j⟩⟨i|)

= Tr4(ρ(|j⟩|i⟩ ⊗ I2)) (by assumption)

=
1∑

k,ℓ=0

⟨ℓk|ρ · (|j⟩⟨i| ⊗ I2)|ℓk⟩︸ ︷︷ ︸
δℓ=i·|jk⟩

=
1∑

k=0

⟨ik|ρ|jk⟩.
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So there is at most one operator ρA ∈M2(C) that can satisfy (2.11.2), and it is given by

⟨i|ρA|j⟩ =
1∑

k=0

⟨ik|ρ|jk⟩.

We now verify that this ρA actually does satisfy (2.11.2):

Tr4(ρ(M ⊗ I2)) =
1∑

i,k=0

⟨ik|ρ(M ⊗ I2)|ik⟩

=
1∑

i,k=0

1∑
j,ℓ=0

⟨ik|ρ |jℓ⟩⟨jℓ|︸ ︷︷ ︸
=I4

(M ⊗ I2)|ik⟩

=
1∑

i,k=0

1∑
j,ℓ=0

⟨ik|ρ|jℓ⟩⟨j|M |i⟩ ⟨ℓ|I2|k⟩︸ ︷︷ ︸
δℓ=k

=
1∑

i,j=0

(
1∑

k=0

⟨ik|ρ|jk⟩

)
︸ ︷︷ ︸

=⟨i|ρA|j⟩

⟨j|M |i⟩

=
1∑

i,j=0

⟨i|ρA |j⟩⟨j|︸ ︷︷ ︸
=I2

M |i⟩

=
1∑
i=0

⟨i|ρAM |i⟩

= Tr2(ρ
AM).

It remains to prove that ρA is again a density. First, to see ρA has trace 1, we calculate

Tr2(ρ
A) =

1∑
i=0

⟨i|ρA|i⟩ =
1∑

i,k=0

⟨ik|ρ|ik⟩ = Tr4(ρ) = 1.

To see ρA is positive, we observe that

ρA =

[
1 0 0 0
0 0 1 0

]
ρ


1 0
0 0
0 1
0 0

+

[
0 1 0 0
0 0 0 1

]
ρ


0 0
1 0
0 0
0 1

 . (2.11.3)
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Then for any |ψ⟩ ∈ C2, we have

⟨ψ|ρA|ψ⟩ = ⟨ψ|
[
1 0 0 0
0 0 1 0

]
ρ


1 0
0 0
0 1
0 0

 |ψ⟩

︸ ︷︷ ︸
=:|ψ1⟩

+⟨ψ|
[
0 1 0 0
0 0 0 1

]
ρ


0 0
1 0
0 0
0 1

 |ψ⟩

︸ ︷︷ ︸
=:|ψ2⟩

= ⟨ψ1|ρ|ψ1⟩+ ⟨ψ2|ρ|ψ2⟩,

and each of these terms on the right are non-negative. ■

We extract the following trick from the above proof.

Trick 2.11.4 — If C ∈ Mn(C) is a positive matrix, then for any m × n matrix Q,
QCQ∗ ∈Mm(C) is also positive.

Observe that the construction of ρA in the proof of Proposition 2.11.1 did not rely on ρ
being a density; the formula makes sense for any C ∈M4(C).

Definition 2.11.5 — The partial trace TrB :M4(C) →M2(C) is defined by

⟨i|TrB(C)|j⟩ :=
1∑

k=0

⟨ik|C|jk⟩.
c11 c12 c13 c14
c21 c22 c23 c24
c31 c32 c33 c34
c41 c42 c43 c44

 7−→
[
c11 + c22 c13 + c24
c31 + c42 c33 + c44

]

The name partial trace comes from the following property.

Exercise 2.11.6 — Prove that for all M,N ∈ M2(C), TrB(M ⊗ N). = Tr2(N)M In
particular, TrB(M ⊗ I2) = 2M and TrB(I2 ⊗N) = Tr2(N)I2.

Exercise 2.11.7 — Verify that TrB is also given by (2.11.3).

Using the formula (2.11.3), we see that TrB, we see that TrB is linear and positive.
(In fact, this equation shows TrB is completely positive, which is an even stronger property
important in quantum information. This is beyond the scope of these notes though.)
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Exercise 2.11.8 — Verify that the partial trace TrB has the following additional prop-
erties:

• TrB is M2(C)-bimodular in the first component, i.e., for all M1,M2 ∈ M2(C) and
C ∈M4(C),

TrB((M1 ⊗ I2)C(M2 ⊗ I2)) =M1Tr
B(C)M2.

• TrB is tracial in the second component, i.e., for all N ∈M2(C) and C ∈M4(C),

TrB((I2 ⊗N)C) = TrB(C(I2 ⊗N)).

Similar to Proposition 2.11.1 above, for every density matrix ρ ∈M4(C), there is a unique
reduced density matrix ρB ∈M2(C) such that

Tr4(ρ(I2 ⊗N)) = Tr2(ρ
BN) ∀N ∈M2(C). (2.11.9)

Again, the map ρ 7→ ρA makes sense for every matrix in M4(C).

Definition 2.11.10 — The partial trace TrA :M4(C) →M2(C) is defined by

⟨i|TrA(C)|j⟩ :=
1∑

k=0

⟨ki|C|kj⟩.
c11 c12 c13 c14
c21 c22 c23 c24
c31 c32 c33 c34
c41 c42 c43 c44

 7−→
[
c11 + c33 c12 + c34
c21 + c43 c22 + c44

]

Exercise 2.11.11 — Verify that ρB satisfies (2.11.9).

Exercise 2.11.12 — Prove that for all M,N ∈ M2(C), TrA(M ⊗ N) = Tr2(M)N In
particular, TrA(I2 ⊗N) = 2N and TrA(M ⊗ I2) = Tr2(M)I2.

Exercise 2.11.13 — Find a formula similar to (2.11.3) for TrA. Deduce that TrA is
linear and positive.
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Exercise 2.11.14 — Verify that the partial trace TrA has the following properties:

• TrA isM2(C)-bimodular in the second component, i.e., for all N1, N2 ∈M2(C) and
C ∈M4(C),

TrB((I2 ⊗N1)C(I2 ⊗N2)) = N1Tr
B(C)N2.

• TrB is tracial in the first component, i.e., for all M ∈M2(C) and C ∈M4(C),

TrB((M ⊗ I2)C) = TrB(C(M ⊗ I2)).

We close this section by proving that there is nothing special about using the computa-
tional basis {|0⟩, |1⟩} to compute the partial traces. This is an instance of Remark 3.2.2

Proposition 2.11.15 — Let {|e1⟩, |e2⟩} be another ONB for C2. The partial traces
TrA,TrB are also given by

⟨i|TrA(C)|j⟩ =
2∑

k=1

⟨eki|C|ekj⟩ and ⟨i|TrB(C)|j⟩ =
2∑

k=1

⟨iek|C|jek⟩.

Proof. We prove the second formula and leave the first to the reader. First, given any ONB
{|e1⟩, |e2⟩} of C2, I2 = |e1⟩⟨e1|+ |e2⟩⟨e2|. This means that we can write

I4 = I2 ⊗ I2 =
1∑

i,k=0

|iek⟩⟨iek| and Tr4( · ) =
1∑

i,k=0

⟨iek| · |iek⟩.

We now calculate that

Tr4(ρ(M ⊗ I2)) =
1∑

i,k=0

⟨iek|ρ(M ⊗ I2)|iek⟩

=
1∑

i,k=0

1∑
j,ℓ=0

⟨iek|ρ |jeℓ⟩⟨jeℓ|︸ ︷︷ ︸
=I4

(M ⊗ I2)|iek⟩

=
1∑

i,j=0

1∑
k,ℓ=0

⟨iek|ρ|jeℓ⟩⟨j|M |i⟩ ⟨eℓ|I2|ek⟩︸ ︷︷ ︸
δℓ=k

=
1∑

i,j=0

(
1∑

k=0

⟨iek|ρ|jek⟩

)
︸ ︷︷ ︸

=:⟨i|(ρA)′|k⟩

⟨j|M |i⟩

=
1∑

i,k=0

⟨i|(ρA)′ |j⟩⟨j|︸ ︷︷ ︸
=I2

M |i⟩
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=
1∑
i=0

⟨i|(ρA)′M |i⟩

= Tr2((ρ
A)′M).

In the sequence of equations above, we implicitly defined (ρA)′ ∈M2(C) by defining its ij-th
entry. By the above calculation, we have (ρA)′ satisfies the criterion (2.11.2), i.e.,

Tr4(ρ(M ⊗ I2)) = Tr2((ρ
A)′M) ∀M ∈M2(C),

so (ρA)′ = ρA by uniqueness in Proposition 2.11.1. Hence ⟨i|TrB(ρ)|j⟩ =
∑1

k=0⟨iek|ρ|jek⟩ as
claimed. ■

2.12 Quantum state purification

We now show that every mixed state ρ ∈M2(C) is a partial trace of a pure state in C4. This
result is known as quantum state purification.

Theorem 2.12.1 (Quantum state purification) — For every density matrix ρ ∈M2(C),
there is a state vector |Ψ⟩ ∈ C4 such that ρ = (|Ψ⟩⟨Ψ|)A = TrB(|Ψ⟩⟨Ψ|).

Proof. Let ρ =
∑1

i=0 λi|ei⟩⟨ei| be the spectral decomposition of ρ, and pick any ONB

{|f1⟩, |f2⟩} of C2. Setting |Ψ⟩ :=
∑1

i=0 λ
1/2
i |eifi⟩, we have

|Ψ⟩⟨Ψ| :=
1∑

i,j=0

λ
1/2
i λ

1/2
j |eifi⟩⟨ejfj|.

Using the formula for TrB from Proposition 2.11.15 with the ONB {|f1⟩, |f2⟩}, we see

TrB(|Ψ⟩⟨Ψ|) =
1∑

i,j=0

1∑
k=0

(I2 ⊗ ⟨fk|)
(
λ
1/2
i λ

1/2
j |eifi⟩⟨ejfj|

)
(I2 ⊗ |fk⟩) =

1∑
k=0

λk|ek⟩⟨ek| = ρ

as desired. ■

Remark 2.12.2 — There was nothing special about ρ being in M2(C) here; indeed, for
a mixed state in Mn(C), we can easily adapt the above proof by changing the top index
of summation to get a |Ψ⟩ ∈ Cn ⊗ Cn such that TrB(|Ψ⟩⟨Ψ|) = ρ.

Exercise 2.12.3 — Find a state in C4 which is a purification of the density matrix
given by I2 +X/2.
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Exercise 2.12.4 — Show that if |ψ⟩ ∈ C4 is a purification of a density matrix ρ ∈M2(C)
and U ∈M2(C) is unitary, then (I2 ⊗ U)|ψ⟩ is also a purification of ρ.

2.13 Von Neumann entropy

A qubit in a mixed state can be thought of as being entangled with its environment. The
system together with its environment is a composite system always assumed to be in a pure
state. Von Neumann entropy is a useful measure of how entangled a system is with its
environment.

Definition 2.13.1 — Let ρ be an n× n density matrix. As in §1.17, we define

S(ρ) := −Tr(ρ log(ρ)) = −
n∑
k=1
λk ̸=0

λk log(λk).

where ρ has eigenvalues λ1, λ2, ..., λn. As before, S(ρ) is exactly the Shannon entropy of
the probability distribution {λi}ni=1.

The following theorem says that if we know all the information about our (pure) quantum
state, then there is no entanglement with the environment.

Proposition 2.13.2 (Entropy of pure states) — For a density matrix ρ ∈Mn(C), S(ρ) =
0 if and only if ρ is a pure state.

Proof. First, we observe that whenever 0 ≤ λ ≤ 1, λ log(λ) ≤ 0. Thus if

S(ρ) = −
n∑
k=1
λk ̸=0

λk log(λk) = 0,

then λk log(λk) = 0 for every k. This means λk ∈ {0, 1} for all k. But because
∑

k λk =
Tr(ρ) = 1, exactly one λk = 1, and the rest are all zero. This means there is a unique
eigenvalue of ρ equal to 1, corresponding to a 1-dimensional eigenspace C|ψ⟩ for some norm
one state vector |ψ⟩. By the Spectral Theorem 2.7.7, ρ = |ψ⟩⟨ψ|.

For the other direction, suppose ρ = |ψ⟩⟨ψ|. Then in the spectral decomposition of ρ, we
have only one non-zero eigenvalue, and thus

S(ρ) = −
n∑
k=1
λk ̸=0

λk log(λk) = 0 ■
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Example 2.13.3 — By Example 1.16.5, in Cd, the maximum entropy of a density
matrix is log(d), which is achieved at a unique density, namely 1

d
Id.

Definition 2.13.4 (Bipartite entanglement entropy) — Suppose we have a quantum
system comprised of two components called A and B, usually called a bipartite system.
We will denote the total system as A ∪ B. Furthermore, denote the Hilbert spaces of
systems A and B as Ca and Cb, respectively. When we say that A ∪ B is “comprised”
of A and B, we mean that the total Hilbert space for our quantum system A ∪ B
is Ca ⊗ Cb. Let ρ be a density matrix describing the full system. We now define the
bipartite entanglement entropy of A to be the quantity SA := S(ρA) where ρA := TrB(ρ).
Similarly, we define the bipartite entanglement entropy of B to be SB := S(ρB) where
ρB := TrA(ρ).

Our next task is to show that SA = SB whenever ρ is pure. To do this, we use the
following fact.

Fact 2.13.5 — Suppose |Ψ⟩ ∈ Ca⊗Cb is a state vector. The vector state ρ = |Ψ⟩⟨Ψ| can
be obtained from either of its reduced densities ρA or ρB via Quantum State Purification
2.12.1.

The proof of this fact is beyond the scope of these notes, but it uses the Schmidt
decomposition of |Ψ⟩, which says there is a d ≤ min{a, b} and λ1, . . . , λd > 0 with∑d

i=1 λi = 1, and orthonormal sets {|e1⟩, . . . , |ed⟩} ⊂ Ca and {|f1⟩, . . . , |fd⟩} ⊂ Cb such
that

|Ψ⟩ =
d∑
i=1

√
λi|eifi⟩.

From this decomposition, we see that

ρA =
d∑

i,j=1

TrB
(√

λi
√
λj|eifi⟩⟨ejfj|

)
=

d∑
i=1

λi|ei⟩⟨ei|, (2.13.6)

and similarly,

ρB =
d∑
i=1

λi|fi⟩⟨fi|. (2.13.7)

Observe that indeed ρ = |Ψ⟩⟨Ψ| is a purification of both ρA and ρB.

Corollary 2.13.8 — For a bipartite system A ∪B in a pure state, SA = SB.
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Proof. Observe that (2.13.6) and (2.13.7) are spectral decompositions of ρA and ρB respec-
tively. From these formulas, we see that ρA and ρB have the same non-zero eigenvalues,
giving the same probability distribution {λi}. Thus

SA = S(ρA) = H({λi}) = S(ρB) = SB. ■

Exercise 2.13.9 — Compute the bipartite entanglement entropy in each of the four
Bell states.

Exercise 2.13.10 — Given a system with 10 qubits separated into two groups of 5,
give an example of a pure state with maximal bipartite entanglement entropy.

Exercise 2.13.11 — Suppose ρ ∈ M4(C) is a 2-qubit state with initial bipartite en-
tanglement entropy SA. Act a Pauli operator (X, Y, Z) on the first qubit to obtain
ρ′ = (X ⊗ I2)ρ(X ⊗ I2). What is the bipartite entanglement entropy of ρ′?
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3 Applications

3.1 Introduction: Applications of graphical calculus to quantum
information

The mathematical subject of linear algebra gets its name from the study of linear equations,
i.e., equations of the form

[
a1 a2 · · · an

]

x1
x2
...
xn

 = a1x1 + a2x2 + · · · anxn = 0,

where each variable xi appears without any exponents. Typically a homogeneous system
of linear equations (i.e., a collection of equations of the above form) can be represented by
its matrix A of coefficients, and the kernel/null space ker(A) of this matrix represents the
vector subspace of Cn of solutions. That is, the subspace of solutions consists of the set of
vectors |ψ⟩ ∈ Cn such that A|ψ⟩ = 0:

a11x1 + a12x2 + · · · a1nxn = 0

a21x1 + a22x2 + · · · a2nxn = 0

...
...

am1x1 + am2x2 + · · · amnxn = 0

↔


a11 a12 · · · a1n
a21 a22 · · · a2n
...

...
...

am1 am2 · · · amn


︸ ︷︷ ︸

A


x1
x2
...
xn


︸ ︷︷ ︸
|ψ⟩

=


0
0
...
0


︸︷︷︸

0

.

There is another way in which the adjective linear applies here; the literal equation
A|ψ⟩ = 0 is physically one dimensional when written on a page. Similarly, the defining
relation of the trace on Mn(C)

Tr(AB) = Tr(BA)

appears one dimensional when written on a page, but we will see later that this equation is
better represented in two dimensions !

Tr(AB) =
B

A

= A

B

=

A

B
= Tr(BA)

The operation of tensor product of vector/Hilbert spaces gives a second spatial dimension
in which we can write equations. This second spatial dimension of equations is elegantly
represented via the graphical calculus for finite dimensional vector/Hilbert spaces. Its origins
trace back to research in category theory of Eilenberg and Kelly [EK66], Penrose diagrams
for tensors [Pen71], and the Jones polynomial [Jon85] which in turn is deeply connected to
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string diagrams appearing in work of Temperley-Lieb in statistical mechanics [TL71] and
further developed by Kauffman [Kau87]. The graphical calculus has more recently been
championed by Joyal-Street [JS91] and work in categorical quantum mechanics by Coecke
and collaborators [CK17, HV19, CG23].

In this section, we will discuss in detail the two dimensional graphical calculus for finite
dimensional Hilbert spaces. We will then give applications of the graphical calculus to
quantum information, including quantum teleportation, superdense coding, and a non-trivial
link between these two protocols. We end with a discussion on quantum key distribution
which does not use the graphical calculus; this application could be presented right after
§2.8 on the CHSH inequality if desired.

3.2 Graphical calculus for 1 qubit

There is a powerful and elegant graphical calculus for working with tensor product spaces
(C2)⊗n. We denote a single copy of C2 by a line or string, which is sometimes drawn
vertically and sometimes drawn horizontally depending on the application. For now, we will
work with vertically drawn strings read bottom-to-top, but later on when we discuss quantum
computation and quantum circuits, we will draw our pictures horizontally read left-to-right.

We represent kets/vectors in C2 by triangular coupons attached to the bottom of the
string labelled by C2, and we represent bras/maps C2 → C by triangular coupons attached
to the top of the string. Note that the bras are the vertical reflections of the kets.

C2

ψ
:= |ψ⟩

C2

ψ
:= ⟨ψ|.

The inner product is represented by attaching the strings in the middle: C2

ψ

η

:= ⟨η|ψ⟩.

We represent operators in M2(C) by drawing boxes on the strings labelled by C2

A =

(
A11 A12

A21 A21

)
=

C2

C2

A .

The identity operator is represented simply by a string, and ket-bras are denoted by vertically
joining the ket and the bra:

I2 = C2 |ψ⟩⟨η| =
ψ

η
or

ψ

η
.
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The relation I2 = |0⟩⟨0|+|1⟩⟨1| means we may ‘break’ the string by summing over all indices:

=
0

0

+
1

1

=

e1

e1

+

e2

e2

(3.2.1)

for any ONB {|e1⟩, |e2⟩} of C2.

Remark 3.2.2 (*) — The fact that we may use any ONB above has a much wider
generalization; any time we sum over any ONB appearing as kets and bras simultane-
ously, one time each, we may replace this ONB with any other ONB. This follows by
the following computation in Maps(C2 → C)⊗ C2:

2∑
i=1

⟨ei| ⊗ |ei⟩ =
2∑
i=1

⟨ei| ⊗ I2|ei⟩ =
2∑
i=1

⟨ei| ⊗

(
2∑
j=1

|fj⟩⟨fj|

)
|ei⟩

=
2∑
i=1

2∑
j=1

⟨ei| ⊗ ⟨fj|ei⟩|fj⟩ =
2∑
i=1

2∑
j=1

⟨ei|⟨fj|ei⟩ ⊗ |fj⟩

=
2∑
i=1

2∑
j=1

⟨fj|

(
2∑
j=1

|ei⟩⟨ei|

)
⊗ |fj⟩ =

2∑
j=1

⟨fj|I2 ⊗ |fj⟩

=
2∑
j=1

⟨fj| ⊗ |fj⟩.

We multiply matrices by stacking boxes, and we act on vectors by stacking vertically:

AB =

C2

C2

C2

B

A
A|ψ⟩ =

C2

C2

ψ

A
.

Exercise 3.2.3 — How would you represent ⟨ψ|A or ⟨ψ|A|η⟩?

We represent the trace of a 2× 2 matrix by ‘capping off’ on the right:

Tr(A) = A11 + A22 = A . (3.2.4)
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We will make this notation rigorous when we introduce our notation for tensor products
below. Graphically, it should be justified that Tr(AB) = Tr(BA):

Tr(AB) =
B

A

= A

B

=

A

B
= Tr(BA) . (3.2.5)

For the time being, the middle picture does not yet make sense, but we will revisit it in
§3.4 below. We now see that that the formula ⟨η|A|ψ⟩ = Tr(|ψ⟩⟨η|A) has a nice graphical
interpretation:

C2

C2

ψ

η

A =
C2

ψ

η

A

.

3.3 Graphical calculus for 2 qubits

To denote the tensor product C2 ⊗C2 of two copies of C2, we draw two vertical strings next
to each other with space in the middle. Product vectors are denoted by drawing two kets in
C2 side-by-side, and similarly for the corresponding bras.

C2

ψ

C2

η
:= |ψη⟩

C2

ψ

C2

η
:= ⟨ψη|.

A vector |Ψ⟩ ∈ C2 ⊗ C2 that is not known to be a product vector is denoted by a triangle
coupon with two C2 lines emanating from the top:

C2 C2

Ψ
:= |Ψ⟩

C2 C2

Ψ
:= ⟨Ψ|

Again, the inner product is denoted by connecting both middle strings, and now the formula
for the inner product for product vectors from Exercise 2.2.10 becomes visibly apparent:

C2

ψ2

ψ1

C2

η2

η1

:= ⟨ψ1η1|ψ2η2⟩ = ⟨ψ1|ψ2⟩ · ⟨η1|η2⟩.

Simple tensors are denoted by two boxes on strings which are separated from each other:

A⊗B =
C2

C2

A
C2

C2

B .
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Exercise 3.3.1 — Suppose A,B ∈ M2(C). Show that A ⊗ B = (A ⊗ I2)(I2 ⊗ B).
Then show that A⊗B = (I2 ⊗B)(A⊗ I2). How do you represent this in the graphical
calculus?

Simple tensors act on product vectors by stacking as usual. Operators that are not known
to be simple tensors are denoted by a single longer box connected to both strings:

C =
C2

C2

C
C2

C2

.

The following exercise will be important when we revisit graphical calculus later on in
§3.4.

Exercise 3.3.2 — Find |Ψ⟩ ∈ C2 ⊗ C2 such that ⟨Ψ| : C2 ⊗ C2 → C is the map
|ij⟩ 7→ δi=j for i, j ∈ {0, 1}. Then prove that ⟨Ψ|ij⟩ = δi=j for i, j ∈ {+,−}.
Hint: Think of ⟨Ψ| as a 1×4 matrix and remember that the i-th column is exactly ⟨Ψ|ei⟩
where |ei⟩ is the i-th basis vector.

Exercise 3.3.3 — Use graphical calculus to show that for A,U ∈ M2(C), Tr(UAU †)
when U is unitary.

Exercise 3.3.4 — If C ∈ M4(C), how should Tr(C) be represented in graphical cal-
culus? Check your idea by using it to confirm that for A,B ∈ M2(C), Tr(A ⊗ B) =
Tr(A) Tr(B). Hint: In graphical calculus, a diagram consisting of two separate closed di-
agrams (in other words, two complex numbers) is the product of the diagrams (product
of the two complex numbers).

3.4 Graphical calculus for Bell states

We now revisit the graphical calculus and give graphical representations of the partial traces.
We will see that this graphical calculus guides our intuition about what properties we should
expect from the partial traces.

First, we denote the un-normalized Bell state
√
2|β⟩ ∈ C4 by a cup. We denote the

corresponding bra by a cap.

:= |00⟩+ |11⟩ := ⟨00|+ ⟨11|
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Exercise 3.4.1 — Show that = = .

Hint: Evaluate each on |i⟩ for i = 0, 1.

Exercise 3.4.2 — For |ψ⟩ = α|0⟩+ β|1⟩ ∈ C2, define |ψ⟩ := α|0⟩+ β|1⟩. Show that

ψ = ⟨ψ| = ψ .

Using this notation, we can now prove the correctness of (3.2.4):

M = (⟨00|+ ⟨11|)(M ⊗ I2)(|00⟩+ |11⟩)

Now the right hand side is a sum of 4 terms, but the presence of the I2 in the simple tensor
M ⊗ I2 means the contribution will be zero unless the right indices agree:

⟨00|M ⊗ I2|00⟩ + ⟨00|M ⊗ I2|11⟩ + ⟨11|M ⊗ I2|00⟩ + ⟨11|M ⊗ I2|11⟩
= ⟨0|M |0⟩ ⟨0|0⟩︸︷︷︸

=1

+ ⟨0|M |1⟩ ⟨0|1⟩︸︷︷︸
=0

+ ⟨1|M |0⟩ ⟨1|0⟩︸︷︷︸
=0

+ ⟨1|M |1⟩ ⟨1|1⟩︸︷︷︸
=1

= M11 + M22

= Tr2(M).

Exercise 3.4.3 — For M ∈M2(C), show that Tr2(M) = Γ .

We now compute the rotation

R(M) := M
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by computing each ij-th entry:

⟨i|R(M)|j⟩ = M

j

i

= (⟨00i|+ ⟨11i|)(I2 ⊗M ⊗ I2)(|j00⟩+ |j11⟩). (3.4.4)

The right hand side of the above equation expands to

⟨00i|I2 ⊗M ⊗ I2|j00⟩︸ ︷︷ ︸
nonzero only if i=0, j=0

+ ⟨00i|I2 ⊗M ⊗ I2|j11⟩︸ ︷︷ ︸
nonzero only if i=1, j=0

+ ⟨11i|I2 ⊗M ⊗ I2)|j00⟩︸ ︷︷ ︸
nonzero only if i=0, j=1

+ ⟨11i|I2 ⊗M ⊗ I2)|j11⟩︸ ︷︷ ︸
nonzero only if i=1, j=1

.

Each of the four terms above is only non-zero for a specific value of i, j. In these cases, the
above terms simplify to

⟨0|M |0⟩︸ ︷︷ ︸
i=0, j=0

+ ⟨0|M |1⟩︸ ︷︷ ︸
i=1, j=0

+ ⟨1|M |0⟩︸ ︷︷ ︸
i=0, j=1

+ ⟨1|M |1⟩︸ ︷︷ ︸
i=1, j=1

.

We thus see that
⟨i|R(M)|j⟩ = ⟨j|M |i⟩,

so R(M) =MT . We record this fact here.

Proposition 3.4.5 — The rotation R(M) = M is equal to MT . Moreover,

R(R(M)) =M.

Exercise 3.4.6 — Show that M = M .

Now using the shorthand notation

M

:= M = M ,

we can finally prove correctness of (3.2.5).
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Exercise 3.4.7 — Prove that Tr(MN) = N

M

. Deduce Tr(MN) = Tr(NM).

Using the graphical calculus, we also have a beautiful description of Tr4. We use a double
cap to represent the following un-normalized Bell state in C4 ⊗ C4:

:= |0000⟩+ |0110⟩+ |1001⟩+ |1111⟩,

As the double cup is obtained from the single cup by inserting another cup inside of it, this
un-normalized Bell state in C4 is obtained from inserting

√
2|β⟩ inside

√
2|β⟩.

Exercise 3.4.8 — Show that for all C ∈M4(C),

Tr4(C) = C = C = C .

In the second diagram in the exercise above, we simply have the tensor product of two
copies of

√
2|β⟩:

:=
√
2|β⟩ ⊗

√
2|β⟩ = |0000⟩+ |0011⟩+ |1100⟩+ |1111⟩.

3.5 Graphical calculus for partial traces

It might not be surprising that the partial traces TrA,TrB correspond to only partially
capping off C on the left/right respectively.

Proposition 3.5.1 — TrA(C) = C and TrB(C) = C .

Proof. We prove the second formula and leave the first to the reader. We compute the ij-th
entry of the operator on the right hand side above by

C

j

i

= (⟨i00|+ ⟨i11|)(C ⊗ I2)(|j00⟩+ |j11⟩).
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Again, the presence of the I2 on the right hand side of the simple tensor means that the
cross-terms do not contribute:

= ⟨i00|(C ⊗ I2)|j00⟩+ ⟨i11|(C ⊗ I2)|j11⟩

= ⟨i0|C|j0⟩+ ⟨i1|C|j1⟩ =
1∑

k=0

⟨ik|C|jk⟩ =: TrB(C)

as desired. ■

Remark 3.5.2 — The graphical interpretation of Proposition 2.11.15 is the following
alternative graphical formulas for TrA,TrB:

TrA(C) =
2∑

k=1

C

ek

ek

and TrB(C) =
2∑

k=1

C

ek

ek

where {|e1⟩, |e2⟩} is any ONB of C2.

Exercise 3.5.3 — Give a second graphical proof of the above formulas using Exercise
3.4.2.

We now connect the partial trace to the discussion of local measurement after Definition
2.5.5. When we want to measure an observable M ∈ M2(C) locally on the A qubit, and M
has 2 distinct eigenvalues λ1, λ2 and corresponding ONB of eigenvectors {|e1⟩, |e2⟩}, we may
choose any ONB {|f1⟩, |f2⟩} of the B qubit space C2. Then {|e1f1⟩, |e1f2⟩} is an ONB of
eigenstates for λ1 and {|e2f1⟩, |e2f2⟩} is an ONB of eigenstates for λ2, and the outcome of
the measurement is λi with probability

|⟨eif1|Ψ⟩|2 + |⟨eif2|Ψ⟩|2.

Observe that this probability is exactly equal to

⟨eif1|Ψ⟩⟨Ψ|eif1⟩+ ⟨eif2|Ψ⟩⟨Ψ|eif2⟩ =
2∑

k=1

|Ψ⟩⟨Ψ|

ei

ei

fk

fk

= ⟨ei|TrB(|Ψ⟩⟨Ψ|)|ei⟩,
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which is exactly the expected value of the reduced density (|Ψ⟩⟨Ψ|)A in the state |ei⟩, as
expected. Indeed, we have

⟨ei|TrB(|Ψ⟩⟨Ψ|)|ei⟩ = Tr2(Tr
B(|Ψ⟩⟨Ψ|) · |ei⟩⟨ei|)

= Tr4(|Ψ⟩⟨Ψ| · (|ei⟩⟨ei| ⊗ I2))

= ⟨Ψ|(|ei⟩⟨ei| ⊗ I2)|Ψ⟩,

which is exactly the projective measurement of |Ψ⟩ with respect to the orthogonal projection
|ei⟩⟨ei| ⊗ I2 onto the λi eigenspace of C as discussed in Example 2.7.6.

Exercise 3.5.4 — Repeat the above analysis for local measurements for the B qubit.

3.6 Quantum circuits

A quantum circuit is a sequence of initializations of quantum states, unitary operators,
measurements, and classical information channels.

Usually, we represent a quantum circuit in the diagrammatic calculus by rotating our
usual diagrams clockwise by π/2 = 90◦ in order to save space on the page. Unitary gates
are applied to an initial state, labelled on the left, and the process is read left to right. Here
is an example:

|ψ⟩ ∈ C16

Input

Classical bit

U2

U1

U3

U4

Measurment

Depth 3 quantum circuit

The depth of a quantum circuit is the minimum number of unitary operators which need to
be applied in sequence to achieve the circuit. The quantum circuit above has depth 3, since
we may apply U1 ⊗ U2 as the first operator instead of applying U1 ⊗ I4 and then I4 ⊗ U2 in
sequence.

A measurement in a quantum circuit is an observation of a single qubit using some
observable with eigenstates |0⟩, |1⟩, which produces a classical bit from the qubit. It is
represented by the symbol in the above cartoon. A circuit may also use this classical bit
as input to another unitary gate, as we will see with the quantum teleportation protocol in
§3.7 below.

Warning — We typically write the output of a function f applied to an input x as
f(x). If we then apply another function g, we obtain g(f(x)). So the composite of first
doing f and then doing g is g ◦ f , where the symbols have been swapped. In computer
science, notation for applying a function is often given as x.f , so applying g after f
yields x.f.g, and the composite of applying f and then g is f.g. Thus if we are writing
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left-to-right, computer science notation seems more intuitive, since the order of symbols
has not swapped.

Quantum circuit diagrams are also written left-to-right, as they are computer pro-
grams for a quantum computer. We can think of this diagram as applying our quantum
gates to our state |ψ⟩ by writing them on the right, similar to the x.f notation. But now
something terrible has happened; if we apply a bra ⟨η| to a ket |ψ⟩, we would obtain the
notation |ψ⟩.⟨η|, which looks like it should represent an operator, and not a scalar.

There are several ways to fix this; we could write our quantum circuits from right-to-
left, similar to mathematics notation. This offers the advantage that A|ψ⟩ would then
be represented in a diagram with A to the left of |ψ⟩, but it is against the convention
of the rest of the literature on quantum circuits. We could write our quantum circuits
from bottom-to-top, keeping our graphical calculus from the previous sections, but this
takes too much vertical space on the page to be efficient. Finally, we can just admit
defeat and live with the consequences of our choices and those that came before us.

Unfortunately, we go with this third option; such is life. As such, the reader should
be prepared to swap orders of operators in circuit diagrams written from left-to-right
with formal mathematical equations which are written right-to-left (input to output).

Example 3.6.1 — Here are examples of common unitary gates.

Name Graphical notation Operator

Identity I2

[
1 0
0 1

]
Pauli X X or ⊕

[
0 1
1 0

]
Pauli Y Y

[
0 −i
i 0

]
Pauli Z Z

[
1 0
0 −1

]
Hadamard H H

1√
2

[
1 1
1 −1

]

CNOT or CX
X

or ⊕


1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0


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CZ
Z

or


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1



Swap or
×
×


1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1



Exercise 3.6.2 — The controlled M gate C1M is the operator satisfying the rule

|ij⟩ 7−→

{
|0j⟩ if i = 0

|1⟩ ⊗M |j⟩ if i = 1.

Compute the 4× 4 matrix of C1M .

Exercise 3.6.3 — The controlled M gate C2M is the operator satisfying the rule

|ij⟩ 7−→

{
|i0⟩ if j = 0

M |i⟩ ⊗ |1⟩ if j = 1.

Compute the 4× 4 matrix of C2M .

Exercise 3.6.4 — Compute C1Z and C2Z.

Exercise 3.6.5 — Find all M ∈M2(C) such that C1M = C2M .

Example 3.6.6 — The following quantum circuit prepares the Bell state |β⟩ = 1√
2
(|00⟩+
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|11⟩) from the initial state |00⟩.

|0⟩
|0⟩

H

⊕
|Ψ⟩

After applying H to the first |0⟩, we obtain

|Ψ⟩ = 1√
2
(|0⟩+ |1⟩)|0⟩ = 1√

2
(|00⟩+ |10⟩),

and the CNOT gate preserves |00⟩, but swaps |10⟩ with |11⟩.

Example 3.6.7 — Indeed, by changing our initial state, we can prepare any element
in the Bell basis. The following quantum circuit prepares the Bell state |βij⟩ from the
initial state |ij⟩.

|i⟩
|j⟩

H

⊕
|Ψ⟩

After applying H to the first |0⟩, we obtain

|Ψ⟩ = 1√
2
(|0⟩+ (−1)i|1⟩)|j⟩ = 1√

2
(|0j⟩+ (−1)i|1j⟩).

The CNOT gate preserves |0j⟩, but swaps |1j⟩ with |1(1− j)⟩. Thus we obtain

|βij⟩ =
1√
2
(|0j⟩+ (−1)i|1(1− j)⟩).

3.7 Quantum teleportation protocol

The diagram below represents the quantum teleportation protocol [BBC+93] which trans-
ports a state |ψ⟩ controlled by Alice safely across any distance to Bob. As input, Alice and
Bob must share an entangled Bell state. The top two qubits below drawn in red are con-
trolled by Alice, and the bottom qubit drawn in blue is controlled by Bob. Alice performs
two unitary gates to her two qubits, and then measures both qubits; the measurements can
happen in either order, or at the same time, as long as she gets a classical bit for both
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channels. (Any diagonal self-adjoint operator with distinct eigenvalues will do.)

|β⟩

{|ψ⟩
|ψ⟩

m2

m1

H

⊕

Xm2 Zm1

Alices’ qubits

Bob’s qubit

|Ψ0⟩ |Ψ1⟩ |Ψ2⟩ |η⟩

(3.7.1)

Suppose Alice’s initial state is |ψ⟩ = a|0⟩+ b|1⟩, so that the initial 3-qubit state is

|Ψ0⟩ = |ψ⟩|β⟩ = (a|0⟩+ b|1⟩)
(
|00⟩+ |11⟩√

2

)
=

1√
2
(a|0⟩(|00⟩+ |11⟩) + b|1⟩(|00⟩+ |11⟩)).

After Alice applies the CNOT gate, the 3-qubit state is

|Ψ1⟩ =
1√
2
(a|0⟩(|00⟩+ |11⟩) + b|1⟩(|10⟩+ |01⟩)).

After she applies the H gate, the the 3-qubit state is

|Ψ2⟩ =
1

2
(a(|0⟩+ |1⟩)(|00⟩+ |11⟩) + b(|0⟩ − |1⟩)(|10⟩+ |01⟩)).

=
a

2
(|000⟩+ |011⟩+ |100⟩+ |111⟩) + b

2
(|001⟩+ |010⟩ − |101⟩ − |110⟩).

We now write the state |Ψ2⟩ as a linear combination of eigenstates for an operator of the
form M ⊗ I2 where M ∈ M4(C) is diagonal with 4 distinct eigenvalues, which corresponds
to the 4 outcomes 00, 01, 10, 11 of measuring both of Alice’s qubits.

|Ψ2⟩ =
1

2
(a|000⟩+ b|001⟩) + 1

2
(a|011⟩+ b|010⟩) + 1

2
(a|100⟩ − b|101⟩) + 1

2
(a|111⟩ − b|110⟩).

Observe that all of these states have the same amplitude, so all outcomes are equally likely.
This means when Alice measures her two qubits to obtain classical bits, we obtain the state
|η⟩ as follows.

Alice’s measurements Bob’s state |η⟩ Bob’s correction
00 a|0⟩+ b|1⟩ I2
01 a|1⟩+ b|0⟩ X
10 a|0⟩ − b|1⟩ Z
11 a|1⟩ − b|0⟩ ZX

(3.7.2)

If Alice measures 00, then Bob has Alice’s state |ψ⟩ as planned. Otherwise, he must apply
a correction to obtain |ψ⟩. This correction factor is exactly Zm1Xm2 , where m1,m2 ∈ {0, 1}
are Alice’s measurements. Thus Alice transmits her measurement via a classical channel to
Bob, which allows him to reconstruct |ψ⟩ exactly.
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Exercise 3.7.3 — Explain the connection between the quantum teleportation protocol,
(2.4.8), Exercise 3.4.1, and Example 3.6.6.

Exercise 3.7.4 — How do Bob’s correction operators change if Alice and Bob initially
share one of the other 3 Bell states?

Exercise 3.7.5 — Design a quantum teleportation protocol which allows Alice to trans-
port a 2-qubit state |Ψ⟩ ∈ C2⊗C2 to Bob. Recall we may represent |Ψ⟩ in the graphical
calculus by

C2 C2

Ψ
.

Can we simply transport the first qubit via (3.7.1) and then transport the second qubit
via (3.7.1)? Why or why not?

3.8 Superdense coding

The superdense coding protocol [BW92] allows Alice to communicate 2 classical bits to Bob
using 1 qubit, provided this qubit is entangled with a qubit controlled by Bob. As in the
quantum teleportation protocol, Alice and Bob share an initial Bell state |β00⟩.

Alices’ qubit

Bob’s qubits
|β00⟩

{ Cij

⊕

H i

j

|βij⟩|Ψ2⟩ |Ψ3⟩

(3.8.1)

Alice encodes her 2 classical bits ij in her qubit using the encoding operator Cij from
(2.4.8) or (3.7.2) above. The total 2-qubit state then becomes |βij⟩ as in Example 2.4.7, and
Alice transmits her qubit over to Bob. Bob then applies a CNOT gate and then a Hadamard
gate H on the first qubit to obtain

ij |βij⟩ |Ψ2⟩ |Ψ3⟩
00 1√

2
(|00⟩+ |11⟩) 1√

2
(|00⟩+ |10⟩) |00⟩

01 1√
2
(|01⟩+ |10⟩) 1√

2
(|01⟩+ |11⟩) |01⟩

10 1√
2
(|00⟩ − |11⟩) 1√

2
(|00⟩ − |10⟩) |10⟩

11 1√
2
(|01⟩ − |10⟩) 1√

2
(|01⟩ − |11⟩) |11⟩

To see how to easily compute |Ψ3⟩ from |Ψ2⟩ when applying H ⊗ I2, we note that H is a
self-adjoint unitary, and thus equal to its own inverse. This means that under H, we have

|0⟩ H7−→ 1√
2
(|0⟩+ |1⟩) H7−→ |0⟩ and |1⟩ H7−→ 1√

2
(|0⟩ − |1⟩) H7−→ |1⟩.
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We now observe that |Ψ3⟩ = |ij⟩, so when Bob measures his qubits, he exactly obtains
Alice’s bits ij.

As a final remark, we could read the quantum circuit (3.8.1) backwards by taking adjoints.
We would then see the preparation of the Bell state |βij⟩ from the initial state |ij⟩ by applying
(H ⊗ I2) and then CNOT as in Example 3.6.7. This again motivates the choice of Cij as in
(3.7.2).

3.9 Quantum teleportation correctness implies superdense coding
correctness

In this section, we show that one can deduce the correctness of the superdense coding protocol
from correctness of the quantum teleportation protocol using the graphical calculus.

The correctness of the quantum teleportation protocol (3.7.1) when the first two qubits
are measured to be i, j ∈ {0, 1} respectively is given by the following equation of string
diagrams.

}
2⟨ij|H

⊕

Cij

|β00⟩ 1√
2

2⟨βij|
= = I2 = idC2 . (3.9.1)

Now the diagram on the left in (3.9.1) above looks very different than (3.7.1); the main
differences are:

• We have drawn the Bell state |β⟩ as a cup, but multiplied by a factor of 1/
√
2.

• Instead of measuring i, j for the first two qubits, we have included a bra labelled 2⟨ij|.
In the graphical calculus, this ensures that we only measure i, j at this point. The
reason we must introduce a multiplicative factor of 2 is the normalization that occurs
when we measure i, j as the first two qubits in |Ψ2⟩ in (3.7.1). Instead of using the
Born rule that says we always obtain a state when measuring quantum observables,
applying the operator ⟨ij| ⊗ I2 to |Ψ2⟩ gives

(⟨ij| ⊗ I2)|Ψ2⟩ =
1

2
|η⟩,

as |Ψ2⟩ is a superposition of 4 eigenstates corresponding to the 4 outcomes 00, 01, 10,
11 of Alice’s local measurement.

By taking adjoints in Example 3.6.7, we see that the operator from C2 ⊗ C2 → C in the
top right dashed box is exactly 2⟨βij|. Now by (2.4.8), the correction operator Cij satisfies
|βij⟩ = (Cij ⊗ I2)|β00⟩, so taking adjoints, we have ⟨βij| = (C∗ij ⊗ I2)⟨β00|. Replacing 2⟨βij|
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by 2(C∗ij ⊗ I2)⟨β00| in (3.9.1), we obtain

√
2

C∗ij

Cij

1√
2

= C∗ij Cij = = I2

as promised above.
We now take the left hand side of (3.6.7), multiply by 1/2, and take the trace to close

off the diagram to obtain: }
⟨ij|H

⊕

Cij

1√
2

= = Tr(I2) = 2.

Exercise 3.9.2 — Show that if we replace Cij with Ckℓ in (3.9.1), we would obtain

C∗ij Ckℓ = CkℓC
∗
ij =

ij\kℓ 00 01 10 11
00 I2 X Z ZX
01 X I2 ZX Z
10 Z XZ I2 −X
11 XZ Z −X I2

.

(Note that ZXZ = −X.) Deduce that applying the trace, we get zero unless i = k and
j = ℓ.

We will see that the above exercise proves correctness of the superdense coding protocol.
Indeed, using the graphical calculus, we deform the left hand side of (3.6.7) with Cij replaced
by Ckℓ to first move the Ckℓ around the bends, and second to contract the zig-zag:}

⟨ij|H

⊕

Ckℓ

1√
2

=

}
⟨ij|H

⊕

Ckℓ

1√
2 =

}
⟨ij|H

⊕
Ckℓ

1√
2

=

}
⟨ij|H

⊕
Ckℓ1√

2|β⟩ = δk=iδℓ=j.

The final diagram is exactly the superdense coding protocol, with measurements replaced by
applying the bra ⟨ij|. Since we began with the state |β⟩ and applied the unitary gates Ckℓ⊗I2,
then CNOT, and finally H ⊗ I2, we obtain another state in the span of |00⟩, |01⟩, |10⟩, |11⟩.
The above formula says that we in fact obtain the state |kℓ⟩.
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3.10 Quantum key distribution

The structure of this section is modeled after https://mpl.mpg.de/fileadmin/user_upload/
Chekhova_Research_Group/Lecture_4_12.pdf and https://cklixx.people.wm.edu/teaching/
QC2021/QC-chapter4.pdf, [[second probably based on Quantum Computing 1st Edition by
Mikio Nakahara and Tetsuo Ohmi looking at table of contents.]]

Suppose Alice has a secret message, a bit string of length n, that she wants to securely
transmit to Bob. Using the one-time pad cryptography method, if Alice and Bob share a
secret code word, another random bit string of length n that only Alice and Bob know, then
Alice can code her secret message by adding it to the code word modulo 2.

secret message
code word

public message

0110001101
+ 1011010111

1101011010

Alice then publicly transmits the public message, which Bob can then decode by adding the
code word back again modulo 2.

public message
code word

secret message

1101011010
+ 1011010111

0110001101

If Alice and Bob are the only people to ever know this random code word, and if they never
reuse this key, this system is impossible to break.

The two protocols BB84 and E91 that follow below give a way that Alice and Bob can
share a secret random code word.

3.10.1 BB84 protocol

In the BB84 protocol [BB84], Alice chooses a random bit string a1a2 · · · ak of length consid-
erably longer that n. She then chooses a second random bit string b1b2 · · · bk of the same
length. Using bi, she encodes ai as a qubit in a particular ONB; if bi = 0, she encodes ai
using the Z-basis, and if b1 = 1, she encodes ai using the X-basis:

|ψaibi⟩ :=



{
|0⟩ if ai = 0

|1⟩ if ai = 1
if bi = 0{

|+⟩ if ai = 0

|−⟩ if ai = 1
if bi = 1

She then transmits each state |ψaibi⟩ over to Bob, who chooses the decoding basis randomly.
That is, Bob chooses another bit string b′1b

′
2 · · · b′k randomly and measures the qubit |ψaibi⟩

in the ONB for b′i, resulting in a measurement a′i. If b
′
i = bi, then a

′
i = ai, so Bob gets Alice’s

bit back. Otherwise, since the Z and X-bases are mutually unbiased, there is only a 50%
chance that a′i = ai.
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Once Bob has measured every qubit sent by Alice, Alice and Bob both publicly announce
the bit strings b1b2 · · · bk and b′1b

′
2 · · · b′k so that they know when they have chosen the same

bases. They throw out all the i such that bi ̸= b′i, and they are left with bits in which aj = a′j.

ai 1 0 1 1 0 1 0 1 1 1
bi 0 1 1 0 0 0 1 1 0 1

|ψaibi⟩ |1⟩ |+⟩ |−⟩ |1⟩ |0⟩ |1⟩ |+⟩ |−⟩ |1⟩ |−⟩
a′i ? 0 ? ? 0 ? 0 ? 1 1
b′i 1 1 0 1 0 0 1 0 0 1

In the table above, the bold bits represent those which agree between Alice and Bob; we
write ? for any a′i for which bi ̸= b′i.

In order to test for eavesdroppers, they reveal part of these shared bits in order to see
if they agree close to 100% of the time. (Usually this is around 20% of the remaining bit
string.) If they correlate very well, Alice and Bob conclude they now share a secret code
word of some length, and they can use this code word to transmit messages. If they do not
correlate well, they conclude the existence of some eavesdropper Eve. Since Eve cannot clone
qubits by the No Cloning Theorem 2.3.6, her best strategy is to transmit exactly what she
measures, but since she also does not know bi, she will likely introduce error into the system.

3.10.2 E91 protocol

One advantage of the E91 protocol [Eke91] is that we can use the qubits where Alice and Bob
choose different bases to perform the eavesdropper test. In this protocol, we suppose that
Alice and Bob share as many copies of the singlet state |Ψ−⟩ as they need, each controlling
one qubit. Alice measures her qubit in one of the following three bases at random:

operator Z H X
eigenbasis {|0⟩, |1⟩} {|h+⟩, |h−⟩} {|+⟩, |−⟩}

Bob measures his qubit in one of the following three bases at random:

operator Z H ZHZ
eigenbasis {|0⟩, |1⟩} {|h+⟩, |h−⟩} {Z|h+⟩, Z|h−⟩}

We note that when Alice or Bob measures +1, they record this as 0, and when they measure
−1, they record this as 1. (They are thus actually measuring a projection associated to a
unitary from Exercise 1.9.11.)

Now Alice and Bob measure as many qubits as they like, recording the basis in which
they measured together with the outcome. When Alice and Bob both choose the same ONB,
then their results are 100% anti-correlated by Exercise 2.4.3.

Alice’s basis Z Z X H X H Z X H
Alice’s measurement ? ? ? 0 ? ? 1 ? ?

Bob’s basis H ZHZ H H Z ZHZ Z H ZHZ
Bob’s measurement ? ? ? 1 ? ? 0 ? ?
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Exercise 3.10.1 — What is the probability that Alice and Bob choose the same ONB
in which to measure?

Now with the remaining measurements, Alice and Bob have chosen distinct bases. Notice,
however, that a subset of Alice’s measurements are in the eigenbases for A1 = Z and A2 = X,
and a subset of Bob’s measurements are in the eigenbases for B1 = H and B2 = ZHZ. They
can thus take these measurements and perform a CHSH test to check for the presence of an
eavesdropper!

Exercise 3.10.2 — With A1 = Z,A2 = X and B1 = H,B2 = ZHZ, calculate the
expected values of A1 ⊗ B1, A1 ⊗ B2, A2 ⊗ B1, and A2 ⊗ B2 in the singlet state |Ψ−⟩.
Then show that the expected value of the observable

−A1 ⊗B1 − A1 ⊗B2 + A2 ⊗B1 − A2 ⊗B2 = −A1 ⊗ (B1 +B2) + A2 ⊗ (B1 −B2)

is 2
√
2.

If no eavesdropper is present, the CHSH test should reveal a number close to 2
√
2 for the

above observable. (Note here that instead of their measurements 0, 1, Alice and Bob should
use +1,−1 when performing the CHSH test.) However, if eavesdropper Eve is present, her
best strategy is to transmit exactly what she hears, which effectively introduces a hidden
variable into the model. By similar reasoning as for the CHSH inequality, this hidden variable
would make the expectation for this observable lie between −2 and 2. Thus if Alice and
Bob do not witness a violation of this Bell inequality, they can infer the existence of an
eavesdropper begin the process anew.
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A Appendix: Supplemental linear algebra

A.1 Introduction

In this appendix, we provide an extremely short presentation of various abstract notions
from linear algebra in order to supplement the material in the previous three sections. We
only work in the vector/Hilbert space Cn rather than an abstract vector/Hilbert space for
simplicity. Sometimes, we work in an arbitrary subspace V ⊂ Cn, and proofs are written in
such a way as to apply verbatim to the case when V is an abstract vector/Hilbert space.

We try to present results/theorems as algorithms whenever possible. These algorithms
can typically be implemented in a computer algebra program like Mathematica, MATLAB,
Maple, or Python using the numpy.linalg library.

This appendix leaves out several important topics, such as determinants and character-
istic polynomials; these were presented for 2 × 2 matrices only in §1.3 and Algorithm 1.9.6
above. While a typical linear algebra course will teach 3×3 determinants, quantum informa-
tion theory quickly jumps from 2×2 matrices to 4×4 matrices, where determinants become
quite cumbersome and time consuming.

A.2 Linear independence

In this section, we give a rigorous treatment of linear independence and span.

Definition A.2.1 — Vectors |ψ1⟩, . . . , |ψk⟩ ∈ Cn are said to be linearly independent if

k∑
i=1

ci|ψi⟩ = c1|ψ1⟩+ · · · ck|ψk⟩ = 0 =⇒ c1 = c2 = · · · = ck = 0.

If |ψ1⟩, . . . , |ψk⟩ are not linearly independent, we say they are linearly dependent.

Example A.2.2 — Any set if vectors |ψ1⟩, . . . , |ψk⟩ whose zero entries form a strict
staircase pattern are linearly independent, e.g.,

2
0
0
0
0

 ,


1
2
5
0
0

 ,


6
0
7
1
0

 .
Here, we notice that there are 4 zeroes at the bottom in the vector on the left, then
2 zeroes at the bottom in the vector in the middle, and then 1 zero at the bottom in
the vector on the right. Moreover, no two vectors have the same block of zeroes at the
bottom.
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To see that these vectors are linearly independent, we set an arbitrary linear combi-
nation equal to zero:

c1


2
0
0
0
0

+ c2


1
2
5
0
0

+ c3


6
0
7
1
0

 =


2c1 + c2 + 6c3

2c2
5c2 + 7c3

c3
0

 =


0
0
0
0
0


Looking at the 4th entry, we see that c3 = 0.

2c1 + c2 + 6c3
2c2

5c2 + 7c3
c3
0

 =


0
0
0
0
0

 =⇒ c3 = 0 =⇒


2c1 + c2

2c2
5c2
0
0

 =


0
0
0
0
0

 .
Now looking at the 2nd or 3rd entry, we see c2 = 0. We then conclude that c1 = 0, so
the only linear combination which gives the zero vector is the trivial linear combination.

The fully general case can be proven using the principle of mathematical induction.

Example A.2.3 — The following vectors are linearly dependent:
1
4
7
10

 ,


2
5
8
11

 ,


3
6
9
12

 .
Indeed, we calculate that 

1
4
7
10

− 2


2
5
8
11

+


3
6
9
12

 =


0
0
0
0

 .
Thus there is a non-trivial linear combination which is equal to the zero vector.

Exercise A.2.4 — Suppose |ψ⟩ ∈ Cn is linearly dependent. What is |ψ⟩?
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Remark A.2.5 — If |ψ1⟩, . . . , |ψk⟩ are linearly dependent, then there is a minimal
1 ≤ j ≤ k such that |ψj⟩ is a linear combination of |ψ1⟩, . . . , |ψj−1⟩.

Exercise A.2.6 — Suppose |ψ1⟩, . . . , |ψk⟩ ∈ Cn and A is an m × n matrix such that
A|ψ1⟩, . . . , A|ψk⟩ ∈ Cm are linearly independent. Prove |ψ1⟩, . . . , |ψk⟩ are linearly inde-
pendent.

Proposition A.2.7 — The vectors |ψ1⟩, . . . , |ψk⟩ ∈ Cn are linearly independent if and
only if the matrix

A :=
[
|ψ1⟩ · · · |ψk⟩

]
has trivial null space/kernel, i.e., ker(A) = {0}.

Proof. The null space of A is exactly the vectors

|c⟩ =

 c1. . .
ck

 ∈ Ck

such that A|c⟩ = 0. But A|c⟩ is exactly the corresponding linear combination of the columns
of A:

A|c⟩ =
[
|ψ1⟩ · · · |ψk⟩

]  c1. . .
ck

 = c1|ψ1⟩+ · · · ck|ψk⟩.

This means the null space exactly consists of the vectors corresponding to linear combinations
of |ψ1⟩, . . . , |ψk⟩ which give the zero vector in Cn. ■

A.3 Elementary row operations and Gaussian elimination

Definition A.3.1 — Suppose A is an m × n matrix. There are three elementary row
operations one can perform on A:

(E1) Multiply a row by a non-zero scalar,

(E2) Swap two rows, and

(E3) Replace row j of A with a scalar multiple c ∈ C times row i added to row j.

These row operations are performed by multiplying A on the left by an elementary
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matrix, which is the matrix obtained from the identity matrix Im by performing the
same elementary row operation.

Example A.3.2 (Elementary operation (E1)) — We multiply the first row by 2, which
is achieved by multiplying on the left by the corresponding elementary matrix:1 2 3 4

5 6 7 8
9 10 11 12

 ⇝

2 4 6 8
5 6 7 8
9 10 11 12

 =

2 0 0
0 1 0
0 0 1


Elementary matrix

1 2 3 4
5 6 7 8
9 10 11 12



Example A.3.3 (Elementary operation (E2)) — We swap the first two rows, which is
achieved by multiplying on the left by the corresponding elementary matrix:1 2 3 4

5 6 7 8
9 10 11 12

 ⇝

5 6 7 8
1 2 3 4
9 10 11 12

 =

0 1 0
1 0 0
0 0 1


Elementary matrix

1 2 3 4
5 6 7 8
9 10 11 12



Example A.3.4 (Elementary operation (E3)) — We replace the second row R2 with
4 ·R1+R2 (4 times the first row plus the second row), which is achieved by multiplying
on the left by the corresponding elementary matrix:1 2 3 4

5 6 7 8
9 10 11 12

 ⇝

1 2 3 4
9 14 19 24
9 10 11 12

 =

1 0 0
4 1 0
0 0 1


Elementary matrix

1 2 3 4
5 6 7 8
9 10 11 12



Observe each of elementary row operation is invertible, and its inverse is an elementary
row operation of the same type. This means each elementary matrix is invertible as well.
Here is the formal definition of invertibility.

Definition A.3.5 — We call an n × n matrix A invertible if there is another n × n
matrix B such that AB = In and BA = In. We call B an inverse of A.

Observe that being a square matrix is a necessary condition to being invertible.

Example A.3.6 — We give inverses of the elementary matrices from the above exam-
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ples:2 0 0
0 1 0
0 0 1

−1 =
1

2
0 0

0 1 0
0 0 1

 ,
0 1 0
1 0 0
0 0 1

−1 =
0 1 0
1 0 0
0 0 1

 ,
1 0 0
4 1 0
0 0 1

−1 =
 1 0 0
−4 1 0
0 0 1

 .

Exercise A.3.7 — Suppose that A,B,C are n × n matrices such that AB = In and
BC = In. Prove that A = C. Deduce that inverses are unique when they exists.

Exercise A.3.8 — Prove that if A,B are two invertible n×n matrices, then AB is also
invertible.
Hint: Try B−1A−1.

Exercise A.3.9 — Show that (AB)T = BTAT . Deduce that A is invertible if and only
if AT is invertible, in which case (AT )−1 = (A−1)T .

Definition A.3.10 — We say two m × n matrices A,B are row equivalent if B can
be obtained from A by performing elementary row operations, equivalently, if B can be
obtained from A by multiplying by elementary matrices.

Since elementary matrices are invertible, one can go back and forth between row equiv-
alent matrices.

Exercise A.3.11 — Prove that row equivalence is an equivalence relation, i.e., show:

• (reflexive) for every matrix A, A is row equivalent to A,

• (symmetric) if A is row equivalent to B, then B is row equivalent to A, and

• (transitive) if A is row equivalent to B and B is row equivalent to C, then A is
row equivalent to C.

Definition A.3.12 — An m× n matrix A is said to be in row echelon form (ref) if

• The first non-zero entry of every row (if one exists) is equal to 1. We call these 1’s
pivots.

• If row i + 1 has a pivot, then row i has a pivot strictly to the left of the pivot in
row i+ 1.
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We further say that A is in reduced row echelon form (rref) if

• Every entry above a pivot is equal to zero.

Example A.3.13 — The first matrix below is in row echelon form, but the second and
third are not. 

1 2 6
0 1 7
0 0 1
0 0 0


in ref


1 2 6
0 2 0
0 1 7
0 0 1


not in ref


6 1 2
7 0 1
1 0 0
0 0 0


not in ref

In fact, every matrix is row equivalent to one in row echelon form, and every matrix is
row equivalent to a unique matrix in reduced row echelon form. The proof of this fact is the
Gaussian Elimination Algorithm A.3.14 below.

Algorithm A.3.14 (Gaussian Elimination) — The following algorithm takes an m × n
matrix A and produces a row equivalent matrix ref(A) in row echelon form.

Step 1: If A is in row echelon form, then return A.

Step 2: Find the first column with a non-zero
entry. Pick any row Ri with a non-
zero entry and perform an elementary
row operation of type (E1) on row i
to make this entry 1. Call this new
matrix A1.


0 · · · 0 ∗ ∗ · · · ∗
...

...
...

...
0 · · · 0 1 ∗ · · · ∗
...

...
...

...
0 · · · 0 ∗ ∗ · · · ∗


Step 3: Apply elementary row operations of

type (E2) to swap rows 1 and i so
that the 1 appears in the first row.
Call this new matrix A2.


0 · · · 0 1 ∗ · · · ∗
0 · · · 0 ∗ ∗ · · · ∗
...

...
...

...
...

0 · · · 0 ∗ ∗ · · · ∗


Step 4: Apply elementary row operations of

type (E3) to zero out all entries be-
low this 1 in the first row. Call this
new matrix A3.


0 · · · 0 1 ∗ · · · ∗
0 · · · 0 0 ∗ · · · ∗
...

...
...

...
...

0 · · · 0 0 ∗ · · · ∗


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Step 5: Let A′ be the lower right-hand corner
A′ of A3 consisting of unknown en-
tries. Plug A′ into Step 1 to obtain
ref(A′).


0 · · · 0 1 ∗ · · · ∗
0 · · · 0 0
...

...
... A′

0 · · · 0 0


Step 6: Replace A′ with ref(A′) in A3, and observe that this matrix is now in row echelon

form.

Remark A.3.15 — To obtain a matrix in reduced row echelon form, at the end, one
can apply elementary row operations of type (E3) to zero out all entries above a pivot.
Although ref(A) is not unique, the location of the pivots is unique. This can be deduced
from the uniqueness of rref(A), whose pivots are in the same location as the pivots in
ref(A).

Example A.3.16 — Here is an example of applying the Gaussian Elimination Algorithm
A.3.14: 1 2 3 4

5 6 7 8
9 10 11 12

 R2←R2−5R1−−−−−−−→

1 2 3 4
0 −4 −8 −12
9 10 11 12


R3←R3−9R1−−−−−−−→

1 2 3 4
0 −4 −8 −12
0 −8 −16 −24


R2←− 1

4
R2−−−−−−→

1 2 3 4
0 1 2 3
0 −8 −16 −24


R3←R3+8R2−−−−−−−→

1 2 3 4
0 1 2 3
0 0 0 0


This final matrix is in row echelon form. To obtain a matrix in reduced row echelon
form, we perform one final elementary row operation.

R1←R1−2R2−−−−−−−→

1 0 −1 −2
0 1 2 3
0 0 0 0


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A.4 Linear independence and spanning tests

We now give two important applications of the Gaussian Elimination Algorithm A.3.14. We
begin with two important lemmas.

Lemma A.4.1 — Suppose A,B are m×n matrices and U is an invertible m×m matrix
such that B = UA. Then ker(A) = ker(B).

In particular, if A and B are row equivalent, then ker(A) = ker(B).

Proof. If |ψ⟩ ∈ ker(A), then
B|ψ⟩ = UA|ψ⟩ = U0 = 0,

so |ψ⟩ ∈ ker(B). Conversely, if |ψ⟩ ∈ ker(B), then since A = U−1B,

A|ψ⟩ = U−1B|ψ⟩ = U0 = 0,

so |ψ⟩ ∈ ker(A). We deduce ker(A) = ker(B).
If A and B are row equivalent, then there are elementary row operations ek, . . . , e1 such

that B is obtained from A by applying elementary row operations (starting with 1 and then
going to k). This is equivalent to multiplying A on the left by the corresponding invertible
elementary matrices Ek, . . . , E1, i.e.,

B = Ek · · ·E1A.

Since each Ei is invertible, we also have A = E−11 · · ·E−1k B. ■

Lemma A.4.2 — Suppose the m × n matrix A =
[
|ψ1⟩ · · · |ψn⟩

]
is in row echelon

form, and suppose there are pivots in columns 1, . . . , j.

(1) |ψ1⟩, . . . , |ψj⟩ are linearly independent.

(2) If there is no pivot in column j + 1, then |ψj+1⟩ is a linear combination of
|ψ1⟩, . . . , |ψj⟩.

Proof.

(1) This follows immediately from Example A.2.2, as the zeroes at the bottom of A form a
strict staircase pattern.

(2) The first j + 1 columns of A are of the form

1 ∗ · · · ∗ c1
. . . . . .

...
...

1 ∗ cj−1
1 cj

0 · · · · · · 0 0
...

...
...

0 · · · · · · 0 0


rref−−→

[
Ij |d⟩
0 0

]
.
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Further passing to reduced row echelon form, we get a block matrix whose upper right corner
is Ij, the upper right corner is some vector |d⟩ ∈ Cj, and whose lower blocks are appropriately
sized zero matrices. This matrix clearly contains the vector

d1
...
dj
−1
0
...
0


∈ Cn

in its null space. By Lemma A.4.1, this vector is also in the null space of A, which says that

d1|ψ1⟩+ · · · dj|ψj⟩ − |ψj+1⟩ = 0 ⇐⇒ |ψj+1⟩ = d1|ψ1⟩+ · · · dj|ψj⟩.

We have thus demonstrated that |ψj+1⟩ is in the span of |ψ1⟩, . . . , |ψj⟩. ■

Algorithm A.4.3 (Linear Independence Test) — The following algorithm determines
whether a set of vector |ψ1⟩, . . . , |ψk⟩ ∈ Cn are linearly independent.

Step 1: Form the matrix A :=
[
|ψ1⟩ · · · |ψk⟩

]
.

Step 2: Row reduce the matrix to obtain ref(A).

Step 3: |ψ1⟩, . . . , |ψk⟩ are linearly independent if and only if ref(A) has a pivot in every
column.

Proof. If ref(A) has a pivot in every column, then by Lemma A.4.2(1), its columns are
linearly independent. By Proposition A.2.7, ker(ref(A)) = {0}, so ker(A) = {0} by Lemma
A.4.1. Again by Proposition A.2.7, the columns of A are linearly independent.

Conversely, if a column of ref(A) has no pivot, then by Lemma A.4.2(2), the columns
of ref(A) are linearly dependent. (Apply Lemma A.4.2(2) to the first column without a
pivot.) By Proposition A.2.7, ker(ref(A)) ̸= {0}, so ker(A) ̸= {0} by Lemma A.4.1. Again
by Proposition A.2.7, the columns of A are linearly dependent. ■

The Linear Independence Test A.4.3 proves the following essential lemma.

Corollary A.4.4 — Any collection of n+1 vectors in Cn is linearly dependent. In other
words, if S ⊂ Cn has more than n elements, then S is linearly dependent.

Proof. Suppose we have n+1 vectors |ψ1⟩, . . . , |ψn+1⟩ ∈ Cn. Apply the Linear Independence
Test A.4.3 to the matrix

A :=
[
|ψ1⟩ · · · |ψn+1⟩

]
.
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Since there are only n rows, we get at most n pivots in the row echelon form of A. Thus there
is at least one column without a pivot, and thus the columns of A are linearly dependent. ■

The contrapositive of Corollary A.4.4 statement is that if S ⊂ Cn is linearly independent,
then S has at most n elements.

Additional important facts can be deduced from the proof of the Linear Independence
Test A.4.3.

Facts A.4.5 — Suppose |ψ1⟩, . . . , |ψk⟩ ∈ Cn and form the matrixA :=
[
|ψ1⟩ · · · |ψk⟩

]
.

(1) Looking at the columns of ref(A) with pivots, the corresponding columns of A
are linearly independent. This follows by removing all original columns of A cor-
responding to the columns of ref(A) without pivots and reapplying the Linear
Independence Test A.4.3.

(2) If column j + 1 of ref(A) has no pivot, then |ψj+1⟩ is a linear combination of
|ψ1⟩, . . . , |ψj⟩. This follows by removing the columns to the left of |ψj+1⟩ whose
columns did not have pivots in ref(A) and all columns to the right of |ψj+1⟩ and
reapplying the Linear Independence Test A.4.3.

(3) Adding additional columns to the right of |ψk⟩ in A does not change the location
of the pivots in ref(A), so the total number of pivots can only increase.

Example A.4.6 — We row reduce the following matrix to find a maximal subset of the
columns which are linearly independent.1 1 0 3 1

2 2 −1 5 4
3 3 −1 8 6

 R2←R2−2R1−−−−−−−→

1 1 0 3 1
0 0 −1 −1 2
3 3 −1 8 6


R3←R3−3R1−−−−−−−→

1 1 0 3 1
0 0 −1 −1 2
0 0 −1 −1 3


R2←−R2−−−−−→

1 1 0 3 1
0 0 1 1 −2
0 0 −1 −1 3


R3←R3+R2−−−−−−−→

1 1 0 3 1
0 0 1 1 −2
0 0 0 0 1


This means the first, second, and third column of our initial matrix are linearly indepen-
dent: By Corollary A.4.4, we know we have the maximal number of linearly independent
columns.
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A.5 Computing inverses and the Square Matrix Theorem

In this section, we give an algorithm for computing the inverse of a matrix when it exists.
We begin with some important facts about inverses.

Exercise A.5.1 — Suppose A is an m× n matrix and B is an n×m matrix such that
BA = In. Show that the columns of A are linearly independent, and the columns of
B span Cn. Deduce that if A is an invertible n × n matrix, then its columns are both
linearly independent and they span Cn.
Hint: First, prove that ker(A) = {0} and apply Proposition A.2.7. Then show that each
|ei⟩ lies in the span of the columns of B by multiplying B on the left of the i-th column
of A.

Exercise A.5.2 — Suppose the n × n matrix A has a row of zeroes. Show A is not
invertible. What if A has a column of zeroes?

Lemma A.5.3 — An n× n matrix A is invertible if and only if A is row equivalent to
In.

Proof. Suppose A is row equivalent to In, so there are elementary matrices Ek, . . . , E1 such
that Ek · · ·E1A = In. Since each of the Ei’s in invertible, we can multiply the inverses in
the reverse order to see

A = E−11 · · ·E−1k Ek · · ·E1A = E−11 · · ·E−1k IN = E−11 · · ·E−1k .

But we have just demonstrated that A is a product of elementary matrices which are invert-
ible, so A is invertible by Exercise A.3.8.

Now suppose A is not row equivalent to In, so that rref(A) must have a row of zeroes.
Then there is clearly a row of rref(A) without a pivot, and since A is square, there is also a
column of rref(A) without a pivot. By the Linear Independence Test A.4.3, the columns of
A are not linearly independent. This means that A is not invertible by Exercise A.5.1. ■

Example A.5.4 — We row reduce the following matrix to determine if it is invertible:

A :=

1 2 3
4 5 6
7 8 9

 R2←R2−4R1−−−−−−−→

1 2 3
0 −3 −6
7 8 9


R3←R3−7R1−−−−−−−→

1 2 3
0 −3 −6
0 −6 −12


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R2←−1
3
R2−−−−−−→

1 2 3
0 1 2
0 −6 −12


R3←R3+6R1−−−−−−−→

1 2 3
0 1 2
0 0 0

 .
We see that this row echelon form of A does not have a pivot in the final column, so A
cannot be row equivalent to I3. We conclude that A is not invertible.

We only apply the following algorithm to square matrices, as being square is necessary
for being invertible.

Algorithm A.5.5 (Inverse) — Suppose A is an n× n matrix.

Step 1: Form the matrix B :=
[
A In

]
.

Step 2: Row reduce B to obtain rref(B).

Step 3: A is invertible if and only if rref(B) has a pivot in each of the first n columns.
In this case,

rref(B) =
[
In A−1

]
.

Proof. Adding In as additional columns to A to form B and row reducing will not change
the location of the pivots in rref(B), so

rref(B) =
[
rref(A) B′

]
.

for some other n×n matrix B′. By Lemma A.5.3, A is invertible if and only if rref(A) = In,
which gives the first statement in Step 3.

Now suppose A is invertible. Then there are elementary matrices Ek, . . . , E1 such that
Ek · · ·E1A = In. This means A = E−11 · · ·E−1k , so A−1 = Ek · · ·E1 by Exercise A.3.8.
Finally, we observe

Ek · · ·E1B := Ek · · ·E1

[
A In

]
=
[
Ek · · ·E1A Ek · · ·E1In

]
=
[
In Ek · · ·E1

]
= rref(B),

as claimed. ■

Example A.5.6 — We apply the Inverse Algorithm A.5.5 to compute the inverse of
the following 3× 3 matrix on the left hand side of the pipe (if it exists): 1 2 0 1 0 0

0 1 −1 0 1 0
1 0 1 0 0 1

 R3←R3−R1−−−−−−−→

 1 2 0 1 0 0
0 1 −1 0 1 0
0 −2 1 −1 0 1


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R3←R3+2R2−−−−−−−→

 1 2 0 1 0 0
0 1 −1 0 1 0
0 0 −1 −1 2 1


R3←−R3−−−−−→

 1 2 0 1 0 0
0 1 −1 0 1 0
0 0 1 1 −2 −1

 (ref)

R1←R1−2R2−−−−−−−→

 1 0 2 1 −2 0
0 1 −1 0 1 0
0 0 1 1 −2 −1


R1←R1−2R3−−−−−−−→

 1 0 0 −1 2 2
0 1 −1 0 1 0
0 0 1 1 −2 −1


R2←R2+R3−−−−−−−→

 1 0 0 −1 2 2
0 1 0 1 −1 −1
0 0 1 1 −2 −1

 (rref)

Indeed, our initial 3 × 3 matrix is invertible. We can now verify we have the correct
inverse by direct multiplication:1 2 0

0 1 −1
1 0 1

−1 2 2
1 −1 −1
1 −2 −1

 = I3,

and similarly for multiplication in the other direction.

As an application, we can prove the Spanning Test, which is analogous to the Linear
Independence Test A.4.3.

Algorithm A.5.7 (Spanning Test) — The following algorithm determines whether a set
of vectors |ψ1⟩, . . . , |ψk⟩ ∈ Cn span Cn.

Step 1: Form the matrix A :=
[
|ψ1⟩ · · · |ψk⟩

]
.

Step 2: Row reduce the matrix to obtain ref(A).

Step 3: |ψ1⟩, . . . , |ψk⟩ span Cn if and only if ref(A) has a pivot in every row.

Proof. Suppose ref(A) has a pivot in every row. Then n ≤ k, and by reordering and
relabelling |ψ1⟩, . . . , |ψk⟩, we may assume all the pivots appear in the first n columns of
ref(A). We now claim |ψ1⟩, . . . , |ψn⟩ span Cn. Indeed, let |η⟩ ∈ Cn and row reduce the
matrix

B :=
[
A |η⟩

]
=
[
|ψ1⟩ · · · |ψn⟩ |η⟩

]
.
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Adding additional columns to the right does not change the location of the pivots of ref(B),
so there is still a pivot in every row of B, these pivots appear in the first n columns of B,
and there is no pivot in the final column of ref(B). By Lemma A.4.2(1), |η⟩ is in the span
of |ψ1⟩, . . . , |ψn⟩ as claimed.

Suppose now ref(A) has a row without a pivot. Again, we may reorder and relabel
|ψ1⟩, . . . , |ψk⟩ so that all pivots appear in the first j < n columns of ref(A), and no pivots
occur in the the last k − j columns. By Facts A.4.5(2), the |ψi⟩ for i > j are all in the span
of |ψ1⟩, . . . , |ψj⟩, so deleting them does not affect the span. We now row reduce the matrix

C :=
[
|ψ1⟩ · · · |ψj⟩ |e1⟩ · · · |en⟩

]
=
[
A′ In

]
where A′ :=

[
|ψ1⟩ · · · |ψj⟩

]
.

We claim that rref(C) has a pivot in every row. Indeed, since rref(C) is obtained by left
multiplying by elementary matrices Ek, . . . , E1, we obtain

rref(C) = Ek · · ·E1C =
[
Ek · · ·E1A

′ Ek · · ·E1

]
.

Since Ek · · ·E1 is invertible, it cannot have a row of all zeroes by Exercise A.5.2. This
means every column of rref(C) must have a pivot in every row as claimed. By the Linear
Independence Test A.4.3, this means there is an |ei⟩ such that |ψ1⟩, . . . , |ψj⟩, |ei⟩ is linearly
independent, i.e., |ei⟩ is not in the span of |ψ1⟩, . . . , |ψj⟩. ■

The following essential corollary now follows immediately.

Corollary A.5.8 — No set of n− 1 vectors can span Cn.

Proof. If we row reduce A :=
[
|ψ1⟩ · · · |ψn−1⟩

]
, there are at most n − 1 pivots, so there

will be a row without a pivot. ■

We end this section by collecting many equivalent statements about invertibility.

Theorem A.5.9 (n×n Square Matrix Theorem) — For an n×n matrix A, the following
are equivalent.

(S1) A is invertible.

(S2) A is row equivalent to In.

(S3) A is a product of elementary matrices.

(S4) A|ψ⟩ = 0 implies that |ψ⟩ = 0, i.e., ker(A) = {0}.

(S5) The columns of A are linearly independent.

(S6) The columns of A span Cn.
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Proof. Below, we prove the following implications.

(S5) (S4)

(S1) (S2) (S3)

(S6)

(S1)⇔(S2): This is exactly Lemma A.5.3.

(S2)⇔(S3): If A is row equivalent to In, then there are elementary matrices Ek, . . . , E1 such

that Ek · · ·E1A = In. Then multiplying by the inverses on the left, we have A = E−11 · · ·E−1k .
But since each Ei is elementary, E−1i is also elementary of the same type, so A is a product
of elementary matrices.

Reading this proof in reverse gives the converse implication. Indeed, if A = E1 · · ·Ek is
a product of elementary matrices, then E−1k · · ·E−11 A = In. Since each E

−1
i is elementary as

well, we have demonstrated that A is row equivalent to In.

(S4)⇔(S5): This follows verbatim from Proposition A.2.7. (Note that these implications hold
even when A is not square.)

(S1)⇒(S5): Since A is invertible, A−1A = In. By Exercise A.5.1, the columns of A are linearly
independent.

(S1)⇒(S6): Since A is invertible, AA−1 = In. By Exercise A.5.1, the columns of A span Cn.

(S5)⇒(S2): If the columns of A are linearly independent, then rref(A) has a pivot in every
column by the Linear Independence Test A.4.3. Thus rref(A) = In.

(S6)⇒(S2): If the columns of A span Cn, then rref(A) has a pivot in every row by the
Spanning Test A.5.7. Thus rref(A) = In. ■

Remark A.5.10 — By Exercise A.3.9, AT is invertible if and only if AT is invertible,
in which case (AT )−1 = (A−1)T . Since the columns of AT are exactly the rows of A, we
can add the following two equivalent conditions to Theorem A.5.9.

(S7) The rows of A are linearly independent.

(S8) The rows of A span Cn.

A.6 Bases and the Extension and Contraction Theorems

For this section, we suppose that V ⊆ Cn is a subspace.
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Definition A.6.1 — A basis for V is a subset B ⊂ V which both is linearly independent
and spans V .

The existence of bases will follow from the Extension Theorem A.7.4 below.
By combining Corollaries A.4.4 and A.5.8, we get the following essential theorem.

Theorem A.6.2 — Every basis of Cn has exactly n elements.

Proof. Suppose B is a basis of Cn. By Corollary A.4.4, B has at most n elements. But
by Corollary A.5.8, B must have at least n elements. We conclude that B has exactly n
elements. ■

Exercise A.6.3 — Let S = {|ψ1⟩, . . . , |ψk⟩} ⊂ V be a spanning set for V . This means
that every vector in V can be written as a linear combination of the elements of S. Show
that the following are equivalent.

• S is also linearly independent, so that S is a basis.

• Every vector in V can be uniquely expressed as a linear combination of the elements
of S.

• The zero vector 0 ∈ V can be uniquely expressed as a linear combination of the
elements of S.

One should think of linearly independent sets as small and spanning sets as big, and the
sets exactly in the middle are bases.

Exercise A.6.4 — Let S1 ⊂ S2 ⊂ V .

(1) If S2 is linearly independent, then so is S1.

(2) If S1 is linearly dependent, then so is S2.

(3) If S1 spans V , then S2 spans V .

(4) If S2 does not span V , then neither does S1.

Algorithm A.6.5 (Column Space Basis) — Given an m× n matrix, the following algo-
rithm produces a basis for the column space.

Step 1: Row reduce A to obtain ref(A).

Step 2: The columns of A which have a pivot in ref(A) form a basis for the column space.
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Proof. By the Linear Independence Test A.4.3, the chosen columns of A are linearly inde-
pendent. By Facts A.4.5(2), all other columns are in the span of the chosen columns, so the
chosen columns also span the column space. Thus the chosen columns are a basis for the
column space. ■

Example A.6.6 — We compute a basis for the column space of the following matrix
using the Column Space Basis Algorithm A.6.5:1 1 0 3 1

2 2 −1 5 4
3 3 −1 8 5

 R2←R2−2R1−−−−−−−→

1 1 0 3 1
0 0 −1 −1 2
3 3 −1 8 5


R3←R3−3R1−−−−−−−→

1 1 0 3 1
0 0 −1 −1 2
0 0 −1 −1 2


R2←−R2−−−−−→

1 1 0 3 1
0 0 1 1 −2
0 0 −1 −1 2


R3←R3+R2−−−−−−−→

1 1 0 3 1
0 0 1 1 −2
0 0 0 0 0


Since there are pivots in the first and third columns, a basis for the column space is
given by 

12
3

 ,

 0
−1
−1

 .

Remark A.6.7 — Suppose V ⊆ Cn is a subspace, and suppose S = {|ψ1⟩, . . . , |ψk⟩} ⊂ V
is a spanning set. There is a subset B ⊂ S such that B is a basis of V . Indeed, this
follows by applying the Column Space Basis Algorithm A.6.5 to

A =
[
|ψ1⟩ · · · |ψk⟩

]
.

Algorithm A.6.8 (Null Space Basis) — Given an m×n matrix, the following algorithm
produces a basis for the null space.

Step 1: Row reduce A to obtain rref(A).
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Step 2: Look at the equation

rref(A) ·

x1...
xm

 =

0...
0

 , (A.6.9)

which gives a system of m linear equations.

Step 3: If column i of rref(A) has a pivot, solve for xi in terms of xi+1, . . . , xm.

Step 4: The xi’s corresponding to the columns without pivots are free variables. Parametrize
the solutions |x⟩ to (A.6.9) in terms of the free variables to get a basis for the
null space.

Proof. This algorithm gives a direct parametrization of all vectors |ψ⟩ for which rref(A)|ψ⟩ =
0. Since A|ψ⟩ = 0 if and only if rref(A)|ψ⟩ = 0 by Lemma A.4.1, the result is a direct
parametrization of all vectors |ψ⟩ for which A|ψ⟩ = 0. This means the obtained set of vectors
will span the null space. To see linear independence, observe that the vector parametrized
by the free variable xi will automatically have a 1 in the i-th entry and zeroes below the
i-th entry. This is directly because the i-th column is a linear combination of the previous
columns by Facts A.4.5(2). Thus the vectors obtained by this algorithm automatically have
a strict staircase pattern of zeroes at the bottom as in Example A.2.2, and are thus linearly
independent. ■

Example A.6.10 — We apply the Null Space Basis Algorithm A.6.8 to the same matrix
from Example A.6.6: 1 1 0 3 1

2 2 −1 5 4
3 3 −1 8 5

 rref−−→

1 1 0 3 1
0 0 1 1 −2
0 0 0 0 0

 .
We get the following system of linear equations:

1 1 0 3 1
0 0 1 1 −2
0 0 0 0 0



x1
x2
x3
x4
x5

 =

x1 + x2 + 3x4 + x5
x3 + x4 − 2x5

0

 =

00
0



We solve for x1 in terms of x2, x4, x5 and x3 in terms of x4, x5:

x1 = −x2 − 3x4 − x5 x3 = −x4 − x5.

Thus x2, x4, x5 are our free variables. We now parametrize the solution space in terms
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of the free variables:
x1
x2
x3
x4
x5

 =


−x2 − 3x4 − x5

x2
−x4 − x5

x4
x5

 = x2


−1
1
0
0
0

+ x4


−3
0
−1
1
0

+ x5


−1
0
−1
0
1

 .
We conclude that a basis for the null space is given by


−1
1
0
0
0

 ,


−3
0
−1
1
0

 ,


−1
0
−1
0
1


 .

Algorithm A.6.11 — The following algorithm extends a linearly independent set of
vectors |ψ1⟩, . . . , |ψk⟩ of Cn to a basis.

Step 1: Form the matrix A :=
[
|ψ1⟩ · · · |ψk⟩ In

]
.

Step 2: Row reduce A to obtain ref(A).

Step 3: The columns of A which have pivots in rref(A) give a basis for Cn containing
|ψ1⟩, . . . , |ψk⟩.

Proof. Since |ψ1⟩, . . . , |ψk⟩ are linearly independent and in the first k columns of A, there
will be a pivot in the first k columns by the Linear Independence Test A.4.3. But since the
columns of A clearly span Cn, ref(A) will have a pivot in every row, of which there are n.

Now take |ψ1⟩, . . . , |ψk⟩ together with the columns of In which have a pivot in ref(A).
That is, we take the n columns of A which have pivots in ref(A) to form a new matrix

B =
[
|ψ1⟩ · · · |ψk⟩ |ei1⟩ · · · |ein−k

⟩
]
.

We claim these n vectors form a basis for Cn. Indeed, if we row reduce B, we see ref(B)
has a pivot in every column and row. Hence these n vectors are linearly independent by the
Linear Independence Test A.4.3, and they span Cn by the Spanning Test A.5.7. ■

Example A.6.12 — We extend 
1
1
1
1

 ,


0
1
1
1


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to a basis for C4. We row reduce
1 0 1 0 0 0
1 1 0 1 0 0
1 1 0 0 1 0
1 1 0 0 0 1

 −→


1 0 1 0 0 0
0 1 −1 1 0 0
0 1 −1 0 1 0
0 1 −1 0 0 1



−→


1 0 1 0 0 0
0 1 −1 1 0 0
0 0 0 −1 1 0
0 0 0 −1 0 1



−→


1 0 1 0 0 0
0 1 −1 1 0 0
0 0 0 1 −1 0
0 0 0 −1 0 1



−→


1 0 1 0 0 0
0 1 −1 1 0 0
0 0 0 1 −1 0
0 0 0 0 −1 1



−→


1 0 1 0 0 0
0 1 −1 1 0 0
0 0 0 1 −1 0
0 0 0 0 1 −1


Since there are pivots in the columns corresponding to |e2⟩ and |e3⟩, we conclude that

1
1
1
1

 ,


0
1
1
1

 ,


0
1
0
0

 ,


0
0
1
0


is a basis for C4.

A.7 The Extension and Contraction Theorems

The Extension and Contraction Theorems play spanning sets off linearly independent sets
for strong results in dual ways, and the structures of the proofs are very similar.

Lemma A.7.1 (Extension Lemma) — Suppose S = {|ψ1⟩, . . . , |ψk⟩} is a linearly inde-
pendent subset of V , and suppose |η⟩ /∈ span(S). Then S ∪ |η⟩ is linearly independent.
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Proof. Since S is linearly independent, we know that

k∑
i=1

ci|ψi⟩ = 0 =⇒ ci = 0 for all i. (A.7.2)

Now suppose

d|η⟩+
k∑
i=1

ci|ψi⟩ = 0. (A.7.3)

If d ̸= 0, then

|η⟩ = −1

d

k∑
i=1

ci|ψi⟩ =
k∑
i=1

−ci
d

|ψi⟩ ∈ span(S),

a contradiction. Hence d = 0, and plugging this in to (A.7.3), we can conclude ci = 0 for all
i by (A.7.2). Hence all the scalars in equation (A.7.3) must be zero, so S ∪ |η⟩ is linearly
independent. ■

Theorem A.7.4 (Extension) — Let S ⊂ V be a linearly independent subset. Then
there is a finite set B ⊃ S such that B is a basis for V .

Proof. The proof is the following algorithm, represented as a flow chart:

S is linearly independent

Does S span V ?

S is a basisV ̸= span(S)∃|ψ⟩ ∈ V \ span(S)

S ∪ |ψ⟩ is linearly independent

Replace S with S ∪ |ψ⟩

yesno(Lem. A.7.1)

Since S is linearly independent, if S spans V , then S is a basis for V . If S does not span
V , then there is a |ψ⟩ ∈ V \ span(S), and S ∪ |ψ⟩ is linearly independent by Lemma A.7.1.
Thus we may replace S with S ∪ |ψ⟩ and repeat the above procedure with a new linearly
independent set with strictly more elements. This algorithm must eventually terminate, as
we cannot have more than n+ 1 linearly independent vectors in Cn by Corollary A.4.4. ■
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Corollary A.7.5 (Existence of Bases) — V has a basis.

Proof. Use the Extension Theorem A.7.4 on the empty set, which is linearly independent by
definition. ■

Corollary A.7.6 — Let W be a subspace of V , and suppose S is a basis of W . There
is a basis B for V with S ⊂ B.

Proof. Use the Extension Theorem A.7.4 on S viewed as a subset of V to obtain B. ■

The rest of this section is redundant if we only consider subspaces of Cn, as one can just
use the Column Space Basis Algorithm A.6.5 to contract a spanning set to a basis. Please
feel free to skip this part in a first reading of these notes. However, the proofs below apply
to a subspace of any finite dimensional vector space. We include them here for symmetry
with Extension Theorem A.7.4 results above.

Lemma A.7.7 (Contraction Lemma) — Suppose S = {|ψ1⟩, . . . , |ψk⟩} spans V . If
|ψj⟩ ∈ span(S \ |ψj⟩) , then S \ |ψj⟩ spans V .

Proof. Since |ψj⟩ ∈ span(S \ |ψj⟩), |ψj⟩ is a linear combination of the |ψi⟩’s where the
coefficient of |ψj⟩ is zero:

|ψj⟩ =
∑
i̸=j

ci|ψi⟩.

Now if |η⟩ ∈ V , then there are d1, . . . , dn ∈ C such that

|η⟩ =
n∑
i=1

di|ψi⟩ = dj|ψj⟩+
∑
i̸=j

di|ψi⟩ = dj
∑
i̸=j

ci|ψi⟩+
∑
i̸=j

di|ψi⟩

=
∑
i̸=j

(djci + di)|ψi⟩ ∈ span(S \ |ψj⟩).

Hence S \ |ψj⟩ spans V . ■

Theorem A.7.8 (Contraction) — Let S = {|ψ1⟩, . . . , |ψk⟩} ⊂ V be a spanning set.
There is a subset B ⊂ S such that B is a basis of V .
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Proof. The proof is the following algorithm, represented as a flow chart:

S spans V

Is S linearly independent?

S is a basis S is linearly dependent ∃|ψj⟩ ∈ span(S \ |ψj⟩)

S \ |ψj⟩ spans V

Replace S with S \ |ψj⟩

yes no (Lem. A.7.7)

Since S spans V , if S is also linearly independent, then S is a basis. If S is not linearly
independent, then S is linearly dependent. Then there is a |ψj⟩ ∈ S such that |ψj⟩ is a linear
combination of the other elements of S. By Lemma A.7.7, the set S \ |ψj⟩ still spans V , so
we may replace S with S \ |ψj⟩ and repeat the above procedure with a new finite set with
strictly fewer elements. This algorithm must eventually terminate, since the empty set is
linearly independent by definition. ■

A.8 Dimension

We now extend Theorem A.6.2 to arbitrary subspaces to show that every basis of V ⊆ Cn

always has the same number of elements.

Theorem A.8.1 — Let S, T ⊂ V . If S is linearly independent and T spans V , then
|S| ≤ |T |.

Proof. Let B = {|ψ1⟩, . . . , |ψk⟩} be a basis for V , which exists by Corollary A.7.5. There is
a linear map Ck → V given bya1...

ak

 7−→ a1|ψ1⟩+ a2|ψ2⟩+ · · ·+ ak|ψk⟩

Since B spans V , this map is onto, as every |ψ⟩ ∈ V is a linear combination of |ψ1⟩, . . . , |ψk⟩.
Since B is linearly independent, this map is one-to-one, as every |ψ⟩ can be written uniquely
as a linear combination of |ψ1⟩, . . . , |ψk⟩. Since this map is both one-to-one and onto, it is
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invertible. Its inverse is called the coordinate map [ · ]B : V → Ck, and it is given by

a1|ψ1⟩+ a2|ψ2⟩+ · · ·+ ak|ψk⟩ 7−→

a1...
ak

 .
We now consider the images of S and T in Ck:

[S]B = {[|ψ⟩]B||ψ⟩ ∈ S} and [T ]B = {[|ψ⟩]B||ψ⟩ ∈ T} .

Since S is linearly independent and [ · ]B is invertible, [S]B is linearly independent. By
Corollary A.4.4, |S| = |[S]B| ≤ k. Since T spans V and [ · ]B is invertible, [T ]B spans Ck. By
Corollary A.5.8, |T | = |[T ]B| ≥ k. Hence |S| ≤ k ≤ |T |. ■

Corollary A.8.2 — Every basis for V has the same number of elements.

Proof. Suppose B1, B2 are two bases for V . Since B1 is linearly independent and B2 spans
V , by Theorem A.8.1, |B1| ≤ |B2|. But since B2 is linearly independent and B1 spans V , by
Theorem A.8.1, |B2| ≤ |B1|. We conclude that |B1| = |B2|. ■

Exercise A.8.3 — Suppose S ⊂ V has dim(V ) elements. Prove that the following are
equivalent.

(1) S is linearly independent,

(2) S is a basis for V , and

(3) S spans V .

That is, maximal linear independent sets are bases are minimal spanning sets.

Definition A.8.4 — We define the dimension of V , denoted dim(V ), to be the number
of elements in a basis for V , which is well-defined by Corollaries A.7.5 and A.8.2.

Definition A.8.5 — Let A be an m × n matrix. The rank of A is the dimension of
im(A). The nullity of A is the dimension of ker(A).
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Theorem A.8.6 (Rank-Nullity) — Let A be an m× n matrix. The rank of A plus the
nullity of A is equal to n.

Proof. By the Column Space Basis Algorithm A.6.5, the rank of A is the number of columns
in rref(A) with a pivot. By the Null Space Basis Algorithm A.6.8, the nullity of A is the
number of columns of rref(A) without a pivot. The sum of these is the number of columns
of A. ■

A.9 Orthonormality

In this final section, we explain how to obtain an orthonormal set from a linearly independent
set which preserves the spans of initial chains of vectors.

Algorithm A.9.1 (Gram-Schmidt Orthonormalization) — The following inductive algo-
rithm takes a linearly independent subset |ψ1⟩, . . . , |ψk⟩ ∈ Cn and produces an orthogo-
nal set |η1⟩, . . . , |ηk⟩ ∈ Cn such that for every 1 ≤ j ≤ k,

span{|ψ1⟩, . . . , |ψj⟩} = span{|η1⟩, . . . , |ηj⟩}.

Further normalizing each |ηi⟩ to have norm 1 gives an orthonormal set.

Step 1: Set |η1⟩ := |ψ1⟩

Step 2: Suppose we have already produced |η1⟩, . . . , |ηj⟩. Set

|ηj+1⟩ := |ψj+1⟩ −
⟨η1|ψj+1⟩
⟨η1|η1⟩

|η1⟩ −
⟨η2|ψj+1⟩
⟨η2|η2⟩

|η2⟩ − · · · − ⟨ηj|ψj+1⟩
⟨ηj|ηj⟩

|ηj⟩.

Step 3: When j + 1 = n, we are finished.

Proof. Observe that at each step, |ηj+1⟩ is non-zero, as

|ψj+1⟩ /∈ span{|ψ1⟩, . . . , |ψj⟩} = span{|η1⟩, . . . , |ηj⟩}

and orthogonal to |η1⟩, · · · , |ηj⟩ as for all 1 ≤ i ≤ j,

⟨ηi|ηj+1⟩ = ⟨ηi|ψj+1⟩ −
⟨η1|ψj+1⟩
⟨η1|η1⟩

⟨ηi|η1⟩ −
⟨η2|ψj+1⟩
⟨η2|η2⟩

⟨ηi|η2⟩ − · · · − ⟨ηj|ψj+1⟩
⟨ηj|ηj⟩

⟨ηi|ηj⟩

= ⟨ηi|ψj+1⟩ −
⟨ηi|ψj+1⟩
⟨ηi|ηi⟩

⟨ηi|ηi⟩

= ⟨ηi|ψj+1⟩ − ⟨ηi|ψj+1⟩ = 0.
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Moreover, we have both |ψj+1⟩ ∈ span{|η1⟩, . . . , |ηj⟩, |ηj+1⟩} and

|ηj+1⟩ ∈ span{|η1⟩, . . . , |ηj⟩, |ψj+1⟩} = span{|ψ1⟩, . . . , |ψj⟩, |ψj+1⟩},

so at each step the |ψi⟩ and the |ηi⟩ have the same span. ■

Example A.9.2 — We apply the Gram-Schmidt Orthonormalization Algorithm A.9.1
to obtain an orthonormal set with the same span as the linearly independent set

1
1
0
0

 ,


1
1
1
1

 ,


0
1
1
0

 .
First, we set

|η1⟩ :=


1
1
0
0

 .
Second, we have

|η2⟩ :=


1
1
1
1

−

[
1 1 0 0

] 
1
1
1
1


[
1 1 0 0

] 
1
1
0
0




1
1
0
0

 =


1
1
1
1

− 2

2


1
1
0
0

 =


0
0
1
1


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Third, we set

|η2⟩ : =


0
1
1
0

−

[
1 1 0 0

] 
0
1
1
0


[
1 1 0 0

] 
1
1
0
0




1
1
0
0

−

[
0 0 1 1

] 
0
1
1
0


[
0 0 1 1

] 
0
0
1
1




0
0
1
1



=


0
1
1
0

− 1

2


1
1
0
0

− 1

2


0
0
1
1

 =
1

2


−1
1
1
−1

 .
One can directly verify that |η1⟩, |η2⟩, |η3⟩ are orthogonal. Finally, to get an ONB, we
must normalize:

1√
2


1
1
0
0

 ,
1√
2


0
0
1
1

 ,
1

2


−1
1
1
−1

 .

Corollary A.9.3 — Every subspace V ⊆ CN has an ONB.

Proof. Use Corollary A.7.5 to obtain a basis for V . We may then feed this basis into the
Gram-Schmidt Algorithm A.9.1 to obtain an ONB. ■

Corollary A.9.4 — Let W be a subspace of V , and suppose S is an ONB of W . There
is an ONB B for V with S ⊂ B.

Proof. Use the Extension Theorem A.7.4 on S viewed as a subset of V to obtain B. If S is an
ONB, we can put the elements in S before those in B, and then run Gram-Schmidt Algorithm
A.9.1 to obtain an ONB. Since S was before B, S is left unchanged by the algorithm. ■
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